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This paper investigates the decoherence effect resulting from the interaction of squeezed gravitational
waves with a system of massive particles in spatial superposition. This paper investigates the decoherence
effect resulting from the interaction of squeezed gravitational waves with a system of massive particles in
spatial superposition. We first employ the open quantum system approach to obtain the established
decoherence in a spatial superposition of massive objects induced by squeezed gravitational waves.
Subsequently, we focus on the spin-1/2 particle system, and our analysis reveals that the decoherence rate
depends on both the squeezing strength and the squeezing angle of the gravitational waves. Our results
demonstrate that squeezed gravitational waves with squeezing strengths of r, > 1.2 and a squeezing angle
of ¢, = n/2 can induce a 1% decoherence within 1 s free falling of a cloud of spin-1/2 particles. This
investigation sheds light on the relationship between squeezed gravitational waves and the coherence of
spatial superposition states in systems of massive particles and their spin. The dependence of decoherence
on squeezing strength and, in the case of spin-1/2 particles, on the squeezing angle paves the way for
further exploration and understanding of the quantum-gravity connection. We suggest that such an
experimental setup could also be employed to eventually investigate the level of squeezing effect (and
hence quantum-related properties) of gravitational waves produced in the early universe from inflation.
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I. INTRODUCTION

Several theoretical proposals have been made to detect
the quantum aspects of the stochastic gravitational-wave
background (SGWB), which is believed to arise from the
superposition of numerous independent and unresolved
gravitational wave (GW) sources. These sources can have
cosmological origins, such as various inflationary models,
first-order phase transitions, cosmic string models, or
astrophysical origins, resulting from the superposition of
waves generated by astrophysical sources like supernovae
(see [1-3] for a review).

The energy associated with gravitons (which are the
quantum counterparts of the SGWB) is expected to be
minuscule, making them difficult to observe directly using
current technology [4]. That said, indirect detection meth-
ods rather study their effects on other quantum systems. For
example, the noise induced by gravitons in gravitational
wave detectors or the effects of gravitons on quantum states
can be used to indirectly probe the existence and influence
of gravitons. Gravitons can induce decoherence in certain
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quantum systems with which they interact. When a quan-
tum system comes into contact with gravitons or experi-
ences a gravitational wave, its quantum coherence can be
disrupted. Recently, there has been significant interest in
detecting the induced decoherence of macroscopic
entangled states as an indirect probe of gravitons [5-15].
One proposal by Kanno et al. [16] involves detecting the
decay of entanglement between massive mitrors in an
interferometric GW detector. They suggest generating
entanglement by sending a single photon through the
interferometer, creating a spatially nonlocal excitation.
The decay of this entangled state, resulting from its
coupling to a noisy environment of gravitons, provides
indirect evidence for the quantum nature of GW.

In a similar study, Parikh et al. proposed a method to
investigate gravitons through the stochastic modification of
the geodesic deviation equation for a pair of freely falling
masses [5—7]. This proposal is based on the concept that
freely falling bodies experience noise due to their inter-
action with gravitons. In their method, the graviton
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environment induces decoherence in the quantum dynam-
ics of the system through a nonunitary evolution master
equation that describes the open quantum system (OQS).
The noise predicted by [5—8] depends on the gravitational
quantum state, and the authors estimated the noise corre-
lators and their effect on the motion of the detector’s
mirrors for quantized gravitational waves in various states,
such as vacuum, coherent, thermal, and squeezed states,
using the Feynman-Vernon influence functionals tech-
nique [17]. The authors demonstrated that coherent states
recover the classical phenomenology of gravitational
waves.

Squeezed states are a well-known quantum mechanical
phenomenon that is even prepared in various quantum
optical experiments [18]. These states have also been
proposed for primordial gravitational waves [19], and their
observation would provide evidence of the quantum nature
of primordial GWs. The power spectral density of strain
resulting from quantum fluctuations originating from the
squeezed quantum state of GWs is computed to have
an exponential enhancement factor proportional to the
squeezing strength. This suggests that significant quan-
tum fluctuation effects could be detected by future GW
detectors [5-7].

The concept of quantum squeezed states is closely
intertwined with the so-called problem of quantum-to-
classical transition of primordial perturbations during
cosmic inflation [2]. The prevailing view, based on the
theory of cosmic inflation and our understanding of
quantum mechanics, is that quantum fluctuations in the
early universe, including those of the tensor field (which we
associate with gravitons), were stretched to macroscopic
scales due to the accelerated expansion of space during
inflation. These tensor fluctuations can be described as
being in a squeezed state. This is a purely quantum
mechanical effect. However, as these fluctuations contin-
ued to stretch and became classical perturbations, they
formed the seeds for the structure in the universe we
observe today. How such a transition from quantum to
classical perturbations took place and whether the squeezed
state of gravitons has entirely classicalized is very subtle
issue and is linked to deeper questions about the inter-
pretation of quantum mechanics.

Some interpretations conclude that the quantum-to-
classical transition was completed by the end of inflation
and that the squeezed state has fully classicalized when the
modes become sub-Hubble again (see, e.g. [4,20-24]).
However such an interpretation has been debated in
recent years and clarified. Indeed other recent interpreta-
tions suggest that quantum correlations might still be
present [25-35] (for a recent review see [36]). They
show the conditions for a complete decoherence of our
universe, and hence how it would be eventually possible to
detect the signature of quantumness in cosmological
observations.

Detecting the quantum properties, such as the squeezed
nature of gravitons, would require new observational
techniques or new physical effects. Various theoretical
proposals have been developed to detect quantum aspects
of gravity, as outlined in Refs. [37-43]. These proposals
explore scenarios in which two quantum systems are
coupled through gravity to detect the presence of quantum
correlations. The central concept is that quantum entangle-
ment between objects that do not directly interact can only
increase through a quantum mediator, believed to be the
gravitational field in these scenarios. While these proposals
suggest that quantum mechanics may play a role in gravity,
they do not provide a comprehensive understanding of the
quantum structure of gravity. Recent proposals, such as
those described in [44-48], have focused on using two
quantum systems coupled through gravity to mediate
quantum correlations as a means of detecting quantum
aspects of gravity.

References [44,45] propose a test to detect quantum
effects in gravity by employing two systems that interact
with each other only via the gravitational field. If two
quantum systems do not directly interact with each other
but become entangled after local interaction through the
gravitational field, it suggests that the gravitational field is
quantum. While the proposal by [44,45] demonstrates some
nonclassicality in gravity, it does not provide a detailed
understanding of the quantum structure of gravity.

Nonetheless, there are practical and fundamental debates
regarding the feasibility of achieving sufficient spatial
superposition for massive objects [49,50] or using them
as a probe for quantum gravity [51-53]. For instance,
Bronstein, challenged the validity of quantum gravity
tests, focusing his argument on the backreaction of the
“quantum” system on the “classical” detector in the
weak field limit, posing a conflict with the equivalence
principle [51,54]. In cases where the mass of the detector is
comparable to that of the test particles, dephasing occurs
due to detector recoil. Conversely, a heavier detector
introduces a more substantial interaction than that between
the two test particles. It may be thought that using
electromagnetic beam splitters and reflectors with devices
that are far from the test particles will lessen the impact
of the detector. However the electromagnetic light also
carries momentum and the further masses are the longer
pulses of light have to be and the more momentum they will
transfer [54].

In this work, we focus on the decoherence arising from
the quantum effects of gravitational waves. Decoherence is
a phenomenon in quantum theory where coherence and,
thus, interference effects are lost [55,56]. By analyzing the
reduced density operator of a mixed state that includes both
system and environmental states, we can observe that the
state of the system loses phase, causing the off-diagonal
terms to decay. Therefore, observing the decay of coher-
ence due to interaction with a noisy bath of gravitons could
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indirectly provide evidence of the quantum nature of the
gravitational field.

The applicability of the quantum Boltzmann equation
(QBE) [57] is limited to situations where the coupling
between the system and environment is weak, and the
memory effects of the environment can be neglected. In this
study, we use QBE to examine interference experiments
with massive object and massive spin-1/2 particles and
explore the loss of coherence resulting from their inter-
action with graviton noise in laboratory-scale setups.

The paper is organized as follows: Section II discusses
Markovian and Non-Markovian QBE and derives the
dissipative term, which will be used in the subsequent
sections. The mesoscopic and microscopic timescales,
which will be used to describe the time evolution of the
density matrix, are also defined. Section III is devoted to
the derivation of the interaction Hamiltonian between the
massive object and squeezed gravitational wave. The
massive object in this section is prepared in spatial super-
position. In Sec. IV the decoherence of the aforementioned
massive object system due to interaction with squeezed
gravitational waves is derived and a descriptive setup for
understanding the amount of decoherence effect in different
squeezing strengths is stated. In Sec. V the decoherence
effect due to the interaction of a massive spin-1/2 object
with squeezed gravitational waves is derived and a mini-
mum squeezing strength for imposing a 1% decoherence in
a descriptive setup is obtained.

II. MARKOVIAN AND NON-MARKOVIAN
QUANTUM BOLTZMANN EQUATION

In this work, we employ the QBE to describe the dyna-
mics of decoherence induced by the interaction between the
quantum system and the gravitational field [57]. The QBE
is a powerful tool for analyzing OQS [56], where the time
evolution of the reduced density matrix of the system is of
interest as it is coupled to an environment.

The QBE assumes that the initial state of the system and
environment is a product state, and in our case we take the
environment in a squeezed state. It provides a convenient
way to calculate the time evolution of the reduced density
matrix of the system under the influence of the environ-
ment. However, in many cases, determining the exact time
evolution of the density matrix analytically is not possible,
and approximation schemes are used to derive master
equations for the approximate evolution of the reduced
density matrix.

The Markovian QBE is based on two core approxima-
tions known as the Born and the Markov approximations.
The Born approximation assumes that the coupling
between the system and environment is weak and can be
treated perturbatively. The Markov approximation assumes
that the memory effects of the environment are negligible,
and any self-correlations within the environment created by
the coupling to the system decay rapidly compared to the

system’s dynamics timescale. In the next section, we will
discuss Markovian and non-Markovian QBEs and derive
the dissipative term to investigate the decoherence dynam-
ics of the quantum system under the influence of gravita-
tional waves.

Although the Born approximation is applicable in many
physical situations, memory effects cannot always be
neglected. When significant memory effects are present
in the environment, the evolution of the reduced density
operator becomes strongly dependent on the history of the
entire system-environment combination. In such cases,
non-Markovian quantum master equations (non-MaQBE)
that rely on retarded-time kernels and integrations over the
system’s history must be solved. In [57], we have extended
the non-MaQBE formalism to describe irreversible proc-
esses. This type of equation is encountered in situations
such as decoherence or damping effects in a quantum
system of gravitons due to interaction with a viscous
medium [57].

For a system described by a density matrix pfj(tmes), the
evolution of the reduced density matrix of the system is
given by a non-Markovian quantum Boltzmann equation
(non-MaQBE), as expressed in the following equation [57]

d

rmes< i(tmes)> - DU [ps(tmes)],

(2.1)
where (---) =TrlpS- -], the dissipator D;;[p®(fnes)] is
given by the following expression

Dij [ps(tmes)} = _AT dtmic<[Hint([mes)v [H?nt(_[mic)y

X N?}(tmes - tmic)]] >c’ (22)
in which 7 is the experiment time, N lSj is the number
operator associated with the system’s degrees of freedom,
and H,, is the interaction Hamiltonian with superscript 0
denoting that it is a functional of the free field. In this
context, we introduce two timescales: f.;. and ..., which
respectively represent the interaction timescale of individ-
ual particles and the timescale on which the macroscopic
system evolves. The subscript “c” denotes the connected
part of the correlation functions.

In dissipative processes, the microscopic interaction
Hamiltonian is not invariant under time reversal operation,
ie., Hiy(t) # Hy,(—t). However, in practice, the time-
reversed Hamiltonian can be represented as Hi,(—t) =

H ioni(t). Consequently, the dissipator is expressed as follows

D;; [ps(tmes)} - [)T dlmic< [Hint(lmes)’ [H&Tt(tmiC)’
X N?}(tmes - [mic)]] >c'

The dissipator typically consists of two types of terms

(2.3)
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Dy« [pS(K)] ~T[pS(K)].  (24)
Where k and k' are the transport momenta. The first
term, '™, corresponds to scattering-out processes (a + b —
¢ + d), while the second term, '™, corresponds conversely
to scattering-in processes (¢ + d — a + b). For scattering-
out processes, the collision term is proportional not only to
the distribution function of the initial states (species a and
b) but also to the Pauli blocking function of the final states
(species ¢ and d). Conversely, for scattering-in processes,
this relationship is reversed. In the case of reactions that
are invariant under time reversal, I'" and ™' satisfy the
detailed balance relation

I = e PATY, (2.5)
Where f is the Boltzmann factor and A = |k| — |k’|. The
detailed balance condition holds true for elastic scattering
under equilibrium conditions. However, it should be noted
that the condition (2.5) is only valid in the presence of
time-reversal symmetry, indicating that the scattering is
reciprocal.

In the subsequent analysis, we will determine the
dissipative term D;;[pS(fyes)] for two quantum systems
composed of massive objects and spin-1/2 particles. By
applying this method, we will calculate the decoherence
rate for these quantum systems.

ITII. COUPLING WITH MASSIVE OBJECT

In this section, we provide a concise overview of the key
components of our OQS. We consider a massive body in a
spatial superposition and utilize the QBE to illustrate how
the interaction between this system and its environment
of gravitons leads to decoherence. We prepare a spatial
superposition of two distinct states representing the loca-
tion of a massive free-falling particle. By employing this
superposition, we determine the density matrix of the
system. The interaction Hamiltonian between the system
and its environment is expressed in terms of creation and
annihilation operators associated with their respective
degrees of freedom. Any occurrence of decoherence is
manifested by the gradual decay of the off-diagonal
elements of the system’s density matrix over time. In the
following, we employ the QBE to calculate the time
evolution of these off-diagonal terms and derive the precise
form of the decoherence rate.

A. Environment of gravitons

In the linearized approach, the graviton field A, is
defined as a small perturbation of the space-time metric g,
around the flat Minkowski background. The metric, which
describes gravitational waves in the transverse traceless
gauge, can be expressed as follows

ds* = —di* + (6;; + Kk h;;)dx'dx/, (3.1)
where §;; is the Kronecker delta and k2 = 162G, with G
representing Newton’s constant related to the reduced
Planck’s mass Mp through G = 8/M3. The indices i and
J take values from 1 to 3 and h;; is in the transverse
traceless gauge, h'; =0 and V'h;; = 0. Substituting the
metric given in Eq. (3.1) into the Einstein-Hilbert action
yields the quadratic Hamiltonian density

Hy = Hih, V) (2)

where a dot denotes the derivative with respect to time.
We can expand the graviton field 4;;(x, ¢) in terms of the
Fourier modes as

hi;(x, t)-h*xt)+h (x, 1)

_Z/ 2n*2p

+uy (e el (p)b™) (p)].

[y (1)ePely) (p)b) (p)
(3.3)

where the operators A" and A~ are associated with the
absorption and creation of gravitons, respectively, and are
linearly related to the corresponding annihilation and
creation operators. Additionally, we have introduced the
polarization tensor ej;(k), which is normalized such that

efi (K)es) (k) = 6,
polarization modes s = +, x. The creation and annihilation
operators satisfy the standard commutation relations as

follows

where the index s denotes the linear

[b,(p). b} (p")] =2p°*(p—p')S,y.  (3.4)

and u,(t) denotes a mode function properly normalized
as [8]

ity (1)up (1) — uy (1) ity (1) = —i. (3.5)

The Minkowski vacuum is defined by [0) with
by(p)|0) = 0 and choosing the mode function as

up (1) = e, (3.6)

Physically, squeezed vacuum states are conjectured to arise
from inflationary scenarios [58—60]. The definition of the
squeezed vacuum state |{) is given by the action of a
squeezing operator S(¢) on the vacuum state |0), i.e
&) = 8§(£)|0). The squeezing operator is defined as

043510-4



OPEN QUANTUM SYSTEM APPROACH TO THE GRAVITATIONAL ...

PHYS. REV. D 109, 043510 (2024)

~

3(0) = exp |5 D0 (b (pIb (D) + b RIB (D)) |

p.s
(3.7)

where b, and b} are respectively the annihilation and
creation operators of the graviton, and ¢, = r, explig,] is
a complex squeezing parameter with r, and ¢, as its
strength and angle, respectively. The squeezing operator is
a unitary operator and satisfies the following transformation
properties

s( )cosh r,, — bi(—p)e' sinh r,,
—p) coshr, — b (p)e rsinhr,.
(3.8)

These relations demonstrate that applying the squeezing
operator to the creation and annihilation operators results in
a linear combination of annihilation and creation operators,
where the coefficients are determined by the hyperbolic
functions cosh r,, and sinh r, respectively. Therefore, the
vacuum expectation value of the transformed operators is
given by

(0187(2)bs(p)S(£)|0) = coshr, — e™r sinh 7,

(0157(2)bi(-p)S(£)|0) = coshr, — e sinhr,.  (3.9)
These relations indicate that the squeezing operator trans-
forms the vacuum state of the field into a squeezed state,
which is distinguished by a nonzero expectation value of
the transformed annihilation and creation operators. More-
over, as it is shown in [59] the transformation of the
graviton quantum field under the action of the squeezing
operator is equal to the replacement of the mode functions
by their squeezed state counterpart as in (3.8) and the mode
function in the squeezed state is given in terms of that in the
Minkowski space in Eq. (3.6), such as

up (1) = uy(r) coshr, — e"ru(r) sinhr,.  (3.10)
In the following, we use the squeezed mode function of
Eq. (3.10) in the interaction Hamiltonian between the
squeezed gravitational wave and the spatial superposition
system.

B. Spatial superposition system of massive bodies

Here, we consider two masses in free fall, where one of
them initially exists in a coherent spatial superposition.
According to Einstein’s equivalence principle, a single
particle remains unaffected by a gravitational wave. In this
system, the mass M is supermassive, and thus we choose it
as our spatial coordinate origin. While the center of mass
frame could have been selected, we simplify the problem

Pe(1;) =

by adopting M as the origin. To establish a convenient
coordinate system, we introduce a Fermi normal coordinate
system along the geodesic of mass m [7,8]. The deviation
of the geodesic of the second particle, denoted as m, is
described by the vector €. Finally, we derive the action for
the geodesic deviation up to second order in € as follows

S0 [ d [§§+ et

where the first term can be interpreted as the kinetic term of
the mass m, while the second term describes the interaction
between the mass m and the graviton environment, which
will be discussed in more detail. To account for quantum
effects, we now consider the deviation vector & as an
operator, denoted as E As a result, the free component of
the Hamiltonian is given by [7,8]

(3.11)

Hozgé-é (3.12)
The deviation operators can be expanded as
E)=E"()+& (1) = Z[é’( )al) + & (nat],
(3.13)

where r=1,2 and i =x,y,z, and a") and ") are
dimensionless ladder operators that satisfy the canonical
commutation relation

[&(r)’ &*M] =5,,. (3.14)
Here, é” and %i_ are linear functions of the annihilation
and creation operators, respectively. The mass is assumed
to be in a superposition state of two paths. The initial
superposition state can be represented as follows

21 22

=16 (@) +1&° (1) (3.15)

where |Er> represents the quantum states of the massive test
masses, and the polarization-like state space of the system
is spanned by a pair of basis vectors: |&') and |&).
Alternatively, the superposition state can be expressed in
terms of the density matrix p°(t;) = |y(t;)) (w(t;)|, which
can be written as

8 (1)) E (1) + [ (1)) (E (1) + 18 (1)) (€' (1)
+ & (0)) & (1) (3.16)
Additionally, one can define quantum-mechanical opera-

tors in the linear basis that correspond to each Bloch vector
component as
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3 =1EYE'+18)), (3.17)
§' =18 E - 18], (3.18)
8 =18V & +18)E", (3.19)
§ = i)@' - iE) &) (3.20)

The Egs. (3.17)—(3.20) allow to build the analogues of
standard Stokes parameters. The expectation value of the
Stokes parameter I can be expressed in terms of the
elements of the density matrix, p°, as follows

(8%) = Tr(pT) = 5, + . (3.21)
and similarly, the other three parameters Q5, US, and VS
can be expressed in the same way. Thus, the polarization

matrix of the system can be described in terms of the
following three parameters

1/ 1+8" $-is
pS == ( l ) (3.22)
2\ 82 4+is% 1-48!
where we have normalized S° = 1 and
St = piy = P, §* =p, +p5, and
~iS* = pf, = g5 (3.23)

The diagonal elements of the density matrix represent the
probabilities of the particle taking each path, while the oft-
diagonal elements describe the quantum coherence of the
state. The density operator can be expressed in terms of the
Stokes parameters and ladder operators as follows

VT

FIG. 1.

po(t) = p(nata. (3.24)
ij

The quantum-mechanical operators in the linear basis
corresponding to each element can be expressed as

S = pSEVE |+ pRlE Y E 1+ 0518V E' + oS ENE.
(3.25)

In our context, we will focus on the decoherence effect
that induces the decay of the off-diagonal elements. This
phenomenon leads to the loss of coherence, transforming a

coherent superposition of the |El> and |Z’2 ) states into a
statistical mixture. On the other hand, an incoherent state is
a statistical mixture that cannot exhibit interference effects,
which are characteristic of coherent superpositions.

C. Interaction Hamiltonian

Decoherence arises when a quantum system undergoes
unwanted interactions with its environment. In our analysis,
we will explore two possible interactions between the mass
m and the gravitons. These interactions are represented by
the diagrams depicted in Figs. 1(a) and 1(b). Figure 1(a)
illustrates the absorption of a graviton, which induces
decoherence in the superposition and records with-path
information. Figure 1(b), on the other hand, depicts a
contributing diagram for the emission of bremsstrahlung
gravitons. The interaction Hamiltonians associated with
absorption and emission can be expressed as follows

m .. PP
Ha(1) = S (0.0FE, (3.26)

and

vT

(a) The absorption of a graviton noise by the system. (b) The emission process.
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m .. PP
= k70, 1)EE

- (3.27)

Hemi(t)

113 ’

where the superscripts “abs” and “emi” denote the
absorption and emission bremsstrahlung processes. The
Fourier-space interaction Hamiltonians can be obtained
by substituting Eqs. (3.3) and (3.13) into Eqs. (3.26)
and (3.27). The resulting interaction Hamiltonians are

Honlt) =35 [ i e e o)

x &,(1)b) (p)atal), (3.28)
and
m(s)* em(s) %
eml - Z/ 271' 32p0 p (t)eij (p)é:r (t)
x &,(1)be) (p)atalr). (3.29)

The interaction of a quantum system with a noisy envi-
ronment leads to irreversible decoherence. To accurately
describe this phenomenon, we employ the QBE. Notably,

|

z/b ( me%)] - AT dlmic< [Hint( mei) [H?nlt(tmic)"/(/’fi(tmes -

d3P1

we will show that these decoherence phenomena demon-
strate non-Markovian behavior.

IV. DECOHERENCE RATE OF THE MASSIVE
OBJECT SUPERPOSITION

Entanglement with the environment is widely recognized
as one of the primary causes of decoherence in a quantum
system. In this section, we derive coupled differential
equations for the time evolution of the system’s density
matrix elements, enabling us to calculate the gravitationally-
induced decoherence rate.

When the system frequently interacts with the environ-
ment, and the state of the environment is not actively
observed, in general the off-diagonal terms in the system’s
density operator rapidly decay in a preferred basis. This
basis is typically spatially localized and depends on the
nature of the system-environment coupling.

We begin by calculating the damping term (2.3), fol-
lowed by the interaction term

Hi (1) = Herni(1) + Hops (1) (4.1)
We substitute the interaction Hamiltonian into Eq. (2.3),
resulting in the following form for the dissipator

lmic)” >c

d3P2

(2z)32pY

slrlr szr2r

(s1) (s2)*

X enAlln] (pl)e'hz"z (pZ) m]*(tmlc)g

XK&(H)T@(“)&( o)t (r) (i)
_<"(’jz)+"( o

Using the following expectation values [57]

alrmig(r) ()T a(r) ()71 5(

and

(b2 (p2) b1 (py)).

we find the damping dissipator term as

(277)32[7(2) Re [u;ql (tmm)u;i* (tmes)]

r (tmlc)g;r; *(tmes)g:z/zz(tmes)<b<sz+>(p2>b(sl>(pl)>c

>—<a’1 al)

TaW)glr)tgn )>C 4 <a(1)T&(/)a(r’z)Ta(rz)a(rl)Ta(r’l)>c (4.2)
a /)> prrl6lr25r/2 ’l
ar), = pf, 518,
> NpSrzérljélrz

(4.3)

= (2”)3217(1)53(1)1 —P2)pts, (P1)- (4.4)

043510-7



M. SHARIFIAN et al.

PHYS. REV. D 109, 043510 (2024)

lj[p (mes)}

dP1

AT dtmic<[Hint( rnes) [H?Jt( mlc> NS( Tnes —

d3P2

tie)]] e

:KI’I’IZZ

S1TLE 82,700
1717 82,

(s1)

where in the second line we have neglected the nonlocal time dependence f,,., —

into (2.1) and integrate over p; to find

d S(t B Km
dlmespij mes =

erlr S‘zrzr

(27) %2171/ 2

X e B (02)E0 i) i) )2 1) 22005
% [p}S;] Singhr — prm S — pf;lrjzéi’lj'&irz 4 p‘rs;liérlrzér’zj] ,

7)*2p9 Jo

| Rl s i (1)

— P2)Pdis, (P1)
(4.5)

tmic 1N N ‘3 We now substitute (4.5)

d Sq*
Z Z / 27 fzzp / d[mlcRe[upz( mlc)uq (mes)]

X eml"l (pZ)eEVlzﬂz (pZ) ’nl*( mlc)g ([mlc) mq*([meS)éf’ZZ (tmeS)pglsz (Pz)

S si Y S i S S vi
X [pjrlélrzérzrl _przrl(slrlé rhJ _pr’lr’zarlj(slrz +pr’li5rlr25r2]] .

As mentioned previously, a two-level system can be
effectively described using Bloch vector components to
represent its state. In this section, our focus is on the
dephasing channel, also known as the phase-damping
channel. This particular scenario illustrates the decoherence
that arises in the system as a result of its interaction
with graviton noise. We examine a scenario where Sy is
initially zero so remains zero for all forward times. There-
fore, the time evolution of the diagonal and off-diagonal
elements of the system’s density matrix can be described in
terms of the components §; and S,. Assuming &, =
(£,,0,0) and utilizing (3.23), we can derive the following
expressions

d

d_Sl( mes) 1—‘IISI( me@) + l—‘12S2( mei) (47)
tmes
d

752( tmes) = 12282 (tmes) + 12181 (fmes ) (4.8)

where the coupling coefficients of two coupled differential
equations are given as the following

K*m? d*p,
1—‘11 = 30
16 (27)°p5

X Ig(p2)4§1 (tmes)§2(tmes)§l (tmic)§2(tmic)7

| R ) ()

(4.9)

m* [ dpy, [T ) .
l—‘12 = - 16 /(277,’ 3pg/) dtmicRe[ui)%(tmic)u;qz (tmes)]

)
X Ig(p2)2[(§2(tmes) 2 (51 (tmes))z]él(tmic>§2(tmic>’
(4.10)

(4.6)

*m* [ &p 4 ; .sq
le - _Y/WA dtmicRe[uig(tmic)u:g (tmes)]

X Ig(p2)2 [(§2<tmic)2 - (51 (tmic))z} ‘Sl (tmes)§2(tmes)a
(4.11)

and

xKZm? d3p2 T
Tp=-—— diicRe |iip! (e )iip. (I
2 =="1e | G, dmeReli ) 1)

X I9(92) [ (&1 (tmex))* = (&2(tmes))]

x [(&1(tmic))* = (&2 (tmic) )] (4.12)

in which I'y, characterizes the rate of decoherence, and
I9(p) denotes the intensity Stokes parameter of the grav-
iton, as defined in Eq. (A14). The decoherence damping
parameter I,,, obtained through our non-Markovian
approach, aligns with the findings of Kanno et al. using
the influence functional method [8]. Utilizing Eq. (3.10),
we can express the following relation

Re [”pz ( mlc)u;)(i* (tmes)]
= |p2|4 COSHp2|([mic - tmes)] COSh(2rp)

- |p2|4 COS[|p2|(tmic + tmes) - (pp} sinh(2rp)), (413)

where in the Minkowski vacuum (r, — 0) we get

- tmes)]'
(4.14)

Re [u;ngmlc)u;g*(tmes)] = |p2|4 COS[|p2|(tmic

043510-8



OPEN QUANTUM SYSTEM APPROACH TO THE GRAVITATIONAL ...

PHYS. REV. D 109, 043510 (2024)

Regarding the terms I';;, it is conceivable to consider a
nonlocal-in-time kernel M (7, fmes)- The presence of this
kernel implies that Eqs. (4.7) and (4.8) describe non-
Markovian dynamics.

A. A closed loop example

As mentioned earlier, the experimental setup involves
preparing a massive particle in a quantum superposition at
different spatial locations and subsequently recombining
the particle to assess its quantum coherence.

In this scenario, we will focus on a specific interference
device depicted schematically in Fig. 1. A mass in free
fall can traverse two distinct world lines, &; and &,, until
it reaches a detector at the end, where its coherence is
measured. These paths give rise to a quantum superposition
consisting of four straight world line segments with the
following configuration [8,56]

for 0 <t <1/2,

B vt+ &
filn) = {v(r—t)—i—af forz/2 <t <, (4.15)
and
_[ut+¢€ for 0 <t <17/2,
&) = {—v(r—t)+§ forz/2 <t <t (4.16)

where in this setup, we define & = (&,(¢) + &(1))/2, in
which &, () and &, () represent the positions of the particle
along the respective world lines. The particle’s velocity is
constant and denoted by », with 0 < v < 1. The velocity
only changes at = 7/2 in this particular configuration and
at t = 7 the loop can be closed, and correlations can be
measured. In Appendix B, we calculate the values of I';; for
the trajectory described above.

B. Behavior of decaying solution

To find a decaying solution for S,(7,.), the system is
prepared such that pf, = pS,, resulting in §; =0, and
p%, = p3;, which enforces S5 =0 on the system. Under
certain conditions, 'y, dominates over I'5;, leading to the
primary influence of I, on the evolution of S, (see
Appendix C for further details). Consequently, the con-
tribution from S (#,,.s) becomes negligible, allowing us to
determine the dynamics of the density matrix by solving the
differential equation

d

>, SZ(tmes> = F22<tmes)52(tmes)'

4.17
dtmes ( )

Using Eq. (B4) one finds the system’s dimensionless
decoherence rate as

I'= A Iﬂ22(l‘mes)dl‘mes
= —ak’m?f2,A% E20272(0.09 sinh[2r,] cos[g,]

+ 0.69 cosh(2r,)). (4.18)
The off-diagonal element S, () undergoes decay over
time due to its interaction with the environment, a phe-
nomenon known as decoherence. While the squeezing
strength r, can influence the decoherence rate given by
Eq. (4.18), the squeezing angle ¢, has a negligible effect
on it.

However, to elucidate the decoherence rate I', we begin
by considering a specific scenario where the squeezing
angle is set to @, = /2. In addition, we consider a test
mass with a mass of 1.4 x 1077 grams, equivalent to the
mass of 108 rubidium atoms (3’Rb) within a Bose-Einstein
condensate (BEC) [61].

The experiment is carried out over a 10-second duration
with a velocity of » = 107 m/s, as well as with a velocity
of v = 1073 m/s, as outlined in the reference [61] for atom
interferometers. In accordance with the work of Thrane
et al. [62], we adopt a reference frequency of f.; = 100 Hz
for ground-based gravitational wave detectors.

We investigate two distinct values for the spatial dis-
tance, which are linked to the velocity and experiment
duration via the condition described by Eq. (C2): £ assumes
values of £=2.05nm and &=2.05 mm. The value
A_y/Mp = 10710 corresponds to the characteristic strain of
stochastic gravitational waves. In the realm of conventional
interferometers, the preference is to employ objects char-
acterized by low mass and low velocity. This choice is
aimed at extending the duration of the superposition state,
thereby enhancing the efficacy of the interferometer [61].

In Fig. 2, we depict the 1% decoherence rate over an
experimental duration 7 < 10 s. The dashed lines within the
diagram correspond to two different squeezing strengths,
namely r, = 16 and r,, = 17, ata velocity of v = 10~ m/s.
Similarly, another set of dotted lines represents the squeezing
strengths 7, = 2 and r,, = 3 at a velocity of v = 1073 m/s.
In order to achieve a 1% decoherence within a maximum
experimental period of 7 = 10 s, the minimum squeezing
strengths required are r, > 15.86 for v = 10~° m/s and
rp, 2 2.1 for v =107 m/s.

By establishing a connection between the squeezing
strength and the frequency of primordial gravitational
waves, we have the relation

2
er” ~ <‘f‘c> )
S
where in the context of grand unified theory inflation, it is

noted that f.~ 10® Hz [8,58,59]. To detect squeezing
strengths r, > 15.86, it is anticipated that the system would

(4.19)
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FIG.2. Decoherence rate of the closed loop system of a massive
object, specifically a BEC consisting of 10® rubidium (*’Rb)
atoms with a mass of 1.4 x 10717 g, within a maximum experi-
ment time of 10 s. The dashed blue curves correspond to an initial
spatial distance of £ = 2 nm and indicate probing with squeezing
strengths greater than or equal to r, > 16. The dotted orange
lines represent probing with squeezing strengths greater than or
equal to r, > 2 and an initial spatial distance of { =2 mm. The
squeezing angle, denoted as ¢,,, has a negligible effect in this
scenario but is assumed to be ¢, = 7/2.

be influenced by gravitational waves with the frequency
range of f < 36 Hz. Moreover, the Appendix E identifies
the frequency range that exerts the most significant impact
on this system. We have shown that gravitational waves
(GWs) within the interval of 0 < f < 6/7 have the pre-
dominant influence on this collection of massive objects. For
instance, GWs falling within the range of 0 < f < 0.6 Hz
exhibit the most pronounced effect on experiments lasting
10 seconds. As the experimental duration is extended, this
frequency range becomes even more refined, rendering
lower frequency GWs more discernible.

In the following section, we demonstrate that a spin-1/2
system can experience the decoherence effect induced
by squeezed gravitational waves, and importantly, the
decoherence rate remains independent of the choice of
origin.

V. COUPLING WITH A SPIN-1/2 SYSTEM

Now, we turn to investigate the effect of gravitationally
induced decoherence on a fermion system due to brems-
strahlung effect. In a study, the decoherence impact of
electromagnetic bremsstrahlung on a fermion system has
been discussed [55,56]. The framework used in that study
has an electron in spatial superposition, and using the
decoherence functional it has been demonstrated that the
electromagnetic bremsstrahlung causes a fundamental
decoherence which briefly predominates. The effect of
gravitational bremsstrahlung on a spin-1/2 system is
something we also want to look into. We can conceptualize
the fermion as an atom with spin-1/2 that interacts with a

xT
hi; (p)
1) ¥(9)
[L)+[1)
b 7'/ 2 7L tmes
FIG. 3. Schematic of the interaction between a fermionic atom

and a graviton inside an interferometer.

graviton environment. As illustrated in Fig. 3, our system
has two levels and can exist in any quantum superposition
of two independent spin states. Despite being macroscopic,
we effectively describe it using a microscopic Dirac spinor.
The interaction Hamiltonian between gravitons and the
spin-1/2 particle is expressed as [57]

Hie =5 [ @xhy0opervlo. (50
in which the spinor field yw represents the spin-1/2
particles, and y’ are the Dirac matrices. In order to analyze
the effects on the spin-1/2 system, we utilize the path of the
superposition given by Egs. (4.15) and (4.16). To facilitate
this analysis, we decompose the spinor field into its
annihilation and creation components, denoted by w(x)
and y~(x), respectively. We can then expand these com-
ponents as follows

3
v = [ G5 alae e, (52)

()= [ G Sl .53

where the spin is labeled by r = 1,2, and y, represents the
nonrelativistic free particle spinor. The creation and anni-
hilation operators, denoted by a; (q) and a, (q) respectively,
satisfy the following anticommutation relation

{a,(a).a0(d)} = 22)’S8(a—q)5,..  (5.4)
The spinor y, is presented as
1 0
0 1
n=1\q4.1 @O=| 4, | 65
2m 2
Yx 4=
2m 2m
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where we assume that a particle is following the trajectory
given by Egs. (4.15) and (4.16), where ¢, = 0 and g, is
defined as follows

g, = (=1)"(-14+20(t—7/2))mv, (5.6)
where ©O(z) denotes the step function. The -effective
interaction Hamiltonian that describes the absorption of

bremsstrahlung gravitons by fermions can be expressed in
terms of the S-matrix element as follows

Hanlt) =5 [ @ xhix0p oy (. (57)

and the emission one as

K

Hemi(t) 2

[ g 0r ey, (58)
which in total make the interaction Hamiltonian using
Eq. (4.1). In Appendix D there is a detailed calculation of
the density matrix elements. Using Eq. (D5) as the density
matrix components and the relations of (3.23), the resulting

coupling coefficients of the coupled differential equa-
tions (4.7) and (4.8) are as follows

[y =Tp=I=0, (5.9)
d*p
2.2 4 2
[y =—x"m~v /(2”)32198
X A diicRe[up (fes ) upy (tmic) | 1(p2).  (5.10)

202 A2 4,22
FE/TFZQ(t Vg, — AT
0 mes mes 487TQ%R

+ sin[g, ] (77Qr (18 — 147%1QR)) ) — cosh[2r,] (3 — 4727 Qf (=1 + Ci[227QR])) }.

where Ci denotes the cosine integral function. The above
expression reveals that the spin-1/2 system is influenced by
squeezed gravitational waves. Unlike the previous section,
the decoherence rate of the fermion depends on the
squeezing strength and also in a non-negligible way from
the squeezing angle. In the following, we choose specific
parameter values to provide an illustrative understanding
of this phenomenon and examine the behavior of the
decoherence rate.

A. Behavior of decaying solution

A practical example to observe this phenomenon is a
Stern-Gerlach interferometer, which establishes a correla-
tion between the spin and trajectory of particles [61]. In this
setup, a beam of atoms is split into two branches that

Employing the mode functions of squeezed states in
Eq. (3.10) leads to

Re [”:’EOmes)ui’g*(tmic)] = COS[|p2|(tmic - tmes)] COSh(er)
- COS[|p2|(Zmic + tmes) - (pp]
x sinh(2r,). (5.11)

Taking |p,| =2zf and
decoherence rate is

integrating over f,;. the
K22 A2 v*m? [ df .
rp = A Ut cosh[2r, ) (Sin (2 (e — )]

= Si[27f fme,]) + sinh (27 | (siN[272f (tmes +7) = @)
- Sin[zﬂftmes - (pp]) }’ (512)

TR

where Qr is the IR cutoff frequency. In this context, we
focus on processes that occur over a finite timescale, rather
than transitions between asymptotic states. This implies
that the decoherence rate does not contain infrared diver-
gences. The reason for this is that the rate pertains to a
process that transpires within a finite time interval between
the splitting of the wave packet at + = 0 and its recombi-
nation at = 7. As a result, there is a natural frequency
resolution inherent in the process, given by [55,56]

1

Qr =—. 5.13
n = (5.13)

Then the dimensionless decoherence rate based on
Eq. (4.8) is

{sinh[2r,](cos[p,](3 — 4n**Qf (-7 — Ci[277Qk] + 8Ci[4nrQu]))

(5.14)

|
exhibit correlation with the spin component of the atoms.
These branches are subsequently recombined before the
atoms exit the device. The induced decoherence in the
relative phase between the two paths can then be measured.
Another approach to create a spatial superposition for a
spin-1/2 particle involves utilizing free-falling nanodia-
monds containing nitrogen-vacancy (NV™) centers. In this
method, a nanodiamond is placed in an electron spin
superposition state, and an inhomogeneous magnetic field
is employed to generate a spatial superposition. The
behavior of free-falling nanodiamonds in the presence of
an external magnetic field gradient has been extensively
studied in various investigations [63—-67]. However, it is
important to note that in both of these systems, the particles
are subjected to a magnetic field, leading to deviations in
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FIG. 4. Decoherence rate of the massive spin-1/2 particle
system (10* atoms of 4°K in an atom interferometer) as a function
of experiment time. The squeezing strengths considered are
r, = 1,2,3, and 4, with a fixed squeezing angle of @pp = /2.

their wave functions compared to those of free particles.
Using an atom interferometer with fermionic atoms [68,69]
is another way that does not have the mentioned weakness
of other approaches.

We consider an atom interferometer that utilizes 10*
fermionic atoms of “’K (m = 6.6 x 10~!? g) traveling at a
velocity of v = 107* m/s [68]. As discussed in Sec. IVA,
we assume f,os = 100 Hz and A_; = 10710 M. The result-
ing decoherence rate is depicted in Fig. 4 for ¢, = n/2.
Within a measurement time of 1 s, a gravitational wave
with a squeezing strength of r, > 1.2 can induce a 1%
decoherence in the spin-1/2 system. Higher squeezing
strengths lead to faster decoherence, resulting in shorter
experiment times. It is worth noting that the squeezing angle
of the gravitational wave affects the decoherence rate, as
shown in Fig. 5. Positive decoherence rate is observed for
certain squeezing angles, which warrants deeper investiga-
tion in future studies.

0.06 R s ]
0.04 R RN
;s NN
RV N
0.02 v A
7 W,
— Y N
0.00 1
77 N
/ 1’ “\
-0.02 ’ )0 "M
N s \
N . - - N
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-0.06 [N - =18 =2
S I 3
2 2
@y [rad]
FIG. 5. The decoherence rate of the spin-1/2 system as a

function of squeezing angle in an experiment time of 7 = 1 s and
by four squeezing strengths, r, = 1, 1.5, 1.8, and 2. The mass of

the fermion object is assumed to be m = 6.6 x 1071 g.

Based on its constraint from the squeezing parameter, the
frequency range of gravitational waves (GWs) that can be
probed using this fermion-based scheme, as per Eq. (4.19),
is limited to f <54 MHz. However, we have further
refined this range in Appendix E and demonstrated that
the influence of GWs on this fermion-massive object
system is primarily concentrated within 1/7 < f <2/z.
This translates to a frequency span of 1 Hz < f < 2 Hz for
a l-second experiment.

VI. CONCLUSIONS

Direct detection of gravitons is extremely difficult due to
their weak interactions. This is why the idea of indirect
detection has been suggested. One proposed method of
indirect detection is through the process of decoherence.
The theory of decoherence presents an experimental context
where quantum mechanics and gravity may intertwine.
Through our study utilizing QBE, we have demonstrated that
a squeezed gravitational wave can induce decoherence in a
system consisting of two spatial states. The existence of
squeezing as a purely quantum mechanical trait in gravita-
tional waves would provide compelling evidence of a funda-
mental connection between gravity and quantum mechanics.

In our first investigation, we applied open quantum
system approach to obtain the decoherence rate in a system
of two free-falling massive objects, with one of them
initially placed in a coherent spatial superposition. Our
findings using a simple interaction Hamiltonian are com-
patible with previous efforts and indicate that the coherence
of the system is solely influenced by the squeezing
strength, while the squeezing angle has no effect. To
provide a detailed description, we considered a BEC
composed of 10® atoms of 8’Rb. For an initial distance
of £=1 mm between the two masses, our analysis
revealed a 1% decoherence within a time span of 10 sec-
onds, resulting from the interaction with a gravitational
wave possessing squeezing strengths of r, > 2.1.

Then, we extended our investigation to explore the
decoherence effect caused by squeezed gravitational waves
on a spin-1/2 particle system existing in a spatial super-
position. Notably, in this fermion spatial superposition
system, the decoherence effect is dependent on both the
squeezing strength and the squeezing angle. Once again, we
employed a fermionic atom interferometry containing a cloud
of 10* atoms of *°K, which is placed in a spatial super-
position. Our results demonstrated a 1% decoherence within
an experimental time frame of 1 seconds, resulting from the
interaction with gravitational waves characterized by squeez-
ing strengths of »,, > 1.2 and a squeezing angle of ¢, = 7/2.

The efficiency of gravitational decoherence poses chal-
lenges in observing quantum coherence in measurements of
primordial (inflationary) fluctuations. The quantum nature
of the primordial GWs depends on various details of the
system and the environment during inflation. It is possible
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that the inflation scale may be smaller than anticipated.
Additionally, the modes under consideration might not
spend as much time outside the Hubble scale during
inflation, which can alter the degree of decoherence. It
is worth noting that the level of decoherence required to
erase a particular quantum feature can vary. Some studies
suggest that decohered states in a de Sitter universe can
retain significant quantum discord if decoherence is slow
enough. Although gravitational decoherence is highly
effective, the complete erasure of quantum discord may
not occur, potentially leaving room for detecting quantum
signatures. Exploring quantum effects at smaller scales,
where fewer e-folds occur outside the Hubble radius during
inflation, could also be a promising avenue of investigation.
These smaller-scale structures might provide insights into
quantum coherence that efficiently evade decoherence.
The current status regarding the quest for quantum
features in the primordial gravitational wave background
is not entirely settled. Therefore, the detection of observa-
tional evidence of quantum coherence among primordial
GWs holds significant promise and could offer profound
insights into our understanding of the physics of the early
universe. Such measurement would be essential in clarify-
ing the nonclassicality criterion and the threshold for the
emergence of classicality given by different criteria. This is
exemplified by the possibility to put constraints on or to
measure the level of squeezing of the GWs, which could
bring precious information about the level of decoherence
that might have taken place during inflation on certain
scales. If indirect evidence of the quantum nature of
gravitational waves is uncovered, it will be essential to
reassess the calculations regarding the classical-to-quantum
transition during inflation and the dependence of

|
i) = { [ s

which can be further simplified as

d3q d3 !
(27)*2¢" ) (27)32q

RGN hw(r'>ei(q/—q><x>< by bl

B / dq / Zh *
) (2r)%2¢° ) (2n) 324'0 -
d3q
= v h"”/
/ (2ﬂ)32q0/ (27) *2q’°Z !

Now, using Eq. (3.21), we get

<h/4uhm/> =

h, ") = = [ —71 0
< 124 > / 2”)32q0 Zprr rr /(2”)32q0

decoherence on the parameters of the underlying models
used for the calculations.

Our proposed setup holds interesting potential for inves-
tigating the strong equivalence principle (SEP). To conduct
this exploration, it is necessary to devise two distinct
setups—one involving spin 1/2 particles and the other
spinless scalar particles. In addition to examining the
interaction of spin-1/2 system, careful consideration must
be given to the interaction between spinless scalar particles
and squeezed GWs. Subsequently, the induced decoherence
in both systems will be compared, allowing us to assess the
validity of the SEP in quantum systems. The detailed
comparison of the differences in induced decoherence will
serve as a means to confirm the validity of SEP. We leave the
investigation of this possibility to future work.
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APPENDIX A: THE INTENSITY OF GWS
IN TERMS OF SPECTRAL DENSITY

In this appendix, we will calculate the expectation value
of tensor modes in terms of gravitational Stokes parameter

19, Starting from (3.3), we can find

/ 5 3261/02[ 141/ elax + b( ¥ /’l( r)x e—iqx:| [bﬁlf)hpy(r’)eiq’x 4 b( )Th;w( ") —qu:| >’ (Al)

,OZ{ hi) ) il <b5{)b >+h< )% <q—q'><x><bglr>b((;>f>

> + h * puv(r )+ g=i(g'+4) (x )<b((l")1b(’/’)l>}

q

~4)(x )<b((1r)T bé¢'>>

=0 (2¢°27)°69 (¢ - q)p5, (@) (A2)
3
d’q 9(q). (A3)
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We can expand [ <9)(q) in terms of spherical harmonics
as [70]

19(q) = 1(¢") )}, Y70, ¢). (A4)
Im

Therefore, one can write

~ L arpmoin

where ¢° = 2z f. The isotropic monopole part is given by

() > [ @, vp@.9). (a3

Lm

() = [ af F195), (A6)
where we have normalized the monopole moment as
cby = V4r. Comparing with [71,72]

(hh) = 4 / dfS(f). (A7)

and assuming S,(f) as the GW strain power spectral
density, we can derive the following relationship

iSh(f)

4f
The GW strain power spectral density S, (f) is related to the
fractional energy density spectrum in GWs Q,,(f) by a
simple relation

19(f) = (A8)

3H? Q,,,
Su(f) :gzo gf3(f),

(A9)

where H|, is the Hubble constant. Therefore we have,

3H ()

19 (f) = e f4

(A10)

One can also express Q,,, (f) in the form of a power law, as
given by [71,72]

f p
ng(f) = Qﬁ ; ’ (All)
re
where
220 2 g 20@+1).  (Al2)
= 32/ retAa> =<z :
3H ™
Therefore, we find
| p
) =ity (L) ey
4f ref

For inflationary backgrounds, it is often assumed that f = 0
and a = —1, thus

frefA—l

1) =

(A14)

APPENDIX B: MASSIVE OBJECT
SYSTEM COUPLINGS

In this appendix, we aim to calculate I';; for the closed
loop example discussed in Sec. IVA. To do so, we
substitute trajectories (4.15) and (4.16) into (4.9)—(4.12)
and integrate over p,. We can express |p,| as 2zf, where f
represents the frequency of the gravitational wave (GW).
By utilizing (A14), we can relate the intensity of the GW to
its frequency. Therefore, we obtain the coefficients I';; as
follows

Quy T
1—‘ll(tmes) 771.3K2m2 ?efAzl/) fde dtmicé:l(tmes)fZ(tmes)é:l(tmic)§2(tmic)

S (COS[Zﬂf(tmic + tmes)

1 202 42 ) &
4m<m wefAZ, 1 sinh[2r ] PR ]

Imes + 7

— @, sinh[2r )] — cos2xf (#yic

- tmes)] COSh[zrp])

) (_T COS[(pp] + (lmes + T) COS[(pp - 277"l‘mesQ'UV]

? mes 2mes + 7
— Iimes CO8[@, — 27 (1nes + 7)Quy]) + 207 cos[p, ] (tmes In L mi } +7ln {ﬁ] >>
mes mes

1
+ cosh[2r)] (

Times ( mes

+ (tmes - T) (2tmesv2 (tmes In |:tm—esT:| +7 In [LT:| > + 52 COS[Z”tmesQUV}>> }51 (tmes)§2(tmes)’ (Bl)

mes —

—T)) <T(§2 + 2l‘mesv2 (T - [mes)) - tmesfz cos [27[(tmes - T)QUV}

7/2
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1 QUV T
IﬁlQ(tmes) = _§ﬂ3’<2m2 rzefAzl A fde d[mic[é:%(tmes) - é%([mes)}él (tmic)§2(tmic)

X (COS[27f (tmic + tmes) — @) sinh[27,] — cOS[27f (i

1

— — —12m2 12 A2 { sinh[2 PP
277:Km ref —1{ [r,,] tmes(tmes—’_f)

- tmes)] COSh[er])
é:2
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I mes
+ 20% cos[p, ] (tmes In [ et

Imes + 7

1

tmes(tmes - T)

+ cosh[2r)] <

R

> <T(z;2 + 2ines V(T = Trnes))

Tines
- tmesgz CosS [2”(tmes - T)'Q'UV} + (tmes - T) (2l‘mes1]2 (tmes In |:t :|

ol 20 o2ty n]) ) 6 ) = (Bl

mes 7/2

1—‘21 (tmes)

X (COSpﬂf(tmic + ZLmes) - (pp] Sinh[zrp} - COS[Z”f(tmic

1
:Emczmz 2 Ailgy{sinh[er] cos[(pp] ln{

ref

4tmes (tmes -

—cosh[2r,]In { (e —

and

mes — T

1 o0 T
= _5”3’(2’"2 3efA%1/0 fde dl‘mio:[(gl(l‘mic))2 - (EZ(Imic))z]él(tmes>§2(tmes)

o(tmes) = 3 P22, [ 61 tic))? = (€)1 (e)? = ()

X /)QUV fdf(COS[Zﬂ'f(tmic + tmes) - (pp] Sinh[zrp] - COS[Z”f(tmic - tmes)] COSh[zrp])

ref

1
_ Z”szz 2 Azlgy{sinh[Zrl,] cos|(g,] ln[

At o5 (1 -
— cosh[2r,] In Himes (fmes =~ )
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where the coefficient expressions for I'j; and I'}, involve a
UV cutoff Qyy for the frequency of graviton modes. In the
calculation of I';; and I'y,, we have used the following
approximation for cosine integrals

Ci(f) = In(/), (BS)

In experimental scenarios, a characteristic acceleration time
usually aligns with the peak frequency within the power
spectrum of the force exerted on the massive object. This
inherent upper limit, known as the natural UV cutoff, is
defined by the acceleration time, which is proportional to
the minimal wavelength of radiation and corresponds to the

T)ZT):| }[(5] (l‘mes))2 - (gz(tmes))z],

(B2)
— Imes)] cOsh[27,])
4tmes(tmes + T)
(Ztmes + 7)2 i|
T);-):| }gl(tmes)§2(tmes)v (B3)
4'l‘mes(tmes + T)
(B4)

|
Compton wavelength of the object [56,73]. However, it is
noteworthy that no such UV cutoff exists in 5, as utilized
within the context of the text.

APPENDIX C: EXPLORING THE PREDOMINANT
DOMAIN OF Iy,

This section elucidates the circumstances under which
Iy, takes precedence over ['5; and when Eq. (4.8) can be
streamlined to Eq. (4.17). By employing the trajectory of
the massive object as given in Egs. (4.15) and (4.16), and
juxtaposing Eq. (4.11) with Eq. (4.12), the outcome is
obtained as follows
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FIG. 6. Numerical comparison of S, (#,,.,) under the condition
of Eq. (C2) in two scenarios: with and without I';; depicted by
solid lines and markers, respectively. The red, green, orange, and
blue plots represent 7, = 15,15.5,15.8, and 16, respectively. The
presented results are obtained using the following parameters:
v=10"m/s, 7=10s, and &=2.05nm. The remaining
parameters match those used in Fig. 2.

Q: 2§1<tmes)§2(tmes)
I (52(tmes>)2_ (él (tmes))z

1;tmes é
— 26 T Ditpes for0 < Imes < T/2, (Cl)
T ) (Ve HE—0T) (=t HEFVT) for T/2 <t <z
20¢(tmes—7) mes ’

To ensure that "5, /I, is greater than 1, the subsequent
condition for £ must be satisfied

(%

é:<2(1+\/§)

for (1+\/§)%<tmes <T—(1—|—\/§)%

(C2)

This condition demonstrates that £ should be bounded. To
provide a numerical perspective, we opt for r, = 15-16,
v =107 m/s, and 7 = 10 s. The remaining parameters
are akin to those employed in Sec. IV B. Using Eq. (C2),

we find &= Oligf/’—) =2.05 nm. Subsequently, we
!

IJU) ( mes)] - [)T dtmic<[Hint( mes) [H?n-rt( IHIC) N ( mes

d q1 &gy dPq, P,
dt,; / &Px,dx,
Z Z/ e : )? (27)* (27)* (2z)° (27)32p (27)°2p)

Yl ry,r

X Re[upl (Tmes)Upy (Imic)]e

l92r2r

numerically solve Eqs. (4.7) and (4.8) by employing
Mathematica’s NDSolve function and compare S (#yes)
with the numeric result of (4.17). Additionally, we have
employed the Compton frequency of the massive object as
the ultraviolet cutoff in I';; and I'y,, as referenced in [56].
The outcome of Sy (#,e5) is illustrated in Fig. 6, showcasing
a seamless solution of the two differential equations. The
parameters utilized in the main text are deliberately selected
to fulfill the requirement of Eq. (C2). Therefore, in the
condition of (C2) we can shorten the coupled differential
equations of S;(#pes) and S,(7es) into one independent
differential equation in the form of Eq. (4.17).

APPENDIX D: DENSITY MATRIX
CALCULATIONS FOR THE SPIN-1/2 SYSTEM

Here we want to calculate the density matrix elements for
the fermionic system of section V. Begining with the spinor
fields given by Eqgs. (5.2) and (5.3), and the graviton field
expressed in Eq. (3.3) and put them into (5.7), we obtain

i d3q d3 / d?sp
H =—= 3
sl =55 ‘”( > <zn> @nr 2"
x Y el

#(1)q'yy(1)by(p)
s,r.r

x aT& ei(d’=4")t p=i(g—q'-p)x (D1)

where we have approximated &'y ~ —ig/y*, assuming ¢/
represents the momentum of the particle. Next, we express
the density matrix p° of the spin-1/2 system in terms of the
Bloch vectors (3.22). The evolution of the density matrix
elements is given by [57]

(27)°5°(0)

Dij[ps(tmes)]- (DZ)

pﬁ(tmes) =

mes

The dissipator is obtained by substituting the spin-1/2
interaction Hamiltonian [sum of Egs. (5.7) and (5.8)] into
Eq. (2.3) and can be expressed in the following form

mic)]])e

d3P1 d3P2

—i(q;—q}—p1 )X, e—i(Q2—q/2—Pz)‘x2 ei(q(:—q/lo—P?)'Imec ei(qg—q;“—pg)-lmi(»

X eml"] (pl)emznz (Pz))(rl ( mes)yml q”mleS)(r’l (tmes))_(rz (l‘mic)}/m2 qﬁlzi(‘)(r/z (tmic)

x <b 557) (Pz)b 51 (Pl))ch( 1)Tg,(fl)a(r;)m(rz)&(i)m(j)> - <&(r1)Ta(r’])&(i)m(j)g,(r;)m(rz)>c

_(@Tarm) a0 atm aeY 4 (a0 a0 e Talm) alm)ialn)y .

043510-16

(D3)



OPEN QUANTUM SYSTEM APPROACH TO THE GRAVITATIONAL ...

PHYS. REV. D 109, 043510 (2024)

By utilizing expectation values of Egs. (4.3) and (4.4), integrating over x, and substituting the obtained dissipator into (2.1),

we arrive at

(277)353( )dt pzj mes =

slrlr Szfz}’

x Re[up! (fmes)tps (fmic)](27)38 (q; — g

d3P1 d3p2

Z Z/dt /dq1d3q’ d3q2d3/
me 27)° (27)° (27)°2pY (27)*2p)

- P1)(2”)353(Q2 -q,—P2)

X 7y (s )7 iesit (s )T vy (e V™ 12, (e b, (P )€t (92)

X (277)3217(1)53 (P

~ 03, (205 (g -
+ 05, (22)8 (a

Integrating over ¢, ¢». ¢. g5, and p,, we obtain

sz

d
At es i iltes) = z z / (27)*2pY

slrlr _Szrzr

(s1)

—pz)pg,sz(pl) 1
[pm (27)°6° (k — q,)58"
_przr] (277:)353((12 _ q1)5 (271.)353(1( ql)ér,]( .

(1(1)_(11 [)1) me\e ((1(2)_(12 Pz) mic

:(21)°5 (k — 2)87"1 (27)°5° ()~ q)

)’8 (k — q3)
q)0"/ (27)*6* (k — q,)8" (27)*5° (k — qz)
~ k)& (22)°6* (4 — ¢2)57 (22)°6 (k — q)]. (D4)

T Q S
/ dtmicRe[ui)qz(tmes)u;qz (tmic)]

X €min, (p2)em2n2 (p2))(rl< mes)y kmes)(r ( mes))(rz( mlc)y kmlc)(r’( mlc>

% pgm (p) [pjrlélrzérz ' _pirlézrlﬁrzj -7 r/25r115zr2 + pf/]l_(sr;rzérﬂ]

The time evolution of the off-diagonal components of the
density matrix, described by §; and S, can be evaluated
using differential equations. (4.7) and (4.8), similar to the
case of decoherence in a massive object discussed in
Sec. IV.

APPENDIX E: CHARACTERIZING THE GW
FREQUENCIES DETECTABLE
BY THE NEW SCHEME

In this appendix, our aim is to identify the frequency
band of the SGWB in which the schemes operate with the
highest efficiency.

1. Massive object

Commencing with Eq. (4.12) and performing integra-
tions over 7., and t.., the resultant integrand, y.,(f),
within the f integration, I' = [y, (f)df, is obtained as
follows

, sin*(zf7/2]

xf3
x (cosh[2r,] — cos[2zf7 — ¢,] sinh[2r,]). (E1)

ru(f) = —4i? f 3efAzl vm?g

(D5)

|

This function has zeros at f = 2n/r where n = 1,2, 3, ...,
as illustrated in Fig. 7. Integrating y,, (f) over two regions
in frequency

2/ 4/ 6/ 8/T
5.10-2F T T T T
6x1074 F
1074+
=
R
F;
|
10—10 L
0.0 0.2 0.4 0.6 0.8
f [Hz]

FIG. 7. The integrand of decoherence rate in massive object
system in terms of the frequency. This figure was generated using
identical parameters as those in Fig. 2, with the following values:
r, =24 and ¢ = 10 nm.
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6/t
/ dfyn(f) = mcm? f2.A% E2 0% (—0.691
0
—0.0921 cos[g,] + 7 x 103 sin[g,]).
|7 arma(n) = mene gz 2een (063
0

—0.0920 cos[g,]). (E2)
shows that the dominant contribution to the integral arises
from the range where 0 < f < 6/7. As a result, the effect
on the massive object system is notably pronounced within
the frequency spectrum up to f = 6/7. For instance, an
experimental duration of 10 seconds is most significantly
influenced by frequencies in the range of 0 < f < 0.6 Hz.

2. Massive spin-1/2 object

The integrand y,, (f) for the spin-1/2 system is acquired
through a method akin to that described in Eq. (E1).

1 (f) = —*f rzefA2 m? oin [;;j;ﬂ

—cos2zft — @] sinh[2rp]),

(cosh[2r)]
(E3)

1/7 2/ 3/T 4/7 5/T
1074
8x1076
_ 1.5x1070 ¢
&= 41077
&
F\
| 10-8
10—10,
1 1 n 1 " 1 1
0.1 0.2 03 0.4 05
f [Hz]

FIG. 8. The integrand of decoherence rate in spin-1/2 system in
terms of the frequency. The parameters utilized to create this
figure remain in accordance with those employed in Fig. 4, which
encompass r, = 20 and ¢, = 7/2.

which is illustrated over the interval of 1/7 < f < 5.5/7in
Fig. 8, exhibiting zeros at f = n/r wheren = 1,2,3,....In
the following, we demonstrate that the principal effective
range of the integral is situated between the first and
second zeros,

/ dfy»(f) ~_—K m? f2,A2 vt e (0.0021 + 7.7 x 107 cos[p,] — 8 x 10~*sin[g,]),

T

/ dfyn(f) = _—K m? f2;A2 vt e (0.0022 + 8.5 x 107 cos[p,] — 8.4 x 10~ sin[g,,]).

(E4)

The system is most profoundly influenced by the primary frequency band of % <f< % For instance, GWs within the range
of 1 Hz < f <2 Hz exert the strongest impact on a fermion experiment with a duration of 7 =1 s.
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