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We investigate the imprints of accretion and dynamical friction on the gravitational-wave signals emitted
by binary black holes embedded in a scalar dark matter cloud. As a key feature in this work, we focus on
scalar fields with a repulsive self-interaction that balances against the self-gravity of the cloud. To a first
approximation, the phase of the gravitational-wave signal receives extra correction terms at —3PN, —4PN,
and —5.5PN orders, relative to the prediction of vacuum general relativity, due to cloud gravity, accretion
and dynamical friction. Future observations by LISA and DECIGO have the potential to detect these effects
for a large range of scalar masses mpy,; and self-interaction couplings A4. This would correspond to
scenarios with dark matter clouds smaller than 0.1 pc, which would be difficult to detect by other probes.
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I. INTRODUCTION

Perturbations to the orbits of compact objects, like black
holes (BHs), can serve as a dynamical probe of their local
environment. One important effect is dynamical friction,
first calculated in a seminal paper by Chandrasekhar [1] for
collisionless particles, and later extended to gaseous media
in, e.g., Refs. [2-5]. These quantities were also calculated
in the case of fuzzy dark matter (FDM), in the non-
relativistic and relativistic regimes [6—13]. In this paper,
we focus on the case of self-interacting dark matter, which
we considered in [14-16]. In all of these cases, the compact
object decelerates as it exchanges momentum with distant
particles—or “streamlines”—that are deflected by its
gravitational field. Equivalently, one can think of dynami-
cal friction as the gravitational pull on the compact object
exerted by the resulting fluid overdensity that forms in its
wake. A second effect is the accretion of matter onto the
compact object.

Naturally, the amount of influence these effects can have
on the compact object’s trajectory depends on the specific
nature of the environment. We are interested here in the
case of dark matter clouds, within which most binary
systems are expected to reside. Motivated by the lack of
experimental evidence for weakly interacting massive
particles (see, e.g., the reviews in Refs. [17,18]), we focus
on scalar-field dark matter models with a particle mass
between 1072° eV and 1 eV. Within this range, very large
occupation numbers are needed to form a galactic halo;
hence, the scalar field behaves essentially classically and is
described by a Schrodinger wave function in the non-
relativistic regime. Static equilibrium solutions, also called
“solitons,” form at the centers of these halos [19—46]. In this
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article, we investigate the impact on the gravitational-wave
(GW) signal emitted by a binary BH that is embedded in
one of these solitons.

In the wider cosmological context, the energy density
of dark matter in these scenarios is determined by the
misalignment mechanism [47-50], wherein the field is
initially frozen but then oscillates rapidly once its mass
exceeds the Hubble rate. For scalar-field potentials that are
dominated by their mass term, the energy density decays as
a(1)73, as it does for cold dark matter (CDM), with a(#) the
cosmic scale factor. One thus recovers the main predictions
of the standard CDM paradigm on cosmological scales
[51-58]. Meanwhile, the details of what transpires on
smaller scales depends on how strongly the scalar self-
interacts. For negligible self-interactions, solitons are sup-
ported against gravitational collapse by the wavelike nature
of the scalar field, which gives rise to a so-called “quantum
pressure”—this is commonly referred to as the fuzzy
dark matter scenario [6]. Allowing for a repulsive, quartic
interaction term introduces additional pressure effects
[19,59-62], however, which can even dominate over the
quantum pressure in certain cases. This occurs when the
soliton size is greater than the scalar’s de Broglie wave-
length, and this will be the regime of interest in this paper.

Solitons with radii on the order of a kiloparsec may
alleviate some of the small-scale problems in galaxies
encountered by the standard CDM scenario, such as the
core/cusp problem, the too-big-to fail problem, or even the
missing satellites problem [63-66]. We note, however, that
other scenarios suggest that solitons could also form at
higher redshifts and be of a much smaller size (see, e.g.,
Ref. [67]). In this paper, we make no a priori assumptions
about the size of the soliton, and will instead explore what
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information can be extracted from GW signals for all
possible values of soliton radii.

We consider the effects of both accretion and dynamical
friction on the waveform. A BH moving inside a (much
larger) soliton disturbs the distribution of dark matter both
locally and further out into the bulk. Near the BH, the
density of infalling dark matter grows as p o 1/r until it
reaches a nonlinear and relativistic regime close to the
horizon [14-16]. This inner-radius boundary condition
sets the accretion rate onto the BH. At larger distances,
dynamical friction arises due to the deflection of stream-
lines over the bulk of the scalar cloud. As for gaseous
media [2-5], neglecting the backreaction of the scalar field
causes the dynamical friction force to vanish in the
subsonic regime [15,16]. Both effects decrease the relative
velocity between the BH and the scalar cloud. For BHs in a
binary system, the consequence is a higher rate of orbital
decay than if the binary were to evolve solely due to the
emission of GWs. In standard post-Newtonian (PN) termi-
nology, we find that accretion first contributes to the GW
phase at the —4PN level for the subsonic regime and
moderate supersonic Mach numbers, and at the —5.5PN
level for high Mach numbers, while dynamical friction
is a —5.5PN order effect.

The remainder of this paper is organized as follows. In
Sec. I, we begin by reviewing the self-interacting model of
scalar-field dark matter that we consider. In Sec. III, we
then solve for the motion of a binary BH in the presence of
a scalar cloud. The perturbations to the phase of the emitted
GWs arising from accretion and dynamical friction are
derived in Sec. IV. We describe our Fisher-matrix analysis
in Sec. V and finally, in Sec. VI we forecast the prospects of
detecting such a dark matter environment in current and
future GW experiments. We conclude in Sec. VIL

II. EQUATIONS OF MOTION
A. Scalar field dark matter

In this paper, we study the signatures imprinted on the
gravitational waveform of a binary system of BHs by
dark matter environments associated with a self-interacting
scalar field. The dynamics of the scalar are governed by
the action

d*x L,
Su = W Va'} _Egﬂ aﬂ¢al/¢ - V(¢) ’ (21)
where we take the scalar-field potential to be

Ay
4h2c?

m2 C
V(g = "'bm
(¢) ="

2

»* + P*, (2.2)
with coupling constant 4, > 0. This gives rise to a repulsive
self-interaction between dark matter particles in the non-
relativistic limit, wherein the global behavior of dark matter
is akin to that of a compressible fluid. The effective

outward pressure of this repulsive interaction can counter-
balance the attractive force of gravity, and therefore leads to
the formation of stable, equilibrium dark matter configu-
rations on small scales, called solitons.

A detailed cosmological analysis of this dark matter
model is presented in Ref. [68]. We here briefly review the
main points. On cosmological scales, the oscillations of the
scalar field due to the quadratic mass term in V(¢) are
dominant since at least the time of matter-radiation equal-
ity. This ensures that the scalar field behaves as dark matter
with a background density p that decays with the scale
factor a(t) as p o a(t)~>. However, the pressure associated
with the self-interaction term prevents the growth of density
perturbations below the Jeans scale

4 .3
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(2.3)

The characteristic scale r, actually sets both the cosmo-
logical Jeans length, which leads to a small-scale cutoff
for cosmological structure formation, and the radius of the
soliton [19,69].

In the nonrelativistic regime, the nonlinear Klein-Gordon
equation derived from the action in Eq. (2.1) reduces to the
nonlinear Schrodinger-Poisson system. In simple configu-
rations (wherein the density does not vanish), a Madelung
transformation [70] can be used to map this onto a
hydrodynamical system, in which case the solitons corre-
spond to hydrostatic equilibria. The quartic self-interaction
in Eq. (2.2) gives rise to an effective pressure P « p?,
not unlike a polytropic gas with index y = 2. The soliton
density profile then takes the form

sin(zr/Ryy)

”r/Rsol (24)

psol(r) = /o > Ry = 71y,

in the Thomas-Fermi limit of negligible quantum pressure.
Observe that such solitons are described by just three
parameters: the fundamental constants mpy; and 44, and the
average bulk density p,. The value of this last quantity—or,
equivalently, the value of the soliton mass My, =
(4/7)poR3 ;—depends on the formation history of the dark
matter halo.

If the characteristic scale r, in Eq. (2.3) is on the order of
a kiloparsec or more, then these solitons form at the centers
of galaxies, as in the FDM case [71], while the outer
regions of the dark matter halo follow an NFW density
profile [72]. A numerical study of such soliton-halo
systems for the potential in Eq. (2.2) is presented in
Ref. [46]. On scales greater than R, and the de Broglie
wavelength A4z = 277/ (mpyv), both the self-interaction
and quantum pressure are negligible, and so scalar-field
dark matter behaves as collisionless cold dark matter
would. Moreover, even though r, is fixed, increasingly
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large and massive halos can form hierarchically in this
model, as in the standard CDM paradigm [73].

At the other end of the spectrum, if r, is much smaller
than the typical size of galaxies, then solitons may have
formed at early times before the formation of galaxies.
In a manner similar to the formation of primordial BHs,
this could lead to macroscopic dark matter objects with
radii ranging from that of an asteroid to giant molecular
clouds [67]. Indeed, if the hierarchy of scales is sufficiently
large, then many small solitons may be present within
galactic halos. In this scenario, stellar-mass binary BH
systems could happen to be embedded within such solitons.
We shall investigate the impact of both types of solitons—
galactic sized or smaller—on the motion of binary BHs.

Several assumptions have been made to render the
calculations in this paper feasible. First, note that the sound
speed of the dark matter fluid is given by [14,15]

Po
2 ="¢?,

(2.5)

a

as would be expected for a polytropic gas with index y = 2.
We restrict ourselves to the nonrelativistic regime wherein
¢y < ¢, and thus py < p,. We further limit our attention to
the large-scalar-mass limit,

h m -1
S —7x 107 2BE \Y 2.6
mDM > rs X <1MO eV, ( )

where r, = 2Gmpy/c? is the Schwarzschild radius of the
larger of the two BHs embedded in the soliton. Taking this
limit amounts to assuming that the scalar’s de Broglie and
Compton wavelengths are smaller than the BH’s horizon,
and much smaller than the size of the soliton. The analytic
formulas for the accretion rate and dynamical friction force
that we use below were derived in Refs. [14—-16] and are
valid only when this holds. Conveniently, a by-product of
this assumption is that the only dark matter parameters
affecting the binary’s motion are the two characteristic
densities, p, and py.

As a BH moves inside such dark matter solitons, it slows
down because of the accretion of dark matter and the
dynamical friction with the dark matter environment. In
addition, it feels the gravitational potential of the dark
matter cloud. We describe these effects in the next three
sections.

B. Accretion drag force

For the particular model in Egs. (2.1) and (2.2), it was
shown in Ref. [16] that the accretion rate of scalar dark
matter onto a BH follows two regimes,

UBH > Vyec - MpBH = MBHL,

(2.7)

UBH < Vpcc+ MBH = Mpmax,

with

2/3
Cs/ cl/3
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BH

(2.8)

where an overdot denotes differentiation with respect to
time and F, ~ (.66 is obtained from a numerical compu-
tation of the critical flux [14], which is associated with the
unique radial transonic solution that matches the supersonic
infall at the Schwarzschild radius to the static equilibrium
soliton at large distances. This critical behavior is similar to
that found for hydrodynamical flows in the classic studies
of Refs. [74,75], and is closely related to the case of a
polytropic gas with index y = 2 [14,15]. However, close to
the BH, the dynamics deviates from that of a polytropic
gas as one enters the relativistic regime. Near the
Schwarzschild radius, the scalar field must be described
by the nonlinear Klein-Gordon equation instead of hydro-
dynamics [14]. This implies that the critical flux and the
accretion rate rity,, differ from the usual Bondi result
Tgondi ~ P0G M%y/ c3. This is manifest in the dependence
of r1y,, on the speed of light ¢, which is absent from the
usual Bondi result.

The high-velocity regime corresponds to the standard
accretion-column picture [76,77] and we recover the
Bondi-Hoyle-Lyttleton accretion rate rigy. There, most
of the accretion comes from the narrow wake behind
the BH, delimited by a conical shock within the Mach
angle sinf, = 1/ M < 1, where M = vgy/c, is the BH
Mach number.

In the low-velocity regime the Bondi-Hoyle-Lyttleton
accretion rate is greater than the maximum accretion rate
ninax that is allowed by the effective pressure associated
with the self-interactions (close to the BH horizon the
velocity cannot be greater than ¢ and the density greater
than p,). Then, the accretion column is no longer a
narrow cone behind the BH and it encloses the BH from
all sides. There is a bow shock upstream of the BH, with a
subsonic region that contains the BH and diverts most of
the dark matter flux. Close to the horizon the flow is
approximately radial and we recover the accretion
rate 7it,,. See [16] for details.

Now consider a BH moving with velocity vgy through
this scalar cloud. In the nonrelativistic limit vgy = |vgy| < ¢
and in the reference frame of the cloud, the accretion of zero-
momentum dark matter does not change the BH momentum
but slows down its velocity as

mBHVBH|acc = —HpyHVBH- (2-9)
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C. Dynamical friction

Dynamical friction also acts to reduce the BH’s velocity.
As in the hydrodynamical case [2.4,5], the dynamical
friction force (in the steady-state limit) vanishes for
subsonic speeds vgy < ¢, [15] but is nonzero at supersonic
speeds. The additional force on the BH in the latter regime
reads [16]

. 821G M p r
MpyVeular = _3—3moln R VBH: (2.10)
UBH ruv

where g is the usual large-radius cutoff while the small-
radius cutoff of the logarithmic Coulomb factor is given by

2 2 32
roy = 3\/:rsg/\/l_3/2 = 6\/:gm—2BH ( G ) . (2.11)
e e Cy UBH

Here e is Euler’s number (not to be confused with the
orbital eccentricity e in Sec. III), M = vgy/c, is the Mach
number, and ry, = ryc?/c3. Equation (2.10) takes the same
form as the collisionless result by Chandrasekhar [1] but
with a multiplicative factor 2/3. It is not so surprising to
obtain a result that differs from Chandrasekhar’s formula,
even for distant streamlines. Indeed, the background made
of the soliton is governed by the balance between gravity
and self-interactions, so that the self-interactions are never
negligible throughout the dark matter soliton. We can also
note that in the subsonic regime, the dynamical friction is
zero, which shows the global impact of the self-interactions
(which generate the sound speed) throughout the medium,
in the steady state. Finally, in the collisionless case,
distant trajectories that are deflected by small angles would
nevertheless cross each other along the symmetry axis at
large distance behind the BH, which is not possible for a
fluid with nonzero self-interactions. Therefore, even distant
streamlines must depart from distant collisionless trajecto-
ries. These various arguments explain why we could expect
a different result from Chandrasekhar’s formula even for
distant streamlines (as long as they remain within the dark
matter soliton).

In addition, the ultraviolet cutoff ryy is here fully
determined by the physics of the scalar field and
its effective pressure, instead of the minimum impact
parameter by, ~ Gmpy/v3y.  As  we have ryy ~

Dmin\/ VBH/Cs > bmin, We can see that the dynamical
friction (2.10) is smaller than the collisionless result, with
a damping factor below 2/3.

The radius ry = ryc?/c3 in Eq. (2.11) is the radius
where in the spherical accretion case the dark matter
density profile makes the transition from the constant
large-distance value p, to the 1/r growth close to the
BH. As could be expected, ryy decreases in units of rg, for
smaller ¢, (equivalently, smaller A4). This falls off as

M2 = 3232 Not surprisingly, we have ryy ~ I

for Mach numbers of the order of unity. On the other hand,
at fixed py, the radius rg, grows for smaller 4 and smaller c;.
This is because the smaller self-interaction requires a
higher density for the pressure to be able to regulate the
infall onto the BH. Therefore, in the Bondi-like steady-
state a smaller A leads to a higher density in the inner
region and to a transition to the constant-density plateau
that is pushed to larger distance. The growth of rg

happens to be steeper than the factor M~/2 and leads
to an increase of ryy. This expression is actually fully
determined by the large-distance perturbative expansion
presented in Sec. III of Ref. [16].

For a steady straight-line trajectory, we may take for the
infrared cutoff the size of the dark matter soliton, which
depends explicitly on mpy and 44 via Eq. (2.3). However,
for bodies moving on circular orbits of radius 7.y,
numerical simulations and analytical studies find that
for gaseous media a good match is obtained by using
rRr = 2rop, [78,79]. This can be understood as follows.
Estimating the dynamical friction from the exchange of
momentum with distant encounters or streamlines of
impact parameter b, as in the classical study [1], the
duration an encounter is At ~ b/vgy. Requiring this time
to be smaller than the orbital period Py, ~ o/ Vgp» SO that
the BH does not turn around during the encounter, gives
b < rom- If we estimate the dynamical friction from the
gravitational attraction by the BH wake, at large distance
in the BH rest-frame matter flows away at the radial
velocity vgy. Therefore, the wake is aligned behind the
BH up to the distance d ~ vg Py /2, Which gives again the
large-radius cutoff d < r,y4. Therefore, we take

'R = 2rorb’ (212)
with the same normalization as found for gaseous
media [78]. As shown in Sec. VI below, it turns out
that the impact of the dark matter environment on the
gravitational waves signal is dominated by the accretion
rather than the dynamical friction. Therefore, our results are
not very sensitive to the precise value of the infra-red
cutoff (2.12).

D. Dark matter halo

Approximating the bulk of the soliton as a spherical
halo of density py and radius R, centered at position X,
the halo gravitational potential reads

2z
X — Xo| < Ryo1? Prao(X) = ?gpo|x %[ (2.13)
This gives the gravitational acceleration
. 4
My VB halo = _?gmBH/)O(X —Xo). (2.14)
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III. BINARY MOTION

We focus on a binary system of two BHs and study their
dynamics in their inspiralling phase in the Newtonian
regime. Then, the Keplerian orbital motion is perturbed
by the dark matter accretion, the dynamical friction and the
halo gravity, and by the emission of GWs. This leads to a
shrinking of the BH separation, until their merging. In the
large-distance inspiralling phase, we obtain the perturba-
tions of the Keplerian motion at first order. This allows us to
consider separately the impact of the scalar cloud and of
the GWs.

A. Keplerian motion

To compute the perturbation of the orbits at first
order, we use the standard method of osculating orbital
elements [80], where we derive the drift of the orbital
elements that determine the shape of the orbits. To define
our notations, we first recall the properties of the Keplerian
orbits. At zeroth order, the binary system of the two BHs
of masses {m,m,}, positions {x;,x,} and velocities
{v1,V,}, is reduced to a one-body problem by introducing
the relative distance r,

r=x; — Xy, V=V, —V,, (3.1)
the total and reduced masses
m=m, + m,, u=mm,/m. (3.2)
This gives the equation of motion
, gm
r—= —71' (33)

for the relative separation, whereas the center of mass
remains at rest if its initial velocity vanishes. Then, we
also have

my mp m my

2
X|=—T, Xo=——T, V,=—V, ,=——v, (3.4)
m m m m

choosing for the origin of the coordinates the barycenter
of the binary system. The solution for bound orbits is the
ellipse given by

p

" +ecos(¢p—w)’ (3:5)

p=(1-¢)a,

where p is the orbit semi-latus rectum, a the semi-major
axis, e the eccentricity and w the longitude of the pericenter.
The orbit takes place in the plane (e, e,) orthogonal to the
axis e,. In spherical coordinates, the polar angle @ = z/2 is
constant while the azimuthal angle ¢ runs. The total
angular momentum L is constant,

(3.6)

L = myX; X v + MmyXy X Vo = ,Llh,
with

2

. h
h=r2¢, p:g_m

h=rxv=he, (3.7)

The constancy of o is related to the conservation of the
Runge-Lenz vector,

_vxh

= m

—e, = e(coswe, +sinwe,).  (3.8)

In the following, we will also use the true anomaly
defined by
p=¢-o, (3.9)

which measures the azimuthal angle from the direction of
pericenter and grows with time as

=y /g—’?(l +ecosg)’.
p

The period P,y and the frequency f,4 of the orbital
motion read

a? 1 /Gm
Py =214 —, w=—1/= (3.11
orb 7[ gm f b o a3 ( )

which is known as Kepler’s third law.

(3.10)

B. Drag force from the dark matter

As seen in Sec. II, the equations of motion of the two
BHs read

Xy —

.. X1 - .
mX, = gmim, ————=— X — fiX; - 91(x; —Xo),
X, — x4

X1 —Xp

myX, = Gmm, o Xy — X, — g2(X2 = X)),
2

Ix; —
(3.12)

where we take into account the Newtonian gravity of the
binary, the accretion of dark matter, the dynamical friction
and the halo gravity, with

Sﬂgzm?Po In < TR,

fi(t) =0y ; 30

4
>, gi :?ﬂgmipw (3.13)

ruv,i

Here ®g; is a Heaviside factor associated with the two
conditions v; > ¢, and r; > ryy;. This is only an
approximation, however, as a perturbative treatment to
higher orders, which takes the scalar field’s backreaction
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onto the BH into account, should smooth out the transition
at ¢, and give a small but nonzero force in the subsonic
regime [81]. Nevertheless, we expect our use of a sharp
transition to provide a conservative estimate for the impact
of the dynamical friction on the motion of a BH.

This gives for the separation r the equation of motion

(3.14)

i — _Q_Tr_ <Ij+ myf n mlfz)l.,_4ﬂgpor'

r Ho mm  mym 3
Here we used Eq. (3.4) to express X; in terms of r in the
last two terms, as we work at first order in the perturbations
m;, f; and g;. Thus, we obtain an equation of motion of
the form

i=— g’jg(’) r — F(1)i — Gr.

(3.15)

Here and in the following, we assumed that at zeroth-order
the center of mass of the binary is at rest in the scalar cloud,
or more generally that its velocity is small as compared
with the binary orbital velocity v.

For circular orbits with v = \/Gm/a, we obtain

"R _ ecsm* i’ vi _ KV (3.16)
rUV.i 181)ml7 ’ Cs m,-cs '
and the Heaviside factor in Eq. (3.13) reads
) 2.5
Oy = © ﬁ<£<emﬂ7 , (3.17)
' u ¢y 18m]

which is unity when the conditions are satisfied and zero
otherwise. We can see that the conditions rg; > ryy;
and v; > ¢, can only be simultaneously satisfied by the
smallest BH of the binary, when the symmetric mass ratio v
defined by

v=pu/m=mm,/m? (3.18)

is below

v <0.16. (3.19)

Following the method of the osculating orbital
elements [80], we obtain the impact of the accretion and
of the dynamical friction by computing the perturbations to
the orbital elements. It is clear from Eq. (3.15) that the
orbital plane remains constant. In particular, the specific
angular momentum h remains parallel to e, and evolves as

h =—F(1)h, (3.20)

whereas the Runge-Lenz vector evolves as

Ghr

A= —(% + 2F(t)> (A+e)+——e;,  (321)

gm

This gives next the evolution of the eccentricity and of the
semi-major axis,

Gha(1—e¢?)sing

b=— (%—FZF(I)) (e+cosg) - Gm(1+ecosg) ’

) a(1+e*+2ecosp) 2Ghea’sing
1=——+2F(t - .
“ <m+ ( )) 1—¢2 Gm(1+ecose)

(3.22)

Using Eq. (3.10), the derivatives with respect to the true
anomaly ¢ read at first order

de P ([ e+ cosg
L (M op) ) P
do Qm{ <m +2F( )> (1+ ecosg)?
+Gha(1 —e2)  sing
gm (1 +ecosg)’

(3.23)
and
1 +e? +2ecosg

da _|p{ (m -

2Ghead® sin @
gm (1+ecosg))

(3.24)

The perturbations generated by the dark matter lead to
oscillations and secular changes of the orbital elements.
The cumulative drift associated with the secular effects is
obtained by averaging over one orbital period, as

1 [P 1 [2= da
V== | dta=— [ dp=Z.
(@) ,,A i PA o5

C. Effect of the accretion

We first consider the impact of the accretion of dark
matter on the orbital motion. This corresponds to both the
term 7iz/m and the contribution F,.. = g/u to F(1).
We focus on the regime where these accretion rates vary
slowly as compared with the orbital motion and we take
them constant over one period. As seen in (2.7), we have
two regimes for the accretion rates, which are constant
at low velocity and decays as v7> at high velocity. Thus,
we can write

(3.25)

i ! Bacc
L W (3.26)
p v’

m
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with

122F , G popt & m?
Aacc—TOZGU <Uacc) 2+m/4

m3 m?
Bae = 41Gpop Y O(v; > vyee) — (2 + ) 3.27
0 Z )/43 my (3.27)

Then, at lowest order over the eccentricity e we obtain from
Eqgs. (3.23) and (3.24)

. 3¢ [ a \3/?
<e>acc = 7 (g—m> Bices

. a \3/2
<a>acc =—aA,c —a <_> B

o (3.28)

The eccentricity remains constant in the low-velocity regime
and increases in the high-velocity regime, if e > 0. The size
of the orbit always decreases. The result (3.28) for the
semimajor axis can be recovered at once for circular
orbits from the constancy of the total angular momentum

L = u\/Gmp, with a = p and v = /Gm/a for e = 0.

D. Effect of the dynamical friction

The dynamical friction corresponds to the contribution

m f

Fyg = , (3.29)
mpm moym
and we can write
B C
2Fg(t) = S+ -1 <3> (3.30)
v Cq
with
872G ot 2 m3 em*
By = ® ! ,
df 3 lz:l: df,l 3 18m'l7
PO s P 331
af = — 3 Z: daf.i 3 (3.31)

At lowest order over the eccentricity e we obtain

. 3 3/2 g 1 C
(€)ar = ?e (_g;) |:Bdf + CyrIn <1 / ;ncr) - %] ’
. 3/2 g 1
(@)gs = —a (_g;) |:Bdf + CyrIn (\/?CS)]- (3.32)

Thus, the dynamical friction increases the eccentricity, if
e > 0, and reduces the size of the orbit.

E. GWs emission for the Keplerian dynamics

As 1s well known, the emission of GWs makes the
orbits become more circular and tighter, until the BHs
merge. At lowest order in a post-Newtonian expansion
and using the quadrupole formula, the drifts of the
eccentricity and of the semi-major axis are given by the
standard results [80]

(€)gw=" 3(1)220 <frz> (1—e >_5/2<1+;(2)41‘_ 2) (3.33)

and

(3.34)

) 64vc (Gm 31+73 2+%7 4
<a>gW:_— /1 oN7/2

5 \cla (1—¢2)7/2
As pointed out in Ref. [82], at large distances the
increase of eccentricity by accretion and dynamical
friction in high-density environments can lead to signifi-
cant eccentricity for some binaries as they enter the LISA
observational band. This effect is somewhat lessened
in our case as the dynamical friction vanishes in the
subsonic regime. In this paper, we focus on the later
inspiral stage where the impact of the dark matter on the
binary is smaller than that of the emission of GWs and
we restrict ourselves to circular orbits with e = (. The
analysis of binaries that would have acquired a high
eccentricity at earlier stages, as studied in [82], is left for
a future work.

F. Effect of the halo gravity

As can be checked at once in Eqs. (3.23) and (3.24), the
G-term associated with the halo gravity does not modify
the eccentricity and the size of the orbit over one period,
()40 = 0 and (a)p,1, = 0. Indeed, within the approxima-
tion (2.14) of a time-independent halo gravitational poten-
tial, this is a conservative force. However, this modification
of the Keplerian potential induces a change of the orbital
frequency and of the emission of gravitational waves.
Focusing on the binary and halo gravity only, the equation
of motion (3.14) corresponds to the energy

2 2
E = _Iuvz - g'um + ﬂgpo#r .

3.35
2 r 3 ( )

Writing the Euler-Lagrange equations of motion, we obtain
for circular orbits of radius a the velocity

gm 2ﬂp0a3
=\/—(1+—].
K a ( * 3m
Here and in the following, we work at linear order in py.

Thus, relative corrections to the Keplerian results are set by
the ratio between the dark matter mass inside the orbital

(3.36)

043504-7



BOUDON, BRAX, VALAGEAS, and WONG

PHYS. REV. D 109, 043504 (2024)

radius and the binary total mass, The orbital frequency and
the energy read as

L /Gm 2poa’
Sorb = %\/?@ +— (3.37)
and
Gmu  AnGpoua®
E=-— . 3.38
2a + 3 ( )

As expected, the higher mass in the system, and hence the
larger gravity, increases the orbital frequency. Using the
quadrupole formula [80],

P = %W’” T 100 = ik, (3.39)
5c
where P is the rate of energy loss by gravitational waves

and IU% the mass quadrupole moment, we obtain for
circular orbits

320°G*m? dnpya’

P = 1 . 3.40

50a° < m > (340)
Then, the balance equation % = —P gives for the drift of

the orbital radius
640G m* drpya’
1) o = — 1- , 341
<a>gw 50343 < 3m ( )

which agrees with Eq. (3.34) at e = 0 when the dark matter
halo is negligible. Although the additional halo gravity
increases the radiative loss (3.40), this is more than
compensated by the higher energy (3.38) and the orbital
drift is reduced.

IV. GW PHASE AND THE IMPACT
OF DARK MATTER

A. Constant mass approximation

At lowest order, we can sum the contributions from
the accretion of dark matter, the dynamical friction and
the emission of GWs. This gives the total drift of the
orbital radius

<d> = <a>acc + <a>df + <a>gw' (41)
This drift depends on the masses of the two BHs and their
accretion rates. However, for small accretion rates we can
take m; and ri1; to be constant over the duration of the
measurement. Assuming this spans N orbital periods, with

typically N ~ 100, we require that 71,/ N'P < m;. For the
maximum accretion rate (2.7) this gives

Af

S 4.2
24xF ,Gm- N (42)

pa

where f = 2/Py is the GW frequency (which is twice the
orbital frequency) and m. = max(m,,m,). This gives

-1 f
1010 A1 [ >
Pa K 6x 101N (1 O) <1 o

) gem™.  (4.3)

The strongest limitation is associated with the case of
massive binary black holes (MBBH) to be detected with the
space interferometer LISA, at frequencies f > 10™* Hz.
This gives the upper bound p, < 0.01 g/cm?®, which is
much beyond the expected dark matter densities. For
instance, the dark matter density in the Solar System is
about 10724 g/cm? [83-91]. On the other hand, accretion
disks around supermassive BHs can have baryonic den-
sities up to 10~ g/cm? for thick disks and 10~! g/cm? for
thin disks [92]. Therefore, the bound (4.3) is well satisfied
up to the baryonic densities found in accretion disks.
At higher densities, we should explicitly take into account
the time dependence of the BH masses and accretion rates.
This would further enhance the deviation from the signal
associated with the binary system in vacuum and increase
the dark matter impact on the waveform. Therefore, our
computation provides a conservative estimate of the detec-
tion threshold.

B. Phase and coalescence time

In the limit of small eccentricity, ¢ < 1, the drift (4.1)
reads

) 64ve (Gm\3 1 dxpya’ A
a=— — — —a
5 \cka 3m ace

—da (i> v |:Bacc +Bdf + Cdf In ( g—ml>:| . (44)
Gm V a ¢

The frequency f of the gravitational waves is twice the
orbital frequency (3.37),

1 /Gm 2xpoa’
1 2,
n\ a 3m
We use a gothic font in this section to distinguish f{, the
function of time describing the frequency sweep, from f,
the Fourier-transform variable used below in the Fourier-

space analysis of the time-sequence data. This also gives, at
first order in dark matter perturbations,

. 1 [Gm(m 3a a*\'?a
=V i)+ lGm) o

(4.5)

(4.6)
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Together with Egs. (4.4) and (4.5), and using Eqgs. (2.7) and
(3.27) to combine the accretion terms, we obtain

f
f:Dgw+Dhalo+Dacc+Ddfa (47)
with
96 8/3
A% G
Dy — i 2367 up G iml
halo 3C5 ’
122F , G popt <& m?
Dacc = #;66 < facc,i) 3+ Zm_/;

2 m? m;
146, Z OF > fuc) (3 2 mL>’

Dy = —f! 4gpoz®fdfl<f<fdfl) i 1 < f >

fdfl
(4.8)
and
ciem? cim?
facc,i A A 3 faf,i = 3
3nF, Gmu zGmy
ASmdu's
fati = <gar oot (4.9)
58322Gm;

In (4.7) we split the contributions from gravitational waves
in the standard §*/ term associated with Keplerian orbits
and the correction in /3 due to the dark matter halo.
Integrating the phase ®(f) =2z [df(f/f) and the time
t = [df(1/f) over the GW frequency [93], we obtain
o(f)

=, + (I)gw + Dpaio + Pyee + Dy (410)

and

t(f) =1+ Low + thato + face + Lats (41 1)

where @, and .. are the phase and the time at coalescence
time, and we introduced

*° 1 Do
() :—Zﬂ'/ dfi, q)hl :27[/ df a g e
" f Dgw ao f Déw

t :_/OOdfl thal :/oodehalo
" f ngw’ e f fDéW’

Equations (4.10)—(4.11) provide an implicit expression for
the function ®(r), describing the GWs phase as a function
of time. Here, we linearized over the dark matter

(4.12)

contributions to the frequency drift, assuming they are
weaker than the Keplerian GW contribution. As seen in
Sec. IV C below, this is the case in realistic configurations.
Besides, this is sufficient for the purpose of estimating the
dark matter density thresholds required for detection. At
much higher densities, our computation of the frequency
drift is no longer reliable but the presence of dark matter
would remain clear in the data.

We recover the fact that the dark matter contributions are
more important during the early stages of the inspiral, that
is, at low frequencies. This means that relativistic correc-
tions to the orbital motion would not change our results for
the dark matter detection thresholds.

The GW signal is of the form h(t) = A(r) cos[®(1)],
where @(¢) is implicitly determined by Egs. (4.10) and (4.11)
and A(t)  f>/3 if we neglect the dark matter corrections in
the amplitude [80]. The Fourier-space data analysis considers
the Fourier transform 2(f) = [ dte™™/"h(t). In the stationary

phase approximation [93], one obtains A (f) = A(f)e’*/),
with

A(f) & [0, W(f) = 2aft, — ®(1,) —n/4,  (4.13)
where the saddle-point 7, is defined by f(7,) = f, as

® = 2af. Using Eqgs. (4.10) and (4.11) we obtain

T
‘P(f) = Z”ftc - q)c - Z + lIlgw + lI"halo + ‘Pacc + ‘Pdf’

(4.14)
where the different contributions are
df 1
¥ =20 [ s5f "7 ]
f
D D
¥ :27r[f/ af halo / df hal"],... (4.15)
f
This gives [93]
3 (aGMF\-S3] 20 (743 11
po— Il
aw 128( a3 ) o336 4"
2/3
x <”g’§’f > ] (4.16)
¢
where M is the chirp mass,
M =1 m, (4.17)
and
ZSﬂp Q3
Phato = = ( GM[ /)13, (4.18)

924
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- 257tg3./\/l2p0 <”ng>—16/% 2

ace ™ 389126 3

’;
i <3+2—)
m my

Z@ f>fm,>ﬂ2’

2/5033 2 -
_T52F PG M, (ﬂg/\/‘f) 13/32@ f<facc,)<3+2 M) [1—( f )13/%+£< / )16/3} (4.19)

26624¢° 3

i=

118292480 3

_ 8752G3 M?p, (ﬂng>_16/3 2 m3
i=1

256 [ f \19/3 - 361 [ f \16/3
105 <§> } +O(f < fars) {_E<E>

+256 £ \'93 256/ f \'93 4864 ([ f 19/31
105 Xf’i 105 \ f ., 315 \fai

The factor © in the first line means that only the smaller BH
can contribute, if there exists a range for dynamical friction
where the two conditions v; > ¢y and r; > ryy; are
satisfied. This provides a conservative estimate of the impact
of the dark matter environment on the gravitational wave
signal. A more accurate treatment would probably give a
nonzero dynamical friction outside of the frequency ranges
[far.i» fdr.i]- Therefore, the detection thresholds obtained in
Table IV are conservative results. However, as the signal is
dominated by the accretion rather than the dynamical friction,
more accurate treatments of the dynamical friction that would
give a small but nonzero impact outside of these frequency
ranges should not change much our results.

In the dark matter contributions (4.18)—(4.20) to the
phase we used the leading term D,,, given in (4.8) in the
expressions (4.15). This is sufficient for our purpose, which
is to estimate the dark matter density thresholds associated
with a significant impact on the GW signal. However, in the
gravitational wave phase (4.16) we have added the first
post-Newtonian 1-PN order [93]. This breaks the degen-
eracy over the two BH masses m; and m, shown by the
leading term that only depends on the chirp mass M. Then,
the phase (4.16) depends independently on both m; and m,
and the gravitational wave signal can constrain both BH
masses. Higher-order 1.5-PN and 2-PN terms allow one to
constrain the BH spins [93], however we do not consider
BH spins in this paper. This ensures that for vanishing
dark matter density, i.e., a binary in vacuum, the Fisher
analysis performed in Sec. V over the binary parameters
{t.,®.,In(m;),In(m,)} is well defined and can constrain
both BH masses, as in actual data analysis of GW signals.

C. Relative impact of various contributions

1. Dark matter halo gravity
From Egs. (4.16) and (4.18), we obtain

-2
Voo _ 800206 g Lo (T NT g
Y.,  693xnf 1 gem 1 Hz

ZWGU&J < f(-i":r',i){@(fgf,i <f<fé:) [1 +-—In

361 16/3° 5776 16/3
+—<4> +—(4> o
105 fdf,i 315 df,i fdfl

acc,i ace,i

304 f 361<f )16/3

105" fg; 105 df.i

(4.20)

fdfz:|}
fdfz
|

where we only kept the leading term in W,,,. This ratio
happens to be independent of the BH masses and is very
small. Therefore, the impact of the dark matter cloud
gravitational potential is typically negligible.

2. Accretion on the BHs

Denoting m. = max(m;,m,) and m_ = min(m, m,)
the greater and smaller mass of the binary, we obtain from
Eq. (4.9)

Po -
f ~3x 102 < ) Hz,
ace, < lMo

3 -1
Face ~3x 10420 <m_>> < > > Hz.  (4.22)
<

a lMO

Since we typically have p, < p,, these frequencies are
usually below 1 Hz and the smaller BH can experience both
accretion regimes in the range of frequencies probed by
observations. The impact of the accretion is typically
greater for the more massive BH, because of the factors
mf’ and m? in Eq. (4.19). Focusing on this contribution,
we obtain

Yo, m.\*4 Po
: = ~0.1(—
f>face> 7 m_) 1 gcm_3

aw
-5/3 ~11/3
x (2= f . (4.23)
1M, 1 Hz

and

Pa
3

¥
f < Fuont s x 10702 L
e m.1 gcm

m. \=23( f \-8/3
() (L) s

We can see that the contribution to the phase from the
accretion is typically much greater than that from the cloud
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gravity (4.21). However, it remains small as compared with
the standard contribution W, from gravitational waves,
which validates our perturbative computations. It increases
for smaller masses and low frequencies. This implies that it
is most important at the early stages of the inspiral phase.

3. Dynamical friction

From Eq. (4.9) we obtain

3/2 -1
fio ~6x10° <@> <£> Hz,
’ Pa lMO
3/2 3 -1
Fio ~6x 104 (20) 7 (2=) (X)) Hz
' y m. 1M g
and
32 6 -1
fo~2x 102 (20) 7 (22) (X)) Hz
' Pa m_ 1M g

po\2 (m NS5[ m -1
f;f‘>~2x102<p—a> (m—j 1M>o Hz.  (4.26)

We recover the fact that only the smaller BH experiences
a significant dynamical friction, if the mass ratio is
sufficiently large. Then, we obtain

(4.25)

_ o Wy 5 Po
Jare <f<[fd: ‘P_gw~7X10 Tgem™
L (m 53/ F \-11/3
1M, 1 Hz '

(4.27)

This is smaller than the accretion contribution (4.23) by a
factor (m_/m.)* because the accretion is dominated by
the larger BH while in our approximation only the smaller
BH experiences dynamical friction. Again this is a small
correction to the gravitational wave term W,,, from gravi-
tational waves and it is most important at the early stages of
the inspiral phase, with low frequencies.

4. Effective post-Newtonian orders

Contributions to the phase ¥ that scale as f* may be
attributed an effective post-Newtonian order n =3a/2+5/2.
Then, the cloud gravity (4.18) is associated with a —3PN
contribution. The accretion gives a —4PN contribution at low
frequency and a —5.5PN contribution at high frequency,
keeping only the dominant terms. In the range 3, < f < f4;
the dynamical friction also gives a —5.5PN contribution. This
negative orders express the fact that these dark matter
contributions are increasingly important at low frequencies,
in the early stages of the inspiral. This also means that they are
not degenerate with usual relativistic corrections, associated
with positive post-Newtonian orders.

In this paper we do not include the backreaction of the
scalar field. Studies of the FDM scenario have shown that
this may contribute a —6PN effect, which is however too
small to be observed [8,94]. On the other hand, the
dynamical friction can heat the gas and lead to a depletion
of dark matter in the vicinity of the orbital radius [95,96],
which decreases the actual amount of dynamical friction.
For the self-interacting case that we consider in this paper,
the effective pressure could lessen this effect if it can
replenish the BH neighborhood. Moreover, the small-scale
cutoff (2.11) makes the dynamical friction insensitive to the
local dark matter density. A detailed investigation of this
point is left to future work. Another noteworthy factor,
at 5 PN order, is the influence of deformability effects
caused by nonzero Love numbers for dressed BHs (e.g.,
surrounded by a scalar field) as discussed in [97,98].
Focusing on the low scalar-mass limit for FDM models,
a = mpympuG/(hic) < 1, these authors found that these
effects grow as a8 and can be significant for  <0.1. In
this paper, we focus instead on the large scalar-mass limit,
a>1 as in Eq. (2.6), and we can expect the tidal Love
numbers to be much smaller. Another difference is the
importance of the self-interactions. We plan to study the
Love numbers in this case in future papers.

5. Relativistic corrections

The dynamical friction formulas used here are valid in the
nonrelativist limit v < ¢. Relativistic corrections typically
give a corrective prefactor y?(1 + v?)? in the dynamical
friction [9,99,100], which enhances the impact on the binary
and the detectability of the environment [101]. This can be
obtained in the collisionless case from the relativistic
formula for the scattering deflection angle and the relativistic
Lorentz boost between the fluid and BH frames [99]. The
relativistic corrections for fuzzy dark matter were also
derived from first principles in [12] and compared with
numerical simulations in [13]. This should remain a good
approximation in the highly supersonic case, where the
streamlines at large radii follow collisionless trajectories
as pressure effects are small. For velocities as high as
v? ~ 0.137¢? this only gives a multiplicative factor of about
1.5. As the dark matter contributions are most important in
the early inspiral, we can see that relativistic corrections can
be neglected and will not change the order of magnitude
of our results. In practice, we cut the analysis below the
frequency f, where v? =0.137¢%, to ensure relativistic
corrections remain modest.

6. Dark matter parameters p, and p,

As seen in the previous sections, the gravitational wave
signal only depends on the dark matter environment
through the two parameters p, and py, which are the
characteristic density (2.3) determined by the self-
interaction and the bulk density of the dark matter cloud.
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The cloud gravity (4.18), the accretion at high frequency
(4.19) and the dynamical friction (4.20) are proportional
to pg, whereas the accretion at low frequency (4.19) is
proportional to p,. On the other hand, the thresholds (4.9)
depend on c¢; & \/py/p,. Therefore, in principles it is
possible to constrain both parameters if the observational
frequency range contains the low-frequency accretion
regime or at least one of these frequency thresholds.

V. FISHER INFORMATION MATRIX

A. Fisher analysis

We use a Fisher matrix analysis to estimate the dark
matter densities p, and p, that could be detected through
the measurement of GWs emitted by binary BHs in the
inspiral phase. The Fisher matrix is given by [93,102]

B fou df (Oh\*(oh
F"f“‘Re/ LS50 (ae,) (69,)’ G-1)

where {0;} is the set of parameters that we wish to measure
and S,(f) is the noise spectral density, which depends on
the GW interferometer. The signal-to-noise ratio is

f‘l‘ﬂ‘d}( df -~
SNR2:4/ h(f)|?. 5.2
Writing  the  gravitational ~waveform as A(f) =

Aof7/e™ ) as in Egs. (4.13) and (4.14), we obtain

oV O
90; 90,

r f—7/3

(SNR)? /f df (5.3)

U TR
st o Sn(f)

where the parameters that we consider in our analysis are
{0;} = {t.,D.,In(m;),In(m,), py, p, }- The amplitude A,
would be an additional parameter. However, the Fisher
matrix is block-diagonal as I'y 4. = 0 and the amplitude
Ay is completely decorrelated from the other parameters
{6;} [93]. Therefore, we do not consider the amplitude any
further. From the Fisher matrix we obtain the covariance
=0, ;» which gives the standard deviation on the
various parameters as ¢; = ((A6,;)2)!/? = \/Z,,.

As compared with the study presented in [103], we
neglect the effective spin . = (my; + moy,)/m, which
is only considered to calculate the last stable orbit using
the analytical PhenomB templates [104]. This is because
our results for the accretion rate and the dynamical friction
have only been derived for Schwarzschild BHs. However,
we expect the order of magnitude that we obtain for the
dark matter densities to remain valid for moderate spins.
A second difference from [103] is that in addition to
the dark-matter density p,, which describes the bulk of
the cloud, we also have a second characteristic density p,,.

It describes the dark matter density close to the
Schwarzschild radius and it is directly related to the
strength of the dark-matter self-interaction.

B. Sectors in the (py,p,) plane

1. Binary and dark matter parameters

In this paper, we investigate the detection thresholds for a
dark matter environment. Then, we assumed that the dark
matter impact is small and we linearized in all its con-
tributions. Thus, the phases (4.18)—(4.20) are proportional
to the densities py or p, (at fixed c¢,). As expected, the
contributions from the halo gravity (4.18), the accretion in
the high-frequency or high-velocity regime (4.19), and the
dynamical friction (4.20) are proportional to the bulk halo
density pg. The contribution from the accretion in the low-
frequency or low-velocity regime (4.19) is proportional to
the characteristic density p,, associated with the maximum
allowed accretion rate.

Then, for vanishing or negligible dark matter halo the
standard waveform parameters {6;},_, 4 = {t., ®.,In(m,),
In(m,)} are determined by the first four terms in the
phase (4.14), that is, the ¢, and @, factors and the
gravitational wave contribution W,,,. This corresponds to
the standard analysis for binary systems in vacuum. For a
small dark matter halo, or for the fiducial py = p, = 0, this
also provides the 4 x 4 components I';; with 1 <, j <4 of
the Fisher matrix.

The presence of a dark matter environment can be
detected through the phases (4.18)—(4.20). These contri-
butions have an amplitude proportional to p, or p,,
multiplied Heaviside factors ® and slowly-varying terms
suchas 1 + (f/face)'>/? orIn(f/f4;). The frequencies (4.9)
do not depend on p, and p, independently, but only on the
sound-speed c,, that is, on the ratio y defined by

Pa_ ¢

—>1. 5.4
y=, a2 (5.4)
Therefore, the different accretion and dynamical friction
regimes are delimited by specific values of y, which
determine several angular sectors in the (pg,p,) plane.
The physical part of the positive quadrant {py, > 0,p, > 0}
is restricted to the upper-diagonal sector p, > p, because of
the condition ¢; < c. For a given binary system and
observational frequency band [finin, fmax) l€t us define

the accretion thresholds in y,

+ + c*m}
< P <V, . . L= L . 55
fmln faCC,l y ydCC.l ydCC.l 37[F* gmﬂ3fmin ( )
_ _ cm}
fmax <facc,i:y<yacc,i’ Yace.i :m7 (56)
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and the dynamical friction thresholds

e3c3m5/415 )2/3
b

. +
fmin < f:iLf,i -y < y(Jirf,i’ ydf,i - <5832ﬂgm121fmin

(5.7)

(o
<fari*Y<Vari» Yari=\ gz 3] - (58
fmax fdf.z Y <VYati> Yar, ﬂgm/l3fmax ( )

Let us label the BH masses so that m; > m,, then we have

My 2yl Ve 2 Vaer Vaed 2 Vaenr  (5:9)
while only the smaller BH m, can experience significant
dynamical friction. Then, we can split the behavior of the

accretion term ¥, as

y >yl no accretion dependence onp,,,

¥ < Yaeeo - DO accretion dependence on py, (5.10)
where we neglected the dependence on ¢, of the terms
inside the brackets in Eq. (4.19), which quickly converge
to unity below the threshold f,..;. We can also split the
behavior of the dynamical friction term Wy as

Y > Y4, no dynamical friction,
Yara <Y < Yir,: dynamical friction,
Y < Yg,: dynamical friction is degenerate

with ¢, and @, (5.11)
where again we neglected the dependence on ¢, of the
terms inside the brackets in Eq. (4.20).

2. High-y sector
In the high-y sector,

Yy > max (Voo 1+ Yra)- (5.12)
the phase ¥ is only sensitive to pgy, through the halo
gravity (4.18) and the high-frequency regime of the
accretion (4.19). Therefore, we have no constraint on p,
and the gravitational wave measurement only provides a
bound on the bulk density py. The Fisher matrix (5.3)
is then a 5 x 5 matrix. This gives the covariance matrix
%; = (I'™");; and the standard deviation o, = /%, , .
This corresponds to the detection threshold po, =6, :
halos with a higher dark matter density can be detected
from the gravitational wave measurements whereas lower
density clouds cannot be discriminated from binaries in
vacuum. This corresponds for instance in the EMRI panel

in Fig. 1 to the vertical blue line above the upper red

diagonal line, which is the lower angular bound (5.12) in
the plane (pg, p,)-

As seen in Sec. IV C 2, the contribution from the halo
gravity is negligible as compared with the contribution
from the accretion. Then, in the limit where we can neglect
the correlations between the binary parameters {z.,®,,
In(my),In(m,)} and p,, the detection threshold pg, can be

i W, -
estimated as pg, > SN;R _"0;: 1

L 19456¢" (mGm fuin) %7 (m2)° (s |3
Pox ~ SNR252GPmI &3 o

bl

which gives

>3X10_6 my\3 (my 1B [ f L\ 1673 /cm?
Pos X sNR \my ) \ig 1H,) ¥

(5.14)

Thus, we can see that this lower bound improves for
instruments that probe lower frequencies and for binaries
with a higher mass ratio. In practice, we perform a full
Fisher matrix analysis. Then, the partial degeneracies
between the various parameters and the finite frequency
band [fomin, fmax] give a detection threshold that must be
somewhat above (5.14).

3. Intermediate-y sector

For the IMRI and EMRI cases to be discussed in
Sec. VI below, there is a narrow intermediate regime where
dynamical friction comes into play while accretion is still
independent of p,,

Yarz < Yaeed <Y < Ydro- (5.15)
Neglecting the dependence on ¢, of the terms inside the
brackets in Eq. (4.20) to count the number of parameters,
we treat Wy, as a linear function of p, for a fixed density
ratio y. Then, the Fisher matrix (5.3) is again a 5 x 5 matrix

and from the standard deviation o, = /%, , we again

obtain the lower bound py, = o,,. This provides a vertical
boundary line in the plane (pgy,p,) for the detection
threshold, within the narrow strip (5.15). This corresponds
for instance in the EMRI panel in Fig. 1 to the vertical
dashed green line between the upper red diagonal line and
the upper blue dotted diagonal line, associated with the
angular bounds (5.15) in the plane (pg, p,).

4. Low-y sector

For low values of y,

1<y<ylier (5.16)

the accretion contribution depends on p,, while the halo
gravity always depends on p,, so that we have two dark
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Maps of the detection prospects with LISA for different events, in terms of the dark matter parameters p, and p,. The lower

right area below the black dashed line is not physical. The shaded upper right area shows the region of the parameter space where the

dark matter environment can be detected.

matter parameters and the Fisher matrix is a 6 x 6 matrix.
For a given density ratio y, we compute the associated
Fisher ellipse in the plane (pg,p,) and its intersection
with the direction p,/py = y. Thus, from the 6 x 6 Fisher
matrix I';; we obtain the 6 X 6 covariance matrix %;;. We
marginalize over the binary parameters {7., ®.,In(m,),
In(m,)} by defining the new 2 x 2 covariance matrix 2, j
associated with the rows and columns of the two remaining
parameters p, and p,, and we obtain the 2 x 2 Fisher matrix
[ = 3. This determines the Fisher ellipse in the plane
(Po. pa) defined by

A =108 + 28,0000 + L p 0 (5.17)
which is restricted to the angular sector (5.16) in the plane
(Po» pa)- For simplicity we keep Ay? = 1 as in the other
angular sectors. Because most of the dark matter signal
comes from the accretion contribution at low frequency,
this elliptic section is an almost straight horizontal line in

the angular sector (5.16), which gives an almost constant
threshold p,. This corresponds for instance in the EMRI
panel in Fig. 1 to the horizontal red line between the upper
blue dotted line and the black dashed line, associated with
the angular bounds (5.16) in the plane (pg, p,)-

Neglecting correlations among parameters we obtain the
Moee |—1
Pa ’

1331265 (G fo ) P ()2
Pax ~ SNR752F,Gm2 | & m )~

estimate p . 2 s |

which gives

0.08 my 2 mp 7/3 f i 13/3
>_° (2 - mn 3. (5.1
p“*”SNR(m1> <1Mo) Thy) &/em (519)

This lower bound again improves for instruments that
probe lower frequencies and for binaries with a higher mass
ratio. Again, because of partial degeneracies and the finite
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frequency band the detection threshold obtained from the
inversion of the Fisher matrix is somewhat greater than
the estimate (5.19).

5. Detection area in the plane (py,p,)

As displayed for instance in the EMRI panel in Fig. 1,
the thresholds p,, obtained at large y in Secs. VB2
and V B 3 give a degenerate Fisher ellipse that is a vertical
strip around py = 0 of width p,, that extends from the
diagonal p, > y:cm po to infinite p,. At lower y the ellipse
(5.17) gives an almost horizontal strip around p, = 0 of
width p,,, which is bracketed by the diagonals p, =
,oa/yzn1 and py = p,. In Fig. 1 this corresponds to the
white area in the upper left diagonal sector, p, > py. The
shaded complementary area corresponds to densities that
are beyond these Fisher ellipse boundaries, that is, their
dark matter impact on the gravitational waveform is
statistically inconsistent with the assumption of zero dark
matter environment. In this paper, we thus identify this
region with the detection threshold for the dark matter
densities (i.e., dark matter environments that can be
distinguished from the null hypothesis). Although more
sophisticated data analysis may be considered, this should
provide the correct order of magnitude for the detection
thresholds in the dark matter density plane (pg, p,).

VI. DETECTION PROSPECTS

A. Gravitational-wave detectors

The gravitational-wave detectors that we consider are
LISA [105], DECIGO [106], ET [107] and Adv-LIGO
[108]. We use the noise spectral densities presented in
[109-112]. The frequency ranges are given in Table I, where
the PhenomB inspiral-merger transition value f is defined

in [104] and f g, = 4.149 x 107 (7% )—5/8(%;;)-3/8 is the

frequency at a given observational time before the merger, as
defined in [113]. We take T, = 4 yr in our computations.

B. Events

We focus on the description of 6 events, 2 ground based
and 4 space based, the last ones being for LISA since its

TABLE 1. Gravitational waves frequency band considered for
the LISA, DECIGO, ET and Adv-LIGO interferometers, where
fobs 18 the frequency of the binary 4 years before the merger [113]
and f is the PhenomB inspiral-merger transition value [104].

Frequency
Detector Smin (Hz) Smax (Hz)
LISA max (2 x 1075, fpq) min (1, fy, f,)
DECIGO 102 min (100, f1. f,)
ET 3 min (fy, f,)
Adv-LIGO 10 min (f1, f,)

TABLE II. Details on masses and spins of the considered
events. The information on GW150914 and GW 170608 are taken
from [114].

Properties

Event my (Mg)  my (Mg)  x X2 Xeft

MBBH 100 5x10° 09 08 0.87
IBBH 104 5% 103 03 04 0.33
IMRI 10* 10 08 0.5 0.80
EMRI 105 10 08 0.5 0.80
GW150914 35.6 30.6 -0.01
GW170608 11 7.6 0.03

detection range differs from the others. All the events are
BH binaries. The virtual events correspond to different
types of binaries: massive binary black holes (MBBH),
intermediate binary black holes (IBBH), an intermediate
mass ratio inspiral (IMRI), and an extreme mass ratio
inspiral (EMRI). All of these events are of the same type
as the ones considered by [103], but we focus on BH
binaries and do not consider neutron star binaries. The
details of these events are given in Table II. For com-
pleteness, we included the spins and y.g, which sets the
upper frequency cutoff of the data analysis. The SNR
values for each of these events are taken from [103] and
summarized in Table III.

C. Detection thresholds in the (py,p,) plane

We show in Figs. 1 and 2 our results for the detection
thresholds in the (pg,p,), following the Fisher matrix
analysis described in Sec. V. Let us first describe the
LISA-MBBH case, shown in the upper left panel in
Fig. 1. The lower diagonal black dashed line is the lower
limit y = 1 (¢;, = ¢) on the physical part of the parameter
space. The parallel blue dotted lines are the thresholds
Yaeeq @nd yz..; while the green dot-dashed lines are the
thresholds y;.., and y,.., (constant-y lines are parallel
to the diagonal y = 1 in the (log(py),log(p,)) logarith-
mic plane). Because v > 0.16 there is no dynamical
friction.

TABLE III. Value of the signal-to-noise ratio (SNR) of the

considered events for each detector, taken from [103].
Detector

Event LISA DECIGO ET Adv-LIGO

MBBH 3 x 10*

IBBH 708

IMRI 64

EMRI 22

GW150914 2815 615 40

GW170608 1290 303 35
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FIG. 2. Maps of the detection prospects for three different interferometers (from left-to-right: DECIGO, ET, and Adv-LIGO), for the

two events GW150914 (upper row) and GW170608 (lower row).

Then, above the upper blue dotted line y;_ ,, we are
in the large-y regime (5.12) and there is no constraint
on p,. Thus, we obtain a vertical line py > po, With pg, =~
8 x 10713 g/cm? This should be compared with the simple
estimate (5.14), which gives py, = 107'% g/cm? as we
have f, =6 x 107 Hz. As expected the more accurate
Fisher analysis gives a higher value but we roughly recover
the same order of magnitude. This gives the shaded area to
the right of pg, and above the line y:cc’l as a region where
DM would be detected, mostly because of the accretion
contribution ¥, ; on the larger BH.

Between the lines y_, and y = 1, we are in the low-y
regime (5.16) where the phase depends on both p, and p,,.
The Fisher matrix analysis gives an almost flat boundary
curve p, > pay With p,, ~5x 107 g/cm’® This should
be compared with the simple estimate (5.19), which gives
Pax 210711 g/cm3. Again, the more accurate Fisher
analysis gives a higher value but we roughly recover the
same order of magnitude. In particular, the estimates (5.14)
and (5.19) correctly predict the large hierarchy between the
thresholds pg, and p,,. This gives the remaining shaded
area between the lines )’:cm and y = 1, above p,y, as a
region where DM would be detected, mostly because of the
accretion contribution W, ; on the larger BH, but now in
the low-velocity self-regulated regime.

The same behaviors are found for the LISA-IBBH case,
shown in the lower left panel in Fig. 1. In particular, with
fmin =6 x 107 Hz, Egs. (5.14) and (5.19) give the simple
estimates py, = 107 g/cm® and p,, = 1070 g/cm’,

whereas the detailed Fisher matrix inversion gives
the more accurate results py, ~5x 107'3 g/cm® and
Pax =3 %1078 g/cm?’.

Let us now consider the LISA-IMRI case, shown in
the upper right panel in Fig. 1. In addition to the
thresholds {y;rcc.l’y;cc.l} and {y;:c,Z’ yz:cc,Z}’ the red
solid lines show the dynamical friction thresholds
{¥dr2-Yara}- Above the upper line yg., we are again
in the large-y regime (5.12), with a vertical bound
Pox =3 x 10720 g¢/cm3. This is again within a factor
100 of the simple estimate (5.14), which gives pgy, 2
102! g/cm?® with f,~6 x 1073 Hz. In the narrow
band y/.., <y < yj;, we are in the intermediate regime
(5.15), with a weak dependence on p, through c; in the
terms inside the brackets in Eq. (4.20). Thus, we still
have a roughly vertical line. Below y)_, we are in the
low-y regime (5.16), which is now dominated by
the new dependence of the accretion term on p,,
which gives a roughly horizontal line with p,, ~
2x 1078 g/cm®. The simple estimate (5.19) gives
Pax = 107 g/cm?, which is again within a factor 100
of the more accurate Fisher matrix result and repro-
duces the large hierarchy between pg, and p,.

We obtain similar behaviors for the LISA-EMRI
case, shown in the lower right panel in Fig. 1. With
Fmin~3x 1073 Hz, the simple estimates (5.14) and (5.19)
give po, > 1072* g/cm? and p,, = 10710 g/cm?, whereas
the more accurate Fisher matrix results are pg, =~
10722 g/cm?® and p,, ~ 1078 g/cm?.
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TABLE IV. Lower bounds p,, and p,, on the DM density parameters for a detection of the DM cloud, for various

detectors and binary systems.

Detector

Event LISA DECIGO ET Adv-LIGO
MBBH po > 8x 10713 g/cm?

pa>5x 107 g/cm?
IBBH po>5x 1071 g/cm?

pa>3x 1078 g/cm?
IMRI po >3 x 1072 g/cm?

Pa>2x 1078 g/cm?
EMRI po > 10722 g/cm?

pa > 1078 g/cm?
GW150914 po >3 x 107 g/cm? po > 0.9 g/cm? po > 10* g/cm?
pa > 1078 g/cm? pa > 103 g/cm? pa > 5% 10° g/cm?

GW170608 po>8x 10710 g/ecm3  py > 0.02 g/cm? po > 120 g/cm?

po > 107 g/cm?

p. > 101 g/cm? Pa > 2x10° g/cm’

We obtain similar behaviors in 2 for the DECIGO, ET
and Adv-LIGO detectors, for stellar-mass binaries. As in
the MBBH and IBBH cases, there is no dynamical friction
regime. DECIGO provides constraints on DM environ-
ments that are similar to those obtained from LISA, but the
ET and Adv-LIGO cannot detect the dark matter cloud for
realistic densities.

Thus, in all cases the detection domain is an upper right
region, delimited from the left by p,, from below by p,,
and from the right by the diagonal p, = py. The simple
estimates (5.14) and (5.19) are typically below the exact
thresholds pg, and p,, by a factor of up to 100, but they
reproduce the main trends and the hierarchy between pg,
and p,,. The DM detection is dominated by the accretion
contribution W, on the larger BH. Above the diagonal
Yaee» Which runs through the lower-left corner of this
domain, the accretion rate is proportional to p, whereas
below the diagonal y,_, it is proportional to p,. Therefore,
in the shaded domain above y;gCJ we measure p, whereas
below y/ |, we measure p,.

We summarize in Table IV the density thresholds pg,
and p,, above which the DM cloud can be detected, for the
detectors and binary systems displayed in Figs. 1 and 2.
This is only possible at much higher densities than the
typical dark matter density on galaxy scales, which is about
10726 to 1072* g/cm? [72,115-117]. For comparison, we
also note that accretion disks have a baryonic matter density
below ~0.1 g/cm? for thin disks, and below 10~ g/cm?
for thick disks [92], with a lower bound around
10716 g/cm?3. Therefore, only LISA and DECIGO could
detect DM clouds with realistic bulk densities, py >
10722 g/cm? for LISA-EMRI and p, > 10715 g/cm® for
DECIGO. The detection of the scalar cloud also requires a

very high value of the density parameter p,,

« > 1078 g/cm?. However, this is not the typical density
of the DM cloud but only the density close to the
Schwarzschild radius, in the accretion regime regulated
by the self-interactions. On the other hand, DM clouds with
densities much higher than typical baryonic accretion disks
may be produced in the early universe, as discussed for
instance in [67,118] for several scenarios. Then, in contrast
with the standard CDM case, the dark matter density field
would be extremely clumpy, in the form of a distribution of
small and dense clouds (in a manner somewhat similar to
primordial BHs or macroscopic dark matter scenarios, but
with larger-size objects).

D. Detection threshold for p, and parameter space

In this section, we compare the detection threshold p,,
obtained in Table IV with the allowed parameter space of
our dark matter model, in the (mpy;, A4) plane. This allows
us to check wether this scenario can be efficiently probed
by the measurement of the gravitational waves emitted by
BH binary systems embedded in such dark matter clouds.
Our results are displayed in Figs. 3 and 4, representing the
outcomes for LISA and DECIGO. We do not consider ET
and Adv-LIGO, because they require bulk densities that
are probably too high to be realistic. Various colored
regions on the figures correspond to distinct limits based
on either observational constraints or the regime consi-
dered in our calculations.

From Eq. (2.3), a detection floor p,, corresponds to an
upper ceiling for A, that scales as mg,;,
dmiyc?
3pash®’

Pa = Pax - j'4 < (61)
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FIG. 3. Domain over the parameter space (mpy, 44) where our derivations are applicable, in the case of the LISA interferometer. The
white area represents the allowed parameter space. The upper left red region is excluded by observational constraints. In the lower right
blue region the scalar dark matter model is allowed but the assumptions used in our computations must be revised. The black line
corresponds to the detection limit obtained in Fig. 1. Parameter values above this line are beyond the detectability range of the

interferometer.

which reads

-1 4
Jy < 3x 10719 Pax MoM )62
4= (1 g/cm? leV (62)

This ceiling is shown by the black solid line labeled p,,
that runs through the white area in Figs. 3 and 4.

We now describes the constraints that determine the
parameter space of the model, with the exclusion domains
shown by the colored regions in the plots. First, we require
the condition (2.6), which also reads

hc
2Gm

m.

-1
MmMpn > , Mpy > 7 x 10_11 (1Mo> eV. (6.3)

This ensures the validity of the accretion rate (2.7) and of
the dynamical friction (2.10), derived in [14-16] in the

large-mass limit 9, << cmpy;/h. This condition excludes
the green area marked by a vertical line on the left in the
figures, labeled mpy < A/ (rc).

Observations of cluster mergers, such as the bullet
cluster, provide an upper bound on the dark matter
cross-section, o/mpy <1 cm?/g [119]. This gives the
upper bound [68]

3

m 2

A <1072
4= (1 ev>

shown by the dashed red line in the upper left corner of the
figures, labeled ¢/mpy > 1 cm?/g.

Another observational limit, shown by the upper left red
dotted line labeled R, > 10 kpc, is the maximum size of
the dark matter solitons. As we wish such solitons to fit
inside galaxies, we require Ry, < 10 kpc. This gives the
upper bound

(6.4)
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This condition is actually parallel to the detection threshold

(6.2) and somewhat above it in the Figs. 1 and 2. Therefore,

the largest solitons would not be detected by GW. This will
be more clearly seen in Sec. VIE below.

Our derivation of the accretion rate (2.7) and of the
dynamical friction (2.10) assumes that the self-interaction
dominates over the quantum pressure [14—16], in contrast
with FDM scenarios where the latter dominates and the
self-interactions are neglected. The self-interaction poten-
tial reads ®; = c?p/p,, whereas the quantum pressure
reads @y = —1?V?,/p/(2mpy\\/p). This gives the con-
dition ¢%p/p, > h?/(r*md,,), where p and r are the density
and length scale of interest. This condition near the BH
horizon, with p ~ p, and r ~ r,, coincides with the con-
dition (6.3) and is thus already enforced. Requiring that this
also holds over the bulk of the soliton, at density p, and
radius r ~ R, gives the additional constraint

(6.5)

8m13)M\/§

4> 3 = —

N (6.6)

which reads

~1 3
10-38 Po 2 ( Mpm . 7
A4 > 610 (1 g/cm’ leVv (67)

For the density pg, this is shown by the blue dashed line
labeled @, > ®,(pp,). Below this threshold the model
itself is not excluded, but our computations should be be
revised as the bulk of the soliton is now governed by the
quantum pressure instead of the self-interactions. However,
if the bulk density is greater than pg, this region moves
down to smaller values of A4. Therefore, the blue dashed
line is not a strict limit.

Lastly, the area below the blue dotted line labeled
Ry < romy represents the parameter space where the
soliton size is smaller than the initial orbital radius of
the binary system during the measurement. To ensure the
applicability of our calculation across all frequencies, we
must thus consider

16Gemiy,r?

14 > 3ﬂh3 orbit , (68)

which reads

Ay >3x 10710 (@)‘(&)2
eV 1 pc
For r,4; we take the maximum orbital radius, computed
with Kepler’s third law at the earliest measurement time,
associated with the frequency f (4 yr). This constraint is
parallel to the soliton-size condition (6.5) and to the
detection threshold p,, in Eq. (6.2).

Hence, the white area in the parameter space indicates
where the dark matter model is realistic and all our
calculations apply successfully. More precisely, the upper
bounds, associated with the red exclusion regions, corre-
spond to unphysical regions of the parameter space, whereas
the lower bounds, associated with blue exclusion regions,
only correspond to regions where some of our computations
should be revised. However, where they fall within the
detection domain, below the black solid line, it should
remain possible to detect the dark matter environment.

We can see in Figs. 3 and 4 that in all cases the detection
threshold p,, runs through the white area. In particular, it is
parallel but below the upper bound associated with the
soliton size limit and above the lower bound associated
with the orbital radius limit. Thus, whereas the largest
solitons cannot be detected, a large part of the available

parameter space could lead to detection by interferometers
such as LISA and DECIGO. Whereas LISA probes models

(6.9)
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FIG. 5.
LISA interferometer as in Fig. 3.

with a scalar mass 1075 <mpy <1 eV, DECIGO is
restricted to 10712 <mpy <1 eV.

E. Constraints on the soliton radius

The two parameters mpy; and A4 also determine the
soliton size R, as seen in Egs. (2.3) and (2.4). As Ry
is more relevant for observational purposes than the
coupling 44, we show in Figs. 5 and 6 the application
domain of our computations and the detection threshold
Pax 0 the parameter space (mpy, Ry ), instead of the plane
(mpwm, A4) shown in Figs. 3 and 4 above.

We can see that no experiment can probe galactic-size
soltons, Ry, 2 1 kpc, that could be invoked to alleviate the
small-scale problems encountered by the standard CDM
scenario. At best, LISA and DECIGO can probe models
associated with 1077 pc < Ry; < 0.1 pc. These astrophysi-
cal scales range from a percent of astronomical unit to a
tenth of the typical distance between stars in the

102 LISA - IMRI
100< \\\
10_2‘ \\\\
e} N
Q 104 =
< 10 ~
5 107 T
m \\\\\\\
108 | T
1000 | e
-12 : ' ' ' ' Bl
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S 10
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10784 | el
10_10 e ~~\".Q~~~ ...................
0-12 : : : : : \i\‘
1012 10710 108 10® 10™* 10°2 10°
mpw [eV]

Domain over the parameter space (mpy, R,) where our derivations are applicable and detection threshold, in the case of the

Milky Way. Nevertheless, this is still a large fraction of
the parameter space.

Scalar dark matter scenarios associated with solitons of
such subgalactic size cannot be constrained by cosmo-
logical probes, such as the Lyman-a forest, or galaxy
rotation curves. Their moderate density also evades
microlensing detections. Therefore, their impact on the
gravitational waveforms emitted by binary systems that
they could contain would be a key probe of these dark
matter scenarios.

F. Comparison with other results

Our results for the minimal value p, of the bulk density
po that can be measured (i.e., its detection threshold) are
close to the results obtained in Fig. 2 of [103] from
collisionless dynamical friction, for the DECIGO, ET
and ADv-LIGO events and for the LISA interferometer
in the MBBH and IBBH cases, and somewhat more
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our derivations are applicable and detection threshold, in the case
of the DECIGO interferometer as in Fig. 4.

optimistic than the Bayesian analysis of [120]. While, as
noticed above, the scalings of the expression (2.10) for the
dynamical friction drag force are quite general and apply to
most media, from collisionless particles to gaseous media
and scalar-field dark matter scenarios, up to some numeri-
cal factors, it is not the reason for the similarity in our
outcomes. Our main determinant for the detection thresh-
old, as outlined in Eq. (5.14), is the accretion drag force, not
the dynamical friction. However, in the high-frequency
regime the accretion contribution (4.19) shows the same
scaling as the dynamical friction contribution (4.20),
Y~ (G MPpy/c®)(aGMf /)13 up to numerical fac-
tors and ratios of the binary masses. This explains why we
recover similar results to those of Fig. 2 of [103] for the
cases where the binary masses are similar and those mass
ratios are of the order of unity.

However, for the IMRI and EMRI cases with the LISA
interferometer, our findings are more promising as we
obtain detection thresholds that are lower by factors ~10°
as compared with Fig. 2 of [103]. This is because the

accretion contribution (4.19) is greater than the dynamical
friction contribution (4.20) that would be associated
with the most massive BH by a factor m?/(mu)~
m- /m_ ~ 1/v, which reaches 10® and 10* for IMRI and
EMRL

Here we note that our results (4.19) and (4.20) actually
differ from the Bondi-accretion and collisionless dynamical
friction results of [103] by powers or v, which are relevant
in case of IMRI and EMRI. As compared with [103],
our contribution from the accretion drags is enhanced by
the factor 2m?/(mu) ~ 2m. /m_ ~ 2/v associated with the
accretion onto the more massive BH. This term originates
from the factor siz/m in Eq. (3.22), which comes from the
drift of the Runge-Lenz vector (3.21). It seems that the
expressions used in [103] only take into account the term
24 /p in the accretion drag, that is, the accretion contribu-
tion to the force F(¢) in Egs. (3.15) and (3.22), and neglect
the factor rir/m.

Our contribution (4.20) for dynamical friction shows
the same scalings as in [103]. However, as we only include
the contribution from the smaller BH, because of the
frequency thresholds, its value is reduced because of the
terms m3 /(u>m), which yield a suppression factor ~* for
small v. This is because we consider a self-interacting
scalar-field environment instead of collisionless particles.
This shows the possible impact of the properties of the
medium on the gravitational drag. However, in our case this
term is subdominant as compared with the accretion
contribution and it may be difficult to estimate its precise
value from observations.

Our detection thresholds are much lower than those
shown in Fig. 1 of [103] for collisionless accretion. This is
because the accretion of scalar field dark matter if much
more efficient than that of collisionless particles (but less
efficient than that of a perfect gas at low Mach numbers),
see [15,16]. Indeed, pressure forces restrict tangential
motion and funnel particles in the radial direction [121].
This also gives a different velocity and frequency depend-
ence for the accretion drag associated with collisionless and
self-interacting dark matter.

VII. CONCLUSION

The detection of GWs has already given important results
for fundamental physics, e.g., the near equality between the
speed of GWs and the speed of light [122—-124]. In this
paper, we suggest that future experiments could reveal
some key properties of dark matter. As an example, we
focus on scalar dark matter with quartic self-interactions
and assume that the dark matter density of the Universe is
due to the misalignment mechanism for the scalar field.
Locally inside galaxies, these models can give rise to
dark matter solitons of finite size where gravity and the
repulsive self-interaction pressure balance exactly. This
regime applies when the size of the solitons is much larger
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than the de Broglie wavelength of the scalar particles. In
this case, these solitons could be pervasive in each galaxy
and BHs could naturally be embedded within these scalar
clouds when inspiralling toward each other in binary
systems. The scalar clouds have three effects on the orbits
of the binary systems. First, the gravity of the cloud
modifies the trajectories of the BHs. Second, dark matter
accretes onto the BHs and slows them down. Third, in the
supersonic regime the dynamical friction due to the
gravitational interaction between the BHs and distant
streamlines further slows them down. These effects can
lead to significant deviations of the binary orbits and
therefore to perturbations of the GW signal emitted by the
pair of BHs. The cloud gravity gives a —3PN contribution
to the gravitational waveform. The accretion gives a —4PN
or —5.5PN effect at low or high frequency, whereas the
dynamical friction gives a —5.5PN contribution. As such,
these effects are not degenerate with the relativistic
corrections that appear at higher post-Newtonian orders.

For a large part of the scalar dark matter parameter space,
future experiments such as LISA and DECIGO should be
able to observe the impact on GW of these dark matter
environments, provided binary systems are embedded
within such scalar clouds. This would give new clues
about the nature of dark matter. Within the framework of
the scalar field models with quartic self-interactions studied
in this paper, this would give indications on the value of the
bulk dark matter density p, as well as the characteristic
density p, of Eq. (2.3), that is, the combination mg, /4.
This would also give an indirect estimate of the size R, of
the solitons, from Eq. (2.4). The relatively high values of p,
required for detection, at least a few hundred times above
the dark matter density in the Solar system for EMRI with
LISA, suggest that this probe is mostly relevant for

scenarios where the scalar clouds form at high redshifts,
giving rise to a very clumpy dark matter distribution. The
fact that we have not detected such dark matter effects in
the ET and LIGO events is consistent with the high bulk
densities, p, = 1 g/cm?, that are needed to allow a detec-
tion with these interferometers.

On the other hand, the scenarios that can be probed
through their impact on binary GW waveforms, studied in
this paper, correspond to small clouds below 0.1 pc that
cannot be constrained by cosmological probes or galaxy
rotation curves, while there density is still too small to be
detected by microlensing. Therefore, GW waveforms
would be a key probe of these dark matter models.

Perturbations to the gravitational waveforms may result
from diverse environments, including gaseous clouds or
dark matter halos associated with other dark matter models.
In all cases where such environments are present, we can
expect accretion and dynamical friction to occur and slow
down the orbital motion. It would be interesting to study
whether one can discriminate between these different
environments. As shown in this paper, to do so we could
use the magnitude of these two effects and also the parts in
the data sequence where dynamical friction appears to be
active or not. Indeed, depending on the medium dynamical
friction is expected to be negligible in some regimes, such
as subsonic velocities. If one can extract such conditions
from the data, one may gain some useful information on the
environment of the binary systems. We leave such studies
to future works.
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