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We consider the contribution of the Odderon to diffractive pp and pp elastic scattering at large center of
mass energy. We identify the Odderon and Pomeron with the Reggeized 1�− and 2þþ glueballs in the bulk,
respectively. We use for the gravity dual description the repulsive wall model, to account for the proper
Gribov diffusion for off-forward scattering. The eikonalized and unitarized amplitudes exhibit a vanish-
ingly small rho-parameter, and a slope parameter fixed by twice the closed string slope. The results for the
differential and total cross sections are compared to the empirical results reported recently by the TOTEM
collaboration.
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I. INTRODUCTION

In the Regge limit, diffractive pp and pp scattering at
large

ffiffiffi
s

p
is dominated by the Pomeron, with a smaller

admixture from the Odderon [1], a tower of C-odd soft
gluons. The Odderon is believed to be the C-odd partner of
the C-even Pomeron. While the latter in its soft version
dominates the diffractive pp cross section at high energy,
the manifestation of the former is still being debated,
although recent results from the TOTEM collaboration
have claimed it [2].
Regge theory predicts the rise of the pp and pp elastic

cross sections at collider energies. The rise follows from
Regge poles. The dominant pole is the Pomeron with the
largest intercept and positive signature. The Odderon carries
a smaller intercept and negative signature. Negative sig-
nature Reggeons add in the pp channel, and subtract in the
pp channel.

The hard QCD Pomeron at weak coupling is a Reggeized
BFKL ladder which resums the rapidity ordered collinear
emissions. It is a C-even and P-even gluon ladder, which is
identified with j-plane branch-points in the conformal limit.
In the same regime, the Odderon is a Reggeized BKP
ladder [3,4]. It is a C-odd and P-odd exchange of gluons,
with two nearby j-plane branch points. At strong coupling,
in dual gravity, the Pomeron is identified with a Reggeized
spin-j graviton, while the Odderon with a Reggeized spin-j
Kalb-Ramond field [5].
The purpose of this work is to explore the possible

contribution of the Odderon in diffractive pp and pp elastic
scattering, in light of the recently reported Odderon by the

D =O and TOTEM collaborations [2]. In gravity dual for-
mulations, the general aspects of the Odderon were initially
discussed in [5]. Our approach will use the gravity dual
formulation, with a repulsive wall to account for confine-
ment. Only in this case, a full Reggeization with the famed
Gribov diffusion is realized. For completeness, we note that
the Odderon contribution in pp and pp scattering was
partially analyzed using an effective string theory in [6], and
the AdS=CFT in the conformal limit in [7].
The outline of the paper is as follows: in Sec. II we briefly

review the salient features of the newly released pp and pp
data by the TOTEM collaboration. In Sec. III we will
formulate the gravity dual description using the repulsive
wall model. We will explicitly construct the bulk-to-bulk
Pomeron and Odderon propagators, and show how the

*florian.hechenberger@tuwien.ac.at
†kamamo@wm.edu
‡ismail.zahed@stonybrook.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 109, 036029 (2024)

2470-0010=2024=109(3)=036029(21) 036029-1 Published by the American Physical Society

https://orcid.org/0009-0006-2851-585X
https://orcid.org/0000-0003-3123-4398
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.036029&domain=pdf&date_stamp=2024-02-27
https://doi.org/10.1103/PhysRevD.109.036029
https://doi.org/10.1103/PhysRevD.109.036029
https://doi.org/10.1103/PhysRevD.109.036029
https://doi.org/10.1103/PhysRevD.109.036029
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Reggeized forms of the Pomeron and Odderon emerge from
pertinent analytical resummations. Unlike the soft wall, the
repulsive wall reproduces the expected Gribov diffusion for
the Reggeons on the boundary in the confining limit. The
logarithmic diffusion in the conformal limit is shown to
hold. In Sec. IV we derive the holographic and Reggeized
amplitudes for elastic pp and pp scattering with the
associated total and differential cross sections. The slope
and rho-parameters are made explicit. In Sec. V the holo-
graphic amplitudes are eikonalized. The Froissart bound is
recovered at asymptotic energies. The eikonal results for the
slope and rho-parameters, as well as the elastic differential
cross section, are compared to the recently reported TOTEM
data. Our conclusions are in Sec. VI. More details regarding
some aspects of the repulsive and soft wall as well as
the conformal limit are given in a number of additional
Appendices.

II. ODDERON IN pp AND pp

Diffractive pp and pp elastic scattering is dominated by
Reggeized glueball exchanges as illustrated in Fig. 1. The
Pomeron and Odderon carry positive and negative C-parity,
respectively. In pQCD the Pomeron is a Reggeized
exchange of a two-gluon ladder with rung induced by
Lipatov vertices with positive parity 2þþ, and the Odderon
a Reggeized three-gluon ladder with negative parity 1−−.
Their contribution adds in the elastic pp scattering ampli-
tude, and subtracts in pp,

App ¼ AP
pp þAO

pp

App ¼ AP
pp −AO

pp: ð2:1Þ

The difference between the two amplitudes at large
ffiffiffi
s

p
stems from the Odderon exchange, as it discriminates p
from p by charge conjugation. The combined and large

ffiffiffi
s

p
elastic pp data from LHC and pp data from D =O, were
recently analyzed by the TOTEM collaboration, with the
results shown in Fig. 2.
The data for the differential cross section shows a clear

diffractive dip and bump pattern for the pp channel, with a
large bump-to-dip ratio that appears to be decreasing for
larger

ffiffiffi
s

p
. In the pp scattering data it appears to be flat

already at comparatively low
ffiffiffi
s

p
. Among the new and

unexpected features of the elastic amplitude are: (1) The
persistent diffractive structure at low-t; (2) The absence of
additional secondary structures at large-t; and (3) The linear
rise of the slope parameter. We now proceed to analyze
(2.1) and their pertinent differential and total cross sections
in the context of dual gravity.

III. GRAVITY DUAL DESCRIPTION

In the QCD dual gravity approach, the precursors to the
Pomeron and the Odderon are identified with the graviton
2þþ and the Kalb-Ramond 1�− fields, each to leading order
sourced by the QCD boundary operators

hμν½2þþ�∶ GaμαGaν
α

Bμν½1þ−�∶ dabcGaαβGb
αβG

cμν

Cμν½1−−�∶ dabcGaαβGb
αβG̃

cμν ð3:1Þ

with all traces subtracted. The even spin-j trajectory for the
Pomeron, and the odd spin-j trajectory for the Odderon are
sourced, respectively, by the boundary operators

hμνj ½ð2þ jÞþþ�∶ GaμαDα1…DαjG
aν
α

Bμν
j ½ð1þ jÞþ−�∶ dabcGaαβDα1…DαjG

b
αβG

cμν

Cμν
j ½ð1þ jÞ−−�∶ dabcGaαβDα1…DαjG

b
αβG̃

cμν ð3:2Þ

with the proper symmetrization assumed. In particular, hj
has conformal dimension Δh ¼ 4þ j and twist τh ¼ 2þ j,
and Bj,Cj have conformal dimensionΔh ¼ 6þ j and twist
τh ¼ 5þ j, respectively.

A. Dual gravity

We now proceed to analyze the gravity dual description of
the corresponding bulk fields, using the bottom-up approach
with a repulsive wall. As we detail in Appendix A, the soft
wall model fails to capture Gribov diffusive behavior,
necessary for off-forward scattering. We will thus take a
different path and linearize the bulk equations of motion in
the dilaton, which resembles an additional potential term. To
this end we write the metric as

(a) (b)

FIG. 1. Feynman diagrams for diffractive pp eleastic scattering
through (a) Pomeron and (b) Odderon exchange.

FIG. 2. pp differential cross sections from the TOTEM
collaboration (left), and pp̄ from the D =O collaboration (right),
for different center of mass energies

ffiffiffi
s

p
[2,8].

HECHENBERGER, MAMO, and ZAHED PHYS. REV. D 109, 036029 (2024)

036029-2



ds2 ¼ e2AðzÞðdz2 þ ημνdxμdxνÞ;

e2AðzÞ ¼
�
R
z

�
2

eaκ
2z2 ð3:3Þ

which is amenable to passing from the string frame to
Einstein frame. We also introduced a constant prefactor a, to
study the effects of a repulsive versus attractive dilaton, as
well as the open versus closed string coupling. The repulsive
dilaton bears much in common with the Nambu-Goto
analysis of the Pomeron with a hard wall [9] (and references
therein). Matching the parameters of type IIB supergravity
(SUGRA) on AdS5 to N ¼ 4 Super Yang–Mills we get

R2 ¼
ffiffiffi
λ

p
α0: ð3:4Þ

In the following we will set R ¼ 1.

B. Reggeized even spin-j

The starting point for the Reggeization of the even spin-j
exchange is the graviton with spin j ¼ 2. We recall that the
bulk equation of motion for the graviton follows from the
linearization of the Einstein-Hilbert action. The traceless
and transverse part of the metric fluctuation in physical
gauge ϵTTμν hj¼2 is amenable to a scalar equation with
anomalous dimension

Δgðj ¼ 2Þ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2

5R
2

q
ð3:5Þ

withm2
5R

2 ¼ 0. The closed string exchange resumming the
even spin-j hj fields, can be sought as a graviton exchange
with the anomalous dimension [10]

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2

5R
2 þm2

jR
2

q
ð3:6Þ

deformed by the closed string quantized mass spectrum

j ¼ 2þ 1

2
α0m2

j : ð3:7Þ

In other words, the anomalous dimension (3.6) is

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ

p
ðj − jPÞ

q
ð3:8Þ

with

jP ¼ 2 −
4

2
ffiffiffi
λ

p : ð3:9Þ

Higher order corrections in 1=
ffiffiffi
λ

p
to the Pomeron intercept

have been analyzed in [11].
We will seek the Reggeized bulk-to-bulk graviton propa-

gator in terms of its Mellin transformwith the even-signature

contribution projected out via the Sommerfeld-Watson
transform

G2ðs; t; z; z0Þ ¼
Z

dj
4πi

ðα0sÞj−2 þ ð−α0sÞj−2
sin πðj − 2Þ G2ðj; t; z; z0Þ

ð3:10Þ

and the analytical continuation in spin j ¼ 2 → j assumed.

C. Reggeized odd spin-j

Similarly to the Reggeized even spin-j exchange, the
starting point for the Reggeization of the odd spin-j
exchanges that sums up to a closed string exchange is
the spin-1 C2 ∼ ⋆dC gauge field. For that, we first recall
that the bulk equation of motion for the rescaled gauge field
zC is the same as that of a scalar field with anomalous
dimension [12]

Δgðj ¼ 1Þ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2

5R
2

q
ð3:11Þ

with

m2
5R

2 ¼ −4þm2
k

where we added m2
k ¼ k2; ð4þ kÞ2 for the two branches of

the Odderon [5]. The latter branch identifies with the
canonical dimensions of (3.1), (3.2). The former branch
is more sensitive to the presence of the adjoint scalars in the
SUSY version. In this spirit, the closed string exchange
resumming the odd spin-j Cj gauge fields can be sought as
a vector exchange with the anomalous dimension

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2

5R
2 þ m̃2

jR
2

q
ð3:12Þ

deformed by the closed string quantized mass spectrum

j ¼ 1þ 1

2
α0m̃2

j : ð3:13Þ

In other words, the anomalous dimension (3.12) is

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ

p
ðj − jOÞ

q
ð3:14Þ

with

jO ¼ 1 −
m2

k

2
ffiffiffi
λ

p : ð3:15Þ

Higher order corrections in 1=
ffiffiffi
λ

p
to the Odderon intercept

have been analyzed in [11]. Similarly as for the graviton,
the Reggeized Kalb-Ramond field is given by the odd-
signature Sommerfeld-Watson transform
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G1ðs; t; z; z0Þ ¼
Z

dj
4πi

ðα0sÞj−1 þ ð−α0sÞj−1
sin πðj − 1Þ G1ðj; t; z; z0Þ:

ð3:16Þ

To conclude, the Reggeized bulk-to-bulk propagators that
resum the even and odd trajectory are given by

Gj�ðs; t; z; z0Þ ¼
Z

dj
4πi

ðα0sÞj−j� þ ð−α0sÞj−j�
sinπðj− j�Þ

Gj�ðj; t; z; z0Þ;

jþ ¼ 2; j− ¼ 1: ð3:17Þ

D. Resummed bulk-to-bulk propagator

The analytically continued spin-2 and spin-0 are
related by

G2ðj; t; z; z0Þ ¼ e−ðj−2ÞðAðzÞþAðz0ÞÞG0ðj; t; z; z0Þ ð3:18Þ

with the warped scalar propagator obtained from

LzG0ðz; z0Þ ¼
δðz − z0Þ
wðzÞ ð3:19Þ

and the pertinent Sturm-Liouville operator

Lz ¼
1

wðzÞ dzðwðxÞp0ðzÞdzÞ þ p2ðzÞ: ð3:20Þ

For the background (3.3) the scalar bulk-to-bulk propagator
obeys the Sturm-Liouville equation (3.19), (3.20) with
weights

wðzÞ ¼ ffiffiffi
g

p

p0ðzÞ ¼ −gzzðzÞ
p2ðzÞ ¼ Sj − tz2; ð3:21Þ

where

Sj ¼ m2
5R

2 þm2
jR

2:

After carrying out the coordinate transformations and field
redefinitions laid out in Appendix A, and keeping in mind
that the dilaton has been absorbed into the metric, the scalar
bulk-to-bulk propagator is now seen to solve

K00
0ðvÞ þ

�
−
Sjð1þ 2

3
vÞ

4v2
þ vð2 − vÞ − 3

4v2
þ t=a

2v

�
K0ðvÞ

¼ δðv − v0Þffiffiffi
6

p
aκ

ð3:22Þ

where we expanded the dilaton to linear order e2av=3 ¼
1þ 2av=3. The independent homogeneous solutions to
(3.22) are Whittaker functions

K1ðvÞ ¼ e−
v
2v

1
2
þαM

�
1

2
þ α − β; 1þ 2α; v

�

K2ðvÞ ¼ e−
v
2v

1
2
þαU

�
1

2
þ α − β; 1þ 2α; v

�
ð3:23Þ

with Kummer M (regular at v ¼ 0) and Tricomi U
(irregular with branch cut at v ¼ 0) hypergeometric func-
tions and

α ¼ ΔgðjÞ − 2

2
; β ¼ 3 − Sj −m2

5 þ 3t̃=a

6
: ð3:24Þ

The inhomogeneous solution to (3.22) is then

K0ðv; v0Þ ¼
1

2
AK2ðvÞK1ðv0Þ; v > v0

K0ðv; v0Þ ¼
1

2
AK1ðvÞK2ðv0Þ; v < v0 ð3:25Þ

with the normalization fixed by the Wronskian

A−1 ¼ −
ffiffiffi
6

p
aκWðK2; K1Þ ¼ −

ffiffiffi
6

p
aκΓð1þ 2αÞ

Γð1
2
þ α − βÞ : ð3:26Þ

The cost of linearizing the dilaton is a shift in the conformal
intercept resulting from the poles of the gamma function
given by

jPðtÞ ¼ jþ −
3

2
ffiffiffi
λ

p þ α0

2
t ð3:27Þ

under the condition that 5aκ2R2 ¼ 2. From this identifi-
cation it is apparent that only the repulsive dilaton with
a > 0 gives the correct diffusive Regge behavior, since the
attractive dilaton with a < 0 would violate unitarity. As
shown below and in Appendix A, this choice shifts the
intercept slightly below the result from the soft wall or pure
AdS, which is however to be expected since linearizing the
dilaton introduces an additional potential term.We also find
a pole with a higher intercept

jPðtÞ ¼ jþ þ 6ffiffiffi
λ

p þ α0

2
t ð3:28Þ

coming from the positive root which, however, will not be
picked up by the contour integration of the Sommerfeld-
Watson transform.
Reverting the rescalings and coordinate transformations,

we obtain the resummed scalar bulk-to-bulk propagator in
the repulsive wall to be
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G0ðj; t; z; z0Þ ¼ −
ðzz0Þ2
2

ð3aκ2zz0=2ÞΔgðjÞ−2

×
Γð3ΔgðjÞþSj−6þ3t̃=a

6
Þ

ΓðΔgðjÞ − 1Þ MðzÞUðz0Þ ð3:29Þ

where we introduced the shorthand

MðzÞ ¼ M

�
Sj þ 3ΔgðjÞ − 6 − 3t̃=a

6
;ΔgðjÞ − 1; aκ2z2

�

and similarly for UðzÞ. The branch cut of

Γ
�
1

2
þ α − β

�
¼ ΓðiyÞ ≈ e−iγEy=iy

is chosen to the left of the integration contour, along the
negative real axis as in Fig. 3. In the large s=jtj limit, the
integral is dominated by the saddle point. For the Pomeron
we recall that m2

5 ¼ 0 and we continue to carry out the
Sommerfeld-Watson transform via saddle point approxi-
mation to obtain

G2ðs; t; z; z0Þ ¼ −
3

5
fþðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
ðzz0Þ2
2

e−
a
2
ðjPðtÞ−2Þκ2ðz2þz02 Þ

× ð3aκ2zz0=2ÞeðjPðtÞ−2Þτ; ð3:30Þ

where τ ¼ logðα0szz0Þ ¼ χ þ log zz0 with χ ¼ logðα0sÞ the
rapidity, and we used that Mð0; 0; zÞ ¼ Uð0; 0; zÞ ¼ 1 and

fþðλÞ ¼ iþ 4
ffiffiffi
λ

p

3π
−

π

4
ffiffiffi
λ

p : ð3:31Þ

Note that at the saddle point the Kummer functions are
Mð0; 0; zÞ ¼ 1;Uð0; 0; zÞ ¼ 1 and the bulk-to-bulk propa-
gator is fully symmetric.
For the Odderon the analytically continued spin-1 and

spin-0 are related by

G1ðj; t; z; z0Þ ¼ e−ðj−1ÞðAðzÞþAðz0ÞÞG̃0ðj; t; z; z0Þ ð3:32Þ

with the rescaled scalar field

G̃0ðj; t; z; z0Þ ¼ ðzz0Þ−1G0ðj; t; z; z0Þ: ð3:33Þ

We recall that

ΔgðjÞ ¼ 2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ Sj

p ¼ 2þmk

and thus

jOðtÞ ¼ j− −
m2

k − 1

2
ffiffiffi
λ

p þ α0

2
t: ð3:34Þ

We expect higher order corrections in 1=
ffiffiffi
λ

p
to the Odderon

intercept in (3.34), following the strong coupling analysis
in the conformal limit in [11].
The multiple branches of the Odderon, which are

fixed from type IIB SUGRA, are given by m2
k ¼ k2 and

m2
k ¼ ðkþ 4Þ2. The structure of (3.34) shows that the

k ¼ 0 branch has either an intercept greater than one, or is
super diffusive. The branch with k ¼ 1 has an intercept
precisely at one, and is the leading branch cut that will be
picked up by the saddle point. Remarkably, a similar
Odderon trajectory was noted in baryon-baryon scattering
in AdS with D5 branes [7].
Performing the Sommerfeld-Watson transform via sad-

dle point approximation along the contour of Fig. 3, the
bulk-to-bulk Odderon propagator is given by

G1ðs; t; z; z0Þ ¼ −
3

5
f−ðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
ðzz0Þ
2

e−
a
2
ðjOðtÞ−1Þκ2ðz2þz02Þ

× ð3aκ2zz0=2ÞeðjOðtÞ−1Þτ; ð3:35Þ

where

f−ðλÞ ¼ iþ 4
ffiffiffi
λ

p

ðm2
k − 1Þπ −

ðm2
k − 1Þπ
12

ffiffiffi
λ

p ; ð3:36Þ

which has a pole for the leading k ¼ 1 branch. We note that,
at large λ, (3.31) and (3.36) coincide for the k ¼ 2 branch.
The conformal limit is discussed in Appendix B.

IV. SCATTERING AMPLITUDES

Elastic pp and pp scattering in the Regge limit with the
exchange of Reggeons P, O are depicted in Fig. 1 using
standard Feynman graphs. In dual gravity, the Feynman
graphs are replaced by the Witten diagrams in Fig. 4. The
Pomeron P is identified with a sum of massive even-spin
glueballs, while the Odderon is identified with a sum of
massive odd-spin glueballs. The wavy-lines are the bulk-to-
bulk Gj�ðjÞ propagators defined above. The bulk-to-boun-
dary Dirac fermions are represented by solid lines, and
follow from the chiral Kaluza-Klein modes for the bulk
Dirac fermions discussed in Appendix C.

FIG. 3. Complex j-plane structure for the odd spin-j bulk-to-
bulk propagator. The poles give rise to the vector glueball
spectrum and the cut gives rise to the Odderon.
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The even and odd spin-j contributions to Fig. 1 are

App→ppðs; tÞ ¼
X

j¼2;4;::

APðj; s; tÞþ
X

j¼1;3;::

AOðj;s; tÞ

App→ppðs; tÞ ¼
X

j¼2;4;::

APðj; s; tÞ−
X

j¼1;3;::

AOðj; s; tÞ: ð4:1Þ

A. Even spin-j

The even spin-j contribution to diffractive pp scattering
in Fig. 4(a) is given by

iAPðj; s; tÞ ¼ ð−iÞVμν
jΨΨðq1; q2; k; mnÞ

× G̃μν;αβðkÞð−iÞVαβ
jΨΨðp1; p2; k; mnÞ ð4:2Þ

with the bulk Pomeron-nucleon vertex for the repulsive
wall [12]

Vαβ
PΨΨðp1; p2; k; mnÞ ¼ −

1

2

ffiffiffiffiffiffiffi
2κ2

p Z
dz

ffiffiffi
g

p
e−3AðzÞ

×Ψðp2; zÞγαpβΨðp1; zÞJhðmn; zÞÞ
ð4:3Þ

where

Jhðmn; zÞ≡
ffiffiffiffiffiffi
3

4
a

r
κz3e−ðjPðtÞ−2Þaκ2z2=2 ð4:4Þ

and the reduced even spin-j Reggeized graviton exchange

Gμν;αβðmn; k; z; z0Þ ¼ Jhðmn; zÞG̃μν;αβðmnðjÞ; kÞJhðmn; z0Þ
ð4:5Þ

with the Pomeron propagator given by

G̃μν;αβðmnkÞ ¼ −
3

5
fþðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
eðjPðtÞ−2Þτð−iÞPμν;αβðkÞ

ð4:6Þ

and

Pμν;αβðkÞ ¼
1

2

�
PμαPνβ þ PμβPνα −

2

3
PμνPαβ

�
ðkÞ;

PμαðkÞ ¼ −ημα þ
kμkν
k2

: ð4:7Þ

In the Regge limit the amplitude reduces to

APðs; tÞ ¼
3

5
fþðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
κ2

2
g2
PΨΨ

4s2

×

�
1þ t − 4m2

p

s

�
eðjPðtÞ−2Þτδs1s2δs01s02

≡N fþðλÞeðjPðtÞ−2ÞτVPðs; tÞ; ð4:8Þ

where

gPΨΨ ¼ 729f0mpκ
4
Nκðn2L þ n2RÞ

4ð3κ2N þ 8ðjPð0Þ − 2Þκ2Þ5 ; N ¼ 3

5

ffiffiffiffiffiffiffiffi
3D
5πτ

r
κ2

2

ð4:9Þ

and we used a ¼ 4 for the closed string exchange and a¼1
for the open string fields as well as uðp2Þγμuðp1Þ ¼
ðp1 þ p2Þμδs1s2 .

B. Odd spin-j

The odd spin-j contribution to diffractive pp scattering is

iAOðs; tÞ ¼
X
m≤n

ð−iÞVðnÞμ
jΨΨðq1; q2; k;mnÞ

× H̃μνðmn;kÞð−iÞVðmÞν
jΨΨ ðp1; p2; k;mnÞ ð4:10Þ

with the bulk Odderon-nucleon vertices

(a) (b)

FIG. 4. Witten diagrams for diffractive pp eleastic scattering through (a) Pomeron and (b) Odderon exchange.
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Vð1Þβ
OΨΨðp1;p2;k;mnÞ¼þ

ffiffiffiffiffiffiffi
2κ2

p 1

2

Z
dz

ffiffiffi
g

p
e−2AðzÞ

×Ψðp2;zÞσαβγ5Ψðp1;zÞkαJhðmn;zÞÞ
ð4:11Þ

Vð2Þβ
OΨΨðp1; p2; k; mnÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p 1

2

Z
dz

ffiffiffi
g

p
e−2AðzÞ

× Ψðp2; zÞγβγ5Ψðp1; zÞJhðmn; zÞÞ
ð4:12Þ

corresponding to a Pauli and Dirac coupling, where

Jhðmn; zÞ ¼
ffiffiffiffiffiffi
3

4
a

r
κz2e−ðjOðtÞ−1Þaκ2z2=2 ð4:13Þ

and the reduced odd spin-j Reggeized spin-1 exchange

Hμνðmn;k;z;z0Þ ¼ Jhðmn;zÞH̃μνðk;z;z0ÞJhðmn;z0Þ; ð4:14Þ

where

H̃μνðk;z;z0Þ¼−
3

5
f−ðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
eðjOðtÞ−1Þτð−iÞPμνðkÞ: ð4:15Þ

The vertices arise from the sources BMN and CMN of the
boundary operators in (3.1) which are assumed to mini-
mally couple to the chiral Dirac fermion current ΨσABΨ
in the bulk with σAB ¼ i

2
½ΓA;ΓB�; eMA ¼ e−AðzÞδMA ;ΓA ¼

ðγμ;−iγ5Þ; fΓA;ΓBg ¼ 2ηAB. The corresponding 1−− fluc-
tuations, which are tied through a topological mass term in
type IIB SUGRA, are given by Cμν and Bμz [13]. The latter
already corresponds to a spin-1 exchange, while for Cμν a

projection onto the spin-1 content is obtained via utilizing
the field strength Cμν ¼ 1

2
ffiffiffiffiffiffi
−∂2

p ϵμνρσFρσ. The normalization

is implied by the normalized kinetic term in the closed
string SUGRA action, which we omit in the following. A
similar reasoning holds for Bμz. Note that the Pauli coupling
vanishes in the forward limit, even with the normalization
included, and is strongly suppressed in the Regge limit. The
Dirac coupling does not and allows for the study of
potential contributions of the Odderon as a spin-1 exchange
in the forward region. Recall that the BKP Odderon is a
Reggeized 4-vector ð1

2
; 1
2
Þ representation of the complexi-

fied SO(3, 1). For completeness, we note that in [7] the
Odderon is identified with an exchange of the Bþz
component of the Kalb-Ramond field in AdS5 × S5. The
self-dual 2-form corresponds to the (0, 1) representation of
the complexified SO(3, 1), and is found to have nonzero
coupling to the baryon vertex.
Similarly, after reducing the chiral Dirac spinors to 4D

and utilizing the LSZ formula, we obtain for the Odderon

gð1Þ
OΨΨ

¼
Z

dz
ffiffiffi
g

p
e−2AðzÞðψLðzÞ2 þ ψRðzÞ2ÞJhðmn; zÞÞ

¼ 7776f0mpκ
4
Nκðn2L þ n2RÞ

ð9κ2N þ 32ðjOð0Þ − 1Þκ2Þ4 ð4:16Þ

gð2Þ
OΨΨ

¼
Z

dz
ffiffiffi
g

p
e−2AðzÞ2ψLðzÞψRðzÞJhðmn; zÞÞ

¼ 15552f0mp

ffiffiffiffiffiffi
3π

p
κκ4NnLnR

ð9κ2N þ 32ðjOð0Þ − 1Þκ2Þ4 : ð4:17Þ

In the Regge limit the amplitude is given by

AOðs; tÞ ¼
3

5
f−ðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
eðjOðtÞ−1Þτ

κ2

2

�
gð1Þ2
OΨΨ

4kμkαuðp2Þσμνuðp1ÞPνβðkÞuðq2Þσαβuðq1Þ

þ gð2Þ2
OΨΨ

ðp1 þ p2ÞμPμνðkÞðq1 þ q2Þνδs1s2δs01s02 þ igð1Þ
OΨΨ

gð2Þ
OΨΨ

ðkαuðq2Þσαβuðq1ÞPβνðp1 þ p2Þνδs1s2
þ kμuðp2Þσμνuðp1ÞPνβðkÞðq1 þ q2Þβδs0

1
s0
2
Þ
�

≡N f−ðλÞeðjOðtÞ−1ÞτVOðs; tÞ ð4:18Þ

where we again used uðp2Þγμuðp1Þ ¼ ðp1 þ p2Þμδs1s2
for s → ∞. In particular we obtain for the forward
amplitude

AOðs; 0Þ ¼ N f−ðλÞðgð2Þ
OΨΨ

Þ2eðjOðtÞ−1Þτ2s
�
1 −

4m2
p

2s

�
:

ð4:19Þ

C. Total cross sections

For the computation of the total cross section, we recall
that the signature factors are given by

fþðλÞ ¼ iþ 4
ffiffiffi
λ

p

3π
−

π

4
ffiffiffi
λ

p

f−ðλÞ ¼ iþ 4
ffiffiffi
λ

p

ðm2
k − 1Þπ −

ðm2
k − 1Þπ
12

ffiffiffi
λ

p : ð4:20Þ
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For the discussion of the analytical results we will drop the subleading piece in λ and only include it in the numerical analysis.
In both cases the real part dwarfs the imaginary part at very strong coupling, but both imaginary parts are equal to 1.
The total cross sections in pp and pp follow from the optical theorem

σ�ðsÞ ¼
1

s
ImðAPðs; 0Þ �AOðs; 0ÞÞ; ð4:21Þ

and is given by

σ�ðsÞ ¼
6

5

ffiffiffiffiffiffiffiffi
2D
5πτ

r
κ2

2

�
2g2

PΨΨ
eðjPð0Þ−1Þτ

�
1 −

4m2
p

s

�
� gð1Þ2

OΨΨ
eðjOð0Þ−1Þτ

�
1 −

4m2
p

2s

��

¼ 2N eðjPð0Þ−1Þτ
�
g2
PΨΨ

�
1 −

4m2
p

s

�
� gð1Þ2

OΨΨ
eðjOð0Þ−jPð0ÞÞτ

�
1 −

4m2
p

2s

��
; ð4:22Þ

where we expanded for large s. The rho-parameters for both channels read

ρ�ðsÞ ¼
ReA�ðs; 0Þ
ImA�ðs; 0Þ

¼
4
ffiffi
λ

p
3π ð1 − 4m2

p=sÞg2PΨΨeðjPð0Þ−1Þτ �
4
ffiffi
λ

p
ðm2

k−1Þπ
ð1 − 4m2

p=2sÞg2OΨΨeðjOð0Þ−1Þτ
ð1 − 4m2

p=sÞg2PΨΨeðjPð0Þ−1Þτ � ð1 − 4m2
p=2sÞg2OΨΨeðjOð0Þ−1Þτ

→
4
ffiffiffi
λ

p

3π
ð4:23Þ

with a constant asymptotic in the large rapidity limit. The high energy scattering data suggests ρðsÞ ∼ 0.1 for
ffiffiffi
s

p
≥

100 GeV [14] (and references therein). Below we show that after the eikonal resummation, the strong shadowing caused by
the exchanged Reggeons will deplete (4.23) to zero in the large rapidity limit, in qualitative agreement with the data.

D. Elastic differential cross-section

The spin averaged squared elastic amplitude is given by

jA�
E ðs; tÞj2 ¼

s2

4g25

�
e2jPðtÞτg4

PΨΨ

�
1þ 2t − 8m2

p

s
þ 21

16

�
t
s

�
2

−
10m2

pt

s2

�
þ 4e2jOðtÞτ

ðgð2Þ
OΨΨ

Þ4
s2

ð4:24Þ

� 4

s
ðgPΨΨgð2ÞOΨΨ

Þ2eðjPðtÞþjOðtÞÞτ þ 64e2jOðtÞτðgð1Þ
OΨΨ

Þ4
�
t
s

�
2
�

ð4:25Þ

where we note that the interference term is highly sup-
pressed in the Regge limit but still leading compared to the

ðgð1;2Þ
OΨΨ

Þ2 piece. Hence we will drop gð1Þ
OΨΨ

in our numerical

analysis. The elastic differential cross sections for pp and
pp follow from

dσ�
dt

¼ 1

16πs2
jA�ðs; tÞj2: ð4:26Þ

The elastic slopes are identical in the large rapidity limit

B�ðs; t ¼ 0Þ ¼ d
dt

�
ln
dσ�
dt

ðs; tÞ
�

t¼0

→ 2τ

�
d
dt

jPðtÞ
�

t¼0

¼ α0τ: ð4:27Þ

The squared string length α0 ¼ 1 GeV−2, is comparable to
the canonical logarithmic value of the slope parameter [14]
(and references therein)

Bðs; t ¼ 0Þ ¼ 1 GeV−2 ln

�
s

1 GeV2

�
ð4:28Þ

for both the Pomeron and the Odderon as closed string
exchanges.

V. EIKONAL ELASTIC SCATTERING

The single Pomeron and Reggeon exchanges violate
unitarity at large

ffiffiffi
s

p
. A simple remedy is to resum the

s-channel exchanges or a process known as eikonalization,
which is dominant in the Regge limit. With this in mind and
following [15], we write the holographic total cross section
for the Reggeons as
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σRðsÞ ¼
1

s

Z
d2b⊥dzdz0ð

ffiffiffiffiffiffiffiffiffi
gðzÞ

p
ψ12ðjR; zÞÞð

ffiffiffiffiffiffiffiffiffiffi
gðz0Þ

p
ψ34ðjR; z0ÞÞ2s ImχðjR; s; b⊥; z; z0Þ ð5:1Þ

where ψ ijðjR; zÞ are the holographic wavefunctions for the in-out states in the Regge limit, with the metric factors e−3AðzÞ

(Pomeron) and e−2AðzÞ; e−AðzÞ (Odderon) for each vertex implicit. Here χðjR; s; b⊥; z; z0Þ is the eikonal phase-shift for the
Reggeon R ¼ P;O

χðjR; s; b⊥; z; z0Þ ¼ sj�−1GðjR; s; b⊥; z; z0Þ ð5:2Þ
with j� ¼ 2, 1 for the Pomeron and Odderon, respectively. In the following we will use the shorthand
χR ≡ χðjR; s; b⊥; z; z0Þ. More specifically, from (3.30)–(3.35) we have

s1GðjP; s; b⊥; z; z0Þ ¼
3

5
fþðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
ðzz0Þ2
2

e−
a
2
ðjPð0Þ−2Þκ2ðz2þz02Þð3aκ2zz0=2ÞeðjPð0Þ−1Þτe−

b2⊥
2α0 τ̃

4π

α0τ̃

s0GðjO; s; b⊥; z; z0Þ ¼
3

5
f−ðλÞ

ffiffiffiffiffiffiffiffi
3D
5πτ

r
f−ðλÞ ðzz

0Þ
2

e−
a
2
ðjOð0Þ−1Þκ2ðz2þz02Þð3aκ2zz0=2ÞeðjOð0Þ−1Þτe−

b2⊥
2α0 τ̃

4π

α0τ̃
ð5:3Þ

with

τ̃ ¼ τ

�
1 −

1

5τ

z2 þ z02

R2

�
:

The eikonalized elastic amplitudes for pp and pp
scattering in impact parameter space are

App ¼ −2isðeiðχPþχOÞ − 1Þ
App ¼ −2isðeiðχP−χOÞ − 1Þ ð5:4Þ

by analogy with the scattering amplitude in quantum
mechanics, with 1

2
χ� ≡ 1

2
ðχP � χOÞ playing the role of

the phase shifts. Note that when reverted to momentum
space, the eikonalized elastic amplitudes are

Appðs; tÞ ¼−2is
Z

d2b⊥e−iq⊥·b⊥ðeiðχPþχOÞ− 1Þ

Appðs; tÞ ¼−2is
Z

d2b⊥e−iq⊥·b⊥ðeiðχP−χOÞ− 1Þ:

ð5:5Þ

To evaluate (5.5) we write

χRðs; b⊥; z; z0Þ ¼ aRe
−

b2⊥
2α0 τ̃

aP ¼ Ñ fþðλÞ3aκ2 ðzz
0Þ3
2

e−
a
2
ðjPð0Þ−2Þκ2ðz2þz02ÞeðjPð0Þ−1Þτs−jþVPðs; t; z; z0Þ

aO ¼ Ñ f−ðλÞ3aκ2 ðzz
0Þ2
2

e−
a
2
ðjOð0Þ−1Þκ2ðz2þz02ÞeðjOð0Þ−1Þτs−j−VOðs; t; z; z0Þ

Ñ ¼ 6

5α0

ffiffiffiffiffiffiffiffiffi
3πD
5τ3

r
ð5:6Þ

with R ¼ P;O and VPðs; t; z; z0Þ;VOðs; t; z; z0Þ the unaveraged versions of the vertex and kinematical factors defined in
(4.8) and (4.18), respectively. Defining a� ¼ aP � aO, we continue to carry out the angular integration to get

A�ðs; t; z; z0Þ ¼ −4isπ
Z

bdbJ0ðqbÞ
X∞
n¼1

ðia�Þn
n!

e−
nb2

2α0 τ̃ ¼ −4iπsα0τ̃
X∞
n¼1

ðia�Þn
nn!

e−
α0
2nq

2 τ̃: ð5:7Þ

The exchange of sum and integration follows from the absolute convergence of the series and the integrability of the ensuing
function. For numerical evaluations, we will mostly use (5.5) for faster numerical convergence.
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A. Eikonalized cross sections

In the forward limit, the remaining sum in (5.7) can be
carried out analytically with the result

X
n

ðia�Þn
n · n!

¼ −ðlnð−ia�Þ þ γE þ Γð0;−ia�ÞÞ; ð5:8Þ

where Γða; bÞ is the incomplete Gamma function. For fixed
z, z0, the forward scattering amplitudes are then

A�ðs;0; z; z0Þ ¼ 4iπα0sτ̃ðlnð−ia�Þþ γE þOðeia�ÞÞ ð5:9Þ

where the incomplete Gamma function is seen to be
suppressed exponentially, in the large rapidity limit.
In terms of (5.9), the total cross sections (5.1) are

σ�ðsÞ ¼
�
1

s
ImðAPðs; 0; z; z0Þ �AOðs; 0; z; z0ÞÞ

�
ð5:10Þ

where the averaging is over the in-out states using

Z
dzdz0ð

ffiffiffiffiffiffiffiffiffi
gðzÞ

p
ψ12ðjR; zÞÞð

ffiffiffiffiffiffiffiffiffiffi
gðz0Þ

p
ψ34ðjR; z0ÞÞ ð5:11Þ

for each of the Reggeon exchanged R ¼ P;O. The
averaging procedure in (5.10) amounts to replacing a� by

ha�i ¼ Ñ ðeðjPð0Þ−1ÞτfþðλÞs−jþVPðs; tÞ
� eðjOð0Þ−1Þτf−ðλÞs−j−VOðs; tÞÞ: ð5:12Þ

Hence, the total cross sections are

σ�ðsÞ ¼ 4πα0τ̃Reðlnð−iha�iÞ þ γE þOðeiha�iÞÞ; ð5:13Þ

or, more explicitly,

σ�ðsÞ ¼ 4πα0τ
�
ðjPð0Þ − 1Þτ − 3

2
ln τ þ ln jhþ

� h−eðjOð0Þ−jPð0ÞÞτj þ γE þO
�

ð5:14Þ

with

h� ¼ s−j�VRðs; 0Þf�ðλÞ≡ h�f�ðλÞ ð5:15Þ

which is seen to asymptote the Froissart bound in the large
rapidity limit

σ�ðsÞ → 4πα0ðjPð0Þ − 1Þτ2 ð5:16Þ

in conformity with unitarity. The bound is fixed by the
Pomeron intercept, which is larger than the highest
Odderon intercept for k ¼ 1.

The difference between the pp and pp cross sections is
exponentially small at large rapidities

σþ − σ− ¼ 4πα0τ ln
				 1þ

h−
hþ
eðjO−jPÞτ

1 − h−
hþ
eðjO−jPÞτ

				
→ 8πα0τ

1þ 16λ
3ðm2

k−1Þπ2

1þ 16λ
9π

h−
hþ

eðjOð0Þ−jPð0ÞÞτ: ð5:17Þ

The pp cross section is smaller than the pp cross section
for the Odderon branch m2

k ¼ k2 → 0, which yields the
Odderon trajectory with intercept jOð0Þ ¼ 1þ 1

2
ffiffi
λ

p , which

is, however, not picked up by the contour in Fig. 3. This
situation is reversed for the higher k > 1 contributions and
also the branch m2

k ¼ ð4þ kÞ2, which are Odderons with
intercepts below 1.

B. rho- and B parameters

The corresponding rho-parameters following from the
eikonal amplitudes are now given by

ρ�ðsÞ ¼
ReA�ðs; 0Þ
ImA�ðs; 0Þ

¼ − 1
2
Im lnð−iha�i=þ iha�i�Þ
Re ln jha�ij þ γE þO

:

ð5:18Þ

In particular, at large rapidity

ρþðsÞ →
π
2
ð1þOð 1ffiffi

λ
p ÞÞ

ðjPð0Þ − 1Þτ

ρ−ðsÞ →
Oð 1ffiffi

λ
p Þ

ðjPð0Þ − 1Þτ ð5:19Þ

which asymptote 0. This is seen to follow from the strong
shadowing brought about by the eikonal resummation.
To proceed numerically, we fix the strong ’t Hooft

coupling by setting the soft Pomeron intercept to the
Luscher contribution from the Nambu-Goto string
timelike [9]

2 −
3

2
ffiffiffi
λ

p ¼ 1þ 1

6
ð5:20Þ

which is close to the soft phenomenological Donnachie-
Landshoff Pomeron intercept [16]. Remarkably 1

6
is

precisely the entanglement entropy of free bosons (string
bits) with a fixed (open) boundary in 1þ 3-dimensions.
Further, due to the intercept of the Odderon being below 1,
as enforced by the signature factor f−ðλÞ, the dependence
on the Odderon coupling gð2Þ

OΨΨ
is very subtle. We thus

refrain from a fit of gð2Þ
OΨΨ

to the data and instead use
different input values to obtain an upper bound on the
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coupling, which will later serve as input for the differential
cross section.
In Fig. 5 we show the total cross section for pp and pp

for a global fit to the pp; pp total cross sections, rho-
parameter and BðsÞ data with

ffiffiffi
s

p
≥ 1 TeV [17–24]. The

parameters are listed in Table I. The fit results confirm
the very subtle dependence on the Odderon coupling. For

the plots we fixed gð2Þ
OΨΨ

¼ 15, which minimized the mean-

squares error and simultaneously showed the best numerical
behavior in the rho-parameter, which is only poorly con-
strained by the data in the considered energy regime. In
addition to the parameters α0; gPΨΨ we introduced an overall
scale factor N σ for the total cross section and N ρ for the
rho-parameter. A more meaningful fit will follow from the
differential cross sections below.
In Fig. 6(b) we show the empirical fit for the elastic slope

parameter in (4.27). Note that the slope parameter can be
recast as a measure of the rms radius

B�ðsÞ →
1

2
hb2⊥i�ðsÞ ð5:21Þ

where the averaging is understood using the T-matrix (5.26)
below. Recall that for a Gaussian T-matrix

e
−1
2

b2

hb2⊥i�ðsÞ → eB�ðsÞt: ð5:22Þ

We have also introduced an overall scale N ρ in the
numerical analysis of the ρ parameter, as listed in
Table I. In Fig. 6(a) we show the fit results for the ρ
parameter in (5.18).

C. Elastic differential cross section

Away from the forward limit, the spin averaged elastic
differential cross sections in the eikonal approximation, are

dσ�ðs; tÞ
dt

¼ 1

16πs2
hjA�ðs; t; z; z0Þj2i ð5:23Þ

with the Reggeon amplitudes for fixed impact parameter
and z, z0 given in (5.7), and the averaging carried using the
weight (5.11). More specifically,

TABLE I. Best-fit parameters for forward quantitites in pp and

pp̄ scattering for different input values of gð2Þ
OΨ̄Ψ. See text.

gð2Þ
OΨ̄Ψ α0 (GeV−2) gPΨ̄Ψ N σ N ρ

0 1.098(2) 2.1856(40) 4.6 × 10−3ð07Þ 0.787(190)
15 1.098(2) 2.1856(40) 4.6 × 10−3ð07Þ 0.787(190)
25 1.098(2) 2.1857(40) 4.6 × 10−3ð07Þ 0.787(190)

FIG. 5. Total cross sections for pp and pp̄ scattering, with the
parameters given in Table I.

(a) (b)

FIG. 6. Rho- (a) and slope (b) parameters versus
ffiffiffi
s

p
.
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dσ�ðs; tÞ
dt

¼ ð2πα0τ̃Þ2
16πs2

X∞
m;n¼1

hgm�a�n� i
mnm!n!

e
α0 tτ̃
2
ð1mþ1

nÞ

→
ð2πα0τ̃Þ2
16πs2

hja�j2ieα0tτ ð5:24Þ

with the rightmost result following from the large
rapidity limit. Note that the spin-tracing is trivial in the
eikonal limit. It follows that the slope parameter (4.27) is
unchanged after the eikonal resummation at asymptotic
rapidities.
To understand the diffractive nature of the elastic differ-

ential cross section, we can recast (5.23) in the form

dσ�ðs;tÞ
dt

¼ 1

4π

�				
Z

d2b⊥e−iq⊥·b⊥ð1−eiðχP�χOÞÞ
				2
�

ð5:25Þ

with t ¼ −q2⊥. For large
ffiffiffi
s

p
, the Froissart bound (5.16) is

reached in the eikonal approximation. In this limit, we may
approximate the Fourier inverse of the T-matrix in (5.25) by
a black disc

hReT �ðs; b⊥Þi ¼ hReð1 − eiðχP�χOÞÞðs; b⊥Þi
→ θðbðsÞ − jb⊥jÞ ð5:26Þ

with a growing radius with rapidity

bðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2α0ðjPð0Þ − 1Þ

p
τ ð5:27Þ

for both pp and pp.
In Fig. 7(a) we show the behavior of T-matrix versus

b⊥ for fixed
ffiffiffi
s

p
, with vertices set to 1. The black-disc limit

is reached for
ffiffiffi
s

p ¼ 1 PeV. The parameters used are
those listed in Table II for gOΨΨ ¼ 15. They follow from
a global fit to the empirical differential cross sections from
TOTEM [25–29] and D =O0 [30]. Note that the ratio τ=

ffiffiffi
λ

p
,

which we argued to be large to carry out the integrals via
saddle point approximation above, is between 4.2 and 5.3
for the datasets used in the fits.
In Fig. 7(b) we show the behavior of the differential cross

section

dσþ
d2b⊥

¼ 2hReT þðs; b⊥Þi ð5:28Þ

versus rapidity χ ¼ ln s, for b⊥ ¼ 0.8; 1; 1.2 fm. The
dashed line refers to the saturation line set by the condition

dσþ
d2b⊥

				
S
¼ 2ð1 − e−

1
2Þ ¼ 0.79: ð5:29Þ

For b⊥ ¼ 0.8; 1; 1.2 fm the crossing takes place in the
rapidity range χS ¼ 14–20, in agreement with a recent
estimate using the standard Nambu-Goto string [31] (see
their Fig. 2).

(a) (b)

FIG. 7. (a) The real part of the pp T-matrix approaches a step function at large rapidities and large λ; (b) the differential pp cross
section in (5.28) crosses the saturation dashed-line at large rapidities and fixed b⊥ for pp.

TABLE II. Best fit parameters for the differential cross section
data from TOTEM [25–29] and DO [30] with a fixed Odderon

coupling of gð2Þ
OΨ̄Ψ ¼ 15. The standard error on N dσ is negligible.ffiffiffi

s
p

α0ðGeV−2Þ gPΨ̄Ψ N dσ

1.96 TeV 0.640(21) 1.071(15) 0.003
2.76 TeV 0.715(27) 1.009(3) 0.007
7 TeV 0.607(5) 1.089(3) 0.002
8 TeV 0.626(15) 1.046(9) 0.003
13 TeV 0.587(5) 1.0782(3) 0.002
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Inserting (5.26) into (5.25) yields asymptotically

dσ�ðs; tÞ
dt

→ πb2ðsÞ J
2
1ð

ffiffiffiffiffijtjp
bðsÞÞ

jtj ð5:30Þ

with the expected diffraction oscillations. Note that in the
black-disc limit, the first minimum in (5.30) corresponds to

tminðsÞ ¼
14.67
b2ðsÞ : ð5:31Þ

The diffractive minimum shifts down with increasing
ffiffiffi
s

p
, a

pattern that is consistent with the reported measurements in
Fig. 8(a). We can readily check that (5.30) recovers the
Froissart bound. Indeed, the total cross sections σ�ðsÞ are
tied to the elastic differential cross sections by

σ�ðsÞ ¼
�

16π

1þ ρ2�ðsÞ
�
dσ�ðs; tÞ

dt

��1
2

t¼0

→ 2πb2ðsÞ ð5:32Þ

where the rightmost result follows asymptotically, since the
rho-parameters in (5.19) vanish in this limit. Recall that in
the black-disc limit, the elastic and inelastic cross sections
are equal to πb2ðsÞ. (5.32) is in agreement with (5.16).
In Fig. 8(a) we show the fit results for the holographic

eikonalized elastic differential pp cross section (5.25) at
center of mass energies of

ffiffiffi
s

p ¼ 2.76, 7, 8, 13 TeV [25–29],
as well as a linear extrapolation of the fit parameters from
Table II with weighted errors to

ffiffiffi
s

p ¼ 1.96 TeV. The
extrapolation is in qualitative agreement with Fig. 2. The
diffractive tail is very well reproduced for the scattering data
with

ffiffiffi
s

p
≥ 7 TeV. For the data sets above

ffiffiffi
s

p ¼ 7 TeV, the
model parameters seem to be converging to common values.
The bump-dip region is not well pronounced, and with

relatively large errors in the scattering data sets from
TOTEM at

ffiffiffi
s

p ¼ 2.76 TeV. We performed the same fit

with different input values for gð2Þ
OΨΨ

and found that, due to

the low intercept, the dependence on this coupling is even
less pronounced as for the forward quantities in Table I.
Our result for pp at

ffiffiffi
s

p ¼ 1.96 TeV are shown in
Fig. 8(b), and compared to the results reported by the D =O
collaboration. We note that the diffractive peak is almost
absent in this channel and at this center of mass energy. In
Fig. 9 we show the extrapolations of the pp differential
cross section to

ffiffiffi
s

p ¼ 2.76, 7, 8, 13 TeV, with the
diffractive pattern still visible. Data at these higher
energies will be welcome.
The agreement of our holographic results for pp and

pp elastic cross sections at large center of mass energies
with the reported TOTEM data does not support the
contributions of both a Pomeron and Odderon. Which
is, however, mostly due to not being able to fix the
Odderon intercept at 1.

(a) (b)

FIG. 8. (a) Results for the differential pp cross section (5.25), together with a linear extrapolation of the results to
ffiffiffi
s

p ¼ 1.96 TeV,
with a comparison to the corresponding TOTEM data and extrapolation [25–29]; (b) Results for the differential pp̄ cross section (5.25),
compared to the data from D =O [30].

FIG. 9. Extrapolated differential pp̄ cross section.
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VI. CONCLUSIONS

At large center of mass energies, the elastic pp and pp
amplitudes receive contributions from C-even Pomeron and
C-odd Odderon exchanges. In dual gravity, these exchanges
follow from the Reggeization of the graviton and the Kalb-
Ramond bulk fields [5].
We have used a bottom-up approach gravity dual

construction with a repulsive wall, with bulk gravitons
and with vector and Dirac fields. The vector fields, arising
from the form fields B2 and C2, are allowed to couple
through a Pauli coupling as expected for antisymmetric
fields. We recall that the BKP Odderon in QCD, is
vectorlike, with a nonvanishing forward coupling, as
supported by our computation.
Using the leading Witten diagrams in dual gravity, we

have explicitly derived the diffractive scattering amplitudes
for both pp and pp scattering in the Regge limit. The
graviton-nucleon coupling is tensorial (one coupling), while
the Odderon-nucleon coupling is vectorial (two couplings).
The resulting amplitudes were eikonalized by resumming
the leading Pomeron and Odderon contributions.
The model is characterized by the standard dual gravity

parameters α0; λ; g5 and κ the size of the confining and
repulsive wall. We further introduced κN to account for the
different mass scale involved for the nucleon trajectory.
These parameters are in principle fixed by the nucleon mass
and even 2þþ and odd 1−− glueball trajectories, but we
have elected to trade them for the Pomeron and Odderon
couplings and fixed them by the scattering data.
The eikonalized holographic results for the forward pp

and pp slope and rho-parameters are in relatively good
agreement with the world data, including the recently
reported data from TOTEM. Remarkably, the differential
cross sections for elastic pp scattering in the range

ffiffiffiffiffi
−t

p
<

1 GeV are well reproduced for all reported center of mass
energies including the most recent TOTEM result atffiffiffi
s

p ¼ 13 TeV, with a very weak dependence on the
Odderon coupling. The agreement with the data seems
to be better with larger

ffiffiffi
s

p
. The first diffractive oscillations

(dip-bump) are reproduced. In our model these diffractive
patterns require only a strong Pomeron exchange.
To the order in 1=

ffiffiffi
λ

p
considered and due to the pole in

f−ðλÞ, we are unable to fix the Odderon intercept at 1,
which would in principle allow for a stronger dependence
of the amplitude on the Odderon coupling. Hence, at high
energies, its contribution is obscured by the Pomeron. The
spurious pole at an intercept of 1 appears to be independent
of the chosen background, as shown in (3.31), (3.36)
and (B9)–(B10). This may be removed by retaining further
higher order corrections in 1=

ffiffiffi
λ

p
, using the strong coupling

analysis in [11].
In contrast, our eikonalized holographic differential

cross section for pp appears to reproduce the empirical
results quite well for

ffiffiffiffiffi
−t

p
< 1 GeV and already at the

center of mass energy of
ffiffiffi
s

p ¼ 1.96 TeV. Our holographic
analysis in the pp channel exhibits the same diffractive
pattern as in the pp channel. This is chiefly due to the
absence of a cancellation between the Pomeron and
Odderon exchange contributions with an intercept below
1. Therefore, we conclude that an underlying holographic
Odderon exchange is not present in the currently reported
TOTEM data.
In addition, the empirical TOTEM data for diffractive pp

scattering indicate that the proton saturates for rapidities in
the range 14 < χS < 20, in overall agreement with a recent
estimate using the Nambu-Goto string in 4-dimensions
[31]. The lower bound translates to parton-x saturation for
xS > 10−6 in deep inelastic scattering, a challenging range
for the upcoming electron-ion colliders.
Finally, the questions we raised in the introduction can

now be answered in the context of dual gravity: (1) the
persistent diffractive structure at low-t in the pp data is due
to the exchange of mostly eikonalized Pomerons with strong
shadowing; (2) the absence of secondary structure at large-t
is due to strong shadowing; (3) the linear rise of the forward
slope measures is a measure of the rise of the Pomeron slope
which is intimately related to the rise of the 2þþ glueball
Regge trajectory.
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APPENDIX A: BULK-TO-BULK PROPAGATOR
IN THE SOFT WALL MODEL

For comparison with the repulsive wall results used
earlier, we will present a detailed derivation for the bulk-to-
bulk scalar propagator using the soft wall model. While
many of the repulsive wall features are recovered, Gribov
diffusion in the nonconformal limit is not. To see this,
consider the soft wall model with the fixed dilaton profile
ϕðzÞ ¼ ð2κzÞ2, the Reggeized scalar propagator associated

to the Sturm-Liouville problem LzyðzÞ ¼ δðz−z0Þ
wðzÞ with

Lz ¼
1

wðzÞ dzðwðxÞp0ðzÞdzÞ þ p2ðzÞ; ðA1Þ

and
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wðzÞ ¼ ffiffiffi
g

p
e−ϕðzÞ

p0ðzÞ ¼ −gzzðzÞ
p2ðzÞ ¼ Sj − tz2; ðA2Þ

with Sj ¼ m2
5R

2 þm2
jR

2, is solution to

�
−z3e4κ2z2∂z

�
1

z3
e−4κ

2z2
∂z

�
− tþ Sj

z2

�
G0ðj; t; z; z0Þ

¼ z3e4κ
2z2δðz − z0Þ ðA3Þ

with t ¼ K2 and Sj ¼ m2
5R

2 þm2
jR

2.
The two independent homogeneous regular and singular

solutions Lzy1;2ðzÞ ¼ 0 to (A3) can be used to obtain

Gðz; z0Þ ¼ 1

wp0W
y1ðz<Þy2ðz>Þ ðA4Þ

with the Wronskian W ¼ ðy01y2 − y02y1Þ. Note that the
combination wp0W is a constant independent of z, z0,
and that (A4) is symmetric in z, z0. This is more evident if
we use the solutions to the eigenvalue problem Lzyn ¼
λnyn with

Gðz; z0Þ ¼
X
n

ynðzÞy�nðz0Þ
λn

ðA5Þ

with the normalizations

Z
dzwðzÞy�nðzÞymðzÞ ¼ δnm ðA6Þ

following from the hermiticity Lz ¼ L†
z in R. To

rearrange the differential form (A3), we redefine the
spin-j propagator

G0ðj; t; z; z0Þ → ðzz0Þ32e3
4
κ2ðz2þz02ÞG0ðj; t; u; u0Þ ðA7Þ

with u ¼ κz and κ2 ¼ 8
3
κ2, which is now seen to solve

−
d2

du2
G0 þ

�
Sj þ 15

4

u2
þ 9

4
u2 −

t
κ2

þ 3

�

G0 ¼
e
3
4
ðu2−u02Þ

κ

�
u
u0

�
3=2

δðu − u0Þ: ðA8Þ

Evaluating the right hand side at the delta function, the u
dependence is seen to drop out and we arrive at a standard
Green’s function problem. Using the rescaling u →

ffiffiffi
3

p
u

and t̃ ¼ t=3κ2, (A8) reads

−
d2

du2
G0 þ

�
Sj þ 15

4

u2
þ u2

4
− t̃þ 1

�
G0 ¼

1ffiffiffi
3

p
κ
δðu − u0Þ:

ðA9Þ

If we define v ¼ 1
2
u2 and rescale the resulting propagator

G0ðj; t; v; v0Þ ¼
1

ðvv0Þ14 K0ðj; t; v; v0Þ ðA10Þ

(3.19) can be mapped on the Whittaker equation

d2K0

dv2
þ
�1

4
− α2

v2
þ β

v
−
1

4

�
K0 ¼ −

δðv − v0Þffiffiffi
6

p
κ

ðA11Þ

with

α ¼ 1

2
ðΔgðjÞ − 2Þβ ¼ 1

2
ðt̃ − 1Þ: ðA12Þ

The independent homogeneous solutions to (A11) are
Whittaker functions

K1ðvÞ ¼ e−
v
2v

1
2
þαM

�
1

2
þ α − β; 1þ 2α; v

�

K2ðvÞ ¼ e−
v
2v

1
2
þαU

�
1

2
þ α − β; 1þ 2α; v

�
ðA13Þ

with Kummer M (regular at v ¼ 0) and Tricomi U
(irregular with branch cut at v ¼ 0) hypergeometric func-
tions. The inhomogeneous solution to (A11) is then

K0ðv; v0Þ ¼
1

2
AK2ðvÞK1ðv0Þ; v > v0

K0ðv; v0Þ ¼
1

2
AK1ðvÞK2ðv0Þ; v < v0 ðA14Þ

with the normalization fixed by the Wronskian

A−1 ¼ −
ffiffiffi
6

p
κWðK2; K1Þ ¼ −

4κΓð1þ 2αÞ
Γð1

2
þ α − βÞ : ðA15Þ

The confining bulk-to-bulk propagator is thus given by

G0ðj; t; z; z0Þ ¼ −ðzz0Þ2ð4κ2zz0ÞΔgðjÞ−2 ΓðΔgðjÞ−t̃
2

Þ
ΓðΔgðjÞ − 1Þ

×MðzÞUðz0Þ;

where we introduced the shorthand

MðzÞ ¼ M

�
ΔgðjÞ − t̃

2
;ΔgðjÞ − 1; 4κ2z2

�
:
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In order to recover the gravitational form factor, obtained
in [10], we need to perform a Kummer transformation
Uða; b; zÞ ¼ z1−bUða − bþ 1; 2 − b; zÞ and take the limit
z → 0. Which coincides with the bulk-to-boundary propa-
gator quoted in [10] once the z2 term from G0 is taken into
account.
In light of the preceeding calculations to evaluate the

Sommerfeld-Watson transform via saddle point we rewrite
the Whittaker function involving the Tricomi U to better
display its singular character. This is best seen by
rewriting it in terms of Kummer M functions, using the
identity

K2ðvÞ ¼ e−
v
2v

1
2
þα

 
Γð−2αÞMð1

2
þ α − β; 1þ 2α; vÞ

Γð1
2
− α − βÞ

þ Γð2αÞMð1
2
− α − β; 1 − 2α; vÞ

Γð1
2
þ α − βÞ v−2α

!
: ðA16Þ

The singular part in v is subleading in the saddle point
approximation and hence will be dropped in the following.
Reverting the rescalings and coordinate transformations,
we arrive again at the symmetric spin-j bulk-to-bulk
propagator

G0ðj; t; z; z0Þ ¼ −ðzz0Þ2ð4κ2zz0ÞΔgðjÞ−2 ΓðΔgðjÞ−t̃
2

ÞΓð2 − ΔgðjÞÞ
Γð4−t̃−ΔgðjÞ

2
ÞΓðΔgðjÞ − 1Þ

MðzÞMðz0Þ

where we introduced the shorthand

MðzÞ ¼ M

�
ΔgðjÞ − t̃

2
;ΔgðjÞ − 1; 4κ2z2

�
:

1. Conformal limit

In the confining case, the bulk-to-bulk propagator is given by

G0ðj; t; z; z0Þ ¼ −ðzz0Þ2ð4κ2zz0ÞΔgðjÞ−2 ΓðΔgðjÞ−t̃
2

ÞΓð2 − ΔgðjÞÞ
Γð4−t̃−ΔgðjÞ

2
ÞΓðΔgðjÞ − 1Þ

Mða; b; 4κ2z2ÞMða; b; 4κ2z02Þ

where a ¼ ΔgðjÞ−t̃
2

and b ¼ ΔgðjÞ − 1. As κ → 0 we have t̃ ¼ t=8κ2 → ∞ and we can rewrite

lim
a→∞

Mða; b;−x=aÞ ¼ ΓðbÞx1−b
2 Jb−1ð2

ffiffiffi
x

p Þ ðA17Þ

where in our case x ¼ jtjz2=4. For small κ we thus obtain

G0ðj; t; z; z0Þ ¼ −ðzz0Þ2ð4κ2zz0ÞΔgðjÞ−2 Γð2 − ΔgðjÞÞ
ΓðΔgðjÞ − 1Þ

�jtjzz0
2

�
2−ΔgðjÞ

JΔ−2ð
ffiffiffiffiffi
jtj

p
zÞJΔ−2ð

ffiffiffiffiffi
jtj

p
z0Þ:

The Regge trajectory can again be resummed by means of a Sommerfeld-Watson transform

G2ðs; t; z; z0Þ ¼ −ðzz0Þ2
Z

dj
4πi

 
1þ e−iπj

sin πj
ðα0szz0Þjð4κ2zz0ÞΔgðjÞ−2

×
Γð2 − ΔgðjÞÞ
ΓðΔgðjÞ − 1Þ

�jtjzz0
2

�
2−ΔgðjÞ

JΔ−2ð
ffiffiffiffiffi
jtj

p
zÞJΔ−2ð

ffiffiffiffiffi
jtj

p
z0Þ
!

ðA18Þ

to obtain

G2ðj; t; z; z0Þ ¼ −
fþðλÞ
2

ffiffiffiffiffiffiffiffi
D
4πχ

s
ðzz0Þ2ðα0szz0ÞjPe−logðzz0 jtjÞ2

4Dτ J0ð
ffiffi
t

p
zÞJ0ð

ffiffi
t

p
z0Þ: ðA19Þ
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In the Regge limit the Bessel functions become trivial at the
saddle point and hence we recover the conformal result in
(B8). It is interesting to note that the Regge limit must only
be carried out after evaluating the Sommerfeld-Watson
transform, otherwise the t dependence would fully drop out
as can be seen from (B6). There is also an ambiguity in the
sign of α in (A11) and (B1) since α ¼ ðΔ − 2Þ=2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sj þ 4

p
=2 and both the Whittaker as well as the Bessel

equation are symmetric under α → −α. This ambiguity also
vanishes in the saddle point approximation and limit of
small

ffiffiffi
λ

p
=τ since the order of the Bessel function is then

integer and we can use the reflection formulas to obtain the
correct symmetry in z and z0 as required by the Green’s
function of a self-adjoint operator. The Whittaker function
Mβ;α which is K1 in our case is symmetric under α → −α
for all α.

2. Mode sum

The mode decomposition for the spin-j bulk-to-bulk
propagator is [10]

G0ðj; K; z; z0Þ ¼ −
X
n

ψnðj; zÞψnðj; z0Þ
K2 þm2

nðjÞ
ðA20Þ

with the wavefunctions ψnðj; zÞ given by

ψnðj; zÞ ¼ cnðjÞzΔgðjÞLΔgðjÞ−2
n ð4κ2z2Þ; ðA21Þ

with

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ

p
ðj − jPÞ

q
ðA22Þ

and normalized by

cnðjÞ ¼
 
2ð4κ2ÞΔqðjÞ−1Γðnþ 1Þ
Γðnþ ΔqðjÞ − 1Þ

!1
2

: ðA23Þ

The squared mass spectrum is

m2
nðjÞ ¼ 16κ2

�
nþ 1

2
ΔgðjÞ

�
: ðA24Þ

In this casting, the role played by the Regge poles is
transparent. However, the Reggeization requires summing
over the full Regge trajectory.
Starting from the Sommerfeld-Watson transform of the

bulk-to-bulk propagator in impact parameter space we have

G1ðs; t; z; z0Þ ¼
Z

d2b⊥e−iqb⊥
Z
nL

dj
4πi

�
1 − e−iπðj−1Þ

sinðπðj − 1ÞÞ
�

× ðα0szz0Þj−1G̃0ðj; b; z; z0Þ; ðA25Þ

where the scalar bulk-to-bulk propagator in impact param-
eter space is given by

G̃0ðj; b; z; z0Þ ¼
X
n

ψnðj; zÞψnðj; z0Þ
K0ðmnðjÞbÞ

2πzz0
; ðA26Þ

obtained by the Fourier transform

Z
d2q

eiqb⊥

q2 þmnðjÞ2
¼ K0ðmnðjÞbÞ

2π
: ðA27Þ

The wavefunctions follow from (A21) for odd spin, with
the Reggeized odd spin glueball mass spectrum

m2
nðjÞ ¼ ð4κÞ2

�
nþ 1

2
ΔgðjÞ

�

≡m2
0

�
nþ 1þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ

p
ðj − jOÞ

q �
: ðA28Þ

The dominant contribution in (A25) stems from the large b
asymptotic of K0 where

K0ðmnðjÞbÞ ≈ e−mnðjÞb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

2mnðjÞb
r

: ðA29Þ

Due to the soft wall, the bulk wavefunctions will be
localized at small z. To consider the Laguerre polynomials
in this limit we can write

zΔLΔ−2
n ðz2Þ ¼ z−2ez

2

Γðnþ 1Þ
Z

dxe−xxnþα=2JΔ−2ð2
ffiffiffiffiffi
xz

p Þ

≈
zΔ

Γðnþ 1ÞΓðΔ − 1Þ
Z

dxexxnþΔ−2

¼ zΔ
Γðnþ Δ − 1Þ

ΓðΔ − 1ÞΓðnþ 1Þ : ðA30Þ

From the discussion of the conformal limit, we know that
the Gamma functions will thus give a subleading contri-
bution in the saddle point approximation. Continuing with
the evaluation of the Odderon propagator we now have

G1ðs; t; z; z0Þ ≈
Z

d2b⊥e−iqb⊥
Z
CL

dj
4πi

�
1 − e−iπðj−1Þ

sinðπðj − 1ÞÞ
�
ðα0szz0Þj−1

X
n

ψnðj; zÞψnðj; z0Þ
e−mnðjÞb

2πzz0

�
π

2mnðjÞb
�1

2

: ðA31Þ

HOLOGRAPHIC ODDERON AT TOTEM? PHYS. REV. D 109, 036029 (2024)

036029-17



The contour CL in (A25) is defined to the left of the branch point j ¼ jO as in Fig. 3. In light of the arguments in the main
text and for τ=

ffiffiffi
λ

p
≫ 1, we carry the j-integration along CL by saddle point, with the result

G1ðs; t; z; z0Þ ≈ −f−ðλÞ
Z

d2b⊥e−iqb⊥
1

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0b

32π2ðnþ 1ÞDτ3

s X
n

ψnðjO; zÞψnðjO; z0Þ
zz0

eðjO−1Þτ−m0b
ffiffiffiffiffiffiffi
nþ1

p
− ðm0bÞ2
64ðnþ1ÞDτ: ðA32Þ

APPENDIX B: CONFORMAL LIMIT

In the Regge limit s ≫ −t, the conformal limit, κ → 0, is
best sought by noting that (3.19) reduces to

−
d2

dz2
G0 þ

�
Sj þ 15

4

z2
− t

�
G0ðzÞ ¼ δðz − z0Þ; ðB1Þ

where we employed the rescaling

G0ðj; t; z; z0Þ → ðzz0Þ3=2G0ðj; t; z; z0Þ:

The two independent homogeneous solutions are Bessel
functions J (regular at the origin) and Y (singular at the
origin)

G1ðzÞ ¼
ffiffiffi
z

p
J−

ffiffiffiffiffiffiffiffi
Sjþ4

p ð ffiffi
t

p
zÞ

G2ðzÞ ¼
ffiffiffi
z

p
Y−

ffiffiffiffiffiffiffiffi
Sjþ4

p ð ffiffi
t

p
zÞ ðB2Þ

and hence

G0ðj; t; z; z0Þ ¼ Aðzz0Þ2J−νð
ffiffi
t

p
z<Þ; Y−νð

ffiffi
t

p
z>Þ

ν ¼ ΔgðjÞ − 2 ðB3Þ

with the normalization fixed by the Wronskian

A−1 ¼ WðG1ðzÞ; G2ðzÞÞ ¼
2

π
: ðB4Þ

After reverting the rescaling, in the AdS limit, the bulk-to-
bulk scalar propagator is

G0ðj; t; z; z0Þ ¼
π

2
ðzz0Þj�J2−ΔgðjÞð

ffiffi
t

p
z<ÞY2−ΔgðjÞð

ffiffi
t

p
z>Þ:

ðB5Þ

In the Regge limit we also have x ¼ ffiffi
t

p
z ≪ 1, for which

the Bessel functions simplify

J−νðxÞ ≈
1

Γð1 − νÞ
�
x
2

�
−ν

Y−νðxÞ ≈ −
1

π
cosðνπÞΓðνÞ

�
x
2

�
−ν
: ðB6Þ

With this in mind, the Sommerfeld-Watson transform
(3.17) becomes

Gj�ðs; t; z; z0Þ ¼ −
Z

dj
4πi

1þ e−iπðj−j�Þ

sin πðj − j�Þ
cos πðΔgðjÞ − 2Þ
Γð3 − ΔgðjÞÞ

× Γð2 − ΔgðjÞÞ
�
tzz0

4

�
2−ΔgðjÞðα0szz0Þj−j� :

ðB7Þ

We will evaluate (B7) again via saddle point approxima-
tion. The branch cut of Γð2 − ΔgðjÞÞ ¼ ΓðiyÞ ≈ e−iγEy=iy
atΔgðjÞ − 2 ¼ −iy ¼ is chosen to the left of the integration
contour, along the negative real axis. In the large s=jtj limit,
the integral is dominated by the saddle point

ΔgðjÞ − 2 ¼
�
logðzz0jtjÞ

2Dχ

�
2

→ 0

with the result

Gj�ðj; t; z; z0Þ ¼ f�ðλÞ
ffiffiffiffiffiffiffiffi
D
4πχ

s
ðzz0Þj�

2
ðα0szz0ÞjP=O−j�e−logðzz0 jtjÞ2

4Dχ

ðB8Þ

for fixed but large rapidity χ, with jP=O given by (3.9),
(3.15) and where

fþðλÞ ¼ iþ
ffiffiffi
λ

p

π
−

π

3
ffiffiffi
λ

p ðB9Þ

and

f−ðλÞ ¼ iþ 4
ffiffiffi
λ

p

πm2
k

−
m2

kπ

12
ffiffiffi
λ

p : ðB10Þ

The signature factor for the k ¼ 2 branch again coincides
with the Pomeron signature factor. As is the case for the
repulsive wall, due to the pole the intercept cannot be fixed
at 1 with m2

k ¼ 0. In the conformal limit the diffusion is
logarithmic in z, with the latter identified with the size of
the transverse dipoles or string bits composing the
exchanged Pomeron/Odderon.

1. Alternative derivation: forward region

Alternatively and in the conformal limit with κ → 0 and
t ¼ 0, the ensuing scalar propagator is a superposition of
conformal plane waves
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G0ðj; 0; z; z0Þ ¼
Z

dν
2π

eiνðρ−ρ0Þ

4ν2 þ 4þm2
�

ðB11Þ

with z ¼ e−
ρ
2 and m2þ ¼ m2

jR
2; m2

− ¼ m2
kR

2 þm2
jR

2.
Inserting (B11) in (3.17) gives

Gj�ðs; 0; z; z0Þ ¼
ffiffiffiffiffiffiffiffi
D
4πχ

s
ðzz0Þj�ðα0szz0ÞjO=P−j�e−ðρ−ρ0Þ2

4Dχ ;

ðB12Þ

with the shifted Pomeron, jP, and Odderon, jO, intercepts.
The shift is caused by the diffusion in rapidity

τ ¼ logðα0szz0Þ ∼ χ ¼ logðα0sÞ

in warped AdS, with a diffusion constant D ¼ 1

2
ffiffi
λ

p , in

agreement with the original analysis in [5,32].

2. Alternative derivation: Finite impact parameter

The forward bulk-to-bulk part propagator can also be
obtained from its explicit form for a finite impact param-
eter. For that, consider the bulk equation 
−

1ffiffiffiffiffiffi−gp ∂zgzz
ffiffiffiffiffiffi
−g

p
∂z − z2∂2⊥ þ Sj

!
G̃0ðj; b; z; b0; z0Þ

¼ δðz − z0Þffiffiffiffiffiffi−gp δ2ðb⊥ − b0⊥Þ ðB13Þ

which is the Fourier inverse of (B1). For simplicity, we will
restrict our discussion to the Odderon propagator, the
Pomeron propagator follows similarly. The solution to
(B13) is

G̃0ðj; b; z; b0; z0Þ ¼
1

4πzz0
e−

ffiffiffiffi
Sj

p
ξ

sinh ξ
ðB14Þ

with ξ fixed by the chordal distance in AdS

cosh ξ ¼ 1þ ðz − z0Þ2 þ ðb − b0Þ2
2zz0

: ðB15Þ

We note that Sj ¼ 2
ffiffiffi
λ

p ðj − jOÞ develops a branch point at
j ¼ jO as seen in Fig. 3. Using the Sommerfeld-Watson
formula (3.17), we have

G1ðs; t; z; z0Þ ¼
Z

d2b⊥eiq·b⊥
Z

dj
4πi

�
sj−1 þ ð−sÞj−1
sinðπðj − 1ÞÞ

�
× ðα0zz0Þj−1G̃0ðj; b⊥; z; b0⊥; z0Þ ðB16Þ

with the contour integral to the right of the branch point jO,
and summing over the odd poles j ¼ 1; 3;…. In the

forward limit with t ¼ q2 ¼ 0, we can switch b⊥ → ξ with
the measure

d2b⊥ ¼ 2πzz0 sinh ξdξ

and deform the contour to the left along the cut CL, to
obtain

G1ðs; 0; z; z0Þ ¼
Z

∞

ξ0

2πzz0dξ
Z
CL

dj
4πi

�
1 − e−iπðj−1Þ

sinðπðj − 1ÞÞ
�

× ðα0szz0Þj−1 e
ð2−ΔgðjÞÞξ

4π
ðB17Þ

with ξ0 ¼ j log z=z0j. In the double limit of large rapidities
τ ¼ logðα0szz0Þ ≫ 1 and strong coupling

ffiffiffi
λ

p
≫ 1, the

j-integration can be evaluated in leading order inffiffiffi
λ

p
=τ ≪ 1, following the original arguments in [33], with

the result

G1ðs; 0; z; z0Þ ≈
zz0

4
ðα0szz0ÞjO−1f−ðλÞ

� ffiffiffi
λ

p

2π

�1
2

Z
∞

ξ0

dξξ
e−

ξ2

4Dτ

τ
3
2

:

ðB18Þ

We can unwind the remaining Gaussian integral, to have

G1ðs; 0; z; z0Þ ≈ f−ðλÞðα0szz0ÞjO−1 zz
0

2

ffiffiffiffiffiffiffiffi
D
4πτ

r
e−

ξ2
0

4Dτ ðB19Þ

and similarly for the Pomeron

G2ðs;0; z; z0Þ≈fþðλÞðα0szz0ÞjP−2 ðzz
0Þ2
2

ffiffiffiffiffiffiffiffi
D
4πτ

r
e−

ξ2
0

4Dτ ðB20Þ

in agreement with (B12).

APPENDIX C: BULK DIRAC FIELDS
WITH A REPULSIVE WALL

To construct the full pp and pp scattering amplitudes, we
identify the proton (antiproton) with bulk Dirac fermions.
The bulk nucleon as a Dirac field is described by the chiral
pair Ψ1;2, with 1,2 referring to the boundary chirality
1; 2 ¼ � ¼ R, L. They are dual to the boundary sources
Ψ� ↔ O� with anomalous dimension �M ¼ �ðΔ − 2Þ ¼
�ðτ − 3=2Þ. For that, consider the action of a free Dirac
fermion in 5D curved space

SF ¼ 1

g25

Z
d5x

ffiffiffi
g

p �
i
2
Ψ1;2eMa ΓaD

↔

MΨ1;2 − ð�MÞΨ1;2Ψ1;2

�
;

ðC1Þ

with
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1

2
ln gðzÞ ¼ 2AðzÞ ¼ 2 log

R
z
þ aκ2z2

and the covariant derivative given by

DM ¼ ∂M þ 1

8
ωAB
M ½ΓA;ΓA�:

More specifically we have

SF ¼ 1

g25

Z
d4xdze4AðzÞ



−
i
2
Ψ1;2½ =∂− 2iγ5A0ðzÞ− iγ5∂z�Ψ1;2

þ eAðzÞMΨ1;2Ψ1;2

�
ðC2Þ

which, upon the field redefinition Ψ → g5e−2AðzÞΨ,
reduces to

SF ¼
Z

d4xdz



−
i
2
Ψ1;2½ =∂ − iγ5∂z�Ψ1;2

þ eAðzÞMΨ1;2Ψ1;2 þ H:c:

�
: ðC3Þ

The equation of motion is thus given by

½−i =∂ − γ5∂z þMeAðzÞ�Ψ ¼ 0: ðC4Þ

Performing a chiral Kaluza-Klein decomposition as

Ψ1ðp; z; nÞ ¼ ψRðz; nÞΨ0
RðpÞ þ ψLðz; nÞΨ0

LðpÞ
Ψ2ðp; z; nÞ ¼ ψRðz; nÞΨ0

LðpÞ þ ψLðz; nÞΨ0
RðpÞ

Ψ0
L=R ¼

X
n

eiknx
1 ∓ γ5

2
usðkÞfL=RðzÞ ðC5Þ

we obtain the coupled equation of motion

ð∂z �MeAðzÞÞfL=R ¼ �mnfR=L ðC6Þ

which can be decoupled by iteration to give

ð∂2z �MA0ðzÞeAðzÞ−M2e2AðzÞÞfL=RðzÞ¼m2
nfL=RðzÞ: ðC7Þ

Linearizing the dilaton contribution

e2AðzÞ ≈
�
R
z

�
2

ð1þ aκ2Nz
2Þ;

we obtain

�
−∂2z þ

MðM � 1Þ
z2

þ a2κ4Nz
2 − m̃2

n

�
fL=RðzÞ ¼ 0; ðC8Þ

where m̃2
n ¼ m2

n þMðM � 1Þaκ2N and we did not expand
eAðzÞ to obtain a chirally symmetric mass spectrum. Note the
introduction of a new mass scale, κN , to account for the
different Regge trajectories of the baryon and the glueball
spectrum. Upon performing the coordinate transformation

u ¼ aκ2Nz
2 and a further field redefinition of fL=RðuÞ ¼

e−
u
2u

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4MðM�1Þ

p
4 fL=RðuÞ we arrive at the equation

uf00L=RðuÞ þ ðαþ 1 − uÞf0L=RðuÞ þ nfL=RðuÞ ¼ 0; ðC9Þ

where

α ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4MðM � 1Þ

p
n ¼ m̃2

n

4aκ2N
−
2þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4MðM � 1Þp
4

: ðC10Þ

This is the Sturm-Liouville normal form for the associated
Laguerre polynomials Lα

nðuÞ. Hence the eigenvalues are
given by

m2
n ¼ 4aκ2N

 
nþ 1

2
−
MðM� 1=2Þ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4MðM� 1Þp
4

!
:

For fermions with positive parity we have M ¼ Δ − d
2
;

τ ¼ 3 and Δ ¼ τ þ 1
2
giving M ¼ 1 for d ¼ 5 and hence

m2
n ¼ 4aκ2N

�
nþ 3

4

�

α ¼ 2� 1

2
: ðC11Þ

Reverting the rescalings we thus obtain

ψLðn; zÞ ¼ nLaκ2Nz
4e−

3
2
aκ2Nz

2

L3=2
n ðaκ2Nz2Þ

ψRðn; zÞ ¼ nRaκ2Nz
4e−

3
2
aκ2Nz

2

L1=2
n ðaκ2Nz2Þ: ðC12Þ

The normalization is fixed by the conditionZ
dznL=RnL=R�fnL=RðzÞfmL=RðzÞ ¼ δmn ðC13Þ

which gives

nL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
a

p
κn!

Γðnþ 5=2Þ

s

nR ¼ nnL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 3=2

p
: ðC14Þ

From the mass eigenvalues it is apparent that one needs
to use the positive linearized dilaton in order to not obtain a
tachyonic solution. We will refer to this background as
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repulsive wall. As is the case for the bulk-to-bulk propa-
gator, the fermionic spectrum still Reggeizes properly in
the repulsive wall model. When the spectrum is matched to
the proton mass, the comparison is less desirable, resulting
in an increase of the coupling by more than 60% compared
to the soft wall.
The non-normalizable modes for the bulk Dirac fields

are given in terms of Kummer functions

ψ̃Rðn; zÞ ¼ NRUð−n; 3=2; aκ2Nz2Þ
ψ̃Lðn; zÞ ¼ NLUð−n; 1=2; aκ2Nz2Þ; ðC15Þ

which can be recast as a sum over Regge poles

ψ̃Rðp; zÞ ¼
X∞
n¼0

fnpψ̃Rðn; zÞ
p2 −m2

ψ̃Lðp; zÞ ¼
X∞
n¼0

fnmnψ̃Rðn; zÞ
p2 −m2

; ðC16Þ

with fn ¼ κN=nR. When calculating the amplitude, the
LSZ reduction will pick up the residue of the corresponding
pole, effectively reducing the bulk to boundary propagator
for the proton to

ψ̃L=Rðp; zÞ ¼ f0mpψL=Rð0; zÞ: ðC17Þ

Further, in the Regge limit, we can utilize

uðp2Þγμuðp1Þ ¼ vðp2Þγμvðp1Þ ¼ ðp1 þ p2Þμδs1s2 ðC18Þ

where we introduced the shorthand uðpiÞ ¼ usiðpiÞ and
analogously for v.
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