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We investigate the extension to finite temperatures and neutrino chemical potentials of a recently
developed nonlocal chiral quark model approach to the equation of state of neutron star matter. We consider
two light quark flavors and current-current interactions in the scalar-pseudoscalar, vector, and diquark
pairing channels, where the nonlocality of the currents is taken into account by a Gaussian form factor that
depends on the spatial components of the 4-momentum. Within this framework, we analyze order
parameters, critical temperatures, phase diagrams, equations of state, and mass-radius relations for different
temperatures and neutrino chemical potentials. For parameters of the model that are constrained by recent
multimessenger observations of neutron stars, we find that the mass-radius diagram for isothermal hybrid
star sequences exhibits the thermal twin phenomenon for temperatures above 30 MeV.
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I. INTRODUCTION

The exploration of the QCD phase diagram remains a
focal point of research, drawing considerable attention due
to its implications for understanding the diverse phases of
strongly interacting matter with temperature and baryon
chemical potential [1]. In extreme conditions, such as
those encountered in the early universe or within neutron
stars [2–5], nuclear matter undergoes transitions across
various phases, encompassing the quark-gluon plasma,
hadronic matter, and color superconducting phases [5,6].
Nevertheless, when QCD transitions to the nonperturbative
regime at low energies, effective models emerge as indis-
pensable tools for elucidating relevant phenomena in this
domain [7–10]. In regimes characterized by low temper-
atures and high densities or baryonic chemical potential, it
is imperative that effective models proficiently encapsulate
and predict phenomena within compact stellar environ-
ments. Conversely, near-zero baryonic chemical potential,
effective models must align with the insights provided by
lattice QCD (LQCD) [11,12]. This highlights how complex
QCD is, and we need flexible theories to understand it at
various energy and density levels. The growing wealth of
data from different cosmic messengers highlights the need
to thoroughly test effective models. This ensures accurate
predictions and descriptions of various phenomena. In
particular, it is important to note that nonlocal quark

effective models, specifically with covariant form factors,
naturally result in the inverse magnetic catalysis effect
under a constant external magnetic field and finite temper-
ature conditions [13,14]. Additionally, it is interesting to
explore how temperature and neutrino trapping play a role,
especially when describing objects formed after compact
star mergers. This also includes considering thermal
twins [15], which can be crucial in simulating supernovae
for massive stars. Integrating these factors helps us build
more comprehensive models for a better understanding of
astrophysical intricacies. In our prior research [16], we
conducted a thorough analysis of a nonlocal chiral quark
model, incorporating color superconductivity and vector
repulsive interactions at zero temperature. The primary aim
was to leverage the resulting equation of state (EOS) for
quark matter (QM) in conjunction with a hadronic EOS to
comprehensively characterize the properties of cold, del-
eptonized neutron stars (NSs) within a hybrid framework.
We determined the optimal parameters of the QM model
that satisfy modern observational constraints, including
maximum mass, radii, and tidal deformability [17–20].
In this ongoing investigation, our central objective is to

enhance the model’s versatility at high densities by extend-
ing its applicability to finite temperature conditions. Then,
the developed EOS can become part of the repository
CompOSE [21] which comprises EOSs for simulations of
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astrophysical objects like supernovae, neutron stars and
their mergers.
To maintain consistency with constraints pertinent to the

cold neutron star (NS) scenario, we employ the identical
parameters from the quark matter (QM) model detailed in
Ref. [16]. By incorporating temperature, we consider the
presence of trapped neutrinos in compact star matter,
examining their collective impact on the maximum mass
and radii of the compact object configurations.
This paper is organized as follows: In Sec. II, we

introduce the quark model, extending its application to
finite temperature. Subsequently, in Sec. III, we present the
results of our hybrid model for astrophysical applications.
Finally, Sec. IV provides a summary of our findings and
conclusions.

II. INSTANTANEOUS NONLOCAL QUARK
MODEL AT FINITE TEMPERATURE AND

DENSITY, INCLUDING NEUTRINO TRAPPING

We investigate the properties of quark matter (QM) in the
frame of a nonlocal chiral quark model. This model takes
into account interactions involving scalar and vector quark-
antiquark pairs, as well as antitriplet scalar diquark inter-
actions. The effective Euclidean Lagrangian density for two
light flavors is expressed as [16]

L ¼ ψ̄ðxÞð−i∂þmcÞψðxÞ −
GS

2
jfSðxÞjfSðxÞ

−
GD

2
½jaDðxÞ�†jaDðxÞ þ

GV

2
jμVðxÞjμVðxÞ: ð1Þ

In this context,mc denotes the current quark mass, which is
assumed to be the same for both u and d quarks. The
currents jS;DðxÞ are defined using nonlocal operators based
on a separable approximation of the effective one-gluon
exchange model within the framework of quantum chromo-
dynamics (QCD) [22,23]. The currents read

jfSðxÞ ¼
Z

d4zgðzÞψ̄
�
xþ z

2

�
Γfψ

�
x −

z
2

�
;

jaDðxÞ ¼
Z

d4zgðzÞψ̄C

�
xþ z

2

�
iγ5τ2λaψ

�
x −

z
2

�
;

jμVðxÞ ¼ ψ̄ðxÞiγμψðxÞ; ð2Þ

where we defined ψCðxÞ ¼ γ2γ4ψ̄
TðxÞ and Γf ¼ ð1; iγ5τ⃗Þ,

while τ⃗ and λa, with a ¼ 2, 5, 7, stand for Pauli and Gell-
Mann matrices acting on flavor and color spaces, respec-
tively. The functions gðzÞ in Eq. (2) represent nonlocal
“instantaneous” form factors (3D-FF) characterizing the
effective quark interaction, which relies on spatial momen-
tum components.
It is important to mention that the vector current in

Eq. (2) is assumed to be local, and the reason for this

assumption will be provided later. For the extension to
2þ 1 flavors, see Refs. [24,25].
In the mean-field (MF) approximation, the only non-

vanishing MF values in the scalar and vector sectors
correspond to isospin zero fields, specifically σ̄ and ω̄,
respectively. Additionally, within the diquark sector, due to
color symmetry, one can perform color space rotations to
set Δ̄5 and Δ̄7 to zero while maintaining Δ̄2 ¼ Δ̄.
When distinct chemical potentials, denoted as μfc for

each flavor and color, are introduced, it may initially appear
as though six unique quark chemical potentials emerge.
These correspond to the quark flavors u and d, as well as
the quark colors r, g, and b. However, all μfc can be
expressed in terms of three independent parameters: the
baryonic chemical potential μB (calculated as μu þ 2μd), a
quark electric chemical potential μQq

(defined as μu − μd),
and a color chemical potential μ8. The corresponding
relations read

μur ¼ μug ¼
μB
3
þ 2

3
μQq

þ 1

3
μ8

μdr ¼ μdg ¼
μB
3
−
1

3
μQq

þ 1

3
μ8

μub ¼
μB
3
þ 2

3
μQq

−
2

3
μ8

μdb ¼
μB
3
−
1

3
μQq

−
2

3
μ8: ð3Þ

Note that the particular choice of Δ̄2 ¼ Δ̄ in the space color
introduces an additional r − g symmetry.
When taking into account the vector meson mean-field

ω̄, originated from the term involving γ0 in the local vector
current, the chemical potentials experience a shift denoted
as μ̃fc ¼ μfc − ω̄ [10]. This choice of local interactions in
the vector current was made to prevent any momentum
dependence in the chemical potentials, which are now
adjusted due to the presence of the vector mean field. In
addition, following Ref. [26], it is convenient to define

μ̃c ¼
μ̃uc þ μ̃dc

2
ð4Þ

and

δμ̃c ¼
μ̃uc − μ̃dc

2
: ð5Þ

Thus, the corresponding mean-field grand canonical
thermodynamic potential per unit volume can be written as

ΩMFA ¼ σ̄2

2GS
þ Δ̄2

2GD
−

ω̄2

2GV
− 2

Z
d3p⃗
ð2πÞ3 ξðp⃗Þ; ð6Þ

with
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ξðp⃗Þ ¼
X

c;κ;λ¼�

n
ϵκc=2þ T ln

h
1þ e−

ϵκcþλδμ̃c
T

io
; ð7Þ

where c denotes quark color and the � for κ and λ indicate
the need to consider two terms for each index, one for each
sign. Considering the red-green symmetry introduced ear-
lier, we have defined

ϵ�c ¼ Ē�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½gðp⃗ÞΔ̄ð1 − δbcÞ=Ē�

c �2
q

; ð8Þ

where

Ē�
c ¼ E� μ̃c: ð9Þ

The dispersion relation is given by

E2 ¼ p⃗2 þM2ðp⃗Þ: ð10Þ
Here, the momentum-dependent quark mass function is

Mðp⃗Þ ¼ mc þ gðp⃗Þσ̄: ð11Þ
The mean-field values σ̄ and Δ̄ are determined by solving

a system of coupled gap equations, complemented by a
constraint equation for ω̄. This set of equations collectively
characterizes the self-consistent behavior of the system.
Additionally, the constraint equation for ω̄ ensures that
the vector meson mean field remains consistent with the
other field values, contributing to the overall stability and
equilibrium of the system under investigation. The set of
equations is

∂ΩMFA

∂σ̄
¼ 0;

∂ΩMFA

∂Δ̄
¼ 0;

∂ΩMFA

∂ω̄
¼ 0 ð12Þ

explicitly shown in Eqs. (A2)–(A4), and using the regu-
larization prescription of Eq. (A5).
As we aim to describe quark matter behavior in the core

of neutron stars, we need to consider the presence of
leptons. In this study, we consider exclusively electrons and
electron neutrinos as the leptonic components. By treating
leptons as a free relativistic Fermi gas, the total pressure of
both quark matter and leptons can be expressed as

P ¼ Pq þ Plep; ð13Þ

with Pq ¼ −ΩMFA
reg (see the Appendix), and where Plep

reads

Plep ¼ 2T
X
λ¼�

Z
d3p⃗
ð2πÞ3 ln

�
1þ e−

ϵeþλμe
T

�

þ
�

μ4ν̄e
24π2

þ μ2ν̄eT
2

12
þ 7π2T4

360

�
; ð14Þ

with ϵe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þm2

e

p
.

In addition, it is necessary to take into account that quark
matter has to be in β equilibrium with electrons and muons
through the β-decay reactions

d → uþ eþ ν̄e; uþ e → dþ νe: ð15Þ

Thus, we have an additional relation between fermion
chemical potentials, namely,

μQq
¼ μuc − μdc ¼ −μe þ μνe ð16Þ

for c ¼ r, g, b.
Ensuring electric and color charge neutrality within the

system is a crucial requirement in the core of neutron stars.
In this context, two chemical potentials, namely μe and μ8,
become constrained by the conditions that electric charge
and color charge number densities must be zero. As we will
introduce later, we will consider that μνe is a function of the
temperature. These conditions are expressed as follows:

nQtot
¼ nQq

− ne

¼
X

c¼r;g;b

�
2

3
nuc −

1

3
ndc

�
− ne ¼ 0;

n8 ¼
1ffiffiffi
3

p
X
f¼u;d

�
nfr þ nfg − 2nfb

� ¼ 0; ð17Þ

where the expressions for the different number densities
can be found in the Appendix.
From the thermodynamic potential, we can easily derive

several other important quantities. In particular, we define
the quark and lepton densities as follows:

nfc ¼ −
∂ΩMFA

reg

∂μfc
;

ne ¼ −
∂ΩMFA

reg

∂μe
;

nνe ¼
μ3ν̄e
8π2

þ μν̄eT
2

6
: ð18Þ

The quark chiral condensate and chiral susceptibility χ are
given by

hψ̄ψi ¼ ∂ΩMFA
reg

∂mc
; χ ¼ −

∂hψ̄ψi
∂mc

: ð19Þ

In summary, within the context of quark matter in
neutron stars, it is possible to determine the values of Δ̄,
σ̄, ω̄, μe, and μ8, for each combination of temperature (T)
and baryonic chemical potential (μB). This is achieved
through the solution of Eq. (12), accompanied by the
supplementary equations (16) and (17). This comprehen-
sive approach enables us to establish the equation of state
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(EOS) for quark matter within the specific thermodynamic
regime.
To comprehensively define the nonlocal Nambu–Jona-

Lasinio (NJL) model in question, it is essential to establish
specific parameters and the instantaneous form factor gðp⃗Þ
at T ¼ 0 and μB ¼ 0. These parameters and form factors
are vital for describing how quarks interact in the qq̄ and qq
channels. As in Ref. [16], we consider a Gaussian form
factor in momentum space,

gðp⃗Þ ¼ exp½−p⃗2=Λ2�:

In this study, we adopted the identical set of input
parameters as presented in Ref. [16], which includes
mc ¼ 2.3 MeV and GS ¼ 9.9 GeV−2. We introduce the
ratios of coupling constants as follows: ηD ¼ GD=GS and
ηV ¼ GV=GS. We will specifically focus on the ratios
explored in Ref. [16], which were constrained through
the analysis of observational multimessenger data.
Now, we can begin to analyze the features of the phase

transitions in the T-μB plane for the nonlocal chiral quark
model introduced above. In this section, we will simplify
our analysis by neglecting the influence of neutrino
trapping. The consideration of neutrinos and their impact,
as a function of the temperature, will be incorporated in
the subsequent section when we investigate astrophysical
applications. This separation allows us to focus on the
specific aspects of the system at hand before introducing
the broader astrophysical context.
To illustrate the behavior of the order parameters and

phase transitions, it is convenient to start by showing the
behavior of the order parameters for representative values
of ηD and ηV as a function of the baryonic chemical
potential, considering two different fixed temperatures.
Initially we will consider only electrons as leptons, that
is, without neutrinos trapped in the system. In Fig. 1, we
quote the quark condensate in solid lines and the diquark
MF value in dashed lines as functions of μB, for ηD ¼ 1.1
and ηV ¼ 0.5. The critical chemical potentials μcB are
denoted with thin black vertical lines.
In Fig. 2 we show the behavior of the quark condensate

in solid lines and the diquark MF value in dashed lines as
functions of T for two given values of μB.
In general, it can be seen that the mean-field value of the

diquark field vanishes at μ2SCB (T2SC), denoting a second-
order phase transition. On the other hand, at μχSBB (TχSB),
one finds the peak of the chiral susceptibility, indicating a
crossover phase transition to a region where the chiral
symmetry is partially restored. Therefore, one can define a
region, denoted by the gray band in both figures, where
a 2SC phase takes place with a finite and small value of
the diquark gap coexisting with the chiral symmetry-
breaking phase.
Considering the phase diagrams under different

model approximations is valuable. It not only facilitates

comparisons with other studies but also aids in under-
standing the impact of each interaction term considered on
the phase transition curves. In Fig. 3, we present the phase
diagrams corresponding to different limiting conditions
of the model, depending on the choice of the coupling
constant ratios.
The phase diagram can be sketched by analyzing the

numerical results obtained for the relevant order parame-
ters. In general, one can find regions in which the chiral
symmetry is either broken (χSB) or approximately restored,
and phases in which the system remains either in an
asymptotically free phase (NQM) or in a two-flavor super-
conducting phase (2SC). The first-order and crossover
boundaries are depicted by solid and dotted lines, respec-
tively, while second-order phase transitions are indicated
by dashed curves. Solid dots mark critical end point (CEP)
locations, between the crossover and first-order phase
transitions. Each set of lines of the same color represents
the phase diagram for a specific approximation of the
model. Namely, the full model is shown with black lines,
while the blue ones correspond to a system without color
and charge neutrality or leptons. In red (green) lines we
plot the phase transition curves for a model with ηV ¼ 0
(ηD ¼ 0). Finally, the purple curves represent a model
with ηV ¼ ηD ¼ 0. It is evident that diquark interactions

(a)

(b)

FIG. 1. Order parameters chiral condensate (solid line) and
diquark pairing gap (dashed line) as functions of μB for temper-
atures T ¼ 40 and T ¼ 80 MeV in panels (a) and (b), respec-
tively, when ηD ¼ 1.1, ηV ¼ 0.5, and μνe ¼ 0.
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promote chiral symmetry restoration, whereas vector repul-
sion appears to delay it. Furthermore, as the diquark
coupling constant ratio increases, the 2SC region is more
robust, as expected.

Let us now analyze the structure of the phase diagram at
the mean-field level for several representative cases in the
parameter space of ηD and ηV , as considered in Ref. [16].
Specifically, we fix ηD to 0.9 in Fig. 4 and to 1.1 in Fig. 5.
In these figures, the upper, middle, and lower panels
correspond to ηV values of 0.1, 0.5, and 0.9, respectively.
At relatively high temperatures, the critical chemical
potentials are characterized by the positions of the peaks
in the chiral susceptibility, marking the region where the
transition occurs as a smooth crossover (denoted by dotted
lines in the figures). Conversely, at lower temperatures,
the chiral condensate exhibits a discontinuity, indicating a
first-order phase transition (solid lines in the figures).
Traversing the first-order phase transition curve reveals
an ascent in the critical temperature from zero to a critical
end point (CEP) temperature, while the critical chemical
potential decreases as Tc increases. Beyond this CEP, the
chiral restoration phase transition proceeds smoothly as a
crossover.
With increasing vector coupling, the CEP is moved to

lower temperatures and is absent above a critical vector
coupling, as was found already in [27]. As previous investi-
gations of the QCD phase diagram with color super-
conductivity within chiral quark models at the mean-field
level have revealed (see, e.g., Refs. [24,25,28]), the chiral
symmetry breaking and color superconducting phases
expel each other when vector and diquark couplings are

(a)

(b)

FIG. 2. Order parameters chiral condensate (solid line) and
diquark pairing gap (dashed line) as functions of temperature T
for μB ¼ 850 and μB ¼ 1200 MeV in panels (a) and (b),
respectively, with ηD ¼ 1.1, ηV ¼ 0.5, and μνe ¼ 0.

FIG. 3. Structure of the phase diagram at low temperatures
and finite μB for different parametrizations of the model: full
model with leptons (black line), version without charge or color
neutrality (blue lines), and the simplest version, a model without
diquarks or vector interactions (violet lines).

(a)

(b)

(c)

FIG. 4. Phase diagrams for ηD ¼ 0.9 and (a) ηV ¼ 0.1,
(b) ηV ¼ 0.5, and (c) ηV ¼ 0.9 with μνe ¼ 0.
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not too strong. Then, the first-order phase transition of
partial chiral symmetry restoration for Tc < TCEP entails a
first-order transition for the onset of color superconduc-
tivity with increasing μB. Should vector and/or diquark
coupling be sufficiently strong, then a coexistence phase
of chiral symmetry breaking and color superconductivity
can exist. This has been observed and discussed in the
three-flavor case in the work [29] as a result of the mixing
between diquark pairing condensates and chiral conden-
sates by the Fierz-transformed ’t Hooft determinant inter-
action, i.e. as a consequence of the UAð1Þ anomaly of
QCD. This coexistence phase is also related to the
possibility of a Bose—Einstein condensate-Bardeen—
Cooper—Schrieffer (BEC-BCS) crossover in low-
temperature quark matter [30–33]. Note that a crossover
nature of the deconfinement transition at low temperatures
has also been suggested based on arguments for a quark-
hadron continuity [34,35].
As mentioned above, there is an intermediate region of

coexistence where the chiral symmetry remains broken
with a nonvanishing diquark mean-field value. The size
of the coexistence region becomes larger with increasing
values of ηV and ηD. In contrast, elevated ηV values lead to a
reduction in the coordinates of the CEP.
Moreover, in the case of extreme ηD values and very low

temperatures, there is a sharp increase in the critical
chemical potential for diquark condensation. This phe-
nomenon, resulting from particularly large ηD values, has

been previously observed within the framework of these
effective models [23].

III. ASTROPHYSICAL APPLICATIONS

The primary objective of this study is to assess the
applicability of the proposed QM model in the context of
astrophysics, in particular to the study of effects of the
quark-hadron phase transition in (proto)neutron stars as
well as simulations of supernova explosions and neutron
star mergers. In this context, the appearance of thermal
twins [15] signals a softening of the EOS which may inhibit
the possibility of a second shock that was obtained as an
explosion mechanism for the DD2F-SF model class of
hybrid EOSs [36,37] and rather lead to a failed supernova.
The possibility that thermal twins might serve as an
indicator for the (non)explodability property of a class
of hybrid EOSs warrants a detailed study of this phenome-
non. To achieve this goal, we adopt a two-phase model
framework for the construction of isothermal first-order
phase transitions from hadronic matter to QM under the
constraints met in the interiors of compact stellar objects.

A. QM EOS

In Ref. [16] we considered a μB-dependent bag pressure
given by the equation

BðμBÞ ¼ B0f<ðμBÞ ð20Þ

with

f<ðμBÞ ¼
1

2

	
1 − tanh

�
μB − μ<

Γ<

�

; ð21Þ

which was first introduced in [38] in order to mimic
the string-flip QM EOS of Ref. [39] and later applied
also for other aspects of hybrid neutron star pheno-
menology [40–42].
Here we have set μ< ¼ 895 MeV, Γ< ¼ 180 MeV and

B0 ¼ 35 MeV=fm3, being the optimal values to reproduce
the astrophysical observables.
Also, it is important to remark that a μB-dependent bag

pressure will affect the value of nB ¼ ∂P=∂μB, producing a
noticeable effect on the a free energy and therefore also on
the energy density, both of them defined below. The energy
density can be written as

ε ¼ −P� þ Tsþ G; ð22Þ

where s ¼ −∂Ω=∂T. Here, G is Gibbs free energy, which
depends on conserved charges

G ¼
X
α

μαnα

¼ μBn�B þ μlnl þ μQnQ þ μ8n8; ð23Þ

(a)

(b)

(c)

FIG. 5. Phase diagrams for ηD ¼ 1.1 and (a) ηV ¼ 0.1,
(b) ηV ¼ 0.5, and (c) ηV ¼ 0.9 with μνe ¼ 0.
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where n�B ¼ nB − ∂BðμÞ
∂μB

and P� ¼ P − BðμÞ and

∂BðμÞ
∂μB

¼ −
0.5B0

coshðμB−μ<Γ<
Þ2Γ<

: ð24Þ

By imposing electric charge and color charge neutrality,
the last two terms of Eq. (23) are zero; then, after reordering
terms, G can be written as

G ¼ n�BμB þ ðnνe þ neÞμνe ; ð25Þ

where nB ¼ ð1=3Þðnu þ ndÞ with nf ¼ P
c nfc and the

chemical potentials μfc are defined in Eq. (3).

B. Hadronic phase

The interactions between baryons in the hadronic phase
of nuclear matter are modeled using the density-dependent
relativistic mean-field (RMF) theory. This theory is based
on the exchange of scalar (σ), vector (ω), and isovector (ρ)
mesons. The Lagrangian density of this model is a function
of the meson and baryon fields, given by

L ¼
X
B

ψ̄B

�
γμ
�
i∂μ − gωBðnÞωμ − gρBðnÞτ · ρμ

�

− ½mB − gσBðnÞσ�
�
ψB þ 1

2

�
∂μσ∂

μσ −m2
σσ

2
�

−
1

4
ωμνω

μν þ 1

2
m2

ωωμω
μ þ 1

2
m2

ρρμ · ρμ

−
1

4
ρμν · ρμν; ð26Þ

where n ¼ P
B nB is the total baryon number density,

while gσBðnÞ, gωBðnÞ, and gρBðnÞ are density-dependent
meson-baryon coupling constants, whose functional form
is usually given by [43,44]

gτBðnÞ ¼ gτBðn0Þaτ
1þ bτð nn0 þ dτÞ2
1þ cτð nn0 þ dτÞ2

; ð27Þ

for τ ¼ σ, ω and

gρBðnÞ ¼ gρBðn0Þ exp
	
−aρ

�
n
n0

− 1

�

; ð28Þ

where the parameters aτ, bτ, cτ, dτ and aρ are fixed by the
binding energies, charge and diffraction radii, spin-orbit
splittings, and the neutron skin thickness of finite
nuclei [45,46].
The meson mean-field equations following from Eq. (26)

are given by

m2
σσ̄ ¼

X
B

gσBðnÞnsB;

m2
ωω̄ ¼

X
B

gωBðnÞnB;

m2
ρρ̄ ¼

X
B

gρBðnÞI3BnB; ð29Þ

where I3B is the 3-component of isospin for each baryon,
while nsB and nB are the scalar and particle number densities
for each baryon B, which are given by

nsB ¼ γB

Z
d3p
ð2πÞ3

�
fB−ðpÞ − fBþðpÞ

�m�
B

E�
B
; ð30Þ

nB ¼ γB

Z
d3p
ð2πÞ3

�
fB−ðpÞ − fBþðpÞ

�
: ð31Þ

Here fB∓ denotes the Fermi-Dirac distribution function and
E�
B stands for the effective baryon energy given by

fB∓ðpÞ ¼
1

exp½E�
BðpÞ∓μ�B

T � þ 1
; E�

BðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm�2

B

q
;

γB ¼ 2JB þ 1 is the spin degeneration factor, m�
B ¼ mB −

gσBðnÞσ̄ is the effective baryon mass, and μ�B is the effective
chemical potential, given by

μ�B ¼ μB − gωBðnÞω̄ − gρBðnÞρ̄I3B − R̃; ð32Þ

where R̃ is the rearrangement term given by

R̃¼
X
B

�
∂gωBðnÞ

∂n
nBω̄þ ∂gρBðnÞ

∂n
I3BnBρ̄−

∂gσBðnÞ
∂n

nsBσ̄

�
;

ð33Þ

which is important for achieving thermodynamical con-
sistency [47]. This term also contributes to the baryonic
pressure,

PB ¼
X
B

γB
3

Z
d3p
ð2πÞ3

p2

E�
B
½fB−ðpÞ þ fBþðpÞ�

−
1

2
m2

σσ̄
2 þ 1

2
m2

ωω̄
2 þ 1

2
m2

ρρ̄
2 þ nR̃: ð34Þ

Note that in this work, neglecting the effects of strange-
ness, B runs only for nucleons, i.e., B ¼ N;P.
Lepton particles can be included in the hadronic matter

as free Fermi gases in the RMF theory. The pressure
contribution of these particles is given by

PL ¼
X
L

γL
3

Z
d3p
ð2πÞ3

p2

EL
½fL−ðpÞ þ fLþðpÞ�; ð35Þ

THERMAL TWIN STARS WITHIN A HYBRID EQUATION OF … PHYS. REV. D 109, 043050 (2024)

043050-7



where fL∓ðpÞ are the corresponding Fermi-Dirac distri-
bution functions for leptons and antileptons, respectively.
The degeneracy factor of the spin-1=2 leptons is γL ¼ 2.
The sum over L in Eq. (35) usually runs over e− with

mass me and, when corresponding, massless electron
neutrinos, νe.
The energy density, ε, is determined by the Gibbs

relation:

ε ¼ −Pþ TSþ
X
j

μjnj; ð36Þ

where P ¼ PB þ PL, S ¼ ∂P
∂T and nj ¼ ∂P

∂μj
(j stands for all

the particles of this phase, including leptons).
As previously shown in the T ¼ 0 calculation by

Contrera et al. [16], our study incorporates a neutron
star crust, utilizing the Baym-Pethick-Sutherland (BPS)
model [48] to comprehensively characterize the hadronic
equation of state (EOS) at densities below the nuclear
saturation density.

C. Exploring the hybrid EOS and astrophysical
observables

To obtain the mass-radius relations of the protoneutron
stars we use a two-phase description to account for the
transition from nuclear matter to quark matter (QM). For
QM we use the nonlocal NJL model presented in Sec. II
and studied at T ¼ 0 in Ref. [16], which includes a density-
dependent bag pressure and whose free parameters have
been chosen to better reproduce modern astrophysical
constraints. On the other hand, to describe nuclear matter
at finite temperature, we use the DD2 density-dependent
model parametrization described in Sec. III B.
The phase transition between nuclear and quark matter is

described by a Maxwell construction, where it is required
that the pressure and Gibbs free energy per baryon of the
two phases coincide at the phase transition. Note that, at
T ¼ 0 without neutrino trapping, the Gibbs free energy per
baryon becomes the baryon chemical potential, as shown in
Eq. (25). Outside the phase transition, the phase with higher
pressure and lower Gibbs free energy per baryon has to be
chosen as the physical one.
To assess and compare the hybrid equation of state

(EOS) with astrophysical observations, it is necessary to
solve the Tolman-Oppenheimer-Volkoff (TOV) equations
for a static, nonrotating, spherically symmetric star.
Specifically, to compute the internal energy density dis-
tribution of compact stars and thus derive the mass-radius
relation, we utilize the TOV equations for a static and
spherical star in the framework of general relativity:

dPðrÞ
dr

¼ G
�
εðrÞ�þ PðrÞÞ�MðrÞ þ 4πr3PðrÞ�

rðr − 2GMðrÞÞ ; ð37Þ

dMðrÞ
dr

¼ 4πr2εðrÞ; ð38Þ

with Pðr ¼ RÞ ¼ 0 and Pðr ¼ 0Þ ¼ Pc as boundary con-
ditions for a star with mass M and radius R.
In a neutron star at finite temperature, neutrinos are

trapped in the stellar core. In this work, we neglect muons
and muon neutrinos due to their low fractions and negli-
gible impact on global stellar properties [49–53]. There-
fore, we will consider only electrons and the corresponding
(anti)neutrinos as leptons for both hadronic and quark
phases. We consider that the neutrino chemical potential is
a linear function of the temperature, where three different
scenarios can be identified (following Ref. [54]): (i) NS
with extremely low temperatures and no trapped neutrinos,
(ii) proto-NS exhibiting low temperatures and a significant
quantity of trapped neutrinos, and (iii) postmerger object
could reach high temperatures, with the significant neutrino
trapping amount.
Considering the parameters associated with the quark

model, we establish the values for the ratios of the coupling
constants as ηD ¼ 1.1 and ηV ¼ 0.5. In our analysis, we
delineate the phase diagram for QM, considering the
assumption that trapped neutrinos demonstrate a linear
dependency on temperature. This ansatz is precisely
described by μνe ¼ 2T. We considered the impact of
trapped neutrinos by including their chemical potential
in Eq. (16). It is essential to use Eq. (16) together with the
chemical potentials provided in Eq. (3).
In Fig. 6, we compared the phase diagrams with and

without neutrinos, shown as blue and black lines, respec-
tively. As expected, at very low temperatures, both dia-
grams overlap, owing to our ansatz for the temperature
dependence of the neutrino chemical potential which
implies that at T ¼ 0 neutrino trapping effects are absent.
At higher temperatures, with the inclusion of neutrinos in

FIG. 6. Phase diagram for quark matter model with ηV ¼ 0.5
and ηD ¼ 1.1 with and without neutrino trapping.
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the model, we observed a slight reduction of the chiral
critical temperature, accompanied by a marginally expan-
ded 2SC phase, see also Refs. [55,56].
In Fig. 7, the mass-radius plot for the hadronic matter is

presented, using the DD2 EOS with a BPS crust. Three
distinct relevant temperatures are considered alongside
various selections of neutrino chemical potentials. It can
be seen that the maximum mass of hadronic compact stars
increases with both temperature and neutrino chemical
potential. An expansion in the radii accompanies this trend.
As the temperature rises, possibly indicating a postmerger
state, a second maximum is noticeable, characterized by a
larger radius. This observation may suggest the emergence
of an additional family of expanded (twin) neutron stars at
high temperatures.
Now, we will analyze the hybrid EOS configurations,

composed of a DD2 hadronic phaseþ BPS crust and a
nonlocal 3D-FF model for the QM phase with input
parameters ηV ¼ 0.5 and ηD ¼ 1.1. First, in Fig. 8(a), we
present the Gibbs free energy per baryon as a function of
pressure to illustrate the transitions from the hadronic to
quark matter phase. We examined a range of T and μνe
values, which are linked, as previously mentioned, by
μνe ¼ 2T. Subsequently, in Fig. 8(b), we depict the Gibbs
free energy per baryon concerning pressure while consid-
ering an alternative linear relation for μνe ¼ αT. As an
illustrative example, we consider values of α equal to 2.4
and 2.8. It is apparent that with an increase in α, the
crossing between the hadronic and QM EOS disappears,
resulting in the absence of hybrid configurations.
In Fig. 9(a), we show the hybrid EOS resulting from a

Maxwell construction of the phase transition as shown in

Fig. 8(a). We observe that as the temperature increases, the
jump in energy density at the transition from hadronic to
quark matter is enlarged. As expected, at high densities all
the QM EOSs tend to have the same linear relation between
P and ε. In Fig. 9(b), we illustrate the behavior of the
squared speed of sound as a function of energy density for
the hybrid EOS. It is evident that the peaks consistently
remain within the causal regime.
We note that the strong first-order phase transition

occurs for energy densities ε ≈ 0.2–0.35 GeV=fm3, just
below the position of the peaks at ∼0.4 GeV=fm3. This
finding is supported by the recent result within an
independent hybrid neutron star description based on a
relativistic confining density functional model of color
superconducting quark matter with an asymptotic
approach to the conformal limit [57]. Interestingly, the
range of energy densities where the crossover transition
is seen in lattice QCD simulations at finite temperature
lies in the same range, see Fig. 1 of Ref. [58]. Indications
for a dip in the squared speed of sound just below the
peak position have been found also by model-agnostic
Bayesian analyses of the mass and radius constraints

FIG. 7. Mass-radius relations for pure hadronic matter EOSs
(with a BPS crust). Different values of T and the corresponding
μνe ¼ 2T are highlighted with thicker lines. In addition to the
existing data points, for T ¼ 30, 40, and 50 MeV we added
thinner lines corresponding to additional fixed values of
μνe ¼ 60, 80, 100, 120, 140 MeV, from bottom to top.

(a)

(b)

FIG. 8. (a) Hadron-quark phase transition points for finite
temperature EOSs considering the relation μνe=T ¼ 2 and
(b) μνe=T ¼ α, with α ¼ 2.4 and 2.8.
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from modern astrophysical observations of neutron stars,
see Refs. [59–61].
In Fig. 10, the mass-central energy density relations of

the hadronic (short dashed lines) and hybrid (solid lines)
configurations are displayed. The regions of unstable
configurations, where the slope of the lines is zero or
negative, are represented by thinner short dotted lines for all
the cases. The maximum masses are indicated by triangular
or starlike symbols for hadronic or hybrid configurations,
respectively. Finally, the pure QM onsets are located by
solid dot symbols. It is relevant to mention that at
T ≥ 30 MeV, immediately after the phase transition pla-
teau, an unstable region appears which increases with T.
In Fig. 11, we present the mass-radius relationships for

the hybrid compact object configurations (solid lines). For
comparison, the corresponding pure hadronic configura-
tions are included (dashed lines). As mentioned earlier,
various temperatures have been considered, along with
their corresponding μνe values. The initial configuration
for hybrid compact objects, represented by solid dots,
shows an increase in both, radius and mass, with rising

temperature and μνe . We observe that configurations with
low radii and maximum mass are located around 2.3M⊙ for
hybrid stars (starlike symbols) and around 2.5M⊙ for pure
hadronic stars (triangular symbols). Additionally, it can be
seen that the Mmax locations exhibit a marginal variation
for different T and μνe values. The corresponding radii,
however, increase by a few kilometers with T and μνe . It is
important to note that at T ∼ 30 MeV and above, thermal

(a)

(b)

FIG. 9. (a) Hybrid EOSs constructed from the phase transitions
shown in Fig. 8(a). (b) Squared speed of sound as a function of
the energy density, for several T (and the related μνe ).

FIG. 10. Mass-central density relations from hybrid EOSs for
different values of T and μνe . Short-dashed lines correspond to
crustþ DD2 EOSs while solid lines also include QM. For all the
cases, dotted lines show the unstable regions. Solid dots display
the QM onsets and star (triangle) symbols indicate the Mmax
locations for hybrid (hadronic) EOSs.

FIG. 11. Mass-radius relations from hybrid EOSs for different
values of T and μνe . Short-dashed lines correspond to crustþ
DD2 EOSs while solid lines also include QM. For all the cases,
dotted lines show the unstable regions. Solid dots display the QM
onsets and star (triangle) symbols indicate the Mmax locations for
hybrid (hadronic) EOSs.
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twin configurations appear, consisting of a hybrid compact
object and a corresponding hadronic counterpart with the
same mass but a significantly larger radius. Similar results
have been obtained earlier in Ref. [15] for the class of
hybrid EOSs where the hadronic phase is described by the
STOS EOS [62,63] and for the quark matter phase, a bag
model has been adopted [64,65]. Based on the previously
mentioned stability criteria, we can observe (indicated by
thinner, short, dotted lines) regions of unstable configura-
tions for T ≥ 30 MeV in the initial portion of the hybrid
star regions; similarly, for purely hadronic configurations
at T ≳ 50 MeV.

IV. SUMMARY AND CONCLUSIONS

In this study, we have conducted a comprehensive
analysis of the low-temperature QCD phase diagram and
hybrid protoneutron star configurations including the
possibility of neutrino trapping.
The hadronic phase is characterized by the DD2 EOS,

incorporating in addition to the density dependence on both
temperature and a chemical potential of electron neutrinos
trapped within the system. The quark matter phase is
described by a nonlocal quark model with an instantaneous
form factor, as previously introduced in [16] at zero
temperature. The model’s input parameters were carefully
selected to align with modern multimessenger observatio-
nal data. Initially, we meticulously examined the quark
matter phase diagram, both with and without the influence
of trapped neutrinos. Our analysis led us to the conclusion
that neutrinos have a minimal impact on the phase diagram.
We assumed a linear relationship between the neutrino
chemical potential and temperature, alongside the ansatz
μνe ¼ αT, with α ¼ 2. Our findings indicate that up to
α ¼ 2.4 hybrid configurations persist consistently for
temperatures up to 50 MeV. Nevertheless, when consider-
ing a slightly steeper linear relationship between T and μνe
characterized by a greater α value, the hybrid configura-
tions cannot be obtained at this temperature, giving rise
to pure hadronic stellar objects. We also observed that
the temperature has no significant influence on the maxi-
mum mass of the hybrid star sequence. However, the radius
of the “hot” compact object increases. An additional effect
related to the temperature and neutrinos is observed for
temperatures above 30 MeV: stable thermal twin branches
emerge, with one component of the equal-mass pair
exhibiting a significantly larger radius. The occurrence
of thermal twins in the mass-radius diagram indicates
a softening of the quark matter phase which in a dyna-
mical scenario of supernova collapse or neutron star
mergers may result in black hole formation, i.e. a “failed
supernova.”
Summarizing our investigation, we find that the hybrid

EOS model with color superconducting quark matter
exhibiting thermal twin stars falls in the same class of
hybrid EOS as, e.g., the STOS-B EOS with B parameters in

the range of B139 and B165 [15], where the entropy per
baryon in an isothermal transition decreases. Following the
discussion in [66], this behavior at the deconfinement
transition is called enthalpic transition (see also Fig. 10
of Ref. [37]), which was also found for the phase diagram
of hybrid EOSs [66] constructed with the confining
relativistic density functional model for color supercon-
ducting quark matter [67]. Such models are likely to
produce thermal twins. We want to conjecture that the
property of thermal twin configurations is a necessary (but
not sufficient) condition for the deconfinement transition at
finite temperatures being enthalpic.
On the other hand, as has been discussed in [36,37], the

entropic transition, which is found for the class of DD2F-SF
models without color superconductivity, leads to a rather stiff
quark matter core in the hot protoneutron star which entails a
strong second shock in a supernova simulation due to the
deconfinement transition. It was shown, e.g., in [36,68], this
triggers the successful explosion of massive progenitor stars.
With this in mind, we have conducted a comparison of the
entropy per baryon in the vicinity of the QM onsets shown in
Fig. 12 and observed that at T ¼ 50 MeV, the disparity
between the hadronic and QM entropy per baryon, as
denoted by Δs=nB ¼ ½s=nB�QM − ½s=nB�HM, has a negative
value. This corresponds to an enthalpic transition, consistent
with the proposed conjecture that the thermal twins appear
to be linked to the enthalpic transition (see Ref. [37] for
details). However, at T ¼ 30 and 40 MeV, where we
observed thermal twin configurations, the phase transition
was not enthalpic.
Further detailed investigations should be performed to

pin down the possible relationship between the entropic or
enthalpic character of the deconfinement transition in the
QCD phase diagram and the explodability of supernovae.

FIG. 12. Entropy per baryon vs pressure in the region of critical
pressures obtained from Fig. 8(a), indicated by vertical lines.
Dashed lines are for the hadronic (DD2) phase while solid lines
are for the QM (3DNJL) phase of the present work.
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The thermal twin star property of a hybrid EOS is a facet of
this challenging task.
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APPENDIX: DETAILS OF THE NONLOCAL
MODEL FOR QUARK MATTER

In this Appendix, we show some explicit expressions
corresponding to the nonlocal chiral quark model consid-
ered in Sec. II.
From Eq. (12) the gap equations for the mean fields σ̄

and Δ̄ together with the constraint equation for the mean-
field ω̄ read

σ̄ ¼ 2Gs

Z
d3p⃗
ð2πÞ3

gðp⃗ÞMðp⃗Þ
E

X
c;κ¼�

Ēκ
c

ϵκc

	
1 − nF

�
ϵκc þ δμ̃c

T

�

− nF

�
ϵκc − δμ̃c

T

�

; ðA1Þ

Δ̄ ¼ 2GD

Z
d3p⃗
ð2πÞ3 g

2ðp⃗ÞΔ̄
X
κ¼�

�
2

ϵκr

	
1 − nF

�
ϵκr þ δμ̃r

T

�

− nF

�
ϵκr − δμ̃r

T

�
�
; ðA2Þ

and

ω̄ ¼ 2GV

Z
d3p⃗
ð2πÞ3

X
c;κ¼�

κ
Ēκ
c

ϵκc

	
1 − nF

�
ϵκc þ δμ̃c

T

�

− nF

�
ϵκc − δμ̃c

T

�

; ðA3Þ

where nFðxÞ ¼ ð1þ expðxÞÞ−1 is the Fermi distribution
function. The solutions for Eqs. (A2)–(A4) in the vacuum,
at T ¼ μ ¼ 0, are denoted with the subscript 0 as σ̄0, Δ̄0

and ω̄0, respectively. In the vacuum Δ̄0 and ω̄0 are zero, so
the vacuum thermodynamic potential reads

ΩMFA
0 ¼ σ̄20

2GS
− 12

Z
d3p⃗
ð2πÞ3 E0=2: ðA4Þ

Notice that in the above expression E2
0 ¼ p⃗2 þM2

0ðp⃗Þ,
whereM0ðp⃗Þ ¼ mc þ gðp⃗Þσ̄0. The integral in Eq. (6) turns
out to be ultraviolet divergent because of the zero-point
energy terms. Since this is exactly the divergence of
Eq. (A4), a successful regularization scheme consists just
in the vacuum subtraction

ΩMFA
reg ¼ ΩMFA −ΩMFA

0 : ðA5Þ

Finally, using Eq. (18) the quarks and electron number
densities, nfc and ne respectively, are given by

nfc ¼ −
Z

d3p⃗
ð2πÞ3 ×

X
κ¼�

�	
nF

�
ϵκc þ δμ̃c

T

�

− nF

�
ϵκc − δμ̃c

T

�
�
δuf − δdf

�

− κ
Ēκ
c

ϵκc

	
1 − nF

�
ϵκc þ δμ̃c

T

�
− nF

�
ϵκc − δμ̃c

T

�
�
;

ðA6Þ

and

ne ¼ −2
XZ

d3p⃗
ð2πÞ3 ×

	
nF

�
ϵe þ μe

T

�
− nF

�
ϵe − μe

T

�

:

ðA7Þ

Note that the fermion density has only the contribution of
the first term of the regularized thermodynamic potential
(A5), since the second one has no dependence on the
chemical potentials.
Let us explicitly show the entropy density s ¼ sq þ slep

contribution both for quarks

sq ¼ 2
X

c;κ;λ¼�

Z
d3p
ð2πÞ3

�
ln
h
1þ e−

ϵκcþλδμ̃c
T

i

þ
�
ϵκc þ λδμ̃c

T

�
nF

�
ϵκc þ λδμ̃c

T

��
ðA8Þ

(remember that for c ¼ b: Δ ¼ 0 and ϵ�b ¼ Ē�
b ) and

leptons

slep ¼ 2
X
λ¼�

Z
d3p
ð2πÞ3

�
ln
�
1þ e−

ϵeþλμe
T

�þ ϵe þ λμe
T

× nF

�
ϵe þ λμe

T

��
þ
�
μ2νeT

6
þ 7π2T3

90

�
: ðA9Þ
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