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Primordial black holes (PBH), supposedly formed in the very early Universe, have been proposed as a
possible viable dark matter candidate. In this work we characterize the expected gravitational wave (GW)
losses from a population of PBHs orbiting Sgr A�, the supermassive black hole at the Galactic center (GC),
and assess the signal detectability by the planned space-borne interferometer LISA and by the proposed
next generation space-borne interferometer μAres. Assuming that PBHs indeed form the entire diffuse mass
allowed to reside within the orbit of the S2 star, we compute an upper limit to the expected GW signal both
from resolved and nonresolved sources, under the further assumptions of monochromatic mass function
and thermally distributed eccentricities. By comparing with our previous work where PBHs on circular
orbits were assumed, we show for 1M⊙ PBHs how the GW signal from high harmonics over a 10 year data
stream increases by a factor of six the chances of LISA detectability, from the ≈10% of the circular case, to
≈60%, whereas multiple sources can be identified in 20% of our mock populations. The background signal,
made by summing up all non resolved sources, should be certainly detectable thanks to the PBHs with
higher eccentricity evolving under two body relaxation. In the case of μAres, because of its improved
sensitivity in the μHz band, one third of the entire population of PBHs orbiting Sgr A� would be resolved.
The background noise from the remaining non resolved sources should be detectable as well. Finally, we
present the results for different PBH masses.
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I. INTRODUCTION

The search for a solution to the dark matter problem
[1–4] has led primordial black holes (PBHs) [5–9] to be
considered as a serious candidate for several years now
[10], especially in light of the as-of-today inconclusive
results of the many experiments aimed at a direct detection
of a dark matter particle [11,12]. If PBHs do exist and
indeed constitute a fraction of the dark matter in the
Universe, it is argued that they should clump at the center
of galaxies, and supposedly orbit the supermassive black
hole at their center [13–17], with a mass function and
abundance given by, e.g., [18]. Given the PBHs compact
nature, their motion around the central supermassive black
hole should be accompanied by loud gravitational wave
(GWs) emission, whose detection, or lack thereof, could
put constraints on the very existence of PBHs and on their
relevance as a dark matter candidate.
Closely following the approach in [13], we characterized

in [14] the GW signal in the LISA and μAres interferom-
eters expected in the most relevant case of Sgr A�, the
supermassive black hole at the center of the Milky Way, by
allowing for a total possible diffuse mass of 4 × 103M⊙
inside a 10−3 pc (i.e., within the pericenter of star S2,

see [19]), entirely comprised of PBHs, and assuming
monochromatic mass functions for the resident PBH
population on circular orbits. In particular, for the most
physically relevant case of 1M⊙ PBHs, a 10-years long
LISA mission was found to have a 10% chance of detection
of one single PBH, while μAres was expected to be able to
resolve more than 140 of them. The GW background was
shown to have a signal to noise ratio (SNR) largely
undetectable by LISA, while μAres would be sensitive
enough to detect it with SNR well over 100.
In this work we expand on our previous results. While

maintaining consistency in all other model parameters and
assumptions in order to facilitate a meaningful comparison,
we consider the more physically sound scenario of PBHs
on eccentric orbits, characterized here by a thermal dis-
tribution in eccentricity, i.e., pðeÞ ∝ e, as predicted by
general evolutionary arguments, see, e.g., [20–22]. The
effect of e is expected to be twofold. First, since the GW
timescale is a strong function of e, PBHs will fall toward
Sgr A� due to GW losses starting from different distances
and at different pace. Second, eccentric binaries emit GWs
at harmonics higher than the orbital frequency, thus shifting
most of GW radiation at higher frequencies.
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In the present work we will assess the expected signal
from all resolvable sources and the residual contribution to
GW background noise,1 adopting the spectral sensitivity
curves of forthcoming/proposed space-based observatories
such as LISA [23] and μAres [24].
We must stress, however, that by allowing the entire

diffuse mass around Sgr A� to be in PBHs, our results
should be taken as an upper bound on the foreseeable
detectability of these objects with future interferometers.
Furthermore, the assumption that a spiked dark matter
density profile is actually present at the GC is an unproved
and rather debated one [25–28], which implies a possibly
overestimated dark matter density at the GC, when con-
sidering a local density of ≃0.5 GeV cm−3 [29].
The paper is structured as follows. In Sec. II we derive

the number density distribution of PBHs in the GW-
dominated region. In Sec. III we review the theoretical
background behind the generation of the GW signal from a
binary of given eccentricity. In Sec. IV we present the
results and quantify the detectability of the computed GW
resolved and background signal. Finally, Sec. V is dedi-
cated to the discussion of our results and to conclusive
remarks.

II. EVOLUTIONOF PBHDENSITY DISTRIBUTION

In continuity with [13,14] we assume a population of
PBHs characterized by a monochromatic mass function,
mPBH ¼ 1M⊙ [30]. PBHs are radially distributed such as, at
large distances, far from the GW-dominated regime, the
density profile (referred to as unperturbed) is driven by
two-body relaxation. The timescale over which two-body
relaxation acts, is obtained from the relaxation timescale for
circular orbits [31]:

τrel;c ¼
1.8× 1010 yr

logðMMBH=mPBHÞ
1M⊙

mPBH

103M⊙ pc−3

ρ

�
σ

10 kms−1

�
3

;

ð1Þ

where ρ is the density distribution of the PBH population, in
our case the very same spiked Navarro-Frenk-White (NFW,
[32]) profile [33] adopted in [13,14], and σ is the Keplerian
velocity, both functions of the semimajor axis a; the mass of
the supermassive black hole, in our case Sgr A�, isMMBH ¼
4.3 × 106M⊙ [19]. From Eq. (1), the two-body relaxation
timescale for eccentric orbits is readily obtained as

τrel;e ¼ τrel;c × ð1 − eÞ: ð2Þ

If now we set a0 and e0 as the initial values of semimajor
axis and eccentricity, the timescale for GW infall is given
by [34]:

τGWðe0; a0Þ ¼ τ0ða0ÞFðe0Þ; ð3Þ

where

τ0ða0Þ ¼
5

256

c5a40
G3m2μ

ð4Þ

is the timescale for GW coalescence for circular orbits for a
binary of total mass m and reduced mass μ, and the term
containing the eccentricity dependency is

Fðe0Þ ¼
48

19

1

g4ðe0Þ
Z

e0

0

de
g4ðeÞð1 − e2Þ5=2
e
�
1þ 121

304
e2
� ; ð5Þ

in which the function of eccentricity gðeÞ appearing in
Eq. (5) is given by:

gðeÞ ¼ e12=19

1 − e2

�
1þ 121

304
e2
�

870=2299
: ð6Þ

For each semimajor axis a, we then define eGWðaÞ as the
eccentricity such that

τGWða; eGWÞ ¼ τrel;cðaÞ × ð1 − eGWÞ≡ τrel;e: ð7Þ

This limiting eccentricity effectively divides the param-
eter space semimajor axis-circularity (i.e., ½a; 1 − e�) into
two regions, as shown by the gray line in Fig. 1. For
eccentricities larger than eGW the orbital evolution is driven
by GW emission. Time dependent aðtÞ and eðtÞ can be
obtained by solving the following coupled differential
equations (orange trajectories in Fig. 1):

ȧ ¼ −
64

5

G3μm2

c5a3
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�

ð8Þ

and

ė ¼ −
304

15

G3μm2

c5a4
e

ð1 − e2Þ5=2
�
1þ 121

304
e2
�
: ð9Þ

In Fig. 1, on the right side of the gray dividing line in the
½a; 1 − e� plane, we show as green dots an example of a
Monte Carlo-sampled unperturbed population of PBHs,
distributed on a grid of semimajor axis according to the
spiked NFW density profile; subsequently, in each bin the
eccentricity has been drawn Monte Carlo from a thermal
distribution dp=de ¼ 2e. The total PBH population is
normalized to 4000 mPBH ¼ 1M⊙ PBHs within a 10−3 pc
distance from Sgr A� [19]. On the left side of the same
dividing line, the purple markers indicate instead the posi-
tions of those PBHs whose evolution is dominated by GW
emission. These positions along the evolutionary tracks, here

1Consistently to our previous work, we assume here obser-
vation duty cycles of 10 years for both facilities.
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depicted as orange lines, have been Monte Carlo-sampled
over theirGWmerging time τGW. The derivation of the rate at
which PBHs cross the dividing line between two body
relaxation and GW-dominated regimes, and hence the
PBH position in the ½a; 1 − e� plane, will be detailed in
the next subsection.

A. Crossing rate

The actual number of PBHs evolving because of GWs
emission is obtained by first modeling the process of two-
body relaxation acting at larger scales from the central
supermassive BH, hence providing the infall rate of objects.
To this goal we need to assume an underlying density
profile which, as in [14], follows a spiked NFW [33]. We
then impose the Cohn-Kalsrud condition [35,36] to esti-
mate the inward flux.
In more detail, Cohn and Kulsrud [35] provided a

framework to describe the stochastic evolution of stellar
objects around a central massive black hole. In particular,
they adopted the orbit-averaged Fokker-Planck equation
[37] as an evolution equation for the distribution function of
these objects. In the formalism, an object is considered to
be captured (and thus does not contribute to relaxation
anymore) when its pericenter is smaller than a critical
radius rc, usually referred to as the loss-cone radius,
modeled on the physics of the capture process, e.g., tidal
disruption events or capture of compact objects. The
criterion can be expressed in terms of orbital parameters,
so that a particle with energy E is considered to be captured
when relaxation drives its eccentricity above a critical value
ecðEÞ. Since relaxation in angular momentum for these

systems is more efficient than relaxation in energy (see also
[36,38]), Ref. [35] showed that over timescales of order of
τrel (from now on indicating τrel;c as simply τrel) the
distribution function assumes a quasistable profile in
eccentricity, depending upon ec and on the local relaxation
rate 1=τrel. From the resulting equilibrium distribution it is
then possible to compute the rate of objects captured by the
central black hole [see Eqs. (15)–(17) in [36]]:

dN
dEdt

¼ N̄

τrelðaÞ
h
log 1

1−e2c
− ð1 − αÞe2c

i ; ð10Þ

where N̄ is the number of objects per unit energy, such that
its integral over E provides the total number of objects and

α ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PðaÞ
τrelðaÞ

s
ð11Þ

is a parameter expressing the efficiency of diffusion at a
given orbit with radial period PðaÞ. Since PðaÞ is small
very close to the massive BH, we consider α ≃ 0. In the
standard treatment of the capture of compact objects, it is
customary (e.g., [39]) to set the critical eccentricity so that
rc ¼ 8GMMBH=c2, retaining diffusion up to general rela-
tivistic scales [40]. In our model, on the other hand,
particles with a given semimajor axis enter the phase of
GW-driven evolution with eGW implicitly given by Eq. (7)
and are no more subject (nor contribute) to two-body
relaxation; therefore in this process ec ¼ eGWðaÞ.
We now integrate the above Eq. (10) over discrete energy

bins ΔEi ¼ Eiþ1 − Ei (corresponding to discrete bins in
separation since a ¼ GMMBH=2E). The rate of PBHs
crossing into the GW-dominated regime at separation
comprised within ai and aiþ1 from Sgr A� is then:

dNi

dt
¼ N̄ΔEi

τrelðaÞ
h
log 1

1−e2c
− e2c

i : ð12Þ

Finally, the actual number NGW of PBHs found at
any time along a specific track given by Eqs. (8) and (9)
is given by:

NGW ¼ dNi

dt
× τGWðaiÞ ¼ N̄ΔEi

1 − ec
log 1

1−e2c
− e2c

; ð13Þ

since, at the critical eccentricity, τGW ¼ τrel;c × ð1 − ecÞ by
definition. Equation (13) implies that the number of objects
in the GW-dominated regime diverges like e−4c as ec → 0.
In this work there was no need to address directly this
divergence, since the first bin of the distribution of PBHs
we consider is centered at a ¼ 10−6 pc, where the critical
eccentricity is ec;min ≃ 0.3 and thus, far from the pole.
However, it is worth mentioning that the divergence in

FIG. 1. PBH population, unperturbed (green dots) and inside
the GW regime (purple markers), randomly sampled over their
own time to merger τGW. The gray demarcation line indicates
where τGW ¼ τrel × ð1 − eÞ, while the orange evolution tracks are
obtained by solving the coupled differential equations for ȧ and ė.
The three different red markers refer to representative examples
of low, average and high initial eccentricity, as detailed in the text.
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Eq. (13) disappears in a more accurate model where one
accounts for the facts that (i) the number of particles in the
diffusive regime vanishes for a → ac such that ec ¼ 0, and
that (ii) α in Eq. (10) is finite (and not zero). A simple
assumption could be that, at a given a, only particles
with eccentricity smaller than the critical value ec par-
ticipate to diffusion, so that in a thermal distribution
N̄ ¼ NðaÞ R ec

0 de e ¼ NðaÞe2c=2, and keeping a finite α
one gets

NGW →
NðaÞΔE

2

1

α
ec → 0: ð14Þ

Typically, starting from 4000 PBHs lying outside the
GW-dominated regime but within a 10−3 pc distance from
Sgr A� (the green dots in Fig. 1), approximately 300 will
migrate inside the GW-dominated region over a timescale
τGWðaiÞ (the purple markers in Fig. 1). Their corresponding
orbital frequency distribution is plotted in Fig. 2.

III. GRAVITATIONAL WAVE SIGNAL

The total strain of the emitted GW signal can be
characterized at the leading order as a sum over integer
harmonics of the orbital Keplerian frequency

hc ¼
X∞
n¼1

hc;n; ð15Þ

where the characteristic strain of the nth harmonic is given
by [41,42]:

hc;n ¼
1

πd

�
2GĖn

c3ḟn

�
1=2

: ð16Þ

Here, d is the luminosity distance from the source (8.26 kpc
[43] in the case of Sgr A�), and Ėn is the instantaneous

power for a binary of chirp massMc ¼ μ3=5m2=5 at orbital
frequency forb,

Ėn ¼
32

5

G7=3

c5
ð2πforbMcÞ10=3gðn; eÞ: ð17Þ

The time frequency shift is given by

ḟ ¼ 96

5
ð2πÞ8=3

�
GMc

c3

�
5=3

f11=3 × F ðeÞ; ð18Þ

where the term F ðeÞ is

F ðeÞ ¼ 1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
; ð19Þ

and the function gðn; eÞ in Eq. (17), expressing the fraction
of GW power going into each nth harmonic, is [44]:

gðn; eÞ ¼ n4

32

�
Jn−2ðneÞ − 2eJn−1ðneÞ þ

2

n
JnðneÞ

þ 2eJnþ1ðneÞ− Jnþ2ðneÞ
�
2

þ ð1− e2Þ½Jn−2ðneÞ

− 2JnðneÞ þ Jnþ2ðneÞ�2 þ
4

3n2
½JnðneÞ�2: ð20Þ

Here Jn represent the n-th order Bessel functions of the
first kind.

IV. RESULTS

Following the procedure explained in Secs. II and III we
proceed now to evaluate the resulting GW signal from the
entire PBH population, assessing its properties and detect-
ability. Because PBHs that are still in the two body
relaxation domain do emit gravitational radiation as much
as those in the GW domain, we will obtain our results for
the combined shares of the whole PBH population, which
on average is split in subpopulations of 300 and 3700 PBHs
between the two domains. We will further comment where
appropriate on the relative contribution to the total results
from the two sub-groups. We run a set of 1000 Monte Carlo
realizations of the population of PBHs, and average the
results accordingly.
Due to GW emission, on average the innermost PBHs

show a small residual eccentricity, resulting in a somewhat
larger strain because of their proximity to Sgr A�. On the
contrary, the outermost PBHs tend to retain their generally
higher eccentricity, while their greater distance to Sgr A�
result in lower strain amplitudes.
For each PBH we consider the first 1000 harmonics,

implying that we may have some contribution to the
observed GW strain from frequencies as high as
10−1 Hz, since fn ¼ forb × n and the highest orbital
frequencies are just shy of ∼10−4 Hz. As an example, in

FIG. 2. Expected orbital frequency distribution of sources in the
GW domain.
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Fig. 3 we show the GW strain from the harmonics up to
n ¼ 1000, each represented with a different color, gener-
ated by an hypothetical PBH with initial eccentricity e0 ¼
0.92 and orbital frequency f0 ¼ 7 × 10−6 Hz.
Conditions for a significant frequency shift during

observations, i.e., high eccentricity and small semimajor
axis, do not coexist simultaneously for the PBHs in our
model. Indeed, the frequency shifts over 10 years are in
general negligible. As an example, we plot in Fig. 4 the
evolution in frequency, eccentricity and semimajor axis for
three binaries of different initial eccentricity e0 (0.3, 0.67,
and 0.92), representative of a low, average, and high initial
eccentricity among the distribution, over a time span of

10 years. The initial semimajor axes (or equivalently, the
initial frequencies) are chosen in agreement with a standard
generic population of PBHs as depicted in Fig. 1, where the
three are represented as red stars. In all three cases, the
evolution of orbital parameters over 10 years is in fact
completely negligible. In other words, the population of
PBHs is by all means stationary in the ½a; e� space,
implying a characteristic strain in the form of a series of
discrete delta functions (or very narrow lines), one for each
harmonic considered. This fact could have been inferred as
well from Fig. 3, considering that each colored segment,
representative of the evolution in frequency of the strain
over 10 years, is in fact reduced to the size of the markers
for every harmonic.

A. Resolved sources

We first assess the GW signal due to PBHs that can be
treated as resolved sources. Following [14,45,46], we deem
a source as “resolved” (or resolvable) when its signal-to-
noise ratio SNR (sometimes indicated as S=N) is larger
than 8. The SNR is generally computed as

SNR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

h2cðfÞ
f2SnoiseðfÞ

df

s
; ð21Þ

where hc is the characteristic strain of the source as a
function of frequency f, and SnoiseðfÞ is the interferometer’s
sky averaged power spectral density. Since our PBHs do
not evolve in frequency appreciably during an estimated
mission lifetime of 10 years (see again Fig. 4), the integral
in Eq. (21) is a sum over the signal harmonics. An example
of Monte Carlo realization of the PBH population is shown
in Fig. 5. This particular realization counts 294 PBHs in the
GW-driven regime. Specifically, we show, as a function of
semimajor axis, the distribution in eccentricity (green
triangles), SNR referred to the LISA sensitivity (black
diamonds) and an estimate of the harmonic carrying the
largest strain (purple stars). The harmonic corresponding to

FIG. 3. Example of characteristic strains at every (of the first
1000) harmonic referred to a 1M⊙ PBH of initial eccentricity
e0 ¼ 0.92, initial orbital frequency f0 ¼ 7 × 10−6 Hz and total
observation time t ¼ 10 years with LISA (sensitivity curve
plotted for reference in black). The colored segments show
how the frequency shift over 10 years of each harmonic is very
limited.

FIG. 4. Evolution of frequency, eccentricity, and semimajor axis over 10 years for three different initial values of eccentricity e0. The
initial values of orbital frequency from left to right are 8 × 10−6, 1 × 10−6, and 2.5 × 10−7 Hz, respectively, in agreement with a generic
PBH population as depicted in Fig. 1, where they are represented as the three red markers.
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the maximum GW emitted power can be estimated as a
function of the PBH initial eccentricity e0 as (see, e.g., [47])

nmax ¼ 2 ×
ð1þ e0Þ1.1954
ð1 − e20Þ1.5

: ð22Þ

The top left and top right panels of Fig. 6 show the
probability distributions of the number of sources resolved
by LISA and μAres, respectively, while the bottom left and
bottom right panels show the corresponding distributions of
SNRs. All the resolvable sources for LISA are found in the
GW domain, while generally μAres will resolve all the
≈300 PBHs in the GW domain plus, on average, ≈1000
from the two body relaxation domain.
Comparing Fig. 6 with the same results from [14], who

assumed circular orbits, the probability of resolving at least
one PBH with LISA over 10 years of observation increases
from 10% to 60%, in virtue of the introduction of an
eccentricity profile. Note that there is also a non negligible

FIG. 5. Distributions of SNR (black diamonds), eccentricity
(green triangles) and harmonic of maximum GW power emission
(purple stars) over semimajor axis of all PBHs evolving by GW
emission for a random 1M⊙ PBH population. To each PBH
correspond three different color markers in this plot, vertically
aligned with their corresponding semimajor axis.

FIG. 6. Resolvable sources’ expected number (top row) and SNR (bottom row) probability distributions for LISA (left column) and
μAres (right column) from the entire PBH population. In the case of LISA this corresponds exactly to the same distributions from just the
PBHs in the GW domain, as no resolvable PBHs are found inside the two body relax domain. For μAres the ≈300 PBHs in the GW
domain are always resolvable, while the remaining ≈1000 are found inside the two body relax region. Similarly, the contribution to the
SNR distribution for μAres is dominated by the more numerous fraction of PBHs in the two body relax region, whose SNR is
generally ≲30.
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20% chance of detecting more than one PBH in the same
conditions.
The situation of μAres is completely different, as the

expected number distribution of resolvable sources appears
to closely match the total number of PBHs in the GW
domain of Fig. 1. This is not surprising, considering the
much better sensitivity of μAres in the μHz band compared
to LISA.
The probability distribution of the expected SNRs for

LISA (Fig. 6, bottom left panel) appears to peak at the
detection threshold of SNR ¼ 8 with an extended tail at
larger SNRs. The sparse detections with SNR > 1000,
generally arise from PBHs that happen to be at an advanced
stage in their evolution track (i.e. closer to Sgr A�, see
Fig. 1), rather than from PBHs initially particularly highly
eccentric. In general a binary with e > 0.99 will evolve
very quickly in comparison with less eccentric binaries,
eventually merging after a comparatively much shorter
time, making it less likely to be caught by LISA over its
10 years observation time. The PBHs in our model are by

the same means approximately persistent, as discussed in
regards of Fig. 4.
Comparing again our results with the circular orbit

scenario of [14], we found a clear increase in the number
of detectable sources, while the corresponding SNR dis-
tribution is approximately similar.
With μAres being capable of resolving all the PBHs in

the GW regime, and almost 30% of the PBHs in the two
body relax regime, the probability distribution in the
bottom right panel of Fig. 6 covers more smoothly the
range to the higher end of the SNR spectrum. In Fig. 7 we
show contour plots (displayed probability > 1‰) of SNR
vs semimajor axis (left column) and SNR vs eccentricity
(right column) referred to the PBHs in the GW domain for
the complete set of 1000 Monte Carlo realizations: we can
see for LISA on the top row and for μAres on the bottom
row the contour extending to high SNRs at low semimajor
axis, where the eccentricity is generally small, and compare
with the same data plotted against eccentricity on the right
column. The two orbital parameters, a and e, for the

FIG. 7. Contour plots showing the SNR vs semimajor axis (left column) and SNR vs eccentricity (right column) for LISA (top row)
and μAres (bottom row) density estimations from 1000 Monte Carlo realizations referred to all the PBHs in the GW domain. The levels
correspond to iso-proportions of the density, with darker layers indicating higher estimations. The cutoff for the lowest probability layer
is at the 1‰ probability for every panel (i.e., events with lower probability are not represented).
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resolved PBHs in the GW domain, are themselves distrib-
uted as shown in the contour plots in Fig. 8.2

B. GW background

The cumulative signal from the non resolvable PBHs
adds up to the GW background. We will compute here the
resulting SNR from the entire PBH population. The
amplitude of the GW background signal is computed using
Eq. (7) of [48],

ðS=NÞ2bkg ¼ tobs

Z
γðfÞ h4c;bkgðfÞ

4f2SnðfÞ2
df; ð23Þ

where the response function in the relevant frequency range
is γðfÞ ≈ 1 according to Fig. 4 of [49] and to [48], while
h2c;bkg is intended as the characteristic strain of the back-
ground, resulting from the nonresolvable sources, summed
over each frequency bin Δf ¼ t−1obs. In particular, following
the method in [42] for the computation of the background,
given the nth harmonic’s strain rms, defined in [50,51] as:

h2n ¼
GĖn

c3π2d2f2n
ð24Þ

the characteristic strain for the GW background of Eq. (31)
in [42] takes for our model the simplified form:

h2c;bkgðfÞ ¼
Z

de ×

�X
n

d2N
de d ln forb

h2nðfÞ
�

ð25Þ

It is important to point out that each frequency bin contains
not only the signal from the second harmonic (i.e., 2forb) of
a single PBH as would be the case with circular orbits, but
all the different harmonics generated from the rest of the
PBH population that happen to not differ by more than a
single Δf between each other. For 10 years of observation
time, Δf ¼ 3 × 10−9 Hz.
Comparing once again with the results from [14], the

expected GW background SNR distribution for LISA
(Fig. 9) is dominated by the share of PBHs in the two
body relaxation domain, whose GW background signal
appears to be detectable with SNR≃20 thanks to the highly
eccentric and numerous PBHs in this region. This result is
roughly three orders of magnitude larger with respect to the
circular orbit case. A subdominant mode from the ≈300
PBHs in the GW domain is found around SNR ≃ 4.
Concerning μAres, the results obtained in the previous
section, implying that it should be able to resolve all the
GW-emitting PBHs inside the GW domain, entail that only
the PBHs from the two body relax domain contribute to the
background, with a resulting SNR distribution centered
around ≃300. In general, these results are driven by the
very high eccentricities of the more external orbits, com-
bined with a tenfold increase in the number of PBHs when
moving to the relaxation region. On this note, the main
driver for a PBH to be resolvable when eccentricities are
high and the number of contributing harmonics can
accordingly vary greatly, is its SNR being above detection
threshold; because of this, the rare instances where inside a
frequency bin Δf, two or more PBHs are found, are hardly
indicative of such PBHs to be flagged as nonresolvable,
since indeed, the dominant contributing harmonics are

FIG. 8. Contour plots showing the eccentricity vs semimajor axis density estimations from 1000 Monte Carlo realizations of all the
sources in the GW domain for LISA (left) and μAres (right). The cutoff at the lowest layer is at the 1‰ probability for both.

2We must note that the non continuous behavior of the
probability maps showed in Figs. 7 and 8 is an artifact due to
the numerical discretization we adopted in the initial values of the
semimajor axis. Such discretization is apparent in Figs. 1 and 5.
As an example, the lower isolated “island” appearing in the right
panel of Fig. 8 reflects the uppermost evolutionary track in Fig. 1.
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generally at sufficiently different frequencies. The results
obtained for μAres are in agreement with its much better
sensitivity in the μHz band—where most of the PBHs are
statistically expected to be found—when compared to
LISA: every PBH close enough to Sgr A� to be evolving
by GW emission should be resolved. When looking at the
entire population, the number of detectable PBHs increases
on average to a total of ≈1300. The remaining non resolved
sources contribute to build up a detectable background
signal with SNR ≃ 300.

C. Results for different PBH masses

Until now we have focused our attention on 1M⊙ PBHs,
based on the results of recent theoretical arguments by [30]
suggesting that, under the assumption of a scale-invariant
amplitude of primordial curvature fluctuations, the result-
ing PBH mass spectrum should show a clear peak at
≃1M⊙. Furthermore this assumption provides for a simple
tool for comparison with previous results in the literature.
Nevertheless, PBHs can in principle possess any mass at
formation, and although we made no explicit assumptions
on the dark matter fraction in PBHs, we did assume all the
diffuse mass inside the orbit of S2 to be in PBHs. Since a
monochromatic distribution of 1M⊙ PBHs is already ruled
out as a viable candidate for all the dark matter by several
observational constraints, as shown for example in [18], if
PBHs are to constitute a significant fraction of dark matter
at all, it’s possible they would do so with an extended mass
function. Such an approach would go beyond the scope of
this paper, but it is nevertheless instructive to observe how
our results would be modified by a change in the PBH
mass, while still adopting monochromatic mass functions.
In accordance with theoretical arguments from [18,52]
(among others), the possibility of finding a significant dark

matter fraction in PBHs, while still maintaining relevance
for GW detection, is to be found in the range 0.1 <
mPBH < 10M⊙. A PBH mass too much outside of this
interval is most likely to yield negligible results for our
scope, either in terms of GW detectability for lower masses,
or because of too stringent limits on the dark matter fraction
in PBHs at mPBH > 10M⊙ [18]. For this reason we
obtained further results referred to these two additional
PBH masses, with all other model parameters unvaried.
Naturally, because the total diffuse mass enclosed by the
orbit of S2 is to remain unchanged, the total number of
PBHs in our model varies accordingly, from a minimum of
400 for mPBH ¼ 10M⊙ up to 4 × 104 for mPBH ¼ 0.1M⊙.
In the first case of the two, ≃30 PBHs are found on

average in the GW domain. For LISA, the detectability of at
least 1 PBH has a probability of 58%, including a 21%
chance of at least 2 detections, with up to 5 PBHs resolved
in a single Monte Carlo realization. The corresponding
SNR distribution is skewed around the detectability thresh-
old of 8 and we observed a 85% probability of SNR < 20.
For μAres, ≃250 PBHs are likely resolvable, with

average SNR ≃ 300. The background GW signals have
distributions centered around SNR ¼ 80 for LISA (with
75% probability of background SNR > 8), and centered
around SNR ¼ 350 for μAres.
In the second case, i.e., mPBH ¼ 0.1M⊙, on average

≃3000 PBHs are found inside the GW domain. Because of
their low mass, LISA has a negligible (< 1%) chance of
resolving any PBHs among the entire population, while the
GW background signal is by all means undetectable, the
SNR never exceeding 0.5. Once again the situation is
different for μAres, which is able to resolve ≃900 PBHs, all
found inside the GW domain (PBHs in the two body relax
region only have SNRs as high as 3.5). By contrast the GW
background is detectable thanks to the numerous share of

FIG. 9. GW background for LISA (left) and μAres (right) from the entire PBH population. In the case of LISA the distribution has two
modes, the first centered around SNR ≃ 4 determined by the PBHs in the GW domain, and the second centered around SNR ≃ 20
determined by the PBHs in the two body relax domain. In the case of μAres the background is determined solely by the unresolved
fraction of the PBH population in the two body relaxation regime.
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the PBH population in the two body relax region, building
up a GW background signal with SNR ≃ 180.

V. DISCUSSION AND CONCLUSIONS

The detection of PBHs with GW observations from the
GC with LISA and μAres might prove crucial in helping to
solve the dark matter problem. In this work we expanded
from the recent results in the literature by estimating the
GW signal from a 1M⊙ PBH population orbiting Sgr A�
characterized by a thermal distribution in eccentricity, and
in compliance with the limits in total diffuse mass inside the
orbit of S2 from the current best observational constraints.
After having quantified the fraction of PBHs whose

evolution is driven by gravitational radiation, as opposed to
two body relaxation, we compared with the results obtained
for circular orbits, finding the chances of detecting one
PBH with LISA over a 10 years long mission lifetime,
having increased from 10% to 60%; furthermore, there is a
20% probability of resolving more than one PBH over the
same timescale. By considering an eccentrically orbiting
PBH population, GW emission is triggered at various
higher harmonics of the orbital motion. Such contribution
to the GW signal is even more noticeable when estimating
the expected GW background, where the signal limited to
the nonresolved sources appears to build up a total signal
detectable by LISA with SNR ≃ 20, in contrast with the
circular case where such probability was shown to be low.
Comparing with our previous results obtained for cir-

cular orbits, the presence of an eccentricity profile—which
allows more PBHs to enter the LISA band—proved to be
more influential, rather than the SNR distribution, on the
total number of detections. Because PBHs of very high

eccentricity evolve much faster than those on more circular
orbits, the timescales of orbital evolution and of instru-
mental observation (which we, rather optimistically, maxed
out at 10 years) imply too small a chance of catching a PBH
with both an anomalously high eccentricity and small
semimajor axis. The average resulting PBH population is
therefore statistically made of quasistationary sources.
Finally, we allowed the PBH mass to vary in the next

most favorable range for GW detection, i.e., 0.1–10M⊙, the
higher detectability resulting from the higher mass of
the two.
In conclusion, and reiterating the arguments of [14], we

underline that the next generation of ground-based inter-
ferometers such as the Einstein Telescope [53], thanks to
their sensitivity at higher frequencies compared to LISA
and μAres, will play a complementary role in the search for
GWs emitted by PBHs, e.g., in the detection of binaries of
such objects [54,55]. Indeed, the prospects of genuine
multifrequency GW observations [48] should greatly
increase our chances of testing the existence of such an
elusive population of black holes in the forthcoming
decades.
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