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The luminosity distance is a key observable of gravitational-wave (GW) observations. We demonstrate
how one can correctly retrieve the luminosity distance of compact binary coalescences (CBCs) if the GW
signal is strongly lensed. We perform a proof-of-concept parameter estimation for the luminosity distance
supposing (i) strong lensing produces two lensed GW signals emitted from a CBC, (ii) the Advanced
LIGO-Virgo network detects both lensed signals as independent events, and (iii) the two events are
identified as strongly lensed signals originated from the same source. Taking into account the maximum
magnification allowed in two lensing scenarios and simulated GW signals emitted from four different
binary black holes, we find that the strong lensing can improve the precision of the distance estimation of a
CBC by up to a factor of a few compared to that can be expected without lensing.
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I. INTRODUCTION

The luminosity distanceDL of a gravitational-wave (GW)
source is one of the direct observables available with GW
observations. It has significant implications in astronomy as
well as astrophysics. Distance estimation to a GW source
that can be bright in electromagnetic waves is invaluable for
follow-up observations to design and analyze the follow-up
observations. Distance information along with the sky
locations of GW sources is also important to understand
the formation, evolution, and underlying properties of the
source (e.g., see [1] and references therein).
In the context of GWobservation with the network of the

Advanced LIGO (aLIGO) [2] and the Advanced Virgo
(AdV) [3], the precision of the distance estimation—in
terms of the width of the posterior distribution of estimated
distance—of a compact binary coalescence (CBC) is, in
general, subject to the signal-to-noise ratio (SNR) of the
signal given detector sensitivity and noises contained in
data [4]. In practice, SNR is proportional to the strain
amplitude of a GW signal and inversely proportional to the
square root of the detector noise power spectral density
(PSD). If a GW signal is detected by template-based search

methods, e.g., PyCBC [5–7], GstLAL [8,9], SPIIR [10,11],
MBTA [12], and IAS [13], with a higher SNR by some signal
enhancement mechanisms, it is expected that the precision
of the parameter estimation (PE) for the CBC can be
improved.
Under a given detector sensitivity, a possible astro-

physical phenomenon of obtaining higher SNR for a GW
signal is that the GW signal experiences strong lensing
[14–19]. It is anticipated in the literature that strong
lensing of GW results in not only magnifying an original
GW signal but also producing multiple GW “images”
(lensed GW signals, hereafter) having different magnifi-
cations. This means that an apparent luminosity distance
estimated from each lensed signal can be different from a
true distance—the distance to be measured when there is
no lens system between the observer and the source—to
the source.
Like the GW signals hitherto detected, multiple-lensed

GW signals are to be observed as transient events with
different SNRs at different observation times [20–24].
If all multiple-lensed GW signals from a CBC are detected
and their physical association is identified, then combining
lensed signals in the PE analysis and estimating true
parameters of the source are available [25–27]. For
example, [25] discussed that utilizing multiple-lensed
GW signals is helpful in the sky localization of host
galaxies of original unlensed GW signals. Furthermore,
the enhanced signals expected by strong lensing make it
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possible to reduce uncertainties in the parameter estimation
(PE). Therefore, strong lensing of GWs can be a promising
scenario not only for enhancing the SNR of observed GW
signals but also for inferring the same CBC parameters,
such as DL, with reduced uncertainties.
Motivated by the discussed advantages of strong

lensing in the estimation of distance to CBCs and forecast
studies [22–24,28,29] on observing strongly lensed GWs
in the near future, we explore the feasibility of utilizing
two lensed GW signals for more precise estimation of
the true DL to a CBC. We demonstrate the PE analysis
supposing an equal-mass binary black hole (BBH). We
examine the best possible precision in estimating the true
DL to the BBH, taking into account the advanced
GW detector network sensitivity. Posterior distributions
of DL are obtained from the PE strategy described in this
paper. We also test the feasibility with three other
mock BBHs that are similar to the selected BBHs—
representing different BBH populations and having differ-
ent SNRs for their signals—listed in the latest gravita-
tional-wave transient catalog, GWTC-3 [30]. For all
simulated signals, we consider two examples of detector
sensitivities with different assumptions on the noise
realization.
In this work, we obtain a posterior probability density

function (PDF) of true DL, pðDLÞ, assuming the GW
signals from the BBHs are lensed or unlensed, respectively.
Looking at the pðDLÞ and the width of 99% credible
interval, it turns out that the method presented in this paper
enables us to successfully retrieve the true DL from
different apparent luminosity distances to strongly lensed
GW signals. We conclude that if multiple lensed GW
signals, i.e., strong lensing counterparts of an original
signal, are detected, the true DL to a GW source can be
better constrained compared to what can be expected
without any gravitational lensing effects on the original
signal.
We organize this paper as follows: In Sec. II, we briefly

summarize analytic formulations for the strong lensing of
GWs adopted in this work. In Sec. III, we describe the
procedure of parameter estimation for strongly lensed
GWs. In Sec. IV, we present the posterior probability
density of DL associated with and without lensing scenar-
ios under different detector sensitivities and/or noise
realizations. Finally, we discuss the result of this work
and its possible implications in Sec. V.

II. STRONG LENSING OF GW SIGNALS

We adopt the lens configuration described in [19]. We
consider a lens located between a BBH and an observer,
i.e., the ground-based GW detector network. We assume
two strongly lensed GW signals are generated and
propagated toward the detector network as an originally
unlensed GW signal radiated from a BBH passes through
the lens. In this work, we suppose a galaxylike lens and

apply the thin-lens approximation. Then we can obtain the
lensed GW signal hlðfÞ from huðfÞ by a simple relation:

hlðfÞ ¼ FðfÞhuðfÞ; ð1Þ

where FðfÞ is an amplification factor that determines the
lensing characteristics. As we consider a galaxylike lens,
FðfÞ can be obtained in the geometrical optics limit.
In this work, we consider two lens models, the point

mass (PM) and the singular isothermal sphere (SIS). An
amplification factor for both lens models is given as

FðfÞ ¼
ffiffiffiffiffiffiffiffi

jμþj
p

− i
ffiffiffiffiffiffiffiffi

jμ−j
p

e2πifΔt: ð2Þ

Here, μþ and μ− are individual magnification factors
corresponding to each lensed GW signals hIlðfÞ and
hIIl ðfÞ, respectively. Also, Δt is the time delay between
the arrival times of hIlðfÞ and hIIl ðfÞ to an observer. For each
lens model, μ� and Δt can be written as follows:

PM∶ μ� ¼ 1

2
� y2 þ 2

2y
ffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 þ 4
p ;
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y
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;

SIS∶ Δt ¼ 8GMlzy
c3

: ð4Þ

In Eqs. (3) and (4), y denotes the parameterized source
position following the lens configuration used in [19]. The
range of y can be constrained to be [0.1, 1.0) in this work.
The expected occurrence rate of strongly lensed GWs sets
the lower limit of y ≥ 0.1 [31–35]. The upper limit is given
by the SIS model, i.e., the y-dependent validity of FðfÞ,
requires y < 1 in order to produce two lensed signals with
SIS [19]. The expression of FðfÞ implies that PM always
produces two lensed signals with any y. As shown in
Eq. (4), the time delay is proportional to a redshifted mass
Mlz ¼ Mlð1þ zlÞ of a lens at redshift zl. As a represen-
tative value, we setMlz ¼ 1011.5M⊙, which results in a time
delay from weeks to months between hIlðfÞ and hIIl ðfÞ in
the range of y considered in this work.

III. METHODS

A. Assumptions used in PE

There are a few assumptions we made in this work about
the source and the lensing phenomenon: (a) A BBH
originally radiates huðfÞ, (b) a lens model and a GW
waveform model for the source are known, (c) the lensed
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signals hIlðfÞ and hIIl ðfÞ are characterized by μþ and μ−,
respectively, and (d) both hIlðfÞ and hIIl ðfÞ are detected and
their physical associations are identified.
The IMRPhenomXPHM waveform model [36] is used

for the preparation of both the injection signal and template
signal. This model is phenomenological and can describe
the full inspiral-merger-ringdown phases of the GW signal
from a CBC. It also allows us to simulate GW signals from
a precessing CBC. By using the same waveform model for
the injection and template, we can ignore systematic biases
that can possibly arise from the inconsistency between the
template and injected signal.
In addition, we assume the design PSDs [1] of the

detector network consisting of the aLIGO-Hanford (H), the
aLIGO-Livingston (L), and the AdV (V) (the HLV detector
network hereafter). For example, the network SNR of the
huðfÞ of the equal-mass BBH is obtained to be 12 based on
this assumption.
Assumptions of priors of parameters used in the PE

analysis are as follows. A uniform distribution in an
Euclidean volume [37] is used for the distance prior with
a range of ½0.1; 10� Gpc. For other source parameters,
including chirp mass M with a range of ½10; 50�M⊙, we
adopt the default precessing BBH prior distributions
implemented in the BILBY library [38,39]. Some of the
source parameters and prior assumptions used for the
equal-mass BBH considered in this work are summarized
in Table I.

B. PE for unlensed signals

Let us consider an unlensed signal huðfÞ as the true GW
signal from a CBC observable when there is no lens
between the source and an observer. Utilizing the BILBY

library and DYNESTY nested sampler [40,41], we perform
PE (labeled as “normal PE” in Fig. 1) for a simulated huðfÞ.
Figure 2 presents pðMÞ and pðDLÞ for huðfÞ obtained

from the PE analysis of the huðfÞ from the equal-mass
BBH. In order to yield the best possible precision for the
distance estimation via GWobservation of a given detector
sensitivity, we assume a “zero-noise” realization [42,43].
The injected values ofM andDL are successfully retrieved
within the 99% credible interval (C.I.) as expected. The
pðDLÞ presented in Fig. 2 is then used as the reference to be

compared to pðDLÞ from hIlðfÞ and hIIl ðfÞ following the
flowchart shown in Fig. 1.

C. PE for lensed signals

As a condition for the most optimistic strong lensing
scenario, we focus on the maximum amplification available
by the assumed lens models. For our lens models and the
considered range of y, the maximum amplification occurs if
y ¼ 0.1 by Eqs. (2) and (3). Hence, we focus on two lensed
signals hI;IIl ðfÞ with the maximum amplifications assum-
ing y ¼ 0.1.
We conduct the PE analyses for the injected hI;IIl ðfÞ

following the procedure depicted in Fig. 1: Utilizing the
two lensed GW signals hI;IIl ðfÞ, we calculate a joint
likelihood based on both lensed signals and conduct
delensing in order to retrieve the posterior PDF for the
true luminosity distance pðDLÞ to a CBC. Following

TABLE I. Selected parameters and prior assumptions used to
generate an unlensed GW signal huðfÞ from an equal-mass BBH.

Parameter Unit Value Prior distribution

Component masses, m1 & m2 M⊙ 30.0 Uniform
Chirp mass, M M⊙ 26.1 Uniform
Luminosity distance, DL Gpc 3 Euclidean
Right ascension rad 1.3750 Uniform
Declination rad −1.2108 Isotropic

FIG. 1. Flowchart of parameter estimation for a strongly lensed
GW signal. The posterior of DUL

L [distance to an unlensed signal
huðfÞ] is calculated first. Then, posteriors ofDPM;SIS

L , distances to
the two lensed signals from a given CBC, are computed from the
joint PE and retrieval process as described in the text. Finally,
the two distance posteriors are compared to obtain the posterior of
the true distance DL. This approach can be applied to any CBCs
as long as two lensed signals are identified.

FIG. 2. Posterior PDFs of chirp mass M (the left panel) and
luminosity distance DL (the right panel) recovered from the
equal-mass BBH without lensing. Black solid lines represent
injected parameters. Vertical orange dotted lines are the lower and
upper bounds of the 99% C.I., respectively.
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similar processes, other source parameters such as M can
be also inferred. However, we only discuss the distance, the
parameter of interest of this work.
The GOLUM pipeline [25], developed based on the BILBY

library, enables us to infer the apparent parameters, e.g.,
DL� andM� for hI;IIl ðfÞ, respectively. In addition, it allows
us to infer lensing parameters such as the relative magni-
fication factors μrel, time delays Δt between arrival times of
lensed GW signals, and differences between Morse number
Δn of the lensed signals [21]. In particular, μrel
can be rewritten by the apparent distances for both PM
and SIS models in the geometrical optics limit, that is,
μrel ≡ jμ−=μþj ¼ ðDLþ=DL−Þ2. Figure 3 shows μrelðyÞ for
PM and SIS.
Although we assume the physical association of hI;IIl ðfÞ

is identified, the two lensed signals hI;IIl ðfÞ would likely be
identified as two independent events separated by time in
practical GW observation. Each lensed signal is then
analyzed individually. If the SNRs of the two lensed
signals are large enough, then the most likely values of
M obtained from two lensed signals would be almost
identical within the uncertainty attributed to the sensitivity
of the detector and analysis pipelines. However, distance
estimates from the two lensed signals are expected to be
more different depending on individual magnification
factors for each lensed signal. The relation between the
apparent luminosity distances and the true luminosity
distance can be written as DL� ¼ DL=

ffiffiffiffiffiffiffiffijμ�j
p

. In order
to reflect this realistic observation scenario, we inject
apparent distances DL� to simulate two lensed signals
hI;IIl ðfÞ, respectively.
PE analyses for lensed signals involve assumptions on

lensing parameters andDL� , in addition to those used for an
unlensed signal. Based on what is discussed earlier, we use
the same injection parameters for hI;IIl ðfÞ with those used
for huðfÞ except DL� . For example, the chirp masses of the
equal-mass BBH for lensed or unlensed GW signals are
assumed to be the same (Mþ ¼ M− ¼ M ¼ 26.1M⊙).
The apparent sky locations of two lensed signals are
assumed to be the same because the subtle differences

between the lensed signals in the sky cannot be distin-
guished by the sensitivities of the current advanced detector
network (e.g., [30]). As for prior distributions for lensed
signals, we use the same assumptions used for huðfÞ and
assume a uniform prior distribution for μrel [25]. Note that
we only consider μrel among three lensing parameters
(μrel;Δt, and Δn) for a given scenario, as the other two
do not affect luminosity distance estimation.
We obtain the maximum likelihood value μrel;max from

the pðμrel) and find corresponding yðμrel;max) from Fig. 3.
Also, it is straightforward to calculate μ� using Eq. (3).
When μ� and DL� are at hands, we can obtain DL by
DL ¼ ffiffiffiffiffiffiffiffijμþj

p

DLþ or DL ¼ ffiffiffiffiffiffiffiffijμ−j
p

DL−.
It is shown in [25] that we can better constrain the

lensing and source parameters by reweighting the posterior
samples of individual lensed signals. The reweighted
posterior PDFs can be obtained by combining posteriors
of lensing parameters and apparent source parameters
obtained in earlier steps [see Eq. (15) in [25] for an
example of the reweighted posterior]. Then, pðDLÞ can
be obtained from a reweighted posterior of the apparent
distance pðDLþÞ by pðDLÞ ¼

ffiffiffiffiffiffiffiffijμþj
p

pðDLþÞ (labeled as a
retrieval process in Fig. 1). The individual magnification
factor μþðyÞ is determined by y ¼ yðμrel;maxÞ.
In this work, we choose hIl assuming (i) hIl arrives earlier

than hIIl and (ii) hIl is experienced stronger magnification
than hIIl . We perform the same reweighting procedure—
described in Eq. (15) and Appendix A of [25]—and
calculate posteriors of lensing and apparent source param-
eters of hIl. One can choose either h

I
l or h

II
l when combining

the two likelihoods in order to determine the true distance
posterior of the source.
In order to examine the effect of noise as well as the

capability of different observing runs, we consider two
configurations that determine the network detector sensi-
tivities: (i) the HLV design PSDs with zero-noise (case A)
and (ii) the HLV O3a PSDs1 with Gaussian noise (case B).

IV. RESULTS

Figure 4 shows posteriors pðμrelÞ, pðMþÞ, and pðDLþÞ
obtained from hIl assuming the equal-mass BBH as a source
of GWs and case A. The posterior distributions, pðμrelÞs,
obtained from both lens models accurately infer the
injected values. Moreover, they are more or less identical
to each other because y ¼ 0.1 gives μrel ≃ 0.8 for both
models (see Fig. 3). The widths of posteriors, pðMþÞ and
pðDLþÞ, obtained from SIS are narrower than those from
PM at the 99% C.I. In other words, the precision of PE for
apparent mass and distance based on the SIS model is

FIG. 3. Relation between the relative magnification factor μrel
and the source position y. The green and blue lines are obtained
from the PM and SIS models, respectively.

1The corresponding PSD data for H, L, and V can be found
from https://dcc.ligo.org/LIGO-T2000012/public. Note that this
PSD data is based on the first three months of the third observing
run (O3).
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relatively better than that of the PM model. The differences
in the ranges and widths of pðMþÞ can be attributed
to differences in the amount of magnification (μPMþ ≃ 5.5
and μSISþ ¼ 11) and the corresponding SNR values
(SNRPM ¼ 27.8 and SNRSIS ¼ 39.24). This result shows
that better precision obtained from the SIS model is closely
related to higher μþ and higher SNR than those of the
PM model, as expected. Similarly, different values of
μþ estimated from the two models affect the distance
posteriors.
Figure 5 shows the effects of strong lensing in the

estimation of true DL. Figure 5(a) (case A) shows pðDLÞs
obtained from the equal-mass BBH event with the HLV
design PSDs and zero-noise realization. Results show that
the width of pðDLÞ at the 99% C.I. can be better con-
strained by almost a factor of up to 3 when both hIlðfÞ and

hIIl ðfÞ are detected than that of when huðfÞ is detected.
Figure 5(b) (case B) shows results for the O3a PSDs with
Gaussian noise, which also show improvements in the
precision about a factor of up to a few (see Table II).
In Table II, we compare the widths of distance posteriors

at the 99% C.I. (labeled asW99) shown in Fig. 5. We define
a ratioR99 ≡WUL

99 =W
X
99, where X is either unlensed (UL),

PM, or SIS model. If detected, strong lensing is definitely
helpful to constrain the luminosity distance better for a
given detector. For example, considering the O3a PSD with
Gaussian noise,W99 estimated from pðDLÞ is reduced by a
factor of a few with respect to the results based on the
unlensed signal. In comparing the widths at the 67% C.I.,
W67, we observe almost the same amount of improvements
shown from W99.
In order to study the robustness of the method

demonstrated in this work, we consider other mock BBHs
similar to real BBHs selected from the GWTC-3 [30]:
GW200208_222617 (high mass-ratio BBH candidate),
GW200216_220804 (eccentric BBH candidate), and
GW200219_094415 (high-spin BBH candidate). As shown
in Table III, the injection parameters for these three BBHs
represent not only different populations to each other but
also different from the equal-mass BBH examined thus far.
However, for consistency, the same waveform model and
prior distributions with the previously studied equal-mass
BBH are assumed for the injected GW signals of these three
additional BBHs in the PE analyses.
Table IV shows W99 and R99 values obtained for

the three mock BBHs. The results are consistent for all
BBHs, i.e., the distance posteriors obtained from lensed
signals are better constrained than those from unlensed
signals. Differences in W99 and R99 values for the three
BBHs are mainly due to the SNR values of the original

FIG. 4. Posteriors of μrel, Mþ, and DLþ obtained for hIl based
on PM (green, top) and SIS (blue, bottom) models obtained from
the equal-mass BBH. Black solid lines indicate μrelðy ¼ 0.1Þ and
injected values of Mþ, and DLþ. Vertical dashed lines are the
lower and upper bounds of the 99% C.I.

(a) HLV design PSDs with zero noise (b) HLV O3a PSDs with a Gaussian noise realization

FIG. 5. One-dimensional posterior PDFs of DL recovered from hIl;PMðfÞ (green) and hIl;SISðfÞ (blue) of the injected equal-mass BBH.
For comparison, the distance posterior from an unlensed signal pðDUL

L Þ is also shown in orange solid lines. The left panel shows the
results obtained from the HLV design PSDs with zero noise. The right panel is the results from the HLVO3a PSDs involving a Gaussian
noise realization. The black vertical solid lines indicate the distance to the BBH (3 Gpc). The colored vertical dashed lines indicate the
lower and upper bounds of the 99% C.I.s for each posterior in the same color.
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unlensed signal. For example, the network SNR of
GW200208_222617-like event obtained from case A is
SNR200208

UL ≃ 7.4 [30]. This is the lowest SNR among the
four BBHs considered in this work. Its distance posterior

has a larger value of W99, i.e., W99 ≃ 8 Gpc for huðfÞ in
case A, than other BBHs. The effects of strong lensing
seem to be most significant on this BBH (R206

99 ∼ 8 vs
R99 ∼ 3 for other BBHs). The existence of noise is likely to
suppress the effects of strong lensing in terms of SNR
enhancement. Our results show that the precision of the
distance estimation is still expected to be improved by
strong lensing by a factor of 2 up to six with the existence
of Gaussian noise (see case B results in Table IV).

V. DISCUSSIONS

In this work, we present how to estimate the true
luminosity distance DL to a BBH, supposing we can detect
strongly lensed GW signals originating from the BBH. Our
results show that if an optimal strong lensing condition is
provided, the posterior of DL can be better constrained by
up to a factor of a few, even with the presence of simulated
noise in the GW data.
For simplicity, we assume the same waveform for

injection and templates in the PE analyses. Also, we
consider the two simplest lens models, PM and SIS, that
can produce two lensed signals in the geometrical optics
limit. However, in order to consider realistic BBH pop-
ulations and possible strong lensing configuration, we
should consider different GW waveform models and lens
models for each GW signal because the choice of the
models can be attributed to the systematic biases in PE.
Moreover, definitions and/or the relation between y and μrel
can be nontrivial when more lens parameters are needed to
describe an amplification factor FðfÞ: For example, more
than two lensed signals are expected by models such as
singular-isothermal-ellipsoid [44] or the Navarro-Frenk-
White model [45] or a more complex macrolens containing
multiple microlenses [46–48]. Therefore, future studies on
more realistic and/or complicated GW lensing will be

TABLE II. Quantitative comparison of the distance estimation
for the equal-mass BBH obtained from unlensed, PM, and SIS
models as shown in Fig. 5. The second column presentsW99 that
is the width of pðDLÞ at the 99% C.I. The third column shows
R99, a ratio between W99 values (see text for a definition). The
fourth and fifth columns present widths and ratios at the 67% C.I.
of pðDLÞ.

Case A: HLV design PSDs with zero noise

Signal W99 [Mpc] R99 W67 [Mpc] R67

Unlensed 2,688 1.00 923 1.00
Lensed (PM) 1,193 2.25 405 2.28
Lensed (SIS) 845 3.18 286 3.23

Case B: HLV O3a PSDs with a Gaussian noise

Signal W99 [Mpc] R99 W67 [Mpc] R67

Unlensed 7,700 1.00 2,074 1.00
Lensed (PM) 1,689 4.56 637 3.26
Lensed (SIS) 1,354 5.69 348 5.95

TABLE III. Injection parameters and SNR values of three
BBHs similar to GW200208_222617, GW200216_220804,
and GW200219_094415. All parameters are median values given
in Table IV of [30].

Event m1 [M⊙] m2 [M⊙] χeff DL [Gpc] SNR

GW200208_222617 51.0 12.3 0.45 4.1 7.94
GW200216_220804 51.0 30.0 0.10 3.8 10.35
GW200219_094415 37.5 27.9 −0.08 3.4 9.86

TABLE IV. The W99 and R99 values that are obtained from GW200208_222617 (labeled as 208),
GW200216_220804 (labeled as 216), and GW200219_094415 (labeled as 219)-like BBHs. Similar to Table II,
results from cases A and B are compared for each injection. In the superscript of W99 and R99, we drop the first
three and the last six digits of the event ID for convenience.

Case A: HLV design PSDs with zero-noise realization

Signal W208
99 [Mpc] R208

99 W216
99 [Mpc] R216

99 W219
99 [Mpc] R219

99

Unlensed 7,918 1.00 4,806 1.00 4,167 1.00
Lensed (PM) 1,274 6.21 1,786 2.69 1,146 2.68
Lensed (SIS) 948 8.35 1282 3.75 1,147 3.63

Case B: HLV O3a PSDs with a Gaussian-noise realization

Signal W208
99 [Mpc] R208

99 W216
99 [Mpc] R216

99 W219
99 [Mpc] R219

99

Unlensed 4,373 1.00 7,675 1.00 3,961 1.00
Lensed (PM) 1,206 3.63 1,882 4.08 2,133 1.86
Lensed (SIS) 637 6.86 1,693 4.53 1,437 2.76
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useful for understanding the effects of strong lensing in the
context of GW parameter estimation in more detail.
Although there has been no confirmed strongly lensed

GW event from the previous observing runs [32–35],
searching for strongly lensed GW signals is included in
the science goals of the ongoing fourth observing run (O4)
and future observing runs [49]. Based on forecast studies
[22–24,28,29], it is expected to observe ∼Oð1Þ strongly
lensed GW events per year with the design sensitivities of
the aLIGO [2] and the AdV [3]. Strongly lensed
GW signals are likely to be detected with better sensitivity
of the LIGO-Virgo-KAGRA detector network or the
third generation detectors [50,51] such as the Einstein
Telescope [52] and the Cosmic Explorer [53]. It is worth to
note that the method demonstrated in this work can be
applied to any CBC sources such as a neutron star–neutron
star binaries, as long as the two lensed GW signals are
detected by any of the current or future detectors.
More precise and accurate distance estimation is

invaluable not only for understanding the formation and
evolution of various CBC populations but also for
constraining a Hubble constant H0. When strongly lensed
GW signals are detected, the PE procedure presented in
this work can be used to estimate DL of CBCs with better
precision. This can be helpful to better constrain the
Hubble constant following the Hubble-Lemaître law
H0 ¼ v=d [54,55]. Here, v is the recessional velocity of
an astronomical source and d (or DL) is the distance to the
source that can be estimated by GW observations. Many

studies have discussed methods and implications of
H0 measurement enabled by observing GWs from
CBCs [56–64]. GW170817 [65] is the most successful
example for being used to estimate H0 using a GW jointly
observed with its electromagnetic counterpart [66].
Therefore, more precise distance estimation with strongly
lensed GWs can shed light on the Hubble tension in the
next decades.
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