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Physics of the up-type flavor offers unique possibilities of testing the standard model (SM) compared to
the down-type flavor sector. Here, we discuss SM and new physics (NP) contributions to the rare charm-
meson decay D0 → πþπ−lþl−. In particular, we discuss the effect of including the lightest scalar isoscalar
resonance in the SM picture, namely, the f0ð500Þ, which manifests in a big portion of the allowed phase
space. Other than showing in the total branching ratio at an observable level of about 20%, the f0ð500Þ
resonance manifests as interference terms with the vector resonances, such as at high invariant mass of the
leptonic pair in distinct angular observables. Recent data from LHCb optimize the sensitivity to P-wave
contributions that we analyze in view of the inclusion of vector resonances. We propose the measurement
of alternative observables that are sensitive to the S-wave and are straightforward to implement
experimentally. This leads to a new set of null observables that vanish in the SM due to its gauge and
flavor structures. Finally, we study observables that depend on the SM interference with generic NP
contributions from semileptonic four-fermion operators in the presence of the S-wave.
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I. INTRODUCTION

Rare decays played a crucial role in building the standard
model (SM): it is, for instance, thanks to KL → μþμ− that
one gathered indirect information about the existence of the
charm quark before its discovery [1]. Rare charm-meson
decays provide complementary information to down-type
flavor changing neutral currents (FCNCs) transitions. How-
ever, given the effectiveness of the Glashow-Iliopoulos-
Maiani (GIM) suppression in up-type FCNCs, and the
almost diagonal structure of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, this class of transitions is very
sensitive to the strong dynamics: as we will see, the
available phase space in charm-meson decays is entirely
populated with “intermediate” resonance peaks and their
tails, in contrast to analogous bottom-meson decays. There-
fore, for the sake of new physics (NP) searches in rare
charm-meson decays, the SM has to be described suffi-
ciently well; this is so when the SM acts as a background,
and it is also the case when one wants to understand the

SM-NP interference in order to set bounds on the NP
properties.
LHCb will largely improve measurements of rare D

meson decay channels; for very recent experimental analy-
ses of D0 → πþπ−μþμ− and D0 → KþK−μþμ−, see the
analysis of Refs. [2–4] that extends Refs. [5–8]. The total
branching fractions are [6]

BðD0 → πþπ−μþμ−Þ ¼ ð9.6� 1.2Þ × 10−7;

BðD0 → KþK−μþμ−Þ ¼ ð1.5� 0.3Þ × 10−7: ð1Þ

Limits on the electronic mode D0 → πþπ−eþe− branching
ratio are discussed in Refs. [9,10], with good prospects of
improvement at the Super Tau-Charm Facility [11]. A rich
angular analysis is possible, resulting from the high
multiplicity of the final state. This promising experimental
program has to be matched by an increased theoretical
precision. Our ultimate goal here is to provide more robust
tests of NP contributions possibly affecting these rare
charm-meson decays. For this reason, we reassess the
description of the SM contributions. As it will be discussed
in this article, present data already allow for an enhanced
control over the SM background, i.e., contributions of
intermediate resonances, and their relative strong phases.
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As a result, we will then in particular be able to point out
improved observables for NP searches.
We focus here on the inclusion of intermediate reso-

nances in the description of the decay D0 → πþπ−lþl−

(l are electrons or muons); we reserve the mode D0 →
KþK−lþl− for future work.1 The strategy adopted is to
consider quasi-two-body decays, where the pion pair in the
final state originates from strong decays of resonances
such as the ρð770Þ0 ≡ ρ0, while the lepton pair originates
from electromagnetic (EM) decays of states such as η,
η0ð958Þ≡ η0, ρ0, ωð782Þ≡ ω, and ϕð1020Þ≡ ϕ. The
vector resonances are clearly seen in the data collected
by LHCb [2–4]. For previous theoretical analyses, see, for
instance, Refs. [12–17]; also, see Refs. [18,19] in the
framework of QCD factorization at low-q2ðlþl−Þ (while
as it will be later discussed we avoid this region), where the
hadronic uncertainties in this framework are quantitatively
assessed, and also for the use of an operator product
expansion (OPE) in the very high-q2ðlþl−Þ region (which
for different reasons we also avoid, as discussed later).
Other cases of interest in assessing SM contributions in
related rare (semi)leptonic charm-meson decay modes
include the ones of Refs. [19–23] (while Ref. [24]
discusses the mode Dþ

s → πþlþl−, not mediated by
FCNCs). See also Ref. [25] for a recent theoretical and
experimental review.
Beyond the vector and pseudoscalar resonances afore-

mentioned, further resonances could also lead to an
important SM contribution. We have identified the scalar
isoscalar state f0ð500Þ≡ σ as a relevant contribution not
previously included in past analyses (although pointed out
in Ref. [17]). Such a broad state leaves its footprints in the
rescattering of pion pairs [26,27]; note that the PDG [28]
minireview on scalar mesons below 1 GeV quotes for
the σ pole position the value ð449þ22

−16Þ − ið275� 12Þ MeV
stemming from “the most advanced dispersive analyses,”
which is a precision better than 5%. As it will be discussed
in this article, although the S-wave does not affect
some angular observables (in particular, those based
in Ii, i ¼ 3, 6, 9 [17]), it affects a large set of them
(i.e., some observables built from Ii, i ¼ 1, 2, 4, 5, 7, 8),
and thus provides novel null tests of the SM when the
NP interferes with the SM in the presence of the
S-wave.
We highlight that the S-wave contribution has already

been observed in semileptonic charm-meson decays.
BESIII [29] has seen an S-wave contribution coming from

σ at the level of 26% of the total branching ratio of
Dþ → πþπ−eþνe. It is worth stressing that this occurs in
the absence of interference with the dominant P-wave, as
is the case for the total branching ratio; also note that
this contribution does not manifest as a distinguished peak
in the invariant mass of the final pion pair. Instead, the
S-wave effect can be better spotted from its interference
with the dominant P-wave contribution (mainly coming
from ρ0 → πþπ−) in alternative observables: a pronounced
asymmetry is thus clearly seen in the differential branching
ratio as a function of the angle θπ describing the orientation
of the pion pair. Accordingly, no pronounced asymmetry is
seen inD0 → π−π0eþνe, for which the S-wave contribution
is absent. One could expect even more explicit manifes-
tations of the S-wave in the differential branching ratio as a
function of θπ and the angle ϕ between the decay planes of
the lepton and pion pairs, when integrating over carefully
chosen slices of the invariant mass of the pion pair, as
seen, for instance, in the analogous analysis of the
Cabibbo, allowed modeDþ → K−πþeþνe by BABAR [30],
where the S-wave contribution, in particular, from
K�

0ð800Þ≡ κ and K�
0ð1430Þ, is at the level of 6%; see also

Refs. [31,32]. This shows that some angular observables
can be directly used to investigate the P- and S-wave
interference.
Moreover, although uncertainties are still large, an ampli-

tude analysis of CLEO data [33] of D0 → πþπ−πþπ−

indicates an important contribution of D0 → σρ0, compa-
rable to the contributions of D0 → ρ0ρ0. The very recent
analysis by BESIII [34] distinguishes more clearly a con-
tribution from the former. Other topologies affecting
rare decays are suggested by the amplitude analyses of
multihadronic decays D0 → πþπ−πþπ− and D0 →
KþK−πþπ− [33,35], namely, so-called cascade decays in
which there is an intermediate a1ð1260Þ� (which affects
D0 → πþπ−lþl−) or K1ð1270Þ� (which affects D0 →
KþK−lþl−). Such states would not manifest as peaks in
the invariant mass of the lepton or light hadron pairs, since
they involve a distinct combination of kinematical variables.
In these topologies, the lepton pair results from ρ0 and ϕ,
while the pion and kaon pairs are nonresonant. Given that the
axial vector resonances above are known to a lesser extent
than those resonances included in our analysis, we reserve
their analysis for future work.
Our study provides the first analysis of the S-wave in

rare charm-meson decays, and we discuss what can be
learnt from this physics case; we focus on the σ resonance,
which alone impacts a large portion of the allowed phase
space; see Fig. 1 (that extends a figure from Ref. [17]).
Considering other scalar isoscalar resonances, let us point
out the following: f0ð980Þ is included in the analysis of
Ref. [29], and is not observed to provide a significant
contribution; f0ð1370Þ is a very broad resonance that
“overlaps” partially with ρ0=ω → lþl− in the q2ðlþl−Þ
vs p2ðπþπ−Þ plane; f0ð1500Þ (of width ∼100 MeV [28])

1The lightest resonances coupling more strongly to the kaon
pair are f0ð980Þ and ϕð1020Þ, which manifest at similar energies,
the latter being very narrow though; this may produce an
interesting interference pattern between the S- and P-waves in
angular observables. A representation of the line shape of the
scalar isoscalar resonance is more difficult to achieve due to its
proximity to the kaon pair threshold.
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has an important branching ratio into pion pairs of
approximately 35% [28], but is restricted to a region that
“overlaps” little with ρ0=ω → lþl−; similarly, f0ð1710Þ
(of width ∼100 MeV [28]) is also restricted to the low-
energy window of the lepton pair. On the other hand, more
is known about the lightest S- and P-wave states, which
affect a more significant portion of the phase space.
Therefore, we will not include S-wave resonances other
than the σ. Instead, we focus on energies q2ðlþl−Þ≳m2

ρ0
,

reducing the need to include further contributions. Given
the kinematical window we focus on, we do not discuss the
bremsstrahlung contribution (where a soft photon is emitted
from D0 → πþπ−); see Refs. [16,36] for its description,
which is more relevant in the electron-positron than in the
muon pair case.2 For the same reason, D-wave resonances

are not included. Moreover, we sum over the lowest lying
unflavored vector resonances, and thus, for instance,
ρð1450Þ0 is not included, further limiting the kinematic
window to q2ðlþl−Þ≲ 1.5 GeV2. LHCb [2–4] collected
plenty of data in the region delimited by the two above
conditions, namely, m2

ρ0
≲ q2ðlþl−Þ ≲ 1.5 GeV2 [no bins

simultaneously in both q2ðlþl−Þ and p2ðπþπ−Þ are
provided in their analysis]. We postpone to future work
the discussion of isospin-two contributions to the S-wave,
which is nonresonant at sufficiently low energies [28],
and thus, in particular, its phase motion does not expe-
rience a large variation [37]: in practice, it decreases
steadily starting from 2mπ and achieves about −25° at
around 1 GeV.
Concerning other rare charm-meson decay modes with

pion pairs in the final state, we note that the channel D� →
π�π0lþl− is not sensitive to the S-wave contributions
under discussion and is experimentally more challenging.
The mode D0 → π0π0lþl− (which does not receive con-
tributions of the P-wave, following Bose-Einstein sym-
metry) represents an even more significant experimental
challenge. These decay modes will thus not be discussed in
the following.
Before concluding this Introduction, let us point out that

the S-wave contribution is relevant also in the bottom
sector.3 For a discussion in the case of B0 → Kþπ−lþl−,
where the S-wave contamination from B0 → K�

0ð→
Kþπ−Þlþl− in the reconstruction of the decay chain is
at the level of ≈10%, see Refs. [46–52]; note that LHCb has
performed measurements of the S-wave contribution, e.g.,
in Refs. [53,54]. In the cases of scalar isoscalar states, the
S-wave has been discussed for BðsÞ → ππJ=ψ [55–57],
which contributes to BðsÞ → ππlþl−; note that the σ is
expected to provide a sizable contribution, naively as large
as ≈26%, and thus coincides with the result of BESIII [29]
in the charm-sector, since BðB0 → ρ0J=ψð1SÞÞ ≃ 2.6 ×
10−5 [58,59], while BðB0 → σJ=ψð1SÞÞ ≃ 0.9 × 10−5 [58].
A process related to the final state with pion pairs is BðsÞ →
KKlþl− [46,49,50], due to final-state rescattering [55–57].
In the case of Bs decays, BðB0

s → ϕJ=ψð1SÞÞ ≃ 1.04 ×
10−3 [60], while BðB0

s → f0ð980ÞJ=ψð1SÞÞ ≃ 1.2 × 10−4

[61], and thus also a sizable contribution from scalar
isoscalar resonances. Important contributions of the S-wave
are in principle also to be expected in semileptonic decays
Bþ → ππlþνl (l ¼ e, μ, τ) [62,63], and should then be
taken into account in future tests of the SM, such as lepton
flavor universality; see Ref. [64] for a discussion of the
extraction of the P-wave contribution from a lattice QCD
calculation. See Refs. [65–68] for discussions of the S-wave
contribution to B̄ → Dπl−ν̄l.

FIG. 1. Phase space allowed in the decayD0 → πþπ−μþμ−; the
invariant mass of the pion (muon) pair is denoted p2 (respec-
tively, q2). Some scalar (blue), vectorial (red), and tensorial
(green) resonant contributions are shown (the very narrow
pseudoscalar resonances ηð0Þ, leading to the lepton pair via
two-photon exchange, are omitted); the bands correspond to
ðm� Γ=2Þ2, with Γ taken from Refs. [27,28,38,39]. The “high-
energy window” referred to in the plot corresponds to
m2

ρ0
≲ q2 ≲ 1.5 GeV2, for which only f0ð500Þ≡ σ gives an

important contribution among the S-wave contributions and is
indicated by a hashed pattern delimited by dashed vertical lines.
Cascade decays are not indicated.

2The differential branching ratio as a function of p2ðπþπ−Þ is
dominated by lþl− resonant contributions [i.e., after integration
of the fully differential branching ratio over the variable
q2ðlþl−Þ], and thus bremsstrahlung represents a correction that
we neglect. This is a very good approximation, particularly at low
p2ðπþπ−Þ [16].

3For the theoretical treatment of KL;S → πþπ−lþl− decays,
see Refs. [40–44]; see also Ref. [45] for Kl4 decays.
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This article is organized as follows: in Sec. II we
formalize the inclusion of intermediate resonances; then,
in Sec. III we discuss the theoretical expressions of distinct
observables; finally, in Sec. IV we present our numerical
comparisons with available data; conclusions are provided
in Sec. V. In Appendix Awe give the expressions of the line
shapes in use, among further useful hadronic information,
and some further comparisons regarding Ref. [29] are given
in Appendix B.

II. INCLUSION OF INTERMEDIATE
RESONANCES IN NAIVE FACTORIZATION

To start, we introduce the single Cabibbo suppressed
(SCS) effective interaction Hamiltonian density forΔC¼ 1
up to operators of dimension six, valid for energy scales
μ < μb (μb being the energy scale at which the bottom
quark is integrated out) [69]:

Heff ¼
GFffiffiffi
2

p
"X2

i¼1

CiðμÞðλdQd
i þ λsQs

i Þ − λb
�
C7ðμÞQ7

þ C9ðμÞQ9 þ C10ðμÞQ10

�#þ H:c:; ð2Þ

where

λq ¼ V�
cqVuq; q ¼ d; s; b: ð3Þ

The basis of operators is the following:

Qd
1 ¼ ðd̄cÞV−AðūdÞV−A;

Qd
2 ¼ ðd̄βcαÞV−AðūαdβÞV−A ¼FierzðūcÞV−Aðd̄dÞV−A;

Qs
1 ¼ ðs̄cÞV−AðūsÞV−A;

Qs
2 ¼ ðs̄βcαÞV−AðūαsβÞV−A ¼FierzðūcÞV−Aðs̄sÞV−A;

Q7 ¼
e
8π2

mcūσμνð1þ γ5ÞFμνc;

Q9 ¼
αem
2π

ðūγμð1 − γ5ÞcÞðlγμlÞ;

Q10 ¼
αem
2π

ðūγμð1 − γ5ÞcÞðlγμγ5lÞ; ð4Þ

where ðV − AÞμ ¼ γμð1 − γ5Þ, α, β are color indices, and
μ ∼mcðmcÞ is the renormalization scale. The operatorsQq

i ,
q ¼ d, s, and i ¼ 1, 2 are the current-current operators.
Above, we have not kept contributions in λb other than the
electromagnetic dipole Q7 and the semileptonic inter-
actions Q9 and Q10, which are kept only for the sake of
later convenience. The (short-distance) SM Wilson coef-
ficients C7, C9, C10, first generated at one loop via the
exchange of electroweak (EW) gauge bosons, are

significantly suppressed in the D system [70],4 and fur-
thermore their contributions are accompanied with a CKM
suppression; since C10 ∼ 0 in the SM, we will see that some
angular observables approximately vanish (i.e., those based
in I5;6;7). The main SM contribution to an effectiveC9 comes
from long-distance dynamics, as it will be discussed later in
this section. As stressed in Ref. [17], the latter feature is
welcome in the sense that it enhances the sensitivity to NP
that contributes to the observables that vanish in the SM,
such as having Q10 induced by NP which interferes with the
large SM long-distance part. Operators of flipped chirality,
i.e., Q0

7; Q
0
9; Q

0
10, are not displayed, and are virtually absent

in the SM, their contributions being relatively suppressed by
mu=mc. For all purposes, we take λs ¼ −λd.
The full decay amplitude of the charm-meson decay is

calculated here in the framework of factorization, closely
following Ref. [16].We include in our analysis only the quasi-
two-body topologies with the lowest lying intermediate reso-
nances that are indicated in Fig. 2. Therein, the lepton pair
originates from one vector meson, namely, ρ0, ω, or ϕ,
coupling to a photon (we neglect cases where one isoscalar
hadron couples to two photons due to the small resulting
effect, as supported by data (see, e.g., Ref. [72]); similarly, we
do not include pseudoscalar resonances in our analysis). The
pion pair originates from strong decays of ρ0, ω, or σ. The
latter list does not include the ϕ since we assume the Zweig
rule to be at play; i.e., we discard the possibility of a light-
quark pair rescattering into ss̄. Since the intermediate
resonances are electrically neutral, the only operators that
contribute in naive factorization areQq

2 , q ¼ d; s. We employ
the next-to-leading order (NLO) value C2 ¼ −0.40 in the
naive dimensional regularization (NDR) scheme atmc [69,70].
We write schematically for the S-matrix element of the

process:

hπþπ−lþl−jSjD0i ¼ hπþπ−lþl−j
Z

d4x d4wd4y d4z

× TfHlept
em ðzÞHVγðyÞHRππðwÞ

×HDRVðxÞgjD0i; ð5Þ

with electromagnetic interactions given by5 [73]

4Because of the GIM mechanism, there are no short-distance
contributions to C7, C9, C10 above the scale μb at one loop (single
insertions of current-current operators provide long-distance,
effective contributions); C7, C9 are generated electromagnetically
below μb via single insertions of dimension-six four-quark
operators, while at one loop C10 is generated only via double
insertions of dimension-six operators, and thus of higher order in
GF [16] (at two loops, single insertions are possible, but of higher
order in electromagnetic interactions [17]). Such is also the case
in dineutrino decay modes [71].

5Integration by parts has been used to rewrite HVγ ∝
Fμνð∂μVν − ∂

νVμÞ [16], and we employed the gauge condition
∂
μAμ ¼ 0. Moreover, Hlept

em consists only of an interaction term
and is not gauge invariant.
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HVγ ¼ −e
�

fρ0ffiffiffi
2

p
mρ0

ðρ0Þμ þ 1

3

fωffiffiffi
2

p
mω

ωμ

−
ffiffiffi
2

p

3

fϕffiffiffi
2

p
mϕ

ϕμ

�
□Aμ; Hlept

em ¼ eAμlγμl: ð6Þ

Above, R is one of the vector or scalar resonances
coupling to the pion pair, and V is the vector resonance
coupling electromagnetically to the lepton pair. The flavor

changing interaction HDRV results from insertions of the
current-current operators Qq

2 , q ¼ d; s of the weak
Hamiltonian density in Eq. (2), while matrix elements of
HRππ are discussed in Secs. II A and II B for intermediate
vectors and the scalar, respectively.
Let us at this point define the specific topologies that

show up within factorization given the intermediate states
aforementioned. There are three possible ways to contract
the currents, shown graphically in Fig. 2:

QA ≡ −hRVjðq̄qÞV−Aj0ih0jūγμγ5cjD0ðpDÞi
¼ hRVjðq̄qÞAðxÞj0iifDpμ

De
−ipD·x; ð7Þ

QW ≡
� hVjðq̄qÞV j0ihRjðūcÞV−AjD0i; R¼ ρ0;ω;

−hVjðq̄qÞV j0ihRjðūcÞAjD0i; R¼ σ;
ð8Þ

QJ ≡ hRjðq̄qÞV j0ihVjðūcÞV−AjD0i; R ¼ ρ0;ω; ð9Þ

where q ¼ d; s. Both quark bilinears are evaluated at the
same spacetime point. Above, we have already indicated
explicitly which currents (whether vector, axial-vector,
or both) give nonvanishing contributions and which reso-
nances are possible. In particular, note that there is no σ
exchange in the QJ case, since the (axial-)vector
hσjðq̄qÞVðAÞj0i matrix element vanishes. The type of con-
traction at the origin of QA, which is the weak annihilation
topology, is proportional to the light quark massmq, as seen
from contracting the axial-vector current q̄γμγ5q with the
decaying charm-meson four-momentum pμ

D, and we will
thus neglect this contribution compared to the other two
that are nonzero; see, e.g., Ref. [74] for a discussion.
We are left with the types of contractions of QW and QJ,

that we shall refer to as “W”- and “J”-type contractions, and
to which we now turn and provide further details. In the
case of W-type factorization, we need to evaluate the
following vacuum to the lepton pair matrix element:

hlþl−j
Z
d4yd4zT

(
Hlept

em ðzÞHVγðyÞ
 X

q¼d;s

λqðq̄qÞVðxÞ
!)

j0i

¼−
X

V¼ρ0;ω;ϕ

hlþl−jHlept
em jγ�i 1

q2
hγ�jHVγjVi

×
1

PVðq2Þ
hVj
X
q¼d;s

λqðq̄qÞVðxÞj0i

¼−eiq·xλde2ðūlγμvlÞ
 

cW
ρ0
f2
ρ0

Pρ0ðq2Þ
þ cWω f2ω
Pωðq2Þ

þ cWϕ f
2
ϕ

Pϕðq2Þ

!
;

ð10Þ

where q2 is the invariant mass squared of the lepton pair,
cW
ρ0
¼ 1=2, cWω ¼ −1=6, and cWϕ ¼ −1=3. The expressions

for the line shapes will be discussed later in the text

FIG. 2. Quasi-two-body topologies; the lepton (pion) pair
comes from electromagnetic (respectively, strong) decays of
the intermediate resonances; from top to bottom: W-type fac-
torization contribution, J-type factorization contribution, A-type
factorization contribution (i.e., annihilation topology); pairs of
empty squares represent the two quark color-neutral bilinears that
are factorized. Bottom: contributions for which the lepton pair
comes from an effective semileptonic contact interaction, repre-
sented by a solid square.

S-WAVE CONTRIBUTION TO RARE D0 → πþπ−lþl− DECAYS … PHYS. REV. D 109, 036027 (2024)

036027-5



(see Appendix A 3).6 Note that the ϕ contribution comes with the CKM factor λs, where λs ¼ −λd. For the values of the
decay constants, see Appendix A 1.
In the J-type factorization, we need to evaluate the following D0 → lþl− matrix element:

hlþl−j
Z

d4y d4zTfHlept
em ðzÞHVγðyÞλdðūγμcÞðxÞgjD0ðpDÞi

¼ −
X

V¼ρ0;ω

hlþl−jHlept
em jγ�i 1

q2
hγ�jHVγjVi

1

PVðq2Þ
hVjλdðūγμcÞðxÞjD0ðpDÞi

¼ −eiðq−pDÞ·xλde2ðūlγμvlÞ
 

cJ
ρ0
fρ0

mρ0Pρ0ðq2Þ
þ cJωfω
mωPωðq2Þ

þ cJϕfϕ
mϕPϕðq2Þ

!

×
�
A1ðp2Þc1ðq2; p2Þ þ A2ðp2Þc2ðq2; p2Þ þ Vðp2ÞcVðq2; p2Þ þ A0ðp2Þc0ðq2; p2Þ�; ð11Þ

where p2 is the invariant mass squared of the pion pair,
cJ
ρ0
¼ 1=

ffiffiffi
2

p
, cJω ¼ 1=ð3 ffiffiffi

2
p Þ, and cJϕ ¼ 0. Again, the ϕ

does not contribute due to its quark content (similarly, there
is no contribution proportional to λs). The form factors of
D → V, V ¼ ρ0;ω, are equal for the two resonances (see
Appendix A 2 for details about their parametrizations); the
functions ciðq2; p2Þ, i ¼ V; 0, 1, 2, encode the kinematical
factors that accompany each form factor [75].
In Eqs. (10) and (11), the relative signs and numerical

prefactors between ρ0 and ω can be quickly understood
from the quark content of the vector resonances

Vϕ
μ ≡ s̄γμs;

Vω
μ ≡ 1ffiffiffi

2
p �

ūγμuþ d̄γμd
�
;

Vρ0
μ ≡ 1ffiffiffi

2
p �

ūγμu − d̄γμd
�
; ð12Þ

where the quark content of the operators VV
μ is such that

they can create or annihilate the vector meson V, and we
enforce the Zweig rule (for corrections, see, e.g., Ref. [76]).
In terms of these operators, the hadronic electromagnetic
current can be rewritten as

�
jhadem

�
μ ¼ QsV

ϕ
μ þQu þQdffiffiffi

2
p Vω

μ þQu −Qdffiffiffi
2

p Vρ0
μ ; ð13Þ

where Qu ¼ þ2=3 and Qd ¼ Qs ¼ −1=3.
To accommodate further strong dynamics, we will in the

following discussion associate a strong phase δfR;Vg with
each vertex hRVjHDRV jD0i; a similar approach is followed
by Ref. [17]; see also Ref. [19] (strong phases are extracted
from eþe− data in Refs. [19,77]). It will be assumed that
these strong phases vary slowly, the faster variations being
expected from the line shapes, and one then takes the δfR;Vg
as constants under the assumption that the main resonances

needed for phenomenological applications are included in
our analysis. Such strong phases are introduced to represent
rescattering effects that take place beyond (naive) factori-
zation. This leaves us with six arbitrary phases for the
couplings of D0 to

fρ0=ω; ρ0g; fρ0=ω;ωg; fρ0=ω;ϕg;
fσ; ρ0g; fσ;ωg; fσ;ϕg ð14Þ

pairs of resonances, where the first state designates the
resonance R that decays to a pion pair, while the second
state stands for the resonance V that decays to a lepton pair.
The notation ρ0=ω means that we have collected together
the ρ0 and the ω leading to the pion pair; in doing so, the
three extra phases fω; ρ0g, fω;ωg, fω;ϕg will be
exchanged by a single relative phase ϕω that will be
introduced in Eq. (19) below.
In practice, we will see that the presently measured

dΓ=dq2 distribution depends on the phase differences:

Δ1 ≡ δfρ0=ω;ρ0g − δfρ0=ω;ϕg;

Δ2 ≡ δfρ0=ω;ρ0g − δfρ0=ω;ωg;

Δ3 ≡ δfσ;ρ0g − δfσ;ϕg;

Δ4 ≡ δfσ;ρ0g − δfσ;ωg; ð15Þ

since S- and P-waves do not interfere in dΓ=dq2; given that
the ω and ϕ are narrow resonances, Δ1 − Δ2 and Δ3 − Δ4

do not play an important role. On the other hand, when
discussing angular observables that depend on the S- and
P-waves interference, the following extra phase difference
is relevant:

ΔSP ≡ δfσ;ρ0g − δfρ0=ω;ρ0g; ð16Þ

which completes the list of phase differences in the SM to
be discussed below: i.e., out of six phases we have five
independent differences among them.

6We reserve the typesetting H for the Hamiltonian density,
while H denotes the Hamiltonian.
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A. Implementation of the π +π − P-wave contribution

For the coupling of a vector resonance V to the pion pair
we use the following expression for the matrix element of
HRππ resulting from strong interactions:

hπþðp1Þπ−ðp2ÞjHRππjVðp; λÞi
¼ FBWðp2ÞbV ϵVðp; λÞ · ðp1 − p2Þ; ð17Þ

where the phenomenological form factor FBW is the so-
called Blatt-Weisskopf barrier factor for a particle of spin-
one; see Appendix A 3 for definitions and the review on
resonances of Ref. [28]. The quantity bV is assumed not to
carry any dynamics and is extracted from the decay rate
of V → πþπ−:

ΓðV → πþπ−Þ ¼ 1

48π
b2Vm

−5
V λ3=2ðm2

V;m
2
π; m2

πÞ; ð18Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ bcþ caÞ. In
practice this relation is used only for V ¼ ρ0, for which
we take Bðρ0 → πþπ−Þ ¼ 1, thus resulting in bρ0 ¼ 5.92.
The line shape of ρ0 is expressed in the Gounaris-Sakurai

parametrization [78], which implements finite-width
corrections (see Appendix A 3 for details). Following

previous literature on ρ0=ω contributions to eþe−→πþπ−,
we collect both resonances together by considering the
expression

bρ0=ωðp2Þ ¼ bρ0
�
1þ aωeiϕωRBWωðp2Þ�; ð19Þ

where the relativistic Breit-Wigner (RBW) line shape
RBWωðsÞ is given in Appendix A 3. In (naive) factoriza-
tion, if only the W-type contraction were possible, then
ϕω ¼ 0; on the contrary, in the J-type contraction, ϕω ¼ π.
In Eq. (19), both contributions are collected together, and
the phase ϕω will also accommodate further hadronic
effects beyond (naive) factorization in our study. In
Sec. IV, the parameters aω and ϕω of the coupling of
the ω to two pions are fitted to the experimental differential
branching ratio as a function of the invariant mass of the
pion pair (a small but nonvanishing value of aω is generated
from isospin-breaking effects, mixing the isospin-triplet ρ
and the isospin-singlet ω states). This is different from the
implementation of the resonances in the matrix elements of
the lepton pair, where the ρ0 and ω contributions are added
serially. We then have for the contribution where the pion
pair originates from ρ0=ω resonances

hπþπ−lþl−jSjD0iðρ0=ωÞ ¼ ð2πÞ4δð4Þðpþ q − pDÞξ2
bρ0=ωðp2ÞFBWðp2Þ

Pρ0ðp2Þ ðūlγμvlÞ
X
V

("
cWV BVf2Ve

iδfρ0=ω;Vg

PVðq2Þ

×

�
2q · ðp1 − p2Þ
mD þ

ffiffiffiffiffi
p2

p A2ðq2Þ − ðmD þ
ffiffiffiffiffi
p2

q
ÞA1ðq2Þ

�
þ 1ffiffiffi

2
p mρ0fρ0

cJVBVfVe
iδfρ0=ω;Vg

mVPVðq2Þ

×

�
2q · ðp1 − p2Þ
mD þ

ffiffiffiffiffi
q2

p A2ðp2Þ − ðmD þ
ffiffiffiffiffi
q2

q
ÞA1ðp2Þ

�#
pμ
1 þ

"
cWV BVf2Ve

iδfρ0=ω;Vg

PVðq2Þ

×

�
2q · ðp1 − p2Þ
mD þ

ffiffiffiffiffi
p2

p A2ðq2Þ þ ðmD þ
ffiffiffiffiffi
p2

q
ÞA1ðq2Þ

�
þ 1ffiffiffi

2
p mρ0fρ0

cJVBVfVe
iδfρ0=ω;Vg

mVPVðq2Þ

×

�
2q · ðp1 − p2Þ
mD þ

ffiffiffiffiffi
q2

p A2ðp2Þ þ ðmD þ
ffiffiffiffiffi
q2

q
ÞA1ðp2Þ

�#
pμ
2 þ

"
cWV BVf2Ve

iδfρ0=ω;Vg

PVðq2Þ
−4iVðq2Þ
mD þ

ffiffiffiffiffi
p2

p
þ 1ffiffiffi

2
p mρ0fρ0

cJVBVfVe
iδfρ0=ω;Vg

mVPVðq2Þ
−4iVðp2Þ
mD þ

ffiffiffiffiffi
q2

p
#
ϵμνλρp1νp2λqρ

)
; ð20Þ

where

ξ2 ¼ λd
GFffiffiffi
2

p e2C2ðμÞ: ð21Þ

The terms coming with A1ðq2Þ, A2ðq2Þ, Vðq2Þ [respec-
tively, A1ðp2Þ, A2ðp2Þ, Vðp2Þ] originate from the W-type
(J-type) factorization, since the momentum transfer of
the D0 form factor is the one of the lepton pair (pion

pair).7 Note that the A0 contribution vanishes because it is
accompanied by qμlγμl ¼ 0 in the W-type factorization,
and by p2

1 − p2
2 in the J-type factorization, also vanishing

in the case of πþπ− final-state mesons. In the case of

7In the above we have used the approximation mωfω ≈mρ0fρ0
for the 0 → V term in the J-type factorization, in order to simplify
the expression.
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charm-meson decays the J-type contribution gives sizable
effects, as it is manifest from Eq. (20).8

In Eq. (20), apart from the complex phases that correct
the (naive) factorization picture, we have also introduced
for the same reason the real and positive parameters Bρ0 ,
Bω, and Bϕ that will be adjusted from data, and are also
assumed not to carry any dependence with the energy. Note
that a somewhat similar approach is followed by Ref. [17],
which fits the factors controlling the normalizations of the
resonances around their respective peaks.

B. Implementation of the π + π − S-wave contribution

We now consider the effect of the σ ¼ f0ð500Þ reso-
nance. The σ is encoded in the wþ and r form factors of the
D0 → πþπ− matrix element [75,79,80]:

hπþðp1Þπ−ðp2Þjðūγμð1 − γ5ÞcÞðxÞjD0ðpDÞi
¼ eix·ðp−pDÞfiwþðp1 þ p2Þμ þ iw−ðp1 − p2Þμ
þ hϵμαβγðpDÞαðp1 þ p2Þβðp1 − p2Þγ þ irqμg: ð22Þ

The contraction of qμ with the spinorial part of the leptonic
matrix element ðūlγμvlÞ in Eq. (10) vanishes, and thus the
effect of the S-wave intermediate states appears only in the
form factor wþ, to which the following S-wave term is
added:

wSþðp2; q2Þ ¼ aSðq2ÞASðp2Þ;

aSðq2Þ ¼ aSð0Þ=
�
1 −

q2

m2
A

�
: ð23Þ

Here, the nearest pole is used [29], for which we have
mA ¼ 2.42 GeV, where A is the axial D-meson (JP ¼ 1þ).
The quantity aSð0Þ, assumed to be a constant,9 represents a
magnitude encompassing the strength of the transition
D → σ multiplied by the coupling of σ to the pion pair.
We extract it from fitting the experimental data. Following
Ref. [29], the line shape ASðp2Þ is the one of Bugg [26],
which is data driven (and in particular includes small
Zweig-violating effects); its full expression is provided
in Appendix A 3. The complex phase assigned to the σ is
close to the one extracted from ππ rescattering in the elastic
region. We reserve the analysis of alternative line shapes to
the future when the quest for higher precision may become
more pressing.
With all the above, we incorporate the scalar resonance

to our factorization model

hπþπ−lþl−jSjD0iðσÞ ¼ ð2πÞ4δð4Þðpþ q − pDÞ

× ξ2ðūlγμvlÞi
X
V

cWV B
ðSÞ
V f2Ve

iδfσ;Vg

PVðq2Þ
× aSðq2ÞASðp2Þ: ð24Þ

The full matrix element is then given by

hπþπ−lþl−jSjD0i ¼ hπþπ−lþl−jSjD0iðρ0=ωÞ
þ hπþπ−lþl−jSjD0iðσÞ: ð25Þ

C. Effective Wilson coefficient

It would be useful to write the previous matrix element in
Eq. (25) as the matrix element of a semileptonic four-
fermion operator, with the intermediate resonance at the
origin of the lepton pair encoded in an effective Wilson
coefficient. Assuming that the only factorization is the
W-type one, as is the case, for instance, in semileptonic
nonrare decays, it is easy to match the full hadronic matrix
element to that of a Q9 operator, i.e., in which the quark
pair carries the chiral V − A structure, and the lepton pair a
vector structure, as it would result from the coupling to a
single photon. As seen from Eqs. (8) and (10), the matrix
element hπþπ−jðūcÞV−AðxÞjD0i for initial and final-
state mesons has been factorized out from the leptonic
matrix element, and we are able to write the latter as
hlþl−jðllÞVðxÞj0i times an effective coefficient that
encodes the intermediate resonant dynamics of the lepton
pair invariant mass

Ceff∶W
9 ðμ;q2Þ¼ 8π2C2ðμÞ

 
cW
ρ0
f2
ρ0

Pρ0ðq2Þ
Bρ0e

iδfρ0=ω;ρ0g

þ cWω f2ω
Pωðq2Þ

Bωe
iδfρ0=ω;ωg þ cWϕ f

2
ϕ

Pϕðq2Þ
Bϕe

iδfρ0=ω;ϕg

!

ð26Þ

[where we have included the factors beyond (naive)
factorization that have been previously discussed], such
that the transition c → ulþl− is described by

Hc→ull
eff ¼ GFffiffiffi

2
p λdCeff∶W

9 ðμ; q2ÞQ9 þ H:c: ð27Þ

In writing Eq. (26), we consider only the P-wave, while the
S-wave will be discussed shortly below.
Conversely, the matrix element appearing in the J-type

contribution is hVjðūcÞV−AjD0i, where V does not lead to
the pion pair, but instead to the lepton pair, so we cannot
separate the full matrix element into hadronic times
leptonic factors calculated at the same spacetime point.

8The analogous J-type contribution in Bþ → Kð�Þþlþl−

transitions from current-current operators is V�
ubVus-suppressed

with respect to the dominant contribution, which goes as V�
cbVcs.

9A dynamical behavior of aSð0Þ could, for instance, result
from the annihilation topology.
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Thus, this contribution prevents us from writing, at least
straightforwardly, our full amplitude using an effective
Wilson coefficient multiplying a semileptonic four-fermion
operator.
In the following we explore an alternative that would

make the use of an approximate effective C9 coefficient
viable if the ρ0=ω were the only resonances creating the
pion pair. Starting with the ρ0, we rewrite the J- and W-type
contributions in a similar way. By inspecting Eq. (20), one
condition is that

mρ0fρ0
fρ0

mρ0Pρ0ðq2Þ
1

mD þ
ffiffiffiffiffi
q2

p Fðp2Þ

≃
f2
ρ0

Pρ0ðq2Þ
1

mD þ
ffiffiffiffiffi
p2

p Fðq2Þ; F ¼ A2; V; ð28Þ

while a similar discussion holds for the terms that are
proportional to the form factor A1. To achieve our goal, we
need first to examine if the mD þ

ffiffiffiffiffi
q2

p
and mD þ

ffiffiffiffiffi
p2

p
factors can be replaced with mD þmρ, as it is usually done
in the literature. Indeed, this narrow-width approximation
is good enough. What is left of the above conditions in
Eq. (28) comes from the dependencies of the form factors
on q2 or p2. Since in our nearest pole parametrization of
the form factors in Appendix A 2 these dependencies go as
m2

pole=ðm2
pole − q2Þ or m2

pole=ðm2
pole − p2Þ, and the dilepton

and dihadron invariant masses are generally much smaller
than the pole masses, the two dependencies are soft.
The situation is more complicated for the ω. Since cWω

and cJω have opposite signs, seemingly the ω contribution in
the leptonic part would disappear in Eq. (20) under the use
of the simplifications discussed in the previous paragraph.
However, when considering the original picture before the
introduction of bρ0=ωðp2Þ in Eq. (19),

bρ0
�
1þ aωRBWωðp2Þ�cWω f2ω

Pωðq2Þ
ð29Þ

from the W-type and

bρ0
�
1 − aωRBWωðp2Þ� 1ffiffiffi

2
p cJω

f2ω
Pωðq2Þ

ð30Þ

from the J-type factorization, we see that an ω → lþl−

contribution survives in the form of

bρ0aωRBWωðp2Þ
�
cWω −

1ffiffiffi
2

p cJω

�
f2ω

Pωðq2Þ
; ð31Þ

i.e., the contributions D0 → ½ρ0 → πþπ−�ω from the W-
and the J-type terms largely cancel in naive factorization,
while the surviving D0 → ½ω → πþπ−�ω contributions are

suppressed due to the smallness of the factor aω coming
from the small coupling of ω → ππ. Finally, the ω term is
introduced in the effective Wilson coefficient with a small
parameter ϵω ≡ aωRBWωðp2Þ, where the dependence on
p2 is not soft as in the previous paragraph. The presence of
a p2 dependence represents an impediment for the intro-
duction of an effective C9 coefficient, which should apply
simultaneously for both ρ0 and ω decays to a pion pair in
the presence of both W- and J-type topologies; however,
this represents only a small effect, suppressed by aω.
Under all of the above simplifications, one is able to

define an approximate effective coefficient for Q9 contain-
ing P-wave contributions as

Ceff∶P
9 ðμ; q2Þ ¼ 8π2C2ðμÞ

×

��
cW
ρ0
þ 1ffiffiffi

2
p cJ

ρ0

� f2
ρ0

Pρ0ðq2Þ
Bρ0e

iδfρ0=ω;ρ0g

þ
�
cWω −

1ffiffiffi
2

p cJω

�
f2ω

Pωðq2Þ
Bωϵωe

iδfρ0=ω;ωg

þ cWϕ
f2ϕ

Pϕðq2Þ
Bϕe

iδfρ0=ω;ϕg

	
; ð32Þ

where the p2 dependence is omitted in ϵω, which as
previously stressed represents a suppression factor. In
contrast, the W- and J-type contributions add up coherently
in the case of the D0 → ½ρ0 → πþπ−�ρ0 contribution and
are unsuppressed. We remind the reader that there is no
J-type contribution for the ϕ, i.e., cJϕ ¼ 0. Therefore, we
have for the S-matrix element of the process

hπþπ−lþl−jSjD0iðρ0=ωÞ ≃ ð2πÞ4δð4Þðpþ q − pDÞ
× Ceff∶P

9 ðμ;q2Þhπþπ−lþl−j
×Q9jD0iðρ0=ωÞ; ð33Þ

which should be sufficient for our purposes given the
present level of experimental accuracy in the high-energy
window of Fig. 1.
For the σ, the discussion is simpler, since there is no

J-type contribution:

hπþπ−lþl−jSjD0iðσÞ ¼ ð2πÞ4δð4Þðpþ q − pDÞ
× Ceff∶S

9 ðμ; q2Þhπþπ−lþl−j
×Q9jD0iðσÞ; ð34Þ

with the Ceff∶S
9 given by
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Ceff∶S
9 ðμ; q2Þ ¼ 8π2C2ðμÞ

 
cW
ρ0
f2
ρ0

Pρ0ðq2Þ
BðSÞ
ρ0
eiδfσ;ρ0g

þ cWω f2ω
Pωðq2Þ

BðSÞ
ω eiδfσ;ωg þ cWϕ f

2
ϕ

Pϕðq2Þ
BðSÞ
ϕ eiδfσ;ϕg

!
:

ð35Þ

Because of the cancellation discussed above, around
Eq. (31), the main contribution underlying ω → lþl− is
the one paired with σ → πþπ−. Were the J-type contraction
not considered, this would spoil the assessment from the
fits of the size of the contribution D0 → ½σ → πþπ−�×
½ω → lþl−�. Note that Bρ0 ; Bω; Bϕ in Eq. (32) for the
P-wave are allowed to be different with respect to Eq. (35)
for the S-wave [moreover, an overall relative scale between
P- and S-waves will be absorbed into aSð0Þ by set-

ting Bρ0 ¼ BðSÞ
ρ0
].

Finally, we have

hπþπ−lþl−jSjD0i
≃ ð2πÞ4δð4Þðpþ q − pDÞðCeff∶P

9 ðμ; q2Þ
× hπþπ−lþl−jQ9jD0iðρ0=ωÞ þ Ceff∶S

9 ðμ; q2Þ
× hπþπ−lþl−jQ9jD0iðσÞÞ; ð36Þ

which, due to the J-type contraction and effects beyond
naive factorization, is not proportional to

hπþπ−lþl−jQ9jD0i≡ hπþπ−lþl−jQ9jD0iðρ0=ωÞ
þ hπþπ−lþl−jQ9jD0iðσÞ: ð37Þ

As previously announced, this prevents us from writing an
effective coefficient that would apply simultaneously for
both the intermediate P- and S-waves of the pion pair.
For our numerical results we use the full formulas with

W- and J-type factorizations. Nevertheless, for the sake of
greatly simplifying the presentation of formulas in the next
section, while keeping a good numerical accuracy, we
employ the notation Ceff∶P

9 and Ceff∶S
9 introduced above.

III. DIFFERENTIAL BRANCHING RATIOS
AND ANGULAR OBSERVABLES

A set of angular observables can be defined by integrat-
ing the differential decay rate of the process over the
angular kinematical variables θπ; θl;ϕ: θl is the angle
between the l−-momentum and the D-momentum in the
dilepton center of mass frame, θπ is the angle between
the πþ-momentum and the negative D-momentum in the
dipion center of mass frame, and ϕ is the angle between the
dilepton and dipion decay planes, oriented according to
the normal vectors n̂l and n̂π of the planes ðl−lþÞ and
ðπþπ−Þ in the D center of mass frame, respectively, from

n̂l to n̂π; with respect to Refs. [2–4], our angle ϕ differs by
π (which means that the observables based on I4, I5, I7, I8
flip signs). The total decay rate can be written as

d5Γ
dq2dp2dΩ

¼ 1

2π

X9
i¼1

ciIi; ð38Þ

where dΩ ¼ d cos θπd cos θldϕ and the constants ci are

c1 ¼ 1; c2 ¼ cos 2θl; c3 ¼ sin2 θl cos 2ϕ;

c4 ¼ sin 2θl cosϕ; c5 ¼ sin θl cosϕ;

c6 ¼ cos θl; c7 ¼ sin θl sinϕ;

c8 ¼ sin 2θl sinϕ; c9 ¼ sin2 θl sin 2ϕ: ð39Þ

We present the expressions for the coefficients Ii in terms of
the long-distance transversity form factors, the effective
Wilson coefficients in the SM, distinguishing between the
S- and the P-wave mediated cases, and the local Wilson
coefficients introduced by NP. We follow closely the
discussion of Refs. [16,17,50].10 Their expressions are as
follows (the integrals h·i� over θπ will be defined below):

I1 ¼
1

8

�
jF Sj2ρ−1;S þ cos2 θπjFPj2ρ−1;P

þ 3

2
sin2 θπ


jF kj2ρ−1;P þ jF⊥j2ρþ1;P
�	þ hI1i− cos θπ

⟶
SM þ 1

8

��
cos2 θπjFPj2 þ

3

2
sin2 θπfjF kj2 þ jF⊥j2g

	
× jCeff∶P

9 j2 þ jF Sj2jCeff∶S
9 j2

þ 2Re


F SF �

PC
eff∶S
9 ðCeff∶P

9 Þ�� cos θπ
�
; ð40Þ

I2 ¼ −
1

8

�
jF Sj2ρ−1;S þ cos2 θπjFPj2ρ−1;P

−
1

2
sin2 θπ


jF kj2ρ−1;P þ jF⊥j2ρþ1;P
�	þ hI2i− cos θπ

⟶
SM

−
1

8

��
cos2 θπjFPj2 −

1

2
sin2 θπfjF kj2 þ jF⊥j2g

	
× jCeff∶P

9 j2 þ jF Sj2jCeff∶S
9 j2

þ 2Re


F SF �

PC
eff∶S
9 ðCeff∶P

9 Þ�� cos θπ
�
; ð41Þ

10We correct Eq. (A.6) from Appendix A of Ref. [16],
considering the conventions for the angles specified above; also,
ϵ0123 ¼ −1.
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I3 ¼
1

8
½jF⊥j2ρþ1;P − jF kj2ρ−1;P�sin2 θπ

⟶
SM 1

8
½jF⊥j2 − jF kj2�sin2 θπjCeff∶P

9 j2; ð42Þ

I4 ¼ cos θπ sin θπ
3

2
hI4i− þ sin θπ

2

π
hI4iþ

⟶
SM −

1

4
RefFPF �

kg cos θπ sin θπjCeff∶P
9 j2

−
1

4
RefF SF �

kC
eff∶S
9 ðCeff∶P

9 Þ�g sin θπ; ð43Þ

I5 ¼ cos θπ sin θπ
3

2
hI5i− þ sin θπ

2

π
hI5iþ⟶

SM
0; ð44Þ

I6 ¼ −½RefF kF �⊥gReρþ2 þ ImfF kF �⊥gImρ−2 �sin2 θπ⟶
SM

0;

ð45Þ

I7 ¼ cos θπ sin θπ
3

2
hI7i− þ sin θπ

2

π
hI7iþ⟶

SM
0; ð46Þ

I8 ¼ cos θπ sin θπ
3

2
hI8i− þ sin θπ

2

π
hI8iþ

⟶
SM − cos θπ sin θπ

1

4
ImðFPF �⊥ÞjCeff∶P

9 j2

−
1

4
sin θπImfF SF �⊥Ceff∶S

9 ðCeff∶P
9 Þ�g; ð47Þ

I9 ¼
1

2


RefF⊥F �

kgImρþ2 þ ImfF⊥F �
kgReρ−2

�
sin2 θπ

⟶
SM ImfF⊥F �

kg
4

sin2 θπjCeff∶P
9 j2: ð48Þ

The 0-transversity form factor is

F 0 ¼ F S þ FP cos θπ; ð49Þ

the P-wave form factors can be expressed as

FP ¼ −N
bρ0=ωðp2ÞFBWðp2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βlð3 − β2lÞ

q
λ3=4h λ1=4D

Pρ0ðp2Þ
ðmD þmρ0Þ2ðm2

D − p2 − q2ÞA1ðq2Þ − λDA2ðq2Þ
2
ffiffiffi
2

p ðmD þmρ0Þðp2Þ3=2 ;

F k ¼ N
bρ0=ωðp2ÞFBWðp2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βlð3 − β2lÞ

q
λ3=4h λ1=4D

Pρ0ðp2Þ

ffiffiffiffiffi
q2

p
ðmD þmρ0ÞA1ðq2Þffiffiffi

2
p

p2
;

F⊥ ¼ −N
bρ0=ωðp2ÞFBWðp2Þβ3=2l λ3=4h λ3=4D

Pρ0ðp2Þ

ffiffiffiffiffi
q2

p
Vðq2Þ

ðmD þmρ0Þp2
; ð50Þ

while for the S-wave

F S ¼ −N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βlð3 − β2lÞ

q
λ1=4h λ3=4D

PBuggðp2Þ
aSðq2Þ

2
ffiffiffi
2

p ffiffiffiffiffi
p2

p ; ð51Þ

where PBuggðp2Þ ¼ 1=ASðp2Þ. The kinematic factors ap-
pearing in these expressions are λh ¼ λðp2; m2

π; m2
πÞ; λD ¼

λðm2
D; p

2; q2Þ; βl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

l=q
2

q
. The overall normali-

zation is

N ¼ αemGFλd

128π7=2m3=2
D

; ð52Þ

owing to Eq. (27).

The Wilson coefficients, effective or not, are encoded in

ρ−1;S ¼ jCeff∶S
9 þ CNP

9 − C0
9j2 þ jC10 − C0

10j2;
ρ�1;P ¼ jCeff∶P

9 þ CNP
9 � C0

9j2 þ jC10 � C0
10j2;

δρ ¼ Re
ðCeff∶P

9 þ CNP
9 − C0

9ÞðC10 − C0
10Þ�
�
;

Reρþ2 ¼ Re
ðCeff∶P

9 þ CNP
9 ÞC�

10 − C0
9 C

0�
10

�
;

Imρþ2 ¼ Im

C0
10 C

�
10 þ C0

9ðCeff∶P
9 þ CNP

9 Þ��;
Reρ−2 ¼ 1

2

�jC10j2 − jC0
10j2 þ jCeff∶P

9 þ CNP
9 j2 − jC0

9j2
�
;

Imρ−2¼ Im

C0
10ðCeff∶P

9 þ CNP
9 Þ� − C10 C0�

9

� ð53Þ

[as seen from the contributing currents in Eq. (8), a ρþ1;S
analogously defined does not show up]. The SM contri-
bution comes from Ceff∶S

9 and Ceff∶P
9 , while NP is at the

origin of possibly large Wilson coefficients of the operators
Q0

9; Q10; Q0
10; NP could also contribute to Q9. Inspecting
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Eq. (53), note that Imρ�2 vanish in the absence of having
simultaneously the presences of V − A and V þ A struc-
tures of the quark bilinears; these same combinations of
Wilson coefficients vanish when no CP-violating phase is
present; δρ, Reρþ2 , and Imρ−2 vanish in the absence of
having simultaneously the presences of V and A structures
of the lepton bilinears. Since we will focus on the high-q2

energy window of Fig. 1, we will not discuss Q7 and Q0
7

operators. Note, however, that part of the same SM back-
ground in the mode D → PPþ ½V 0 → γ� → lþl−� also
manifests in radiative decays (e.g., D → PPþ ½V 0 → γ�,
where compared to the semileptonic case one has a real
photon). These decay modes would provide additional
information on the contributions from dipole operators;
see, e.g., Refs. [81–85]. We reserve their analysis to
future work.
Performing integration over the dihadron angle in the

following two ways:

hIii− ≡
�Z þ1

0

d cos θπ −
Z

0

−1
d cos θπ

	
Ii;

hIiiþ ≡
Z þ1

−1
d cos θπIi; ð54Þ

results in observables that depend only on the P-wave
(hIiiþ for i ¼ 3, 6, 9 and hIii− for i ¼ 4, 5, 7, 8), receive
noninterfering contributions from both the S- and the
P-waves (hIiiþ for i ¼ 1, 2), or depend on the interference
of the two waves (hIii− for i ¼ 1, 2 and hIiiþ for i ¼ 4, 5,
7, 8). Explicitly,

hI1i− ¼ 1

4
Re
�
F SF �

P

��
Ceff∶S
9 þ CNP

9 − C0
9

�
×
�
Ceff∶P
9 þ CNP

9 − C0
9

�� þ jC10 − C0
10j2
��

⟶
SM 1

4
Re
�
F SF �

PC
eff∶S
9

�
Ceff∶P
9

���; ð55Þ

hI2i− ¼ −hI1i−; ð56Þ

hI3i− ¼ 0; ð57Þ

3

2
hI4i− ¼ −

1

4
ReðFPF �

kÞρ−1;P⟶
SM

−
1

4
ReðFPF �

kÞjCeff∶P
9 j2;

ð58Þ

3

2
hI5i− ¼ ReðFPF �⊥ÞReρþ2 þ ImðFPF �⊥ÞImρ−2

�
⟶
SM

0;

ð59Þ

hI6i− ¼ 0; ð60Þ

3

2
hI7i− ¼ ImðFPF �

kÞδρ ⟶
SM

0; ð61Þ

3

2
hI8i− ¼ 1

2


ReðFPF �⊥ÞImρþ2 − ImðFPF �⊥ÞReρ−2

�
⟶
SM

−
1

4
ImðFPF �⊥ÞjCeff∶P

9 j2; ð62Þ

hI9i− ¼ 0; ð63Þ

and (note that d2Γ=dq2dp2 ¼ 2hI1iþ − 2
3
hI2iþ)

hI1iþ ¼ 1

8

�
2jF Sj2ρ−1;S þ

2

3
jFPj2ρ−1;P

þ 2jF kj2ρ−1;P þ 2jF⊥j2ρþ1;P
	

⟶
SM þ 1

8

�
2jF Sj2jCeff∶S

9 j2

þ
�
2

3
jFPj2 þ 2ðjF kj2 þ jF⊥j2Þ

	
jCeff∶P

9 j2
�
; ð64Þ

hI2iþ ¼ −
1

8

�
2jF Sj2ρ−1;S

þ 2

3


jFPj2ρ−1;P − jF kj2ρ−1;P − jF⊥j2ρþ1;P
�	

⟶
SM

−
1

8

�
2jF Sj2jCeff∶S

9 j2

þ 2

3
ðjFPj2 − jF kj2 − jF⊥j2ÞjCeff∶P

9 j2
�
; ð65Þ

hI3iþ ¼ 1

6
½jF⊥j2ρþ1;P − jF kj2ρ−1;P�

⟶
SM 1

6
ðjF⊥j2 − jF kj2ÞjCeff∶P

9 j2; ð66Þ

2

π
hI4iþ ¼ −

1

4
Re

F SF �

k
�ðCeff∶S

9 þ CNP
9 − C0

9Þ
×ðCeff∶P

9 þ CNP
9 − C0

9Þ� þ jC10 − C0
10j2
��

⟶
SM

−
1

4
Re

F SF �

kC
eff∶S
9 ðCeff∶P

9 Þ��; ð67Þ

2

π
hI5iþ ¼ 1

2
Re

F SF �⊥ððCeff∶S

9 þ CNP
9 − C0

9ÞðC10 þ C0
10Þ�

þ ðCeff∶P
9 þ CNP

9 þ C0
9Þ�ðC10 − C0

10ÞÞ
�
⟶
SM

0;

ð68Þ

hI6iþ ¼ −
4

3


ReðF kF �⊥ÞReρþ2 þ ImðF kF �⊥ÞImρ−2

�
⟶
SM

0;

ð69Þ
2

π
hI7iþ ¼ 1

2
Im

F SF �

kððCeff∶S
9 þ CNP

9 − C0
9Þ

× ðC10 − C0
10Þ� þ ðCeff∶P

9 þ CNP
9 − C0

9Þ�

×ðC10 − C0
10ÞÞ
�
⟶
SM

0; ð70Þ
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2

π
hI8iþ ¼ −

1

4
Im

F SF �⊥

�ðCeff∶S
9 þ CNP

9 − C0
9Þ

× ðCeff∶P
9 þ CNP

9 þ C0
9Þ�

þ ðC10 − C0
10ÞðC10 þ C0

10Þ�
��

⟶
SM

−
1

4
Im

F SF �⊥Ceff∶S

9 ðCeff∶P
9 Þ��; ð71Þ

hI9iþ ¼ 2

3


ReðF⊥F �

kÞImρþ2 þ ImðF⊥F �
kÞReρ−2

�
⟶
SM 1

3
ImðF⊥F �

kÞjCeff∶P
9 j2: ð72Þ

We now define Īi as analogous of Ii for the CP-
conjugated process. The new kinematical conventions
are that θl is the angle between the l−-momentum and
the D̄-momentum in the dilepton center of mass frame, and
θπ is the angle between the πþ-momentum and the negative
D̄-momentum in the dipion center of mass frame, while,
following the previous procedure to define the remaining
angle ϕ0, one has ϕ0 ¼ π − ϕ. In the comparison of the two
processes certain angular observables acquire a sign under
CP transformation due to kinematical considerations, Ii →
Īi for i ¼ 1, 2, 3, 4, 7, while Ij → −Īj for j ¼ 5, 6, 8, 9.
LHCb [2–4] provides measurements for the following
CP-averaged S and CP-asymmetric A quantities: hOii ¼
hIiifðiÞ � hĪiifðiÞ for i ¼ 1, 2, 3, 4, 7, and hOji ¼ hIjifðjÞ ∓
hĪjifðjÞ for j ¼ 5, 6, 8, 9, where O → S (O → A) for the
upper (respectively, lower) signs; these measurements by
LHCb optimize the sensitivity to P-wave effects, namely,
fðiÞ ¼ þ for i ¼ 1, 2, 3, 6, 9, while fðjÞ ¼ − for j ¼ 4, 5,
7, 8 (see Table I). Since in the current work we neglect
CP-odd contributions from the SM, the CP asymmetries
of all angular observables vanish in the SM limit. The
CP-averaged quantities are the following:

hS2iðp2; q2Þ≡ hI2iþ;
hS3iðp2; q2Þ≡ hI3iþ;
hS4iðp2; q2Þ≡ hI4i−;
hS5iðp2; q2Þ≡ hI5i− ⟶

SM
0;

hS6iðp2; q2Þ≡ hI6iþ ⟶
SM

0;

hS7iðp2; q2Þ≡ hI7i− ⟶
SM

0;

hS8iðp2; q2Þ≡ hI8i− ⟶
SM ∼ 0;

hS9iðp2; q2Þ≡ hI9iþ ⟶
SM

∼ 0: ð73Þ

The binned quantities quoted by Refs. [2–4] are defined as

hOki½q
2
i1
;q2i2

� ≡ 1

Γ½q2i1 ;q
2
i2
�

Z
hOki½q

2
i1
;q2i2

�;

O ¼ S; A; k ¼ 1;…; 9; ð74Þ

for a bin ½q2i1 ; q2i2 �, where the following shortcut notation has
been employed:

Z
f½q

2
i1
;q2i2

� ≡
Z

q2i2

q2i1

dq2
Z

p2
maxðq2Þ

p2
min

dp2fðp2; q2Þ; ð75Þ

for any function f; the notation Γr designates the total
width in the q2-bin r. We stress that the observables hS8ir
and hS9ir, although vanishing in the SM when employing
the approximation Ceff∶P

9 for any bin r due to our descrip-
tion of the phases encoded in the transversity form factors
FP,F k, andF⊥, obtain nonvanishing values in the original
picture (i.e., before the introduction of effective C9 coef-
ficients). Nevertheless, these values remain very small,
being suppressed due to the simple parametrizations of
the D → R, D → V form factors. Also note that from the
above equations hI7i− seems to vanish even in the presence
of NP. Although this is not the case when the original
description is implemented (again, before the effective C9

coefficients were introduced), the calculated values are still
very suppressed for the same reason mentioned for hS8ir
and hS9ir. On the other hand, as discussed later its S-wave
sensitive counterpart hI7iþ yields values comparable to
those of the other null-test observables for the same values
of NP Wilson coefficients.
Some relations aiming to isolate the Wilson coefficients

with potential phenomenological interest include (see
also Ref. [18])

hS8iðp2; q2Þ
hA5iðp2; q2Þ ¼

1

2

Imρþ2
Reρþ2

;

hS9iðp2; q2Þ
hA6iðp2; q2Þ ¼ −

1

2

Imρþ2
Reρþ2

;

hS5iðp2; q2Þ
hA8iðp2; q2Þ ¼ −2

Imρ−2
Reρ−2

;

hS6iðp2; q2Þ
hA9iðp2; q2Þ ¼ 2

Imρ−2
Reρ−2

; ð76Þ

which are relevant only in the unbinned limit, since Ceff∶P
9

carries a dependence on kinematical variables.

IV. FITS AND PREDICTIONS

We search for footprints of the S-wave in three different
types of observables. First (I), the ones related to the
differential mass distributions, where the effect of the S-
and P-waves is additive. Second (II), we examine the
observables that probe the S- and P-wave interference.
Third (III), we look into observables that vanish in the SM
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and find some that are sensitive to NP only in the presence
of the S-wave; we compare these to observables that are
sensitive to NP only in the presence of the P-wave. Cases
(I) and (II) are discussed in Sec. IVA; we will in particular
extract in this section parameters accounting for normal-
izations, namely, faω; aSð0Þ=A1ð0Þ; A1ð0ÞBρ0 ; Bϕ=Bρ0 ;

BðSÞ
ω =BðSÞ

ρ0
; BðSÞ

ϕ =BðSÞ
ρ0
g, and relative strong phases among

intermediate resonances, namely, ϕω and Δi, i ¼ 1, 3, 4.
Because of the suppression factor ϵω, we do not include Bω

nor Δ2 in this list. The ratio BðSÞ
ρ0
=Bρ0 is set to the unit, and

aSð0Þ is adjusted to determine the overall contribution of
the S-wave. It is implicitly assumed that NP contamination
is negligible in the differential mass distributions. Case (III)
is the subject of Sec. IV B. The three types of observables
(I)–(III) are easily identified in Table I; the values of the
most interesting observables over distinct q2 bins will be

discussed in detail in the following, and are given in
Tables II–IV that deal with cases (I)–(III), respectively.
We stress that we also make comparisons to the LHCb
dataset that optimizes the sensitivity to the P-wave. We
have not included theory uncertainties (e.g., stemming from
the use of the factorization approach) in the following
discussion beyond the ones attached to the unknown
parameters we have fitted for.

A. SM fits and predictions

The large statistics and fine binning of Refs. [2–4] allow
for a precision numerical study. The global fit we perform
combines bins of both differential mass distributions as
functions of the invariant mass of the lepton (q2) or pion
(p2) pairs. We note that no correlations among bins of
dΓ=dp2 and dΓ=dq2 have been made available in those

TABLE I. Summary of the angular observables: the upper table contains h·iþ quantities, while the lower one
contains h·i− quantities. In the first column, a tick ✓ indicates an S-wave effect through its interference with the
P-wave, an empty circle ∘ means that the S-wave manifests through an additive term to the P-wave instead of an
interference term, and a cross ✗ indicates the absence of any S-wave effect. The SM dependencies on the effective
Wilson coefficients (WCs) are given in the second column along with a typical value found for the integrated
observables in the SM. The best fit values of the normalization and relative phases are considered for setting
the numerical values given above. When two signs are shown, they correspond to different relative phases of the
S- and P-waves (ΔSP and ΔρNP are taken here to value 0 mod π=2). The integration range considered is
ð0.78 GeVÞ2 < q2ðlþl−Þ < ð1.1 GeVÞ2. The third column indicates the dependence on the effective SM and on
the NP WCs in the presence of a nonvanishing C̃10 ¼ VubV�

cbC10, taken at its current upper bound, along with a
typical value for the integrated observables. The Hermitian conjugate is also understood when the displayed
combination of WCs is possibly complex.R hIiirþ=Γr SM: CNP

9 ¼ C0
9 ¼ C10 ¼ C0

10 ¼ 0 NP: C̃10 ¼ 0.43; CNP
9 ¼ C0

9 ¼ C0
10 ¼ 0

i S-wave WCs Value [%] WCs Value [%]

1a ∘ jCeff∶S
9 j2, jCeff∶P

9 j2 48 SMþ jC10j2 48
2a ∘ jCeff∶S

9 j2, jCeff∶P
9 j2 −7 SMþ jC10j2 −7

3a ✗ jCeff∶P
9 j2 −14 SMþ jC10j2 −14

4 ✓ Ceff∶S
9 ðCeff∶P

9 Þ� �2 SMþ jC10j2 �2

5 ✓ � � � 0 Ceff∶S
9 C�

10 þ C10ðCeff∶P
9 Þ� �0.1

6a ✗ � � � 0 Re½Ceff∶P
9 C�

10� �0.3
7 ✓ � � � 0 Ceff∶S

9 C�
10 þ C10ðCeff∶P

9 Þ� �0.4
8 ✓ Ceff∶S

9 ðCeff∶P
9 Þ� �1 SMþ jC10j2 �1

9a ✗ jCeff∶P
9 j2 ∼0 SMþ jC10j2 ∼0R hIiir−=Γr SM: CNP
9 ¼ C0

9 ¼ C10 ¼ C0
10 ¼ 0 NP: C̃10 ¼ 0.43; CNP

9 ¼ C0
9 ¼ C0

10 ¼ 0

i S-wave WCs Value [%] WCs Value [%]

1 ✓ Ceff∶S
9 ðCeff∶P

9 Þ� ∓2 SMþ jC10j2 ∓2

2 ✓ Ceff∶S
9 ðCeff∶P

9 Þ� �2 SMþ jC10j2 �2

4a ✗ jCeff∶P
9 j2 20 SMþ jC10j2 20

5a ✗ � � � 0 Re½Ceff∶P
9 C�

10� �0.2
7a ✗ � � � 0 Re½Ceff∶P

9 C�
10� ∼0

8a ✗ jCeff∶P
9 j2 ∼0 SMþ jC10j2 ∼0

aThese cases indicate quantities already measured by LHCb [2–4].
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references.11 We first discuss the features of the dΓ=dp2

distribution, which is crucial to establish the σ contribution.
Being a very broad resonance, the effect of including the σ
might be difficult to spot. However, we do observe a clear
contribution in the differential decay rate as a function of
p2; see Fig. 3. It is clearly seen by eye that including σ in
the theoretical prediction improves the quality of the fit;
quantitatively, χ2min;w=o σ − χ2min ¼ 102, clearly favoring its

inclusion.12 The dΓ=dp2 distribution is also used to probe
the small ω → πþπ− contribution, together with its relative
phase with respect to the ρ0 contribution. There is good
evidence of the presence of such ω: χ2min;w=oω − χ2min ¼ 42,

which is also approximately distributed as a χ2 with a single
degree of freedom. In performing the fits, we have excluded
the region �70 MeV around the mass of the K0

S to account

for the possibility of contamination from K0
S → πþπ−.13

Also, we have considered data points up to 0.9 GeV,
since beyond this energy virtual kaon pairs (i.e., below their
actual threshold)14 along with other resonances such as
f0ð980Þ start manifesting more strongly (in the former
case, in the dispersive part of the amplitude). The presence
of other resonances that include beyond the S- and P-waves
also the D-wave, together with the isospin-two and
bremsstrahlung contributions, are likely to be at the origin
of the poor comparison between our prediction and the data
in the high-p2 region (see the top panel of Fig. 3). The value
of χ2min=Nd:o:f: ≃ 2 (where Nd:o:f: ≃ 77) has been found,
driven mainly by the dΓ=dp2 dataset.
We now discuss the features of the dΓ=dq2 distribution.

We fit the data of Refs. [2–4] in the region q2 ≥ m2
ρ, in

order to avoid the many other resonances that we do not
address in the present work, shown in Fig. 1. Figure 4
displays the result of our fit, which achieves a good
qualitative description of the data. Quantitatively, the fit
does not perform well at the ϕ resonance, underestimating
the branching ratio therein; the fit indicates that a broader
width of the ϕ should be considered; i.e., the predicted
values closer to mϕ tend to be overestimated, while
peripheral values away from mϕ by Γ0

ϕ ¼ 4.25 MeV [28]
tend to be underestimated. Accordingly, we observe that a
much better fit of the dΓ=dq2 data is achieved when
increasing the width of the ϕ by about 60%; namely, the
χ2min drops significantly. This effect should be due to limited
momentum resolution at LHCb (bin migration is found to
be negligible in Ref. [5]), whose effect has not been
“unfolded,” thus broadening the ϕ peak; efficiency varia-
tions, instead, are taken into account [86]. We fix the ϕ
width to Γ0

ϕ in our theoretical predictions, and to circum-
vent the later resolution issue we collect the four bins
around the ϕ peak into a single bin; this is the situation
depicted in Fig. 4.
From the global fit we find the following value for the

overall normalization factor (intervals of about 3σ C.L. are
provided in this section):

0.8≲ A1ð0ÞBρ0 ≲ 1.2; ð77Þ

for the extraction of which we employ also information
about the total branching fraction provided in Eq. (1). A
value of A1ð0Þ close to 0.6 as in Ref. [88] implies Bρ0 of

FIG. 3. The prediction for the differential decay rate dΓ=dm
and LHCb data over the dihadron invariant mass mðπþπ−Þ≡ffiffiffiffiffi

p2
p

[2–4]. Top: the contributions from the S-wave (dotted red
curve) and the P-wave (dashed magenta curve) add up to the full
resonant contribution (solid blue curve). Bottom: components of
the S-wave contribution: σρ0 (dashed red curve), σω (dot-dashed
magenta curve), and σϕ (dotted orange curve, multiplied by 4 for
an easier comparison).

11There is, of course, a correlation between
R
dp2dΓ=dp2 andR

dq2dΓ=dq2 accounting for the total partial width that we do not
include in our fit.

12For this test only, we have reintroduced back to the fit Bω and
Δ2, so the improvement comes mainly from the dΓ=dp2

distribution.

13This procedure is adopted from Ref. [29], which, however, is
a different experiment (and process). In the case of LHCb, K0

S
contributions are not explicitly vetoed. However, vertexing
eliminates to a certain degree the aforementioned K0

S contami-
nation, but there is no quantitative estimate of the resulting
efficiency [86].

14Note that this is a source of violation of the Zweig rule; see,
e.g., Ref. [87].
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around 1.8. For ratios of normalization factors (or “fudge
factors”) we have

0.8≲ Bϕ=Bρ0 ≲ 0.9; ð78Þ

0.9≲ BðSÞ
ω =BðSÞ

ρ0
≲ 1.1; ð79Þ

0.05≲ BðSÞ
ϕ =BðSÞ

ρ0
≲ 0.27: ð80Þ

The D0 → πþπ−½ϕ;ω → μþμ−� resonant branching ratios

constrain precisely the parameters Bϕ=Bρ0 and BðSÞ
ω =BðSÞ

ρ0
.

The D0 → ½ρ0 → πþπ−�½ϕ → μþμ−� is the largely domi-
nant P-wave contribution. The inclusion of dΓ=dp2 data

has an important impact in limiting the size of BðSÞ
ϕ =BðSÞ

ρ0
,

which reflects differently compared to the other two
contributions σω and σρ0; see the bottom panel of
Fig. 3, due to the different available p2 intervals as seen
from Fig. 1. It is evident that an important deviation from

naive factorization shows up in the extraction of BðSÞ
ϕ =BðSÞ

ρ0
,

which lies substantially away from 1.15 It is interesting to
point out that the contribution from σϕ also turns out to be
suppressed in the amplitude analysis of D0 → KþK−πþπ−
by LHCb [35]. We also extract

0.001≲ aω ≲ 0.005; ð81Þ

1.1π ≲ ϕω ≲ 1.7π; ð82Þ

39 GeV≲ aSð0Þ
A1ð0Þ

≲ 62 GeV; ð83Þ

which compare relatively well with aω ≃ 0.006, ϕω ≃ 0.9π,
and aSð0Þ=A1ð0Þ ≃ 24 GeV for the analogous semileptonic
decay Dþ → πþπ−eþνe [29]; see Appendix B for further
discussion.
The fit is also used to extract the following range for the

relative angle Δ1 ¼ δfρ0=ω;ρ0g − δfρ0=ω;ϕg (see the top panel
of Fig. 4):

0.5π ≲ Δ1 ≲ 0.9π; ð84Þ

while Δ3 ¼ δfσ;ρ0g − δfσ;ϕg remains unconstrained, since
the contribution from the σ plays a less important role in the
region between the ρ0 and ϕ resonances with respect to the
P-wave contribution. As it is clear from the top panel of
Fig. 4, this strong phase has a huge impact in the latter
inter-resonant region and the very-high energy region
above the ϕ resonance, implying modulations of the
predicted branching ratios by orders of magnitude in both
cases. It is interesting to point out the possible correlation
between the inter-resonant and the very-high energy
regions due to the ϕ line shape, e.g., a large suppression
of the SM prediction in the very-high energy region
(making then this region more sensitive to NP contribu-
tions), can be correlated to a relatively large branching ratio
in the inter-resonant region; a similar effect is seen in
Ref. [17]. In the middle panel of Fig. 4, we illustrate the
dependence of our prediction on the remaining strong-
phase differences. As it has been discussed around Eq. (32),

FIG. 4. The differential decay rate dΓ=dm (in blue) and LHCb
data over the dilepton invariant mass mðμþμ−Þ≡ ffiffiffiffiffi

q2
p

[2–4].
Top: the dashed (dotted) red curve displaying nonoptimal phases
corresponds to the optimal Δ1 added with π=2 (−3π=4). Middle:
the dashed red curve displaying nonoptimal phases corresponds
to the optimal Δ4 added with 5π=4. Bottom: P- and S-wave
components, in dashed magenta and dotted red, respectively;
interference terms are set to zero.

15A sizable deviation from factorization is seen in the context
of B → Kμþμ− decays; see, e.g., Ref. [77].
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the contribution of the ω → lþl− paired with the pion
pair in a P-wave is suppressed;16on the other hand, the
ω → lþl− can manifest when combined with the pion pair
in the S-wave; see the bottom panel of Fig. 4. We then find
for Δ4 ¼ δfσ;ρ0g − δfσ;ωg:

0.2π ≲ Δ4 ≲ 0.5π: ð85Þ

It is rather difficult to provide interpretations to the
extracted ranges of values for Δ1 and Δ4, or make
comparisons to other processes; note that the ρ0 and the
ω or the ϕ are in different isospin irreducible representa-
tions, so that the dynamics involved in the rescattering
processes with the second resonance (the ρ0=ω in the case
of Δ1, and the σ in the case of Δ4) is expected to be
substantially different.
We now discuss our predictions and the available data for

the angular observables. Following LHCb [2–4], we define
the ranges:

rðρ∶ supÞ ≡ ½0.782; 0.952� GeV2;

rðϕ∶ infÞ ≡ ½0.952; 1.022� GeV2;

rðϕ∶ supÞ ≡ ½1.022; 1.12� GeV2: ð86Þ

Since we focus on the high-energy window of Fig. 1, we
will discuss predictions for these three bins, while LHCb
also provides results for the bins ½0.2122; 0.5252� GeV2 and
½0.5652; 0.782� GeV2; the bin ½0.5652; 0.782� GeV2, how-
ever, is also used for determining the total branching ratio
distribution as a function of p2 (the branching ratio outside
these four q2-bins is highly suppressed). In Table II we
present predicted values for those observables that do not
vanish in the SM, in particular in the presence of the
S-wave, in cases where it does not interfere with the
P-wave. As seen in this table, the σ provides significant

contributions, as large as 10%–40% in the binned branch-
ing ratios. This fraction is even larger in the case ofR hI2irþ;σ , which contributes to the binned branching ratio
Γr¼2ðR hI1irþ−R hI2irþ=3Þ, reaching up to about 50%–80%
of
R hI2irþ. The dominance of the S-wave in this obser-

vable can be attributed to a suppression of the P-wave
contribution, due to a cancellation among the transversity
form factors as seen from Eq. (65) (also manifesting in
the case of

R hI3irþ), which, on the other hand, are added
constructively in the case of hI1irþ [cf. Eq. (64)]. In perform-
ing a comparison of our predictions to LHCb data of the
observables hS2ir, hS3ir, and hS4ir in the three bins rðρ∶ supÞ,
rðϕ∶ infÞ, and rðϕ∶ supÞ we obtain a p-value of Oð10Þ%.
As we have seen, our predictions for the angular

observables hS7ir, hS8ir, and hS9ir (approximately) vanish,
even in the presence of NP; we find, however, a poor
comparison with the hypothesis that they are all zero in the
five bins of Eq. (86), χ2=Nd:o:f: ≃ 2.4 (where Nd:o:f: ≃ 15),
or a p-value of 0.2%, due to hS9ir. This may indicate a
missing description of the relative strong phases among
the transversity form factors FP, F k, and F⊥. [Including
in this latter test the hS5ir and hS6ir observables, which
also vanish in the SM, we get χ2=Nd:o:f: ≃ 2.0 (where
Nd:o:f: ≃ 25), or a p-value of 0.2%, which is small also as a
consequence of including hS9ir.] The violation of CP is
surely exciting in the context of charm physics, where a
sizable level of CP violation has been recently measured by
LHCb [89,90] in hadronic two-body charm-meson decays;
see Ref. [91] for a theoretical discussion. On the other
hand, the CP asymmetries in rare charm-meson decays are
consistent with zero, since in this case we find that
p-value ¼ 84%. Note that statistical correlations among
bins and across observables are provided by the LHCb
analysis; they are small, but have been included. Systematic
uncertainties are smaller than statistical uncertainties and
are fully correlated (we use the techniques discussed in
Ref. [92] to combine both categories of uncertainties in the
presence of correlations).
In Table III we provide the values for nonvanishing

angular observables that probe the interference of the

TABLE II. SM predictions for the nonvanishing observables which only receiveP-wave contributions (
R hI3irþ; R hI4ir−), and where the

effect of the S-wave is additive (i.e., Γr ¼ Γr
ρ0=ω þ Γr

σ and
R hI2irþ ¼ R hI2irþ;ρ0=ω þ R hI2irþ;σ); a subscript σ indicates that only the

S-wave is kept. The relation Γr ¼ 2ðR hI1irþ −
R hI2irþ=3Þ holds true. For comparison with LHCb [2–4], hS2ir ¼

R hI2irþ=Γr,
hS3ir ¼

R hI3irþ=Γr, and hS4ir ¼
R hI4ir−=Γr; as mentioned at the beginning of Sec. III, hS4ir ¼ −hS4irjLHCb. Relevant definitions

can be found in Sec. III; see in particular Eqs. (74) and (75). The decay rate and the Ii’s both need to be multiplied by a common constant
factor, jC2λdeGF=

ffiffiffi
2

p j2 e2
mD

× 10−4 ¼ 2.4 × 10−19, with GF, mD, and Γr in GeV.

q2-bin r Γr (SM) Γr
σ

Γr [%]
R hI2irþ × 100

R
hI2irþ;σR
hI2irþ

[%] R hI3irþ × 100
R hI4ir− × 100

rðρ∶ supÞ [0.64, 0.87] [23, 43] ½−16;−8.5� [59, 78] ½−7.2;−4.7� [8.3, 13]

rðϕ∶ infÞ [1.6, 1.9] [0.3, 8] ½−11;−6.2� [3, 45] ½−30;−26� [36, 41]

rðϕ∶ supÞ [1.2, 1.3] [0.8, 10] ½−8.7;−4.3� [8, 53] ½−22;−19� [26, 29]

16We note that allowing for large effects much beyond naive
factorization, namely, Bω ≫ Bρ0 , allows for a good fit of the
dΓ=dq2 data even in the absence of the S-wave.
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S- and P-waves. These observables depend on the relative
phase ΔSP ¼ δfσ;ρ0g − δfρ0=ω;ρ0g between the S- and
P-waves. None of the experimentally provided observables
from Refs. [2–4] is sensitive to this phase; hence, it is left as
a free parameter. A future experimental analysis would
probe this phase difference, possibly in combination with
the differential distribution over the dihadron angle, as
discussed in the next paragraph. As seen in the table, some
sizable values are found, typically smaller but of similar
order compared to the ones provided in Table II that are
insensitive to the S-wave.
Finally, as announced in the Introduction, the S-wave can

produce distinguished signatures in the differential branch-
ing ratio as a function of the angular variables describing
the topology of the rare decay. To illustrate this point,
consider

dΓ
d cos θπ

¼ hI1irþ;ρ0=ω þ hI2irþ;ρ0=ωð1 − 4cos2 θπÞ

−
4

3
hI2irþ;σ −

8

3
hI2ir− cos θπ; ð87Þ

after integration over the q2-bin r, where the contributions
from the S- and P-waves alone are indicated in subscript
(here, the σ and ρ0=ω resonances, respectively), and the last
term in the right-hand side (i.e., the last term in the second
line) probes their interference. As seen in Fig. 5, the
presence of the S-wave can produce an asymmetry of
the distribution with respect to cos θπ ¼ 0. This provides
motivation for binned measurements of the branching ratio
as a function of the angular variables.

B. Semileptonic operators from generic NP

We want to know the impact of having dimension-six
operators that can mediate the transition c → ulþl− at the
quark level due to interactions mediated by heavy NP. We
focus on vector and axial-vector structures. Present bounds
at 95% C.L. are [22]

jC̃NP
9 j; jC̃0

9j < 1.2; jC̃ð0Þ
10j < 0.43; ð88Þ

where jC̃j ¼ jVubV�
cbCj and the former bound results from

the Dþ → πþμþμ− branching ratio [93], while the second
results from the D0 → μþμ− branching ratio [94]. Slightly
better bounds are found from collider searches for contact
interactions manifesting in pp → μþμ− [95]. In view of
these constraints, it is justified to assume that in the
kinematical ranges analyzed NP does not affect the
previous discussion about the differential branching ratio
as a function of the invariant masses of pion and lepton
pairs. However, NP could still affect the differential
branching ratio in the low and very-high dilepton invariant
mass regions [17]. It can also affect distinct angular
observables as we now discuss.
As seen from the expressions provided in Sec. III, there

are distinct observables that depend on these Wilson
coefficients. In Table IV we provide predictions for those
observables sensitive to the SM-NP interference in the
presence of a nonvanishing C10 Wilson coefficient [its SM
value is very suppressed, as discussed around Eq. (2)].
The cases hI5i− and hI6iþ are sensitive to the SM-NP
interference through the P-wave, while hI7i− approxi-
mately vanishes. These observables, which isolate the

TABLE III. SM predictions for the nonvanishing angular
observables that probe the interference between the S- and P-
waves. The parameters appearing stand for cSP ≡ cosðΔSPÞ and
sSP ≡ sinðΔSPÞ. The relation

R hI1ir− ¼ −
R hI2ir− holds true.

Relevant definitions can be found in Sec. III; see in particular
Eqs. (74) and (75). The same overall multiplicative factor shown
in the caption of Table II applies.

q2-bin r
R hI2ir− × 100

rðρ∶ supÞ ½−6.6;−0.8�cSP þ ½−2.3;−1.1�sSP
rðϕ∶ infÞ ½−7.7; 6.1�cSP þ ½−5.3; 8.2�sSP
rðϕ∶ supÞ ½−7.1; 3.0�cSP þ ½−5.0; 5.4�sSP
q2-bin r

R hI4irþ × 100

rðρ∶ supÞ ½0.8; 5.9�cSP þ ½0.4; 1.6�sSP
rðϕ∶ infÞ ½−6.7; 8.3�cSP þ ½−8.6; 5.4�sSP
rðϕ∶ supÞ ½−3.1; 7.6�cSP þ ½−5.9; 5.5�sSP
q2-bin r

R hI8irþ × 100

rðρ∶ supÞ ½−3.0;−0.2�cSP þ ½−0.4; 0.4�sSP
rðϕ∶ infÞ ½−4.6; 4.5�cSP þ ½−3.4; 4.0�sSP
rðϕ∶ supÞ ½−2.6; 3.3�cSP þ ½−1.7; 3.3�sSP

FIG. 5. The differential decay rate, after integration of
dilepton energies over the range rðρ∶ supÞ ∪ rðϕ∶ infÞ ∪ rðϕ∶ supÞ ¼
½0.782; 1.12� GeV2, as a function of cosðθπÞ. In dashed magenta
the observable is shown in the absence of the S-wave contribution
[rescaled such that

R
1
−1 d cosðθπÞdΓ=d cosðθπÞ=Γ ¼ 1]. The solid

blue and dotted orange lines correspond to extreme cases reached
for certain values of the phase difference ΔSP between the S- and
P-waves that maximize their interference. As it is clear from the
figure, the interference of the S- and P-waves can generate a
distinguished asymmetry.
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NP interference with the SM P-wave, are given as functions
of the phase difference

ΔρNP ≡ δfρ0=ω;ρ0g − δQ10
; ð89Þ

where δQ10
allows for a possible strong phase when

considering insertions of the Q10 operator (beyond the
one from the pion pair line shape). Predictions are shown in
Table IV.
On the other hand, the cases hI5iþ and hI7iþ are sensitive

to the SM-NP interference in the presence of the S-wave.
These observables depend on the above phase ΔρNP

together with ΔSP. The latter phase difference can be
probed based on the observables whose predictions are
given in Table III and the observable shown in Fig. 5. Given
the dependence on both phase differences, we do not give
explicitly the expressions for the related angular observ-
ables. By varying these phases, we stress that we find
values of the angular observables comparable to the ones
found for the analogous P-wave null tests in Table IV.
Given the bounds shown in Eq. (88), detecting NP

requires subpercentage precision in the measurement of the
angular observables. Having reached such precision, some
bins of the angular observables sensitive to the S-wave
provide additional complementary information to favor or
disfavor an observation of a possible NP manifestation
based on the P-wave cases. In the future, a global fit could
extract all relevant phases, together with possible NP
contributions. It is possible that a clever strategy could
circumvent the need to extract at least some of the strong
phases affecting the angular observables.

V. CONCLUSIONS

Recent experimental data by LHCb open up the oppor-
tunity for precision physics with rare charm-meson decays,
a task that can be assisted by complementary information
coming from experiments such as BESIII, and by Belle II in
different rare decay modes. For this reason, better theo-
retical predictions are needed, in particular the description
of resonances, without which it will not be possible to
disentangle non-SM contributions from the large SM
background; better theoretical predictions of the SM are
also needed in order to describe possible interference terms
with non-SM contributions. We employ a factorization
model for the inclusion of intermediate hadronic states
contributing to D0 → πþπ−lþl− in the SM and discuss
in detail different contributing topologies. Within this
framework, the novelty of this work concerns the inclu-
sion of the lightest scalar isoscalar state, which is a very
broad resonance manifesting in long-distance pion pair
interactions and impacts a large portion of the allowed
phase space; see Fig. 1. We highlight thatD0 → πþπ−lþl−

data already show the clear emergence of such S-wave
effects; see Fig. 3. Moreover, current data also allow the
study of the strong phases among intermediate resonances;
see Fig. 4.
The decay D0 → πþπ−lþl− offers the possibility to

define a rich set of angular observables. We then discuss
angular observables that are sensitive to both the S- and
P-waves. Predictions are given in Tables II and III. We
have been able to understand the overall pattern of the
measured angular observables hSiir, i ¼ 2;…; 8, testing
P-wave contributions in distinct q2-bins r. To further
improve our understanding of SM contributions, we sug-
gest experimentalists measure additional observables
to further test and better characterize the contributions
of the S-wave, such as following the strategy illustrated
in Fig. 5.
Such additional observables also have an interest other

than improving nonperturbative aspects of the SM descrip-
tion. Indeed, the search for NP constitutes one of the main
motivations for looking into this category of rare decay
processes. If any deviation is seen while performing a null
test of the SM, a comprehensive analysis will be needed to
verify and characterize it. We emphasize the potential for
complementary tests of NP via its interference with the SM
in the presence of the S-wave, which provide distinct null
tests of the SM, as seen from Table IV.
To improve the description of the differential branching

ratio, in particular the one as a function of the pion pair
invariant mass, future theoretical directions include incor-
porating other S- and P-wave resonances and the D-wave
following a similar theoretical framework, isospin-two
contributions, and the addition of cascade decays. More
studies will be needed to understand the set of angular
observables measured by LHCb in more detail, since with

TABLE IV. Observables that vanish in the SM, arising from the
interference of the P-wave and NP, here calculated for C0

9 ¼
C0
10 ¼ CNP

9 ¼ 0 and nonzero C10. The parameters appearing
stand for cρNP ¼ cosðΔρNPÞ and sρNP ¼ sinðΔρNPÞ. The other
P-wave dependent observable hI7i− approximately vanishes. The
NP does not interfere with the SM in the decay rate and can thus
be neglected. Relevant definitions can be found in Sec. III [see in
particular Eqs. (74) and (75)]. The same overall multiplicative
factor shown in the caption of Table II applies; additionally, there
is an extra C̃10 that multiplies the observables.

q2-bin r
R hI5ir− × 100

rðρ∶ supÞ ½0.49; 0.83�cρNP þ ½−1.5;−1.3�sρNP
rðϕ∶ infÞ ½−0.36; 0.50�cρNP þ ½−0.83;−0.60�sρNP
rðϕ∶ supÞ ½0.31; 0.66�cρNP þ ½−0.09; 0.49�sρNP
q2-bin r

R hI6irþ × 100

rðρ∶ supÞ ½0.7; 1.2�cρNP þ ½−2.1;−1.7�sρNP
rðϕ∶ infÞ ½−0.57; 0.78�cρNP þ ½−1.3;−1.0�sρNP
rðϕ∶ supÞ ½0.5; 1.1�cρNP þ ½−0.14; 0.78�sρNP
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our simple factorization model some tension appears in the
description of the angular observable hS9ir. It would also
be interesting to extend our analysis to include D0 →
KþK−μþμ− and radiative decay modes.
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APPENDIX A: HADRONIC INPUTS

1. Decay constants

We have from Ref. [76]

hϕjs̄γμsj0i ¼ ϵ�μmϕfϕ;

ĉqωhωjq̄γμqj0i ¼ ϵ�μmωf
ðqÞ
ω ;

ĉq
ρ0
hρ0jq̄γμqj0i ¼ ϵ�μmρ0f

ðqÞ
ρ0
; ðA1Þ

with ĉu
ρ0
¼ −ĉd

ρ0
¼ ĉuω ¼ ĉdω ¼ ffiffiffi

2
p

. We consider a single

decay constant for both matrix elements of u- and d-quark

bilinears, i.e., fðqÞω → fω and fðqÞ
ρ0

→ fρ0 , which is good

enough for our purposes. The decay constants are then

fρ0 ¼ 216ð3Þ MeV;

fω ¼ 197ð8Þ MeV;

fϕ ¼ 233ð4Þ MeV: ðA2Þ
(Mixing effects, of ω with ρ0 and ω with ϕ, have been
included, but are small.)

2. Form factors

For the D → V form factors, for both V ¼ ρ0;ω, we use
the nearest pole approximation introduced in Ref. [75],
which has the general form

Fðq2Þ ¼ Fð0Þ=
�
1 −

q2

m2
pole

�
: ðA3Þ

The pole masses implemented are 2.42 GeV (JP ¼ 1þ)
for F ¼ A1 and A2, and 2.01 GeV (JP ¼ 1−) for F ¼ V.
We define

rV ¼ Vð0Þ
A1ð0Þ

; r2 ¼
A2ð0Þ
A1ð0Þ

; ðA4Þ

for which Ref. [29] gives rV ¼ 1.695� 0.083� 0.051
and r2 ¼ 0.845� 0.056� 0.039 (with a correlation of
ρrV ;r2 ¼ −0.206), where the first (second) uncertainty is
statistical (respectively, systematic).

3. Line shapes

We reproduce the line shape of f0ð500Þ [26]:

ASðsÞ ¼
1

M2 − s − g21ðsÞ s−sA
M2−sA

zðsÞ − iMΓtotðsÞ
; ðA5Þ

ΓtotðsÞ ¼
X4
i¼1

ΓiðsÞ; ðA6Þ

MΓ1ðsÞ ¼ g21ðsÞ
s − sA
M2 − sA

ρ1ðsÞ; ðA7Þ

ρ1ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

π=s
q

; ðA8Þ

g21ðsÞ ¼ Mðb1 þ b2sÞ exp½−ðs −M2Þ=A�; ðA9Þ

zðsÞ ¼ j1ðsÞ − j1ðM2Þ; ðA10Þ

j1ðsÞ ¼
1

π

�
2þ ρ1ðsÞ log

�
1 − ρ1ðsÞ
1þ ρ1ðsÞ

�	
; ðA11Þ

MΓ2ðsÞ ¼ 0.6g21ðsÞðs=M2Þ exp ½−αðs − 4m2
KÞΘðs − 4m2

KÞ
−α0ð4m2

K − sÞΘð4m2
K − sÞ�ρ2ðsÞ; ðA12Þ

ρ2ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

K=s
q

Θðs − 4m2
KÞ

þ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

K=s − 1

q
Θð4m2

K − sÞ; ðA13Þ

MΓ3ðsÞ ¼ 0.2g21ðsÞðs=M2Þ exp ½−αðs − 4m2
ηÞΘðs − 4m2

ηÞ
−α0ð4m2

η − sÞΘð4m2
η − sÞ�ρ3ðsÞ; ðA14Þ

ρ3ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

η=s
q

Θðs − 4m2
ηÞ

þ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

η=s − 1

q
Θð4m2

η − sÞ; ðA15Þ

MΓ4ðsÞ ¼ Mg4πρ4πðsÞ=ρ4πðM2ÞΘðs − 16m2
πÞ; ðA16Þ
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ρ4πðsÞ ¼ 1.0=½1þ expð7.082 − 2.845 s=GeV2Þ�; ðA17Þ

sA ≃ 0.41m2
π; α ¼ 1.3 GeV−2; α0 ¼ 2.1 GeV−2;

ðA18Þ

and [solution (iii) of Ref. [26] ] M ¼ 0.953 GeV,
b1 ¼ 1.302 GeV, b2 ¼ 0.340=GeV, A ¼ 2.426 GeV2,
g4π ¼ 0.011 GeV.
For the line shape of the ρð770Þ0 in πþπ− decays, we

adopt the Gounaris-Sakurai parametrization [78]:

Pρ0ðsÞ ¼ m2
ρ0
− sþ fðsÞ − imρ0 Γρ0ðsÞ; ðA19Þ

fðsÞ ¼ Γ0
ρ0

m2
ρ0

k3
ρ0

fkðsÞ2½hðsÞ − hðm2
ρ0
Þ�

þk2
ρ0
ðm2

ρ0
− sÞh0ðm2

ρ0
Þg; ðA20Þ

Γρ0ðsÞ ¼ Γ0
ρ0

�
kðsÞ
kρ0

�
3mρ0ffiffiffi

s
p ; ðA21Þ

hðsÞ ¼ 2

π

kðsÞffiffiffi
s

p log

� ffiffiffi
s

p þ 2kðsÞ
2mπ

�
; ðA22Þ

kðsÞ ¼
�
1

4
s −m2

π

�
1=2

; kρ0 ¼
�
1

4
m2

ρ0
−m2

π

�
1=2

:

ðA23Þ

We also have [29,96,97]

RBWωðsÞ ¼
s

m2
ω − s − imωΓ0

ω
; ðA24Þ

and

FBWðp2Þ ¼ Bðp�Þ=Bðp�
0Þ; ðA25Þ

Bðp�Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2BWðp�Þ2

p : ðA26Þ

The value of rBW is taken to be 3.0=GeV (i.e., the inverse
of a nonperturbative scale) [29]. The function p�ðp2Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðp2; m2

π; m2
πÞ

p
=ð2

ffiffiffiffiffi
p2

p
Þ, and p�

0 ¼ p�ðm2
ρ0
Þ. The ϕ and

the ω line shapes, when the latter decays to the lepton pair,
are just Breit-Wigner line shapes:

PϕðsÞ ¼ m2
ϕ − s − imϕΓ0

ϕ; PωðsÞ ¼ m2
ω − s − imωΓ0

ω;

ðA27Þ

The masses and widths are [28]

mρ0 ¼ 775.3 MeV; Γ0
ρ0
¼ 147.4 MeV; ðA28Þ

mω ¼ 782.7 MeV; Γ0
ω ¼ 8.7 MeV; ðA29Þ

mϕ ¼ 1019.46 MeV; Γ0
ϕ ¼ 4.25 MeV: ðA30Þ

APPENDIX B: FURTHER COMMENTS
ON SEMILEPTONIC DECAYS

To reproduce the values in Table I of Ref. [29] relative to
Dþ decays, we find aSð0Þ ¼ 8.6� 0.4 GeV, aω ¼ 0.006�
0.001, and A1ð0Þ ¼ 0.36. The strong phases extracted in
their analysis are ϕS ¼ 3.4044� 0.0738, which is some-
what analogous of ΔSP defined in the main text, and ϕω ¼
2.93� 0.17 [97]; this latter angle is consistent with π from
the isospin decomposition of the ðd̄dÞV current that gen-
erates the states ρ0 and ω. Instead, we employ in this work
the values extracted from a fit to the data of Refs. [2–4]; see
Fig. 3. In doing so, we obtain the values quoted in Eq. (81),
which in the case of aSð0Þ=A1ð0Þ is about 2 times larger
than the value shown above. The comparison, however,
is not straightforward, since the σ contributes in three
dynamical ways when combined with the ρ0;ω;ϕ that lead
to the lepton pair. Note that the resonance that decays into
pion pairs originates from both u- (in the W-type topology)
and d-quark pairs (in the J-type topology), which differs
from the situation depicted above for ϕω. Likely, the
extraction of the phase ϕω from data is contaminated by
the presence of further resonances discussed in the main
text that we do not include in our analysis, and the presence
of further intermediate hadrons (i.e., vector mesons that
lead to the lepton pair) in the full charm-meson decay
process.
(For comparison with Ref. [30], there is an overall

normalization factor, adapted for the line shape in use here:

αGS ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
3πBρ0

p�
0Γ0

ρ0

s
Γ0
ρ0

mρ0
; Bρ0 ¼ 1:Þ ðB1Þ
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