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Neutron star (NS) binaries can be potentially intriguing gravitational wave sources, with both high- and
low-frequency radiation from the possibly aspherical individual stars and the binary orbit, respectively. The
successful detection of such a dual-line source could provide fresh insights into binary geometry and NS
physics. In the absence of electromagnetic observations, we develop a strategy for inferring the spin-orbit
misalignment angle using the tight dual-line double NS system under the spin-orbit coupling. Based on the
four-year joint detection of a typical dual-line system with the Laser Interferometer Space Antenna and
Cosmic Explorer, we find that the misalignment angle and the NS moment of inertia can be measured with
subpercentage and 5% accuracy, respectively.
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I. INTRODUCTION

Future space-borne detectors aimed at low-frequency
gravitational wave (GW) signals, such as the Laser
Interferometer Space Antenna (LISA) [1] and TianQin
[2], are expected to be operational in the 2030s, almost
simultaneously with the next generation of ground-based
GW observatories targeting high-frequency GWs, such as
Einstein Telescope (ET) [3] and Cosmic Explorer (CE) [4].
This opens up the exciting possibility of successful syner-
gistic observations of sources that emit both low- and high-
frequency GWs. One such promising class of sources is
binary systems containing at least one aspherical neutron
star (NS). Such a system would radiate nearly monochro-
matic GWs both at low frequencies due to orbital motion as
well as at high frequencies due to the spins of the NS
components.
Previous studies about dual-line systems have focused

on the ultracompact x-ray binaries (UCXBs), specializing
in the NS–white dwarf (WD) binaries [5–7]. The numerical

simulation of binary stellar evolution has shown that the
low-frequency GWs emitted by the binary system consisting
of a 1.6M⊙ NSand a 0.16M⊙ heliumWDcan enter theLISA
band [5]. Because of the narrow mass range of the WD, this
allows the precise measurements of the NS mass to the
percent level. By measuring the dual-line strain amplitudes,
the combination of NS moment of inertia and the equatorial
ellipticity can be constrained [5]. Furthermore, with the help
of the pulsar timing observations of the binary pulsar, the NS
moment of inertia and the equatorial ellipticity can be derived
separately, assuming that the spin-down effect is dominated
by gravitational radiation rather than electromagnetic radi-
ation [6]. From a practical detection point of view, the dual-
line detectability of 12 known UCXBs with subhour orbital
periodswas evaluated based on theGWstrains fromdifferent
radiation mechanisms [7].
In this work, we focus on tight double NS (DNS) systems

in the millihertz band for LISA or TianQin. In a previous
paper [8], we have improved the modeling of the dual-line
GW radiation, especially for high-frequency GW radiation
from a triaxial nonaligned NS in the binary, by incorporating
the spin-orbit coupling effect. These waveforms contain
information about binary geometry and NS physics. Using
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only the joint dual-line GW detection without the aid of
electromagnetic observations, we develop a strategy to
measure the spin-orbit misalignment angle1 (or its supple-
mentary angle) and the NS moment of inertia with subper-
centage and percentage accuracy, respectively.
Our work is expected to have significant implications for

the astrophysical results of the inspiraling DNSs. From the
perspective of compact binary star evolution, the spin-
orbit misalignment angle may carry crucial information
for constraining various supernova formation channels
[10–13], since this misalignment can arise from the kick
velocity imparted to the neutron star at birth as a result of
asymmetry in the associated supernova explosion [14,15].
However, LISA or TianQin cannot strictly constrain this
angle, since the spin-orbit coupling effect is better measured
during binary merging [16]. Besides, this misalignment
angle suffers from considerable uncertainties from radio
observations [17]. For NS moment of inertia, PSR J0737-
3039A is anticipated to reach the accuracy of ∼10% only by
measuring the periastron advance through long-term timing
observation [18,19]. Although the GW observation of the
merging DNS [20] and its combination with the mass-radius
determination from the x-ray emission at the NS surface [21]
have been used to infer themoment of inertia, it is still subject
to large uncertainties [22]. Here, we propose a complemen-
tary method to infer these two parameters with higher
measurement accuracy using only the GW observation.

II. NUMBER OF TIGHT GALACTIC DNSS

Binary population synthesis simulations [23–28] (or
simplified backward evolution simulations [29,30]) for
Galactic DNSs have made predictions for the number of
DNSs detectable by either LISA or TianQin. These detect-
able DNSs are generally spread over a relatively wide GW
frequency band, i.e., ∼0.1–10 mHz. At frequencies of
≲3 mHz, detections of these DNSs are limited by test mass
acceleration noise and Galactic confusion noise [31].
However, at frequencies of ≳3 mHz, these sources show
a higher signal-to-noise ratio ρ, because the strain amplitude
∝ f2=3g with fg the GW frequency. Therefore, the number in
the frequency band of ≳3 mHz can be approximated as a
detectable number. The eccentricities of these DNSs are
assumed to be neglected, since the most probable eccen-
tricity of tight LISA DNSs is about 0.01 for orbital periods
shorter than 10 min according to binary population simu-
lations [28].
The number density distribution over the frequency bin

for compact binary systems can be calculated with GW
frequency derivative ḟg ≡ dfg=dt and merger rate R as
dN=dfg ¼ R=ḟg [32]. The detectable number of the tight

Galactic DNSs for LISA or TianQin can be obtained by
integrating the above number density as [32]

Nð> fgÞ ¼ 6

�
1.2M⊙

M

�
5=3

�
3.3 mHz

fg

�
8=3

�
RG

100=Myr

�
:

ð1Þ

The fiducial value of chirp mass M ¼ ðm1m2Þ3=5=ðm1 þ
m2Þ1=5 ¼ 1.2M⊙ corresponds to component masses of
m1 ¼ m2 ¼ 1.4M⊙. The GW frequency of fg ¼ 3.3 mHz
corresponds to a circular binary orbital period of
Pb ¼ 10 min. The local volumetric merger rate of the
DNS varies from 10 Gpc−3 yr−1 up to 104 Gpc−3 yr−1

according to different methods and models (see [33] for a
reviewand references therein).We take thevolumetricmerger
rate forGalacticDNSs to be1000 Gpc−3 yr−1 (corresponding
to RG ∼ 100 Myr−1) [34]. In this sense, there are about six
detectable tight DNSs with Pb < 10 min in the Milky Way.

III. MODULATED DUAL-LINE GW ENVELOPES
BY SPIN-ORBIT COUPLING

We consider a DNS consisting of a spinning NS and a
nonspinning companion as in [8]. For the case of equal
mass and ignoring the spin-spin terms, the inspiral and
precession equations can be expressed in a simple form
[cf. Eqs. (40) in [35] ]. Let S, L, and J denote spin, orbital,
and total angular momentum, respectively. For simple
precession, the unit vector Ŝ and L̂ both precess around
the unit vector Ĵ with an angular velocity

Ωpre ¼
GJ
c2r3

�
2þ 3m2

2m1

�
: ð2Þ

Although the radiation-reaction-induced orbital shrinkage
causes the magnitude L (or J) of L (or J) to decrease, for a
typical tight DNS with a merger time ∼Oð104 yrÞ and a
four-year observation time (see Sec. IVA), the relative
variations of L, J, andΩpre are all≲10−5, so we can assume
that they remain approximately constant in the analysis.
Since L is associated with low-frequency GWs from the

orbital motion of the DNS and S is related to high-
frequency GWs from the spinning NS, the spin-orbit
coupling strengthens the link between the dual-line GWs
(see Fig. 1). In the J-aligned coordinate system [8],
constructed with ZJ axis aligned with J, we assume that
θL (θS) is the angle between L (S) and J and ι is the binary
inclination with respect to J. The precession equation of the
binary orbit dL̂=dt ¼ Ωpre × L̂ can be solved with the
initial condition L̂ðt ¼ 0Þ ¼ ð0;− sin θL; cos θLÞ as L̂ ¼
ðsin θL sinðtΩpreÞ;− sin θL cosðtΩpreÞ; cos θLÞ. And since
the unit vector pointing toward the Solar System barycenter

1Since the orbital angular momentum L is approximately
aligned with J with a negligible deviation of ∼10−4 rad for a
DNS in the millihertz band, we directly take θS [8] between the
spin S and J as the spin-orbit misalignment angle [9].

FENG, CHEN, LIU, WANG, and MOHANTY PHYS. REV. D 109, 043033 (2024)

043033-2



is D̂ ¼ ð0; sin ι; cos ιÞ, it follows that L̂ · D̂ ¼ cos θL cos ι−
cosðtΩpreÞ sin θL sin ι. The low-frequency GW amplitude
envelopes radiated by the binary orbital motion under the
spin-orbit coupling are [we take only positive values;
cf. Eqs. (18) in [35] ]

aorb2þ ¼ h0
2
½1þðcosθL cos ι−cosðtΩpreÞsinθL sin ιÞ2�; ð3aÞ

aorb2× ¼ h0½cos θL cos ι − cosðtΩpreÞ sin θL sin ι�; ð3bÞ

where h0 ≡ 4ðGMÞ5=3ðπfgÞ2=3
c4D and D is the distance from the

Solar System barycenter to the binary barycenter. The high-
frequency GW amplitude envelopes of the triaxial non-
aligned NS in the binary under the spin-orbit coupling are
[we take only positive values; cf. Eqs. (30) in [8] ]

asp1þ ¼ h10
8

½ð4 cosð2θSÞ cosðtΩpreÞ sinð2ιÞ
þ sinð2θSÞ½6sin2ι − ð3þ cosð2ιÞÞ cosð2tΩpreÞ�Þ2
þ 4ð−2 cos θS sinð2ιÞ sinðtΩpreÞ
þ ð3þ cosð2ιÞÞ sin θS sinð2tΩpreÞÞ2�1=2; ð4aÞ

asp1× ¼ h10
2

½ð2 sin ι cosð2θSÞ sinðtΩpreÞ
− cos ι sinð2θSÞ sinð2tΩpreÞÞ2
þ 4ðsin ι cos θS cosðtΩpreÞ
− cos ι cosð2tΩpreÞ sin θSÞ2�1=2; ð4bÞ

asp2þ ¼ h20
4

�
ð−2 sin θS sinð2ιÞ sinðtΩpreÞ

− cos θSð3þ cosð2ιÞÞ sinð2tΩpreÞÞ2

×

��
sin4

θS
2
þ cos4

θS
2

�
ð3þ cosð2ιÞÞ cosð2tΩpreÞ

þ 3sin2θSsin2ιþ cosðtΩpreÞ sinð2θSÞ sinð2ιÞÞ2
�
1=2

;

ð4cÞ

asp2× ¼ h20
4

½ð−2 sin ι sinð2θSÞ sinðtΩpreÞ
− cos ιð3þ cosð2θSÞÞ sinð2tΩpreÞÞ2
þ 16ðcos ι cos θS cosð2tΩpreÞ
þ sin ι cosðtΩpreÞ sin θSÞ2�1=2; ð4dÞ

where h10 ≡ 2Gb2I3ϵγ
c4D , h20 ≡ 64Gb2I3ϵκ

c4D , b is the initial angular
frequency of the spinning NS along one of the principal axes
of inertia (corresponding to the principal moment of inertia
I3) in the body frame, and parameters ϵ, γ, and κ characterize
the oblateness, wobble angle, and nonaxisymmetry of the
NS, respectively [36,37]. The amplitude envelopes of asp3þ;×

are similar to asp2þ;× except that h20 is replaced by

h30 ≡ 4Gb2I3ϵγ2

c4D . We have neglected the variation in the
frequency of the NS spin over several years of observations
due to the long spin-down timescale (∼500–1000 Myr)
[13,38,39].

IV. INFERRING BINARY PARAMETERS

Observations of continuous wave signals from the dual-
line GW source span months or years, resulting in the
accumulation of substantial datasets. However, since these
signals are confined to an extremely narrow frequency
band, the application of the complex heterodyne technique
allows us to significantly reduce the size of the dataset by
incorporating precise phase details obtained from obser-
vations in radio or x-ray [40,41]. In this case, the ampli-
tudes of the GW polarizations can be reconstructed from
the heterodyned and down-sampled noisy detector strain
data BðtkÞ by minimizing the χ2 of the system [42]. For
template TðtkÞ, that is

χ2 ¼
XN−1

k¼0

�
BðtkÞ − TðtkÞ

σk

�
2

; ð5Þ

where σk is themeasurement uncertainty of the kth data point
at time tk. General relativity predicts only two states of
polarization p ¼ þ;×, and the relative amplitude ap and
phaseϕp coefficients inBðtkÞ are determined by the physical
model. Choose the antenna pattern functions FpðtÞ as
the basis functions and polarization prefactors Hp ¼
ap expðiϕpÞ as the coefficients those are fitted for, and then
the template can be constructed as TðtkÞ ¼ 1

2

P
p HpFpðtkÞ.

The signal-to-noise ratio of the resulting fit is [42]

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H†C−1H

p
; ð6Þ

where † denotes Hermitian conjugation, the vector H ¼
fHþ; H×g is the solution by minimizing Eq. (5), the
covariance matrix C ¼ ðATAÞ−1 can be computed by the

FIG. 1. Schematic of a dual-line GW source and its detection.
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design matrix Akp ¼ FpðtkÞ=σk, and the variance of
the estimated Hj can be found as Δ2Hj ¼ Cjj [43].
In the absence of electromagnetic observations, to know

the phase, we can perform the following strategy of joint
detection: LISA first measures the parameters of the
tight DNS with high accuracies of sky localization
ΔΩ ∼ 10−3 deg2, distanceΔD=D ∼ 10−3, and orbital period
ΔPb=Pb ∼ 10−9 for ρ ∼Oð103Þ [30]; then CE or ET con-
ducts a directed search for continuous GWs from the NS in
the binary [44,45].
We first derive the relative reconstruction error for the case

of constant polarization amplitude. For the general case,P
k A

2
kþ ≈

P
k A

2
k× and

P
k A

2
kþ

P
k A

2
k× ≫ ðPk AkþAk×Þ2,

so that Δ2Hp ≈ 1=
P

k A
2
kp, where

P
k stands for

P
N−1
k¼0 .

If aþ ≈ a×, then the relative 1σ uncertainties of the recovered
polarization amplitudes are

Δaþ
aþ

≈
Δa×
a×

≈
1

ρ
: ð7Þ

We shall justify that this relationship also holds approx-
imately for time-varying amplitude envelopes [cf. Eqs. (3)
and (4)]. Based on the low-frequency radiation from the
binary inspiral, LISA can measure the chirp mass [30] and
the total mass [46] to an accuracy of ∼10−4 for ρ ∼Oð103Þ,
which derives the measurement accuracies of the compo-
nent masses and the relativistic precession velocity Ωpre

[cf. Eq. (2)] to be ∼10−4. As we will see below, all
quantities of interest have a measurement accuracy greater
than≳10−3, so we ignore the accuracy of ∼10−4. OnceΩpre

has been accurately measured, the modulated envelopes
under the spin-orbit coupling can be expanded as
apðtÞ ¼

P
E−1
n¼0 a

n
p cosðnΩpretÞ, where E is the order of

trigonometric expansion. The new set of basis formed by
combining this basis f1; cosðnΩpretÞg with the sidereal
basis f1; cosðmΩEtÞ; sinðmΩEtÞg in FpðtÞ [47] can be
approximated as an orthogonal basis. In this case, anp is
the coefficient that is fitted for by the above data processing
procedure, and its variance Δ2anp ≈ ðanp=ρÞ2. Finally,
the error propagation shows that Δ2apðtÞ=a2pðtÞ ¼P

E−1
n¼0 Δ2anpcos2ðnΩpretÞ=a2pðtÞ ≈ 1=ρ2. Therefore, we can

reasonably anticipate that the polarization amplitude enve-
lopes can be extracted from the dual-line GW signals, and
the relative error in their reconstruction is approximately
inversely proportional to the signal-to-noise ratio.

A. Spin-orbit misalignment angle

By utilizing these reconstructed amplitude envelopes, we
can employ them to infer the binary parameters according
to Eqs. (3) and (4). To avoid possible large errors at a single
reconstruction point [48], we average the amplitude enve-
lopes over a precession period as follows:

hai ¼ 1

Tpre

Z
Tpre

0

adt: ð8Þ

The error introduced by the precession period Tpre ¼
2π=Ωpre with an accuracy of∼10−4 [cf. the discussion below
Eq. (7)] is also ignored, assuming the reconstructed hai lies
within the range of true value �1σ uncertainty.
For a typical DNS with parameters as in [8],

m1 ¼m2 ¼ 1.4M⊙, Pb ¼ 10 min, D¼ 1 kpc, and ι ¼ π=4.
The spinningNS in theDNS is parametrized byPs ¼ 10 ms,
I3 ¼ 2.0 × 1038 kgm2, ϵ ¼ 3.6 × 10−6, κ ¼ 1.75 × 10−4,
γ ¼ 5.0 × 10−2, and θS ¼ 5π=12. Then one can obtain
Ωpre¼ 2.52×10−7 Hz, Tpre ¼ 2.50 × 107 s, and θL ¼ 3.7×
10−4 rad. Given the source location and polarization angle
ðθ;ϕ;ψÞ ¼ ð0.5; 1.5; 1.0Þ rad as well as the observation
time Tobs ¼ 5Tpre ¼ 1.25 × 108 s, LISA can detect the
DNS with ρ0 ¼ 2682, while CE can detect the NS with
ρ1 ¼ 283, ρ2 ¼ 23, and ρ3 ¼ 21 for waveform components
with h10, h20, and h30, respectively.
The normalized low- and high-frequency polarization

amplitude envelopes from this DNS system are shown in
Figs. 2(a) and 2(b), with relative changes of ∼10−3 and
100%, respectively.
An example of inferring ι and h0 from low-frequency

detection using the average envelopes haorb2þi and haorb2× iwith
�1σ uncertainty is shown in Fig. 2(c). In such a system,
L ≫ S, J ≈ L, and cos 2θL ≃ cos θL ≃ 1 with relative errors
≲10−7; then haorb2þi ≃ h0ð1þ cos2 ιÞ=2 and haorb2× i ≃ h0 cos ι
with negligible error. The two blue (or green) contours
correspond to boundaries of �1σ uncertainty, haorb2þið1�
ρ−10 Þ [or haorb2× ið1� ρ−10 Þ]. The overlapped region of these
lines gives the inferred ranges for h0 and ι with an accuracy
of 0.3% and 0.5%, respectively.
The parameter inference by combining dual-line detection

from low and high frequency is shown in Fig. 2(d). The
relative errors of hasp1þi=hasp1×i and hasp2þi=hasp2×i are ∼1=ρ1
and ∼1=ρ2, respectively. Also plotted are the contours with
�1σ uncertainty, ð1� ρ−11 Þhasp1þi=hasp1×i and ð1� ρ−12 Þ×
hasp2þi=hasp2×i. The overlapped regions of these lines (i.e.,
the regions enclosed by the blue lines) give the inferred
ranges for θS and ι, whose accuracies are poor. When
combined with the inferred ι (red dashed line) from the
low-frequency detection, θS can be significantly constrained
to an accuracy of 0.8%. Values other than the θS and π − θS
can be excluded from the amplitude envelopes of the
spinning NS [cf. Eqs. (4)]. Similar to the pulsar observation
[49], both θS and π − θS yield the same outcomes for
precession in general relativity. Considering that the angular
momenta were most likely aligned before the second super-
nova, the preference is given to the smaller misalignment
value based on astrophysical considerations [50]. It shouldbe
noted that this degeneracy does not affect the derivation of the
amplitude factors below, since the two angles correspond to
the same amplitude. Our results highlight the importance of
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synergistic analysis for dual-line observations, as individual
analyses at low or high frequencies alone cannot provide a
meaningful constraint.

B. Moment of inertia

By bringing the accurate binary inclination ι inferred from
the low-frequency envelopes into the high-frequency enve-
lopes, utilizing a similar approach in Figs. 2(c) and 2(d), we
can further infer that the relative errors of the amplitude
factors are Δh10=h10 ∼ 0.5% and Δh20=h20 ∼ Δh30=h30 ∼
5% (cf. Fig. 3). Since γ ¼ h30=ð2h10Þ and κ ¼ h20h30=
ð64h210Þ, the error propagation shows that Δγ=γ ∼ Δκ=κ∼
5%. Furthermore, the spectrum analysis of several years of
observational data allows us to determine the ϵ to an accuracy
of ≪10−4 with the relation between rotation frequency Ωr
and nonaxisymmetry-induced precession frequency Ωp of
the NS, Ωp ≃ ϵΩr [cf. Eq. (5.7) in [36] ]. This also implies
that b ≃Ωr cos γ can be measured with an accuracy of
Δ cos γ= cos γ ∼ ðΔγ=γÞγ2 ∼ 10−4. Finally, with a derived
ΔD=D ∼ 10−3 from LISA [cf. Eq. (33) in [8] ], I3 ¼ c4D

2G
h10
b2ϵγ

can be inferred asΔI3=I3 ∼ Δγ=γ ∼ 5%. This analysis shows

FIG. 2. (a) and (b) depict the normalized (a=amax) low- and high-frequency polarization amplitude envelopes from a typical DNS
during one precession period Tpre, with relative changes of ∼10−3 and 100%, respectively. The parameter values used here are
m1 ¼ m2 ¼ 1.4M⊙, Pb ¼ 10 min, D ¼ 1 kpc, ι ¼ π=4, Ps ¼ 10 ms, I3 ¼ 2.0 × 1038 kgm2, ϵ ¼ 3.6 × 10−6, κ ¼ 1.75 × 10−4,
γ ¼ 5.0 × 10−2, and θS ¼ 5π=12. (c) Shows the inference for amplitude factor h0 and inclination ι using low-frequency amplitude
envelopes haorb2þi and haorb2× i with �1σ uncertainty. In the inset, the overlapped region of these contour lines gives the inferred ranges for
h0 and ι with subpercentage accuracy, in which the red star denotes their true value. For visualization purposes, the contour labels are
haorb2þi × 1021 and haorb2× i × 1021. (d) Shows the inference for θS and ι from dual-line detection. The ι measured (red dashed line) from
low-frequency amplitudes in (c) will greatly constrain the range of θS inferred from hasp1þi=hasp1×i and hasp2þi=hasp2×i.

FIG. 3. Similar to Fig. 2, inference of high-frequency amplitude
factors h10 and h20 with the help of accurate inclination (ι)
determination from low-frequency detection. The estimation
accuracy of h10 and h20 is 0.5% and 5%, respectively. For
visualization purposes, the contour labels are hasp1þi × 1027,
hasp1×i × 1027, hasp2þi × 1028, and hasp2×i × 1028.
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that dual-line GW detection is indispensable in inferring NS
moment of inertia, in the absence of electromagnetic-assisted
observations.

V. CONCLUSION

Our study on the modulated waveform structure from the
dual-line GW source by incorporating the spin-orbit
coupling has unveiled crucial insights into binary geometry
and NS physics. Although multimessenger observations
from combining LISA and the Square Kilometre Array can
also place constraints on the properties of NSs [51], the
strategy we use in this paper offers a new measurement
possibility in the absence of electromagnetic observations.
With more accurate inferences for the spin-orbit misalign-
ment angle and the NS moment of inertia in the dual-line
GW detection, one can expect to place more constraints on
the kick in the second supernova explosion in DNSs [52–
54] and discriminate between different models of the NS
equation of states [18,55–58]. Furthermore, the measure-
ment of the spin-orbit misalignment angle could provide
clues to distinguish between different SN scenarios with
kick velocity [59,60]. For example, a low spin-orbit
misalignment angle measured for PSR J0737-3039A,
combined with determined factors such as low pulsar B
mass, system eccentricity, and transverse velocity from
timing measurements, would strongly support the evidence
for the formation of pulsar B through an electron capture

supernova event [61]. On the other hand, accretion theory
predicts that as pulsar A accretes matter from the progenitor
of pulsar B, its spin axis is anticipated to align with the total
angular momentum (effectively represented by the orbital
angular momentum) of the binary system. In the event of a
substantial kick to the system, the resulting misalignment
would be equivalent to the angular difference in the
orientation of the orbital plane before and after the super-
nova event [62]. These rich astrophysical implications of
the dual-line systems will be the subject of our future
investigations.
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