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Primordial magnetic fields (PMFs) are one of the plausible candidates for the origin of the observed
large-scale magnetic fields. While many proposals have been made for the generation mechanism of PMFs
by earlier studies, it remains a subject of debate. In this paper, to obtain new insights into PMFs, we focus
on the intrinsic alignments (IAs) of galaxies induced by the vector and tensor modes of the anisotropic
stress of PMFs. The long-wavelength vector and tensor modes locally induce the tidal gravitational fields,
leading to the characteristic distortions of the intrinsic ellipticity of galaxies. We investigate the shear
E- and B-mode power spectra induced by the magnetic vector and tensor modes in the three-dimensional
space, assuming the combination of galaxy imaging and galaxy redshift surveys. We find that the magnetic
tensor mode dominates both the E- and B-mode spectra. In particular, the B-mode spectrum induced by the
magnetic tensor mode plays a crucial role in constraining the amplitude of PMFs, even in the presence
of the nonmagnetic scalar contribution to the B-mode spectrum arising from the one-loop effect. In
future galaxy redshift surveys, such as the Euclid and Square Kilometre Array, the minimum detectable
value reaches ~30 nG, which can potentially get even smaller in proportion to the number of observed
galaxies and reach ~O(1 nG). Measuring the [As of galaxies would be a potential probe for PMFs in

future galaxy surveys.
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I. INTRODUCTION

Recent observations of high-energy TeV photons emitted
from the distant blazars suggest the existence of large-
scale magnetic fields, especially in intergalactic and void
regions [1-6]. For instance, Ref. [1] has reported the lower
bound 3 x 107!® Gauss on the amplitude of intergalactic
magnetic fields. Although the origin of such magnetic
fields remains an open question, a number of theories have
been proposed to explain them. An interesting scenario
attracting much attention is the primordial origin, in which
the primordial magnetic fields (PMFs) are generated in the
early Universe, especially before the cosmic recombination
epoch. Since PMFs are generated before the formation of

“shohei.saga@yukawa.kyoto-u.ac.jp

2470-0010/2024/109(4)/043520(17)

043520-1

stars or galaxies, we expect to observe PMFs as large-scale
magnetic fields, not associated with astronomical objects
(see, e.g., [7-9] for reviews).

There exists a variety of models for the generation of
PMFs. In the presence of an interaction between electro-
magnetic fields and other fields that break the conformal
invariance during inflation, the inflationary magnetogene-
sis takes place from the quantum fluctuations [10-22].
The coherent length of PMFs generated in this way can
be beyond the horizon scales. During cosmological
phase transitions, the bubble collisions and turbulence
in the primordial plasma result in the generation of
PMFs [23-25]. In the simple phase transition models,
the coherent length of PMFs is generally shorter than the
observed intergalactic magnetic field. However, recent
works [26-29] have proposed a model that can generate
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PMFs with sufficiently long coherent length. In postinfla-
tionary epochs, the Harrison mechanism [30] results
in PMFs at O(Mpc) scales in the primordial plasma.
However, the amplitude is about 107> Gauss [31-34],
which is smaller than the observed amplitude.

To distinguish magnetogenesis models through observa-
tions, many authors have investigated the impact of PMFs on
cosmological observables, for instance, the effects of PMFs
on the big bang nucleosynthesis [35-40], cosmic microwave
background (CMB) anisotropies [41-51], CMB spectral
distortions [52-54], and large-scale structure of the
Universe [55-58]. While cosmological observations to date
have provided some clues to the generation mechanism of
PMFs, it is also worth exploring other ways to extract further
information from future cosmological observations.

Motivated by the above, this paper focuses on the
intrinsic alignments (IAs) of galaxy shapes as a novel
probe for PMFs. In weak gravitational lensing observa-
tions, the IAs of galaxies have been recognized as a
contaminant to the estimation of cosmological para-
meters [59-66] (also see Ref. [67] for a review).
However, it has been shown that the TAs of galaxies offer
a unique opportunity to constrain the cosmological param-
eter, growth of the large-scale structure, and the initial
condition of the Universe, complementary to galaxy
clustering [68-80]. More interestingly, using the galaxy
samples in the Sloan Digital Sky Survey, Ref. [81] has
measured the anisotropic signals of the IA due to redshift-
space distortions and indeed used the signals to constrain
the growth rate of the Universe.

How do PMFs leave their imprints on the IA?
References [82—-86] have shown that the long-wavelength
vector and tensor metric perturbations induce the short-
wavelength gravitational tidal fields, called the fossil
effect. Such tidal fields are expected to affect the intrinsic
shape of galaxies, leading to the IAs. The imprints of
primordial gravitational waves (GWs) on the IAs have
been analytically and numerically investigated [82—-86].
Very recently, assuming the photometric surveys,
Ref. [87] has investigated the impact of the primordial
vorticity vector mode [42,88] and primordial GWs on
the TAs. Since our primary interest lies in the [As as a new
probe of PMFs, this paper focuses on the vector and
tensor modes induced by PMFs.

The anisotropic stress fluctuation of PMFs creates addi-
tional metric perturbations on standard nonmagnetic con-
tributions [42,44-46]. The resultant metric perturbations
source the IAs. As for the scalar mode, the magnetic
contribution is not remarkable and hidden by the non-
magnetic one; thus, we shall not investigate it below. By
elucidating the relation between the anisotropic stress of
PMFs and the IAs, we derive the analytical expression of
the E- and B-mode power spectra of the intrinsic ellipticity
of galaxies induced by the vector and tensor modes of
PMFs. Exploiting the derived analytical expression,

we explore the potential to constrain the amplitude of
PMFs in the Euclid and Square Kilometre Array (SKA)
galaxy redshift survey as well as more idealistic cases.

This paper is organized as follows. In Sec. II, we briefly
review the general properties of PMFs and present how the
anisotropic stress of PMFs induces the vector and tensor
modes. For comparison purposes, we also introduce the
vorticity vector mode and primordial GWs. In Sec. III,
based on Ref. [85], we show the analytical expression of the
intrinsic ellipticity shape induced by the long-wavelength
vector and tensor modes. We show the detailed derivations
in Appendix A. In Sec. IV, we derive an analytical
expression for the three-dimensional E- and B-mode power
spectra, and see their typical behavior. Using the analytical
expression of the E- and B-mode power spectra, we
perform the Fisher matrix computation and derive the
expected minimum detectable value of the amplitude of
PMFs in future surveys in Sec. V. In our analysis, we take
into account the nonmagnetic scalar mode contributions to
the E- and B-mode power spectra, respectively arising from
the leading-order and one-loop order effects. We present
the way to compute the one-loop B-mode spectrum in
Appendix B. We perform the same analysis for the vorticity
vector mode and primordial GWs in Appendix C.
Section VI is devoted to the summary of our findings.
Throughout this paper, we apply the Einstein summation
convention for repeated Greek indices and alphabets
running from O to 3 and from 1 to 3, respectively. We
work in units ¢ = = 1.

II. VECTOR AND TENSOR MODES

We are interested in imprints of the vector and tensor
modes induced by PMFs on cosmological observables. In
this section, we briefly introduce the basic property of the
initial power spectrum of PMFs and the vector and tensor
modes induced by PMFs in Sec. Il A. We also introduce
other possible cosmological sources to generate the vector
and tensor modes in Sec. II B for comparison purposes.

Throughout this paper, we work in the synchronous
gauge of which the line element is

ds* = a*(n)[—dn* + (5;; + h;;)dx'dx/], (1)

where the quantities a and # are the scale factor and the
conformal time, respectively. We decompose the metric
perturbation into the vector and tensor modes based on the
helicity basis in Fourier space:

A A
hy= 05 HOM) + Y 07w, (2)
A=+1 A==%2

where the first and second terms represent the vector
(A= =£1) and tensor (4 = +2) modes, respectively. Here
we have defined
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where the polarization vectors e(*!) satisfy the relations:
k-e) =0, (V)" =¢F), and ¢V . ¢F) = 1. For
the vector mode, we define the gauge invariant variable in
Fourier space by

k=" 00n" (k)/k, (5)
A==+1

where a prime denotes a derivative with respect to the
conformal time #. With this definition, the helicity modes of
o;; are given by o*1) = A=V /k,

A. Magnetic vector and tensor modes

PMFs act as a source of the vector and tensor modes
[42,44-46,89,90]. We first introduce the general property
of PMFs. We then present the magnetic vector and tensor
modes induced by PMFs.

1. General property of PMFs

We consider the magnetically induced vector and tensor
modes presented by Refs. [42,44-46]. We assume that the
time evolution of physical magnetic fields B(a,x) is given
by B(a,x) = B(x)/a®> with B(x) being the comoving
magnetic fields without the adiabatic decay due to the
expansion of the Universe. This assumption is valid in the
limit of infinite electrical conductivity of the Universe as in
the early time.

The power spectrum of the divergence-free vector such
as PMFs is given by

(Bi(k)B;(K')) = (27) 8, (k — k') Py (k) Py(k).  (6)
where P,»j(lAc) = (6 —lAc,lch)/2, and B;(k) is the Fourier
transform of B;(x) given by

B(x) = / %B(k)e””. (7)

We model the power spectrum of the primordial magnetic
field by the power-law form (see, e.g., Ref. [91]):

(ng+3)

Pp(k) = B%Wk%@( k). (8)
where the functions I'(x) and ®(x) are the gamma function
and the Heaviside theta function, respectively. The quan-
tities B, and kp are the amplitude of PMFs smoothed over a
comoving scale of 1 =1 Mpc and the damping scale,
respectively. We introduce the Heaviside theta function to

express the damping scale. We use the damping scale kp
given by Refs. [89,91,92]:

2
ng+s npt3

QryiiwE=, (9)

1 (B
kp = (2.9 x 10%)75° (ﬁ

with A being the reduced Hubble constant. The power
spectrum of PMFs contains two parameters, B; and ng. The
CMB observations provide the upper limits B; < O(1 nG)
depending on the value of np.

A key quantity for investigating the cosmological impact
of PMFs is the anisotropic stress and its power spectrum.
The anisotropic stress of PMFs, Il ;;, is given by

1 &k,
— — L B.(k
477:p%0 / (277:)3 l( l)

where p, is the photon energy density at the present time.
As with the metric perturbation, we decompose the
anisotropic stress into the vector and tensor components
by using the helicity basis:

k)=>"0f () (k) + Y 0 ey (k). (1)
A==%1 A=+2

The power spectra of the anisotropic stress for the vector
and tensor modes are then given by [42,46]

HB,ij (k) =

Bi(k - k).  (10)

g ;(

I
(11 (Tt (k) = (2m)* 5} (k — ) S TP (12)
where we denote X = V and X = T for the vector (A = 1)
and tensor (+2) modes, respectively. Here we assume the
unpolarized case, where the power spectra of the + and —

modes are identical. In Eq. (12), we define

e = s [ o
A(4npy)* ) (2n)°

X Pg(ky)Pg(ky)Dyr(k, ky,p),  (13)

where k, =k —k;. In the above, cy,; are constants,

cy = 1 and ¢; = 1/2, and we have defined Dy (k, ki, u) =
127 + ypp. and Dy (k. ki) = (1 +7*)(1+ f?), with
p=ki kyy=k ki, p=k k.

The anisotropic stress defined in Eq. (10) contributes to
the energy-momentum tensor in the FEinstein equation,
and sources the fluctuations induced magnetically. In what
follows, we briefly review the resultant vector and tensor
fluctuations induced by the anisotropic stress of PMFs.

2. Vector mode

We first introduce the magnetically induced vector
mode. In the initial time, the anisotropic stress of PMFs
is compensated by that of neutrinos. Hence, the total
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Time and wave number dependences (left and right, respectively) of the transfer function. From top to bottom, we show the

transfer function of the magnetic vector mode [42,89], magnetic tensor mode/primordial GWs, and vorticity vector mode [46],

respectively.

anisotropic stress is zero, but each component is perturbed.
In this setup, Ref. [46] has derived the initial condition for
the Einstein-Boltzmann equation and shown that all the

perturbed variables are proportional to H;il) (k)in Eq. (11)
(see Appendix B in Ref. [46]). This contribution is known
as compensated vector mode. Here, we define the transfer
function of the vector mode by

(k) = T4 (n, g™ (k). (14)

We note that even though the magnetic field itself is a
random Gaussian variable, the statistical property of the
vector mode is highly non-Gaussian, as the anisotropic
stress is proportional to the square of the magnetic field.

We plot the time and wave number dependences of the
transfer function in the top panels of Fig. 1. To compute the

transfer function of the compensated vector mode 7° ,(BW, we
use the cAMB code [93]." In the right panel, we show only
the low-redshift results because we are interested in the
late-time effect of PMFs on the galaxy IAs. In the limit
a — 0, in contrast to the usual adiabatic initial condition
or primordial GW cases, the transfer function asymptoti-
cally approaches zero. This is because the vector metric
perturbation is sourced by the total anisotropic stress,

'In the initial parameter file for the cAMB code, we set
vectormode =1 to output the transfer function of the
compensated vector mode.

which however initially cancels between the magnetic field
and neutrinos.

3. Tensor mode

The tensor metric perturbation arises from the aniso-
tropic stress of PMFs after its generation time. However,
after the neutrino decoupling, the contribution to the total
energy-momentum tensor from the anisotropic stress of
PMFs is canceled by the anisotropic stress of neutrinos.
The generation of the tensor mode therefore ceases at the
epoch of neutrino decoupling. This contribution is known
as passive tensor mode [46].

The expression of the generated tensor mode is given
by [46]

Hi” (k) = 6R, In (n, /gL (k).

ini (15 )
where we define an energy fraction of photons in the total
radiation defined R, = p,/(p, + p,), and the quantities 7,
and 5p are the neutrino decoupling time and the PMF
generation time in terms of the conformal time, respec-
tively. The generation epoch 7z highly depends on the
generation mechanism; therefore, 7,/175 has an ambiguity
as 10° < n,/np < 10", In the following analysis, we adopt
the maximum value 7,/ng = 10'7, corresponding to the
grand unification energy scale [91], while the change of
hi(iz) (and induced E/B-mode ellipticity field appearing
below) is only by a factor of < 3 even if adopting other
values.
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Once the tensor metric perturbation is generated from the
anisotropic stress of PMFs, it evolves as the usual primor-
dial GWs [41,46,94]. Therefore we may express the
magnetic tensor mode at the time # by using the transfer
function of the primordial GWs 7 gws(k, ) by

W2 (n,k) = 6R, In (1,/ns)T ows(k, )15 (k) (16)

where 7 gws(k,n) stands for the transfer function of the
primordial GWs as explained in the next subsection. As
with the magnetic vector mode, the magnetic tensor mode
is proportional to the square of PMFs, suggesting that
its statistical property is highly non-Gaussian. We remark
that the tensor mode arises from the same mechanism in
Sec. IT A2, i.e., compensated tensor mode. However, its
amplitude is negligible compared to the tensor mode
presented in this section (see, e.g., Ref. [91]), and hence
we ignore it throughout this paper.

B. Other vector and tensor sources

Here, we introduce other possible sources of vector and
tensor modes: the (neutrino) vorticity vector mode and the
primordial GWs. In the next section, we will compare
the vector and tensor modes introduced in this subsection
with those induced by PMFs.

Another possible source of a vector mode is the
(neutrino) vorticity vector mode [42,46,88], in which,
similar to the isocurvature initial conditions, the sum of
the neutrino, baryon, and photon vorticities vanishes
initially, but the vector metric perturbation remains constant
due to the neutrino anisotropic stress (see Appendix 2 in
Ref. [46]). Using the transfer function of the vorticity mode

T,(,,V) (n, k), the vector metric perturbation at the time 7 is
given by

= (k) =TV (n, ko (), (17)

ini
where afi 1)(k) is the primordial amplitude. We define its
power spectrum by

2
(o (ol (K)) = a3 k=K 5 Py (B): - (18)
In the unpolarized case P, (k) = P (k) = P,(k)/2,
where P, (k) stands for the total power spectrum defined
by (o (k)a () = (27385 (k — k') (212 /k)P, (k). We
parametrize the total power spectrum by the power-law
form:

Po(k) = ryAg <k5> (19)

with Ag and k, = 0.002 Mpc being the amplitude of the
usual nonmagnetic scalar perturbation and the pivot scale.

The shape of the power spectrum is controlled by the
vector-to-scalar ratio ry and spectral index ny. Although
finding a mechanism to source this mode is challenging,
this initial condition is mathematically possible and
has been indeed investigated by many authors, e.g.,
Refs. [87,95-97]. We show the behaviors of the transfer
function in the middle two panels of Fig. 1 by using the
cAMB code [93].”

Another possible source of a tensor mode is the usual
primordial GWs generated during inflation from the quan-
tum fluctuations. The tensor mode is formally given by
using the transfer function 7 gws(n, k) and initial fluc-

tuation hl(i 2 (k):

WD (n,k) = T gws (. k)R (k). (20)

ini

We define the power spectrum of the initial field by

(i (G () = (278 (k —K) T3 Py (k). (21)

277
ini ini k3

We consider the unpolarized case P2 (k) = P (k) =
Pn(k)/2, where P, (k) stands for total power spectrum
defined by <hiniij(k)hi*niij(k/)> = (2n)°8 (k — k') (27%)/
k3P,,(k). We model the total power spectrum of the initial
field by the power-law form:

Po(k) = rrAg (%) (22)

*

where rp and ny are the usual tensor-to-scalar ratio and
spectral index, respectively. In the bottom panels in Fig. 1,
we show the behaviors of the transfer function 7 Gws
by numerically solving the evolution equation for the
primordial GWs:

T,C/iWs (’1’ k) + 2HT,GW§ (’7’ k) + szGWs (’77 k) = 0’ (23)

with the initial conditions 7 gw(0,k) =1 and 7 5y, (0,k) =0.
Here, we define the conformal Hubble parameter H = d'/a.

III. IMPACT OF THE VECTOR AND TENSOR
MODES ON THE INTRINSIC ALIGNMENT

We briefly review how the vector and tensor modes
induce the IAs of galaxies. We leave the detailed derivation
to Appendix A.

The local physical effects of the long-wavelength vector
and tensor modes on the gravitational potential have been
investigated by using conformal Fermi normal coordinates
in Refs. [85,98,99]. According to the results shown in
Ref. [85] (or see Appendix A), the tidal fields locally

*We set vector mode = 0 to output the transfer function of
the vorticity mode in the initial parameter file.
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induced by the vector and tensor modes of the long-
wavelength mode k; are, respectively, given by

ki
) 1.ka) = =35 (aoy (. k)

k /
== i (aT(V) (n. k) Giniij(kL)’ (24)

(1) _ 1
NUNSOES —Z(ahé,,-(n,kL))’

1
= 24 (aT(T)/(’% kL))/hiniij(kL)’ (25)

where we used the gauge invariant vector variable
oij(kp) = hi;(k.)/k.. From the first line to the second
line in Eqgs. (24) and (25), we decompose the perturbed
metric into the time-dependent part described by the
transfer function and the time-independent initial part.

To derive the expression for the density field induced by
the coupling between long- and short-wavelength modes,
we solve the equation of motion of a matter particle in the
local frame:

1 L
x4+ Hx' = -V, <¢g + Ergf)xlx./) , (26)

V2¢, = 4nGa*p,d, (27)

with X =V and T for the vector and tensor modes,
respectively. The quantity ¢ stands for the scalar gravi-
tational potential of the short-wavelength mode. To facili-
tate the computations, we employ the Lagrangian
perturbation formalism (see Appendix A).

The second order solution arising from the short- and
long-wavelength mode coupling is then given by

(s1)
86D (x) = Einiap (k) K—% +B(n, kL>>
X 020,05 + Bl kL>xaab} ). (28

where £ = ¢ or h for the vector or tensor modes, respec-
tively. We define the linear growth factor D(5), which
satisfies

D"(n) +HD'(n) = 4nGa*pn(n)D(n) = 0. (29)
The second-order growth factor D) satisfies

DUV + HDUOY — 4xGa*p,,(n)D) = SX) (n, k), (30)

where the source terms S of the vector (X = V) and
tensor (X = T) are, respectively, defined by

Sk ) == 5L DTV k)Y, (1)

SN k) = =5 DT P k)). (32

Equation (28) allows us to estimate how the IA is
induced by the long-wavelength vector and tensor modes.
We use the same ansatz in Ref. [85], in which we assume
that the first term in the square brackets in Eq. (28) induces
the intrinsic galaxy shape, and the conversion from the
second-order density fluctuations to the intrinsic galaxy
shape in the vector and tensor modes has the same scaling
as that in the scalar mode [85,86] (see Appendix A for
details). Finally, we have the expression of the intrinsic
galaxy shape induced by the long-wavelength vector and
tensor modes at the linear order given by

vij(k) = bx (1, k)&iniij (k). (33)

where £ = ¢ or h for the vector or tensor modes, respec-
tively. Here we define the effective linear shape bias by

_7( _DY(n,k)
bx(n, k) = 1 <_W

00 o (34
The quantity b4 is the linear shape bias induced by
the scalar tides as in Ref. [86]. We omit the subscript |,
indicating the long-wavelength mode here.

In Fig. 2, we show the behaviors of the effective linear
shape bias parameter by (1, k)/bi$¥™. We notice that the
effective linear shape bias sourced by the vector mode has
the opposite sign to that by the tensor mode because of the
different number of time derivatives in the sources [see
Egs. (31) and (32)]. Taking the limit k — oo, the transfer
function asymptotically approaches zero (see the right
panels in Fig. 1). However the effective tidal bias parameter
does not vanish in the same limit, known as the fossil
effect [85]. Since the transfer function of the vector modes
decays rapidly after the matter-radiation equality, the
effective linear shape bias parameter induced by the vector
mode, a fossil effect, is more quickly frozen than that by
the tensor mode. Therefore, we do not see the redshift
dependence of the effective tidal bias parameter in the top
and bottom panels in Fig. 2. We note that, since the
amplitude of the effective linear shape bias parameter is
solely determined by the behavior of the transfer function,
its amplitude can be larger than the linear shape bias
induced by the scalar tides as seen in the vector mode cases.
However, the net impact of the vector mode on the galaxy
shape is generally much smaller than the scalar one.

While Eq. (33) is estimated based on the ansatz we
mentioned before, it is nontrivial whether Eq. (33) actually
holds in the presence of long-wavelength vector/tensor
modes. However, a recent numerical work [86] has
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vector mode, respectively.

investigated the validity of Eq. (33) in the primordial GW
case, and confirmed that Eq. (33) agrees with simulations at
large scales. Although they also confirmed that the dis-
crepancy between the ansatz and measurements becomes
larger at smaller scales, this discrepancy does not qualita-
tively affect the estimates in this paper, and henceforth, we
will carry out the analysis assuming that Eq. (33) is valid
for both the vector and the tensor modes. Numerical
validation, especially for the vector mode, would be an
interesting future work.

IV. THREE-DIMENSIONAL E- AND B-MODE
POWER SPECTRA

From here, we move to the heart of this work, which
involves the investigation of the three-dimensional power
spectrum of the A induced by the vector and tensor modes.
While the vector and tensor can generally contribute to the
lens-induced ellipticity (e.g., Refs. [100-104]), as we are
interested in the characteristic signature of the intrinsic
galaxy shapes from the magnetically induced vector and
tensor modes, we simply ignore the lens-induced ellipticity
but focus on the intrinsic ellipticity.

The E- and B-mode decomposition is convenient to
distinguish the impact of vector and tensor modes on the
galaxy shape from that of the scalar mode because the
leading-order scalar mode does not induce the B mode.
There however exists a scalar-mode contribution to the B
mode arising from the one-loop effect, which we will
properly take into account in a later section.

We work under the plane-parallel limit and set the line-
of-sight direction to be parallel to the z axis: 7 =Z. We
define the shear E-mode and B-mode by

127 (k)e¥¥P = E(k) + iB(k). (35)

where we define
iz}’(k) = ml%m]ﬂij(k)v (36)

with m; = (1,-2i,0)/v/2. Recall the expression of the
induced galaxy shape by the long-wavelength vector and
tensor modes in Eq. (33):

= b (k)0 (k)& (k), (37)
A

where £ =0 and h for the vector and tensor modes,
respectively. Here and hereafter we omit the time depend-
ence of by to simplify the notation. Using this expression,
we obtain

by (k :
V) = k(K) > o sin O (£4 + cos O e, (38)
\/z J=+1

bk (k |
K4(- ) Z hW[(1 4 cos?6y) & 24 cos O, ]e™2x,
I=x2

(39)

043520-7



SAGA, SHIRAISHI, AKITSU, and OKUMURA

PHYS. REV. D 109, 043520 (2024)

where the superscripts (V) and (7') stand for the vector
and tensor modes, respectively. The function bg(7, k)
depends on the source of the vector and tensor modes
(see Fig. 2).

For later purposes, we mention the nonmagnetic scalar
mode tidal effect. We adopt the linear alignment model, in
which the galaxy ellipticity is linearly related to the real
space density field:

PN 1
Vij = b?falar (kikj - §5ij>5L(k)‘ (40)

Substituting Eq. (40) into Eq. (36), we have
1 .
oy = 3 bsin®0,6, (k)e* > (41)

for the scalar mode.
Using Egs. (38), (39), and (41), the expressions of the
E- and B-modes are given by

1
E®) (k.7) = 5 bisar sin2 6,5, (k). (42)
B (k,a) =0, (43)
1
EW)(k, i) = —=by (k) sin O cos 0 » o (k),  (44)
V2 =
BY)(k, ) = _Lb k) sin 6 A6 (k), 45
(o) = = ptellsindc ) ok, 45)
1
ET (k. it) = - by (k)(1 +cos?6,) Y hP (k). (46)
4 A=+2
- A
(ki) = — - Zh®
BOA) = —3be(ycosf d_ S hAK), (47

where the superscripts (S), (V), and (7) stand for the scalar,
vector, and tensor modes, respectively.

As the observable quantity, we focus on the three-
dimensional power spectrum, which is defined as

(X(k)Y* (k') = (27)°8% (k — k') Pxy(k),  (48)

where X, Y = E or B for the E- and B- mode power spectra.
From Eqs. (42)—(47), we finally obtain

Pk ) = 3 (20— 2P K), (49)
Pia(k.p) =0, (50)
PR (k.k) = 5 (b (001~ 2P, ), (51)

PUd (ko) = 5 (R = )P, (52)
Pk 1) = 1 (021 + 2Py (), (53)
PUd(k k) = 5 (b ()2P4 (K), (54

where we define p = cos@,. The linear matter power
spectrum of the density field §;, is given by

(6L (k)3; (K)) = (27m)°6p (k —K')PL(K).  (55)

The nonvanishing EB power spectrum appears in the chiral
vector and tensor modes:

PO (ko) = £ (b (0)2u(1 = i), ()P, (). (56)

|

i

P (ko ) = = (b (K))2u(1 + @) (k) Pu(K),  (57)

oo

where we define a chiral parameter y,/,(k) as

P6<+1) - PG(—I)

Xo(k) = P (58)
1all) = T (59)

The EB spectrum is an interesting probe for testing parity-
violating theories. Hereafter, we consider unpolarized
cases, ¥,/ (k) = 0.

We note that ng is the nonmagnetic scalar contribution,

but affects the detectability of PMFs by forming the
E-mode covariance of the Fisher matrix (67). Moreover,
at one-loop order, the density field can source the B mode,

forming Pgsg (see Fig. 3 and Appendix B) and hence the
B-mode covariance. We will also take them into account in
the later Fisher matrix analysis. For the vector and tensor
power spectra P,/;,, we adopt (see Sec. II for details)

P(f(k’ BﬂvnB) = |H(V)|27 (60)
n 2
P,(k;B;, ng) = <6Ry In (—)) o2, (61)
B
2% k\ v
Py(kiry.ny) = —5rvAg(— | . (62)
k k.
27% k O\
Ph(k§ rr, nT) = ?FTAS <k_) ) (63)
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FIG. 3. E-mode (left) and B-mode (right) monopole power

spectra at z = 0 for various sources: the magnetic vector (blue),
magnetic tensor (orange), vorticity vector (green) modes, and
primordial GWs (red). To compute each case, we adopt (B, ng) =
(2 nG, -2.9), (ry,ny)=(0.01,0), and (ry, ny) = (0.03, —ry/8).
Dashed and dotted lines represent, respectively, the E-mode power
spectrum induced by the primary nonmagnetic scalar mode
given in Eq. (49) and the B-mode power spectrum induced by
the one-loop contribution from the scalar mode, calculated based
on Ref. [105] (see Appendix B).

for the magnetic vector, magnetic tensor, vorticity vector
modes, and primordial GWs, respectively.

As a demonstration, we present the lowest order multi-
pole, the monopole, of the various models in Fig. 3,
although the nonvanishing quadrupole and hexadecapole
are also observables. We define the monopole by

Pxx,o(k) = ;/_1 dﬂpxx(k»ﬂ)- (64)

In this plot, we set the model parameters as follows:
(B;,ng) = (2 nG,-2.9) taken from the upper limit by
Planck results [91], (ry,ny) = (0.01,0) roughly corre-
sponding to the upper limit obtained by using the WMAP
results [95], and (rr, np) = (0.03, —r/8) from the Planck
results [106]. Also, we calculate the scalar shape bias
parameter b by using the fitting formula [107]:

0.09302 — 0.1289p%
bscalar — 1 , 65
K 1+ 0.35415F (65)

where bY is a linear density bias parameter. In this plot,
we use the same linear density bias parameter as the
hydrogen line (HI) galaxies in SKA2 [108]:

bY = cyes?, (66)

with ¢4 = 0.554 and c¢5 = 0.783. For comparison purposes,
we show the contributions from the scalar mode to the
E- and B-mode power spectra. While the leading-order
effect of the scalar mode results only in the E mode, the
one-loop order effect produces the nonvanishing B-mode

contributions (e.g., Refs. [109,110]). To compute the
one-loop contribution to the B-mode spectrum, we exploit
the effective-theory description of galaxy shape based on
Ref. [105]. See Appendix B for details.

Recalling that all the primordial power spectra are
modeled by the power-law form, the characteristic feature
observed in each power spectrum comes from the shape of
each effective linear shape bias byx. The power spectrum of
the magnetic tensor mode has a similar behavior to that
of the primordial GWs as both ng =-29 and ny =
—0.00375 impose nearly scale invariance of their initial
power spectra P, and also their by are exactly the same.
Compared to the nonmagnetic scalar power spectrum, the
vector and tensor mode signals are suppressed at small
scales because of the feature of the fossil effect, i.e., the
absence of growth at late time.

We notice that the signal of the magnetic vector mode is
3-8 orders of magnitude smaller, depending on the scale,
than those by other sources. We elaborate on the origin of
this suppression as follows. First, to compute each spec-
trum in Fig. 3 we set the model parameters to the CMB
limits; thus, the amplitude of each mode essentially reflects
the amplitude of corresponding metric perturbation at
around the recombination epoch. Indeed, there is a 2—4
order of magnitude gap between the magnetic vector mode
and the other three in the metric perturbation, inducing a
comparable gap in the IA. Second, recalling the behavior of
the effective linear shape bias in the magnetic vector mode
(see the right panel in Fig. 2), the effective tidal bias
asymptotically approaches zero more quickly than other
modes at large scales. This asymptotic behavior leads to
further suppression in the magnetic vector mode at large
scales. The above two facts explain the behavior illustrated
in Fig. 3.

In Fig. 4, we investigate the behavior of E- and B-mode
power spectra of the magnetic modes by varying the model
parameters B, and ng. Since we plot the signal normalized
by (B,/nG)?*, the solid and dashed lines overlap if the Pgg
and Ppp scale as « Bj{. We indeed see this feature for
np < —1.5, while their gap increases as np gets larger than
—1.5. This is because, for the blue tilted case, a convolution
integral in the anisotropic stress (10) becomes more
sensitive to the ultraviolet magnetic cutoff kp depending
on B, [see Eq. (9)], and hence the power spectrum of the
anisotropic stress no longer obeys a simple B} scaling (see,
e.g., Refs. [44,45,111]). Corresponding to the change of the
impact of kp at ng ~ —1.5, the dependence of Prr and Pyp
on np also changes, i.e., they decrease for small np but start
increasing as np enlarges. As a consequence, they are
minimized at ng ~ —1.5. This unique feature straightfor-
wardly determines the dependence of the detectability of B,
on ng as shown in Figs. 5 and 6. The overall amplitude of
the tensor mode is larger than that of the vector mode due to
the prefactor (6R, In(,/n5))* =2 x 10*. As we will dem-
onstrate in the next section, the contribution from the tensor
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FIG. 4. E- and B-mode power spectra induced by PMFs normalized by (B,/nG)* at z = 0. Left two and right two panels,
respectively, show the magnetic vector and magnetic tensor modes. Solid and dashed lines show the results in B; = 1.0 and 10 nG,

respectively.
Euclid SKA
104 Magnetic vector | Magnetic tensor | Magnetic vector | Magnetic tensor
. /—\
£ 108
~
()
— EE
10 —— BB
— EE+BB
-2-101 -2-101 -2-101 -2-101
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FIG.5. Minimum detectable value for the Euclid spectroscopic

survey (left two panels) and SKA HI galaxy surveys (right two
panels) obtained through the magnetic vector mode and through
the magnetic tensor mode as indicated. Blue, orange, and black
lines, respectively, show the results obtained by E-mode power
spectrum alone, by B-mode power spectrum alone, and by
combining E- and B-mode power spectra, respectively. We note
that the orange and black lines, corresponding to the results from
B mode alone and from both E and B modes, respectively, almost
overlap, showing that the B mode gives a much larger gain than
the E mode. For visualization purposes, we multiply the B-mode
results by a factor of 1.12.

mode is an important source in constraining PMFs through
the observation of the IA of galaxies.

V. FISHER FORECAST

In this section, we discuss the constraining power of the
E- and B-mode power spectra of the galaxy shape on the
amplitude of PMFs based on the analytic model given in
Egs. (51)—(54) with Egs. (60) and (61). To this end, we
perform a Fisher matrix analysis. Following, e.g., Ref. [72],
we define the Fisher matrix for the parameter vector @ as

Kmax 1
/ k*dk / du
kmin -1

apa> oP,
eovlu(52) 67
a,b=EE.BB ( d0); 09j

where the quantity V represents the survey volume. The
covariance matrix cov,, is given by

2\ 2
covyy = Z(Pa + i) Bupe (68)

ngal

with 6, and ny, being the root mean square of the galaxy’s
ellipticity and the galaxy number density, respectively.

Our analysis examines the constraints on the amplitude
of PMFs, B, with a fixed spectral index np. In this case, the
expression of the Fisher matrix is reduced to

kmax 1
/ k2dk / du
kmin -1

(dPa 1
X L
w7588 \OBL Py + 07/

14

F(B/l,fid) - W

)2, (69)

with B, ;4 being the fiducial value of the parameter. The
size of the expected error on the PMF strength is given by

o(Byfia) = \/F~'(B,1ia). PMFs whose strength exceeds

the size of the error are detectable at the 1o level; thus, a
minimum detectable value of the PMF strength B, ;, is
given by a solution of the equation

B,=B; 1

9 (Bx,min) = B min- (70)
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FIG. 6. Minimum detectable value for the idealistic surveys by varying a}% /N1, Obtained through the magnetic vector mode (dashed
lines) and through the magnetic tensor mode (solid lines). We present the results obtained by the E-mode power spectrum alone (blue),
by the B-mode power spectrum alone (orange), and by combining the E- and B-mode power spectra (black). The orange and black lines,
corresponding to the results from the B mode only and from both the E and B modes, respectively, almost overlap, showing that the B
mode gives a much bigger gain than the E mode. For visualization purposes, we multiply the B-mode results by a factor of 1.12.

Throughout the analysis, we incorporate the E-mode
power spectrum induced by the scalar mode and the
B-mode power spectrum induced by the vector and tensor
modes and the one-loop contribution from the scalar mode
into the Fisher analysis. In computing the one-loop B-mode
spectrum, we follow Ref. [105] and use the effective-theory
description of galaxy shape (see Appendix B for details).
We set kyin = 22V 713, ki = 0.1 Mpc/h, and 6, = 0.3.
The scalar shape bias parameter b is calculated by
using the fitting formula [107] given in Eq. (65).

We first demonstrate the expected minimum detectable
value for the Euclid spectroscopic survey [112] and
SKA [113]. The galaxy redshift surveys by Euclid and
SKA will, respectively, observe the Ha emitter over red-
shifts 0.9 to 1.8 and HI galaxies over redshifts 0.23 to 1.81.
Although TA has not yet been detected for emission line
galaxies (ELGs) [64,114-116], Ref. [117] recently pro-
posed an optimal estimator to determine the IA of halos
using ELGs. We suppose that the power spectra related to
the IA can be measured with the optimal estimator, and
that all observed ELGs are, therefore, an ideal tracer of
the halo shape. We use the survey specifications in
Table 3 of Ref. [118] for the Euclid and Table 1 of
Ref. [119] for SKA. We combine all the redshift bins by

o(B;) = 1/4/>_; F(B;)l,,, with the subscript i being the

label of the redshift bins, and then numerically solve
Eq. (70). In Fig. 5, we present the minimum detectable
value for Euclid and SKA (see Appendix C for the same
analysis but for the vorticity vector mode and primordial
GWs). As expected from Fig. 4, the magnetic tensor
mode provides stronger constraints on the PMF strength
than the magnetic vector mode. It is also apparent from
Fig. 5 that the B-mode power spectrum places stronger
constraints than the E-mode power spectrum due to the
absence of the sizable nonmagnetic scalar contribution in
the covariance matrix. We find that B, ;, has a local

maximum around ng ~ —1. This behavior comes from a
unique ng dependence of Pgg and Pgp seen in Fig. 4 and
the lower limit of the integration range in the Fisher
matrix for the survey specification of Euclid/SKA
kin = 22V~1/3 2 0.001 h/Mpc. One can find from
Fig. 5 that PMFs with B; ~30-300 nG would be meas-
urable by a Euclid- or SKA-level B-mode survey.

To capture PMFs with B; = O(1 nG), what specific
level of survey should be aimed at? To figure this out, we
compute the minimum detectable value B, ;, by varying
the shot noise contribution to the covariance matrix o}% /Mgl
(see Appendix C for the same analysis but for the vorticity
vector mode and primordial GWs). We then set V =
1(Gpc/h)® and z=1.0. We also use the same bias
parameter as the HI galaxies in SKA2 given in Eq. (66).
The choice of these parameters does not qualitatively
change the results. Figure 6 describes our results, again
showing that the B-mode information induced by the tensor
mode is the most powerful to measure B,. Both for the
E-mode and B-mode cases, decreasing the shot noise level
causes the dominance of the nonmagnetic scalar signal in
the covariance and hence the saturation of B, ,;, around
07 /ngy ~ 1072, We finally find that the saturated value
of B; min reaches O(1 nG)-O(10 nG), depending on the
spectral index. To archive this minimum detectable value,
the B-mode power spectrum plays a major role and still an
interesting probe even in the presence of the one-loop
nonmagnetic scalar contribution to the B mode.

VI. SUMMARY

In recent years, there has been growing attention on
PMFs as a strong candidate for explaining the origin of
observed large-scale magnetic fields, including void
regions. While the statistical properties of PMFs have been
constrained by the recent cosmological observations such
as the cosmic microwave background anisotropies, this
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paper has focused on the IAs of galaxies as a comple-
mentary new observational probe, aiming to delve into the
nature of PMFs. The metric perturbations of the long-
wavelength vector and tensor modes are known to induce
the local tidal gravitational fields [85]. Through the
observations of the intrinsic galaxy shapes, we have paved
the way to detect the vector and tensor modes sourced by
the anisotropic stress of PMFs in the early Universe.

We have shown the relation between the anisotropic
stress of PMFs and the TA of the galaxies. Considering up
to the leading-order contributions, while the scalar mode
only produces the cosmic shear E mode, the vector and
tensor modes produce both E and B modes. Hence, the
B-mode signal can be a good probe to search for magneti-
cally induced vector and tensor modes once we properly take
into account the one-loop scalar contribution to the B mode.
Assuming that the power spectrum of PMFs is given by a
power-law function, which includes two parameters, the
amplitude of PMFs B; and the spectral index np, we
demonstrated the E- and B-mode power spectra of the
galaxy shape induced by PMFs. Owing to the convolution
and small-scale cutff inherent in the anisotropic stress of
PMFs, we found that the slopes of the E- and
B-mode spectra do not change for np > —1.5 as ng is
increased, but only their amplitudes vary with np.

Based on our analytical model of the E- and B-mode
spectra, we have performed the Fisher analysis to estimate
the minimum detectable value of the PMF strength, defined
in Eq. (70), for a fixed spectral index. We first examined the
minimum detectable value assuming the galaxy redshift
survey by Euclid and SKA. In this case, we found that the
minimum detectable value of B, reaches about 30-300 nG,
depending on ng, which is weaker than the upper limit
obtained by the recent CMB observations. To investigate
the detecting power of the IA observations in spectroscopic
surveys, we further performed the Fisher matrix analysis
by varying the shot noise term as a free parameter. We
found that a minimum detectable value can reach
O(1 nG)-O(10 nG), depending on ng, which is almost
comparable to the current CMB limits, and that the B-mode
spectrum still plays a crucial role in achieving this even in
the presence of the nonmagnetic scalar contribution to the
B mode spectrum. The currently planned galaxy redshift
surveys would provide weaker constraints on PMFs than
the CMB observations. However, the observations of the
galaxy TAs would become increasingly important as a
complementary probe to understand the nature of PMFs.

This paper has focused on the auto power spectra of the
cosmic shear E and B modes induced by PMFs. However,
as the anisotropic stress of PMFs also induces the density
fluctuations [46], we would observe a nonvanishing signal
in the cross-correlation between density fields and galaxy
shapes. Adding this information to the present analysis
would improve the constraint on PMFs. An interesting
future challenge is to probe PMFs, making comprehensive

use of the available information on the galaxy density field
and its shape.

We have carried out our analysis with a spectroscopic
survey in mind. When considering an analysis based on the
two-dimensional angular power spectrum for a photometric
survey (e.g., Ref. [87]), we expect that the impact of the
shot noise on the covariance is reduced due to the larger
number density of galaxies than spectroscopic surveys.
We leave detailed comparisons of the detecting power on
PMFs between the two-dimensional angular power spec-
trum and three-dimensional power spectrum for an in-
triguing future work.
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APPENDIX A: INTRINSIC ALIGNMENTS FROM
VECTOR AND TENSOR MODES

In this appendix, based on Ref. [85], we solve the
equation of motion of a matter particle in a local frame in
the presence of the local tidal effect, and then derive the
density fields induced by the crosstalk between the long-
and short-wavelength modes. From the expression for the
second-order density fields, we show the linear shape bias
of the IA of galaxies from the vector and tensor modes.

Our starting point is the expression of the tidal field
induced by the long-wavelength vector and tensor modes
using conformal Fermi normal coordinate [85]

1
ij(n. kL) = — 5= (ahi‘j(’?’ ki)'

7 (A1)

where we work in the synchronous gauge. It is useful to
decompose the tidal tensor into the time-dependent part and
initial perturbation part:

Tij('% k) =T .(n, kL)éiniij(kL)ﬂ (A2)
where £ =0 and h for the vector and tensor modes,
respectively. The function 7 ,(n, ki) is given by

T(nk)=—3- @V k) (A3)
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for the vector mode, and

1
To(n. k) = =5 (aT"' (. kp))' (Ad)
a
for the tensor mode.
In the presence of the long-wavelength tidal tensor 7;;,
the equation of motion of a matter particle in the local frame

becomes

x" +Hx' = ((]55 +-1 xx/) (AS5)

v)2c¢§ = 471'G(12ﬁm5, (A6)
where a prime denotes a derivative with respect to the
conformal time 5. To solve the equation of motion,
we employ the Lagrangian perturbation formalism. The
Lagrangian description relates the initial Lagrangian posi-
tion for the fluid element ¢ to the Eulerian position at
conformal time # through the displacement field ¥(7, q):
x(n.q) =q+¥(n.9). (A7)
Substituting Eq. (A7) into Eq. (A5), the equation for W at
the first order is given by

W+ HY = (d)s( )+5 : 5 %ijd q’) (A8)

We split the displacement field into the long- and short-
wavelength mode contributions:
¥ =0 ), (A9)

The evolution equation of each displacement field is
given by

gl = 9s(q) (A10)
9q;
1y (hr _
+HY;" = —Tr(’% kp)Einiiaqa- (A11)

Using the Poisson equation (A6), the solution of

Eq. (A10) is given by

—D(n)o; 15< D (0. 4)-

(A12)

where the quantity 7, is the conformal time at the present
time. The linear growth factor D(n) satisfies

D"(y) + HD'(n) — 42Ga’p,D(n) = 0.  (Al13)
We adopt the normalization conditions D(ry) = 1. The
solution of Eq. (All) is given by

\Pl([) = _ﬁ(% kL)giniia('Ia?

where we define

7 dn /VI' ,
- —_— a("T (7", ky)dy".
/) a(“l) 0 ( ) ( L)

Next, we solve the equation for W by considering only
the coupling between long- and short-wavelength modes.
We start by taking the divergence of Eq. (AS) with respect
to q:

(A14)

Bln. k) = (A15)

Wod "+ HYL = V2 =¥y 70, =¥y, 0, 0, b. (AL6)
where a comma stands for the derivative with respect to the
Lagrangian coordinate. We note that the first term on
the right-hand side involves the coupling of short- and
long-wavelength modes through the chain rule of spatial

difference: - = (J7');; 5% with the Jacobian matrix
i L qj
Jij ax, = 0;; + ¥, ;. Then, the second order equation

for W! Sl ) is given by

— 47Ga?p,, P

025( )(’70» q)
0q,9q,,

sl " + H\Paa

‘finiab.

The solution of this equation is given by

-2 025(1) (’10)

Wil = DD (y, &y )a
a,a 9 q a a
44991

giniab(kL)? (AIS)

where the function D* (i, k; ) satisfies

= D(”)Tr(rla kL)

From Egs. (A12), (Al4), and (A17), we obtain the
Eulerian density field up to the second order:

DU L HDG — 472G a?p,, DY (A19)

8(x) = 69 (x) + 60D (x), (A20)
where we define
50)(x) = -k (),
= D (1) (9. x). (A21)
560 (x) = W), ()%} (x) — WL (x)
+ WL ()W, (x) + WU ()P (), (A22)
élmab kL ﬁ n, kL X ab
+ ( ‘l)((”’)’“) ﬁ(n,ko)a-zauah] 50 (x).

(A23)
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We use the same ansatz in Ref. [85] which assumes that
the second term in the square brackets in Eq. (A23) induces
the IAs, since this term represents the growth of the density
perturbation in a local region by the coupling between the
long- and short-wavelength tidal fields while the first term
corresponds to the displacement induced by the long-
wavelength tidal field, which should have no effect on
local physics. We also assume that the alignment from the
vector/tensor tidal fields has the same scaling as the second
order density induced by the scalar tidal fields. According
to this ansatz, the expression of the intrinsic galaxy shape is
given by

Yij = by (n, kL)finiijs (A24)

D(Sl) (I/]’ kL)

7
bK(n’kL) EZ <_ D(n)

+ 8. kL)> b, (A25)

where b is the scalar linear shape bias. The factor 7/4
comes from the conversion from the second-order density
field to the galaxy intrinsic shape in the scalar mode
case [85,86].

APPENDIX B: ONE LOOP CONTRIBUTIONS TO
B MODE POWER SPECTRUM

Here we give a brief explanation of what is assumed to
compute the one-loop correction to the B-mode auto power
spectrum. Recently the perturbation theory of the IAs with
the effective theory considerations has been formulated in
both Eulerian and Lagrangian ways [105,120]. In this paper
we employ the LPT-based calculation of the one-loop
power spectrum developed in Ref. [105].

As the one-loop power spectrum involves the linear,
quadratic, and cubic fields, we need to introduce up to the
cubic shape bias parameters, which in general consist of
one linear, three quadratic, and two cubic free parameters to
compute the one-loop correction to the shape power
spectrum. However, with the comparison of the N-body
halo shapes, Ref. [121] showed that the values of the higher
order (Eulerian) shape bias parameters are well approxi-
mated by the coevolution prediction [122]. In other words,
the halo shape field is well described by the Lagrangian
tracer of the initial tidal field advected to its final position
by the large-scale bulk flow. Hence the following model
can be used in lieu of the full model for the one-loop power
spectrum:

(k) = / Fark(q)ema ¥ (BI)
with

riy(@) = bgKi;(@)[1 + 55 (q)], (B2)

where bk is the Lagrangain linear shape bias and 519“(q) is
the Lagrangian galaxy density field. Note that since the
galaxy shapes are always observed with galaxies they are
naturally density-weighted quantities.

In order to compute the one-loop correction, we can also
assume the linear bias description for the galaxy density
field since the quadratic bias fields in the density in
Eq. (B2) give rise to a reparametrization of the linear
shape bias parameter. After all, with these assumptions, the
free bias parameters we have to include to the one-loop
calculation are the linear shape and density bias parameters:
b and bY. The Lagrangian linear shape bias is the same as
the Eulerian one, bi$d% = bk since the tidal field does not
induce the volume distortion at first order, while the
Lagrangian linear density bias is related to the Eulerian
one as b¥ = b} + 1. Using these relations we can compute
the one-loop correction to the shape power spectrum given
the values of b and bY.

APPENDIX C: FISHER FORECAST FOR
THE VORTICITY VECTOR MODE
AND PRIMORDIAL GWs

As we are interested in the detectability of the PMFs
through observations of the galaxy shape, we have
focused on the vector and tensor modes induced by
PMFs in the main text. For reference purposes, this
appendix provides the Fisher forecast based on the same
analysis as done in Sec. V, but we consider other vector
and tensor sources: the vorticity vector mode and the
primordial GWs.

We define the Fisher matrix for a fixed spectral index
ny = ny =0 by

V kmax 2 1
F(”x.ﬁd) :2(271)2/( k dk/_ldﬂ

(aPa 1
X ——
a—EEe \OTx Py + 07/ Ngal

). e

where X = V and T for the vorticity vector mode and the
primordial GWs, respectively. The size of the expected
error on the amplitude of the vector/tensor modes is

given by o(ryna) = \/F ' (rysa). We here evaluate the

minimum detectable value ry i, by solving

Ix=rx fid

O-(rX,min) = TX,min- (C2)

Table I shows the results for the Euclid spectroscopic
survey and SKA HI galaxy survey. We see from this that the
E-mode (B-mode) power spectrum can capture smaller ry
(ry) than the B-mode (E-mode) one. This can happen in
surveys where the covariance is dominated by the shot
noise as with the Euclid and SKA. For the primordial GW
case, ignoring the cosmic variance contribution to the
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TABLE I. Minimum detectable value for the spectroscopic
survey in Euclid (left values) and SKA (right values). For the
spectral index of the vorticity vector mode and primordial GWs,
we set ny = ny = 0.

Euclid/SKA Vorticity vector 107>y Primordial GWs 107 rp

EE 2.95/0.84 4.45/1.45
BB 0.631/0.171 5.35/1.66
EE + BB 0.615/0.167 3.19/1.04

covariance, we can analytically estimate the ratio of the
Fisher matrix F gg /F g; by
ﬁ ~ f—ll dupP <ETE)
Fud [ duply
e Sl el +42)%)?
T G dwe)
83

= (C3)

yielding  ogp(rr) & 1/63/830p5(rr) = 0.87055(rr).
Similarly, in the vorticity vector mode case, we have
ope(ry) ® V2logp(ry) = 4.6055(ry).  These  values
explain the results in Table I very well. We note that the
minimum detectable value given in Table I is larger than the
constraints derived in Ref. [87] because our analysis

Primordial GWs

Vorticity vector

107

10°

rvir

103 — ' EE
— BB
— EE+BB
10t
104 1072 10° 102 1074 1072 10° 102

07 /ngai [(Mpc/h)?] 07 /ngai [(Mpc/h)?]
FIG. 7. Same as Fig. 6 but for the vorticity vector mode and
primordial GWs.

assumes the spectroscopic survey which has generally a
smaller number of galaxies than the photometric surveys
assumed in Ref. [87].

In Fig. 7, we perform the same analysis as in Fig. 6 but
for the cases of the vorticity vector mode and primordial
GWs. In analogy with the magnetic case in Fig. 6, as the
shot noise decreases, the detectability of ry/; from the E
and B modes reaches a plateau because of the scalar-mode
contamination in the covariance. In a noisy regime as
10°(Mpc/h)? < 62 /ng,, as the above analytic estimate
indicates, the E-mode spectrum can capture smaller ry
than the B-mode one.
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