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We present a systematic treatment of non-Gaussianity in stochastic systems using the Schwinger-
Keldysh effective field theory framework, in which the non-Gaussianity is realized as nonlinear terms in the
fluctuation field. We establish two stochastic formulations of the Schwinger-Keldysh effective field theory,
with those nonlinear terms manifested as multiple non-Gaussian noises in the Langevin equation and as
higher order diffusive terms in the Fokker-Planck equation. The equivalence of the stochastic formulations
with the original Schwinger-Keldysh effective field theory is demonstrated with nontrivial examples for
arbitrary non-Gaussian parameters. The stochastic formulations will be more flexible and effective in
studying nonequilibrium dynamics. We also reveal an ambiguity when coarse-graining timescale and non-

Gaussian parameters vanish simultaneously, which may be responsible for the unphysical divergence found

in perturbative analysis.
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I. INTRODUCTION

The Gaussian white noise has been widely used in
modeling of stochastic dynamics. If thermodynamic limit
strictly applies to the system in question, the Gaussian noise
is a consequence of ensemble average due to the central limit
theorem. On the other hand, the white noise follows from a
coarse-grained description of the system: when the coarse-
graining timescale is much longer than the microscopic
timescale of the system, the white noise becomes accurate.
In reality, deviations of both idealizations can occur.
Non-Gaussian noises have wide applications in statistical
physics [1], cosmology [2], condensed matter physics [3],
and quantum optics [4]. Colored noises generically occur
when one considers dynamics at timescale comparable to the
coarse-graining scale. Most implementations of non-
Gaussian colored noises are based on phenomenological
models to date. Microscopic derivations of stochastic
dynamics with non-Gaussian noises exist for a simple
degree of freedom [5], but generalization to more compli-
cated systems such as hydrodynamics is far from obvious.
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Modern description of a stochastic system uses
Schwinger-Keldysh effective field theory (SKEFT) [6-10].
Thanks to doubling of degrees of freedom, the SKEFT
incorporates fluctuations and dissipations systematically,
going beyond the Martin-Siggia-Rose formalism for sto-
chastic models with Gaussian noise [6]. The SKEFT follows
from averaging out fast modes and governs stochastic
evolution of slow modes. The SKEFT is defined with an
implicit coarse-graining timescale separating the fast modes
and slow modes. The SKEFT is organized as a systematic
expansion in temporal gradient, which characterizes the
slowness of the dynamics, as well as expansion in the fields.
These expansions allow us to study deviations of Gaussian
white noise discussed above systematically: expansion in
temporal gradient allows one to access dynamics comparable
to the coarse-graining scale and expansion in the fields
characterizes the non-Gaussianity through nonlinear effect.
Recently there have been extensive studies on nonlinear
effect in dynamics of Brownian particle [11-16] and hydro-
dynamics [17-19].

In this paper, we use Brownian particle as an example to
illustrate formulations of non-Gaussianity from nonlinear
effect. We will establish three equivalent formulations of
non-Gaussianity: SKEFT, Langevin equation, and Fokker-
Planck (FP) equation. A crucial difference between this
study and those on related subject is that we do not assume
small non-Gaussian parameters and our formulations are
exact in these parameters. This is in contrast to [12] where
equivalence has been established at lowest order in the
parameters. We will offer caveat to the perturbative analysis
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in the non-Gaussian parameters, which contains unphysical
divergence. We suggest that the divergence is tied to the
ambiguity when the coarse-graining scale and non-
Gaussian parameters vanish simultaneously. The formula-
tions in this paper can also be straightforwardly adapted to
more interesting hydrodynamic systems.

The rest of this paper will be structured as follows. In
Sec. I we present a simple Schwinger-Keldysh effective
field theory (EFT) incorporating non-Gaussianity. We also
review its two equivalent stochastic formulations when
non-Gaussian terms in noise field are absent. In Sec. III we
establish two stochastic formulations of the Schwinger-
Keldysh EFT when generic nonlinear terms are present. In
Sec. IV, we demonstrate the equivalence of the stochastic
formulations with the original Schwinger-Keldysh EFT. In
Sec. V we make a brief summary and outlook interesting
future directions. Appendix provides further details on the
equivalence demonstration.

II. SCHWINGER-KELDYSH EFFECTIVE
FIELD THEORY

We begin with the following effective Lagrangian for a
Brownian particle

L =iTA2 = A9,A, — mAA, + ie; AY — e, A3A,
+ iy A2A2 — eA A3, (1)

where A, =3(A; +A,;) and A, = A, — A, with A,
being real scalar fields on the SK contour. A, is identified
with momentum of Brownian particle, and A, encodes
the fluctuation. We have only expanded L to the leading
order in temporal gradient and to quartic order in the fields.
Structure like (1) has been obtained from holographic
model calculations [20,21]. The first three terms are
Gaussian, which determine two-point correlation functions.
With T identified as the temperature, the first two terms
satisfy the Kubo-Martin-Schwinger (KMS) symmetry [8]

Aa(t) - _Aa(_t) - iT_l(atAr)(_t)’
- —A,(-1) (2)

Indeed, (2) leaves the third and last terms invariant up
to a total derivative. The remaining non-Gaussian terms
determine higher-point correlation functions. One may
further constrain these terms using KMS symmetry,
which amounts to choosing an equilibrium state [18].
Nevertheless, we choose to not impose the KMS symmetry
for the non-Gaussian terms, which is applicable to a
nonequilibrium state. Indeed, model calculations have
shown violation of the KMS symmetry in higher-point
correlation functions from non-Gaussian terms once the
condition of equilibrium state is relaxed [15]. All nonlinear
parameters €, 3, € are real by Z,-reflection symmetry of
SKEFT [8].

Equation (1) can be inspected as a series expansion in
A,. At linear order, the action variation with respect to A,
gives the deterministic equation for A,:

0,A, = —mA, — eA}. (3)

We readily identify (3) as a nonlinear damping equation of
particle’s momentum. Stability requires m > 0 and ¢ > 0
so that the corresponding terms act like restoring force
when A, moves away from the origin. The quadratic terms
in A, encode stochastic property of the system, turning the
deterministic equation (3) into a stochastic one with
Gaussian noise. As we shall show, the remaining cubic
and quartic terms in A, give rise to non-Gaussian noises.
For completeness, we will review the derivation of two
well-known formulations of stochastic dynamics: Langevin
equation and FP equation from the Gaussian terms (linear
and quadratic in A,). Then we will extend the analysis by
including non-Gaussian terms (cubic and quartic in A)).

Before proceeding, we remark that (1) also contains
nonlinearity in A,. However, this nonlinearity exists
generically in interacting systems without stochasticity,
thus not affecting the noise. It is well known how to treat
this with standard perturbative method. So the non-
Gaussianity inherent to stochastic systems arises from
the nonlinear €, , terms.

We start by converting the first term in (1) into a noise
term added to (3). Following standard procedure, we
rewrite the first term in the path integral as [6]

o sy _ /Dge—fdt(%—ian). (4)
With £ introduced, it is easy to integrate out A,
. 2
/ DA el ST — / Dee S UiT5(=0,A, —mA, —eA + &),

which gives rise to the following Langevin equation with a
nonlinear damping term

0,A, = —mA, — A} + £ (5)

¢ is identified as a Gaussian noise whose variance is
2
. — dtf_
determined by the exponent e J iz as

(&) = 2Ts(t = 1'). (6)

The €3 term can be included straightforwardly, which
turns (5) into a multiplicative form

0,A, = —mA, —eA} + (1 +esT'A2)V2E (7)
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We require €3 > 0 so that prefactor of the noise is real [22].
It is well known that (7) with (6) is ambiguous. We will
adopt the Ito regularization [6]

A=A =0,[-mA,; - el;

ri—1

+(1 +€3T_1A%,i—1)1/25i]’ (8)

in which the multiplicative factor of noise at step i depends
on the field at one step earlier. The noise is normalized as
(&) = 2T6ij5t‘1 [23], with &; being the discretized noise
at step i. J, is the time step used in discretization, which is
also the coarse-graining timescale.

It is convenient to pass from SKEFT to the FP equation,
which governs the evolution of probability function
P(t,A,). The probability satisfies the following evolution
equation from the discretized path integral

P(t;,A,;)= / dA,;_1dA, exp[-8,TAZ, —iA, 5,
—i8mA, A, i —8,e302 AL, —iSeA, AT ]
P(ti_1. A1), )

with 8, = A,;

suggests A, ; ~ 5;1/2 and o, ~ 52/2. We may regard ¢ and
A, as continuous variables and expand

— A, ;. In the limit §, — 0, the exponent

P(ti_1, Ay imy) = P(1. A, ) = 8,P(1:, A, )
1
= 6,P (11 A ) + 3 8P (1, A, )
+ee (10)

with dot and prime denoting derivatives with respect to ¢
and A,, respectively. Plugging (10) into (9) and making a
change of field dA, ;_; = do,, we can perform the integrals
easily to obtain the following FP equation from the
coefficient of §,;:

0,P =TAAP +mdy(AP) + €305 (A2P) +edp(A3P).  (11)

We have renamed A, — A for notational simplicity. Here,
in accord with (8), Ito regularization has been assumed so
that d, is always later than A.

III. NON-GAUSSIAN LANGEVIN
AND FP EQUATIONS

So far what has been presented is textbook materials [6].
Now we wish to generalize the Langevin and FP equations
to the non-Gaussian case. Naive application of the method
outlined above encounters immediate difficulties. The
derivation of the Langevin equation relies on Gaussian
integration, which cannot treat cubic and quartic terms in
A,; the derivation of FP equation seems to involve potential

divergence. If we still choose A, ~ 5,_1/ 2 as in the Gaussian

case, then the term ie; A% for example becomes singular in
the continuum limit 5, — 0.

The difficulties associated with the two equations are in
fact related: the technical difficulty of the non-Gaussian
integration is tied to the fact that there is no simple scaling
of A, with g, in the multiscale integral, thus we would not
have a simple noise with &~ 6,_1/ ? like in the Gaussian
case. Similarly, if we were able to perform the non-
Gaussian integral based on (1) in full, i.e., without assum-
ing a simple scaling of A,, we would not expect any
divergence. Indeed the Lagrangian (1) is essentially a
quantum mechanical one with all the couplings having
mass dimension one, so the SKEFT is superrenormalizable.

The analysis above suggests that we should treat non-
linear term separately rather than assume a uniform scaling.
Below we shall derive the non-Gaussian Langevin and FP
equations and demonstrate their equivalence with the
SKEFT formulation.

Let us begin with the non-Gaussian Langevin equation.
Note that (4) for an infinitesimal time interval reads

£2
2 . [
e OTAL — / dé&;e'0iBai g0t (12)

which allows us to trade A,; with &;. Note that this is
nothing but an inverse Fourier transform. We can apply the
same transform to the cubic and quartic terms (omitting
subscript i for notational simplicity)

b2 = [ e fio),

e~ 02034, :/d)(e"ﬁf”“g()()v (13)

1 [_/83\ 4 /5 13 463 P
=—12(L) (3] Flz.5i—) -~
flm) 27:{ <€1> <4>° 2(2’4’256el> (4)
SN\3/4_ (3 35 448
- F - F _7_; )
. <€1> 4)9"2\2°4°256¢,
5t2 1/3 5% 1/3
- Ail - . 14
900) (362A,> "\ 3eA, (14)

Here ,F, and Ai are the generalized hypergeometric
function and Airy function, respectively. As in the
Gaussian case, f(1) and g(y) are interpreted as weight
of noises 7 and y, respectively.

Note that the non-Gaussian parameters appear in the
weight functions as ; /e, and 57 /e,, which are ambiguous
in the limits §, = 0 and €;, — 0. We suggest that the
unphysical divergence found in earlier studies may be due
to improper implementation of the limit in perturbative
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analysis in the continuum form [12,14]. Our derivation
indicates that it is crucial to proceed in discretized form and
not to use perturbation. We also note that  and y scale
differently with 8,: 5 ~8;°/%, y ~ 57>

The weight functions are plotted in Fig. 1. Two com-
ments of the weight functions are in order. First, they are
not positive definite. This is unavoidable: by taking
derivatives with respect to A, in (13) and then setting
A, = 0, we can show the first nonvanishing moments are
(n*) and (y°), respectively [24]. Therefore, region with
negative weight must be present such that () = (y?) = 0.
Second, g(y) depends on A,. In the Ito regularization
scheme, the weight of y; depends on A, ;_;. In the special
limit A, - 0, we can see from the definition (13) that
9(x) = 6(x).

It is then straightforward to integrate out A, ; to arrive at
the Langevin equation with multiple noises
Ani= A =8[-mA, i - el;

ri—1

(1 +eT AL )2+ i+ ). (15)

Now we turn to the derivation of the FP equation. Note
that in (1) only A, is the dynamical field and A, is an
auxiliary one that we wish to integrate out. By performing
the Legendre transformation, we find A, and A, form a
conjugate pair

p= =—A,. (16)

The corresponding Hamiltonian is expressed as

H = —iTA2 + mA,A, —ie; A} + e, AJA,
—ie3AZA% + eA,AS (17)

In order to describe evolution of probability distribution,
we need to promote the classical Hamiltonian to a quantum

04r

fin]
glxl

_10 =S

—01F

-02F

-0.3F

FIG. 1. Nonpositive definite weight functions f(5) and g(y),
with €,/8} = e,A,/5? = 1.

one, in which the conjugate fields have the commutator
[p,A,] = —i. This allows us to represent the operator
p = —id,,. It is convenient to use p = —ip. Then, the
Hamiltonian appears purely imaginary

H = i(Tp* = mpA, — e p* + e2p°A, + e3p° A7 — €pA}).
(18)

Recall in the Gaussian case, the probability distribution

P evolves according to the phase factor eif 4L \which is
equivalent to the Schrodinger equation id,P = HP.
However, in the non-Gaussian case, the equivalence is lost
due to cubic and quartic terms in p. We should resort to the
Schrodinger equation for the evolution. Upon using
p = —id,, we have

atP = TaZAP + mdA(AP) - 6161}) - 6263A<AP)
R () + s (A°P). (19)

We have renamed A, — A for notational simplicity. Again
the ordering of operator d, and A matters. We have adopted
the Ito regularization so that d, is always later than A, to be
consistent with the regularization in Langevin equation.
Equation (19) generalizes (9) to the non-Gaussian case.
Here the term —e; 0} P can be viewed as a higher order
diffusive term in addition to the diffusive term T0%P.
Stability of the diffusion requires ¢; > 0. The sign of ¢, is
not constrained.

IV. EQUIVALENCE DEMONSTRATION

Now we demonstrate the equivalence of the three
formulations by calculating a same set of equal-time
correlation functions. As simple examples, we consider
(A%(1)) and (A*(1)), = (A*(1)) — 3(A%(¢))?, in which the
latter is the connected part of the four-point correlation
function. These correlation functions are directly compa-
rable among the three formulations. We have argued below
(3), (7), and (19) that all parameters except €, are con-
strained to be positive.

Let us first calculate them by solving the FP
equation (19). Multiplying dAA? on both sides of (19)
and integrating by parts, we obtain the following equation
for the second moment

0,(A?) = 2T — 2m(A?) + 265(A?) — 2¢(A%).  (20)

The equation for (A?) does not close as it involves (A*).
This is of course allowed, reflecting effect of nonlinearity in
A,. Since our focus is on nonlinear terms in A, we will set
€ = 0 to simplify the comparison. Then, the equation for
the fourth moment reads
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0,(A%) = 12(T +26,)(A%) — 24, +4(3e5 —m) (A%).  (21)

From (20) and (21), we see that in order for the moments
not to blow up, we need m > €3 and m > 3e;. In fact, we
can obtain the condition for the 2nth moment would be
m > (2n — 1)e;, which will eventually fail for sufficient
large n. The reason for the failure can be seen from the
Langevin equation (15): for large A, the multiplicative
noise always win over the m term, but it can be cured by the
€ term we choose to turn off. Consequently to ensure
stability of the FP equation, we should set €3 = 0 in (20)
and (21) as well. This leaves us with ¢; and ¢, being the
only nonvanishing parameters. We stress that they are also
the full non-Gaussian parameters in the SKEFT.

In fact, we can show ¢, is also constrained to be positive
from the equation for the 2nth moment

0,(A?) =2n(2n—1)(T +€,(2n —2))(A?"2) —2nm(A>")
—2n(2n—1)(2n—2)(2n—3)e; (A2"4). (22)

Since all even moments are positive, a negative ¢, combined
with the other two terms on the right-hand side implies a
negative d,(A?") for large enough n. Consequently the final
state can only have vanishing moments for large n. We do not
consider this trivial possibility. Below we take all parameters
to be positive.

To solve (20) and (21), we need to specify initial
condition [25]. In fact, as t — +o0, stability of the FP
equation ensures that any initial state will approach the
unique steady state, with all the moments tending to
constants. We stress that the steady state reached in the
presence of non-Gaussian noise is nonequilibrium in the
absence of KMS condition, see also [26,27] for examples in
phenomenological models. With this in mind, we take
initial condition (A%(0)) = (A*(0)) = 0 and easily obtain

T
Azl‘ =_ (1= —2mt
(A2(1)) = (1= &™),
661 6T€2

(A4 (D), = =2oh (1= ety 22

(1—e2mm2.  (23)

It is worth pointing out that (23) is exact in the non-
Gaussian parameters €; and e,.

Now we attempt to solve the Langevin equation (15). The
usual method is to generate an ensemble of solutions to
Langevin equation with random noises and then take the
ensemble average. There is no conceptual difficulty with this
method. The issue of negative weight can be treated with
technique like in [28]. However, the introduction of the
multiple noises makes the practical computation expensive.
For the purpose of demonstrating the equivalence, we will
use a hybrid method, in which the ensemble average is taken
analytically and we only simulate the moments equation
derived from the Langevin equation (15).

From (15), we easily obtain
(A7) = (1= md)* (A7) + (&7)47,
(Ahy) = (1= md)* (A!) +6(1 — ms,)*57(&7) (A7)
+8H&) + 401 = m8,)5 (D) + (n)dt, (24)

where various noise averages are [29]

(&) =2T1/8,, (&) = 121%/87, (nf) = —24¢,/8;

(1) = 6e,4,/67 = (Aix]) = 6€,(A7)/67. (25)

Then, it is easy to show that (24) leads to

(A%) = (AD)
o

<A?+1> - <A?>
5,

= —2m(A?) + 2T + 0(5,),

= —4m(A2) + 12T(A2) + 2¢,(A2) — 24¢,
+0(5,). (26)

which are obviously discretized forms of (20) and (21)
(with 3 = ¢ = 0 as we have reasoned). Therefore, we are
guaranteed to arrive at the same results as (23) in the
limit 5, — 0.

Finally, we calculate the same quantities within the
SKEFT. Note that the effective Lagrangian in the absence
of external sources corresponds to the steady state dis-
cussed above, which is reached by evolving the Langevin
and FP equations till the limit # — co. Then, (A(#)?) and
(A(1)*),. are represented by (A,(1)?) and (A,(1)*),, which
are most conveniently calculated diagrammatically in the
ra basis. We treat the first three terms in (1) as the free part,
giving the following propagators:

T /
Drr(t7 t/) = Ee_m‘t_l "

Dar(t7 t/) = Dra(t/’t)' (27)

D,o(1,1) = —ie7"=0(1 = 1),

The remaining terms give two vertices —4!e; and —4lie,.

The two-point correlation function is trivially given by
the symmetric propagator (A,(f)A, (1)) =L The con-
nected four-point correlation function receives contribution
from diagrams in Fig. 2. Note that possible loop diagrams

Nt \Nt's
X
VRN ’
FIG.2. Feynman diagrams for (A,()*), when e; = ¢ = 0. The

ends of propagator can be of either dashed type or solid type,
corresponding to a and r indices, respectively.
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vanish identically because a loop involves only retarded (or
advanced) propagators. The diagrams in Fig. 2 are easily
evaluated to give

(B,(1)), = / "D, (1.1 (~4le,)

00

1
+/ dt'D,,(t,1)’D,.(t,1)(-4lie,),

Equation (28) is in full agreement with (23) in the
limit r — oo.

To further corroborate the equivalence, we have
also performed a more sophisticated demonstration in
the Appendix, in which we turn on both ¢ and 5.
Performing calculations perturbatively in these two param-
eters, we still find perfect agreement among three formu-
lations with

66] 6T€2
=Tt (28)
|
T 3T% Te; 6ee 6Tese
A == o T T
. 6e, 6Te; 6(T? —3me; +4Tey)es  6(T° — 12Tme, + 15T%¢, — 26me €, + 26Te€3)e
<Ar<t) >c = _W"" 2 + 3 - e . (29)

Equation (29) contains extra contributions at O(e) and
O(e3). In field theoretic approach, those contributions arise
from about 30 loop diagrams, while in stochastic approaches,
they are obtained simply by solving the FP and Langevin
equations perturbatively in ¢ and e;. Thus the stochastic
formulations provide a very efficient method of resumming
diagrams, a notable virtue of the stochastic approaches.

V. SUMMARY AND OUTLOOK

We studied effect of nonlinear terms in a SKEFT
expanded up to quartic order in the fields. There are
nonlinearities in both the mean field A, and the fluctuation
field A,. The nonlinearity in A, is not specific to stochastic
system and is known how to treat perturbatively. Our
emphasis is on the cubic and quartic terms of A, which are
generically present in a complete theory but usually ignored
in literature. We established two stochastic formulations of
the SKEFT: non-Gaussian Langevin equation and FP
equation. In the former case, the cubic and quartic terms
of A, are manifested as two non-Gaussian noises in
addition to the Gaussian noise corresponding to the
quadratic terms of A,. These two non-Gaussian noises
have distinct scalings with the time step §, of the discrete
Langevin equation. In the latter case, the nonlinear terms
are manifested as higher order diffusive terms in the FP
equation. Our formulations reveal an ambiguity as 6, and
non-Gaussian parameters tend to zero simultaneously,
shedding light on the origin of unphysical divergence
found in early studies. We demonstrated the equivalence
among the three formulations for arbitrary non-Gaussian
parameters subject to stability conditions.

The stochastic formulations established in this work will
be found useful in addressing nonequilibrium dynamics with
more flexibility and efficiency. On the one hand, it allows one
to study nonequilibrium states by simply changing initial
conditions. On the other hand, numerical implementation

|
will help to efficiently resum diagrams in field theoretic
approach. Moreover, by solving the non-Gaussian Langevin
or FP equations, we could obtain unequal-time correlators
[11,12,30], which would contain more important informa-
tion about nonequilibrium physics.

The method outlined in this work can be generalized to
more interesting theories such as hydrodynamics. Rapid
progresses have been made in studying the effect of nonlinear
Gaussian terms (quadratic in fluctuation field) [17,18]. Effect
of non-Gaussian terms has also been discussed recently [19].
It would be useful to implement stochastic hydrodynamics
with non-Gaussian noise, which would allow us to study a
complete hydrodynamics out-of-equilibrium.
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APPENDIX: EQUIVALENCE
WITH NONVANISHING €3 AND ¢

We extend the equivalence demonstration to the case
with nonvanishing ¢; and €. As we remarked in the main
text, these parameters capture nonlinear effect in A,. We
will work perturbatively to O(e3€”) and O(ele), respec-
tively. We begin with the FP equation. Following the same
method as described for the case with ¢ = ¢ = 0, we can
derive the following moment equations up to (A®):

0,(A%) = 2T — 2m(A?) + 2e5(A?) — 2e(A%),

0,(A%) = 12T (A?) — 4m(A*) — 24e, + 24e,(A?)
+ 12e3(A%) — 4e(AS),

9,(A%) = 30T (A*) — 6m(A®) — 360¢; (A%) + 120¢,(A%)
+30e3(A%) — 6e(A3). (A1)
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For the steady state solution approached at ¢ — oo, we
simply set the left-hand side of (Al) to zero. We will
solve the moments equation (Al) perturbatively by the
expansion

(A2") = (A*) 16 + (A" )No + - (A2)

with the leading order (LO) solution (A?"); o ~ O(e9€°)
and the next-to-leading order (NLO) solution (A?")y o
includes both O(e3€”) and O(€d¢). By setting €3 = € = 0
in (A1), we easily obtain the LO solution:

|

5 Te; (3T* —6me, + 6T¢,)e
(A%)NLo = e 3 ’

3T(T? — 2me; + 2Te,)
) <A4>LO = mzl 2 )
(A, = 15(T° + 6T%¢, — T(6me; — 8€3)) — 8me €,
LO o~ .

(A3)
Now we proceed to the NLO solution, which satisfies
0 = —2m(A%)x1 0 + 263(A%)1 o — 2e(A%), o,
0 = 12T (A%) N0 — 4m{A%)nio + 2462 (A%)nio
+ 12e5(A%) o — 4€(A%) 0. (Ad)

Here we only keep the moments we need. The equations
can be solved as

m
. 3(—4T? + 6me; — 8Tey)es  3(8T° —36Tme, + 42T%¢; — 52me €, + 52T€3)e
<A >NLO = e - ' . (AS)
Immediately, (A3) and (AS5) give
6e¢; 6Te
A4 [— _ k1 2 ,
(at)g = 20 ¢
e 6(T% —3me| +4Tey)es  6(T3 — 12Tme; + 15T%€; — 26me e, + 26T€3)e
(A >NLO = 3 - 4 . (A6)

m

Then we solve the Langevin equation. Similar to the
simple example in the main text, we derive the following
evolution equations for moments

(A7) = (1-2m5,)(A7) + (1 + T~ (AF))(&7) 57
—2€<A§>5t,

(A%, 1) = (1-4m8,) (A} +6((A2) +es T~ (AN) (&7)67

+ 4} A) 87 + ()67 — 4e(A9)6,,
(A%, ) = (1-6m3,)(AS) + 15((A%) + T (A9))(£3)67
+15(A3) () df +20(A3E3)8; —6e(A%)5,. (A7)

In the above we have used the scaling properties of
noises with &, and kept only terms up to O(§,). Treating
<A§”) as a continuous variables and using the expansion
(A31)) = (A3") + 6,0,(A3"), we find the coefficients of &,
give nothing but the discretized version of (A1l). It follows

that (A7) give the same steady state solution as (A3)
and (AS).

m

Finally, we turn to diagrammatic computations of
(A(#)?) and (A(t)*)... The LO results have been obtained
in the main text. For the NLO results, we need diagrams
with one vertex of either aarr type or aaar type and
arbitrary number of other vertices. We first look at
(A()*)nLo» Which receives contributions from one-loop
and two-loop diagrams shown, respectively, in Figs. 3 and
4. The evaluations of them are straightforward. We obtain
in the end

3T% Tey

A1)y = — b 4253
(A()")nLo 3 +m2+

6¢ce  6Texe
m? m’

(A8)

which is in perfect agreement with (AS5). The situation of
(A(1)*)§, o 1s more complicated: it receive contributions
from both tree-level diagrams and loop diagrams; more-
over, the latter contain both reducible and irreducible ones.

QO Q.

FIG. 3.

One-loop Feynman diagrams for (A,(1)?)..
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N N
T A

FIG. 4. Two-loop Feynman diagrams for (A,(£)?)..

The full tree-level diagrams are shown in Fig. 5. The first
two are shown already in Fig. 3 of the main text and give
the LO result (27) of the main text. The last two are easily
evaluated to give the NLO result

6T%c; 6T°c

(Ao = 3 T

(A9)

The reducible and irreducible one-loop diagrams are
shown, respectively, in Figs. 6 and 7. The reducible
diagrams (Fig. 6) are evaluated to give

18T€1€ 36T%¢,¢
_l’_

3 4

6T€2€3
m m 3

A

(A10)

The irreducible diagrams (Fig. 7) give rise to the following
results:

NS NN N

VANVANVAN

FIG. 5. Tree-level Feynman diagrams for (A, (1)*)..

oL 0 L

FIG. 6. Reducible one-loop Feynman diagrams for (A, (¢)*),.

RN N /

/

N
/ X\/@\/ ‘\
N

o e e

FIG. 7. Trreducible one-loop Feynman diagrams for ( Ve
. 18¢1e5  18Terez  54Teq€
Alt 4\ ¢,1loop-irred _ _ +
(A()*)NLo m2 m3 m3
54T%¢5e
- (A11)
m

At two-loop level, the reducible and irreducible diagrams
are shown, respectively, in Figs. 8 and 9. Two-loop
irreducible diagrams of a different topology are excluded
by the presence of loop containing only ra type propa-
gators. Being careful with the combinatoric factors, we
arrive at

R e

FIG. 8. A, (1)*),.

Reducible two-loop Feynman diagrams for (

FIG. 9. A ()4,

Irreducible two-loop Feynman diagrams for (
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48¢,6,¢  48Te%e
¢.2loop-red 162
<A<t)4>NL(§0p = 3 - m42 . (AIZ)
for the reducible diagrams (Fig. 8) and
; 108¢,6,¢  108T€%e
¢,2loop-irred 1€2
(A No™ = 3 7 =, (A13)

n m

for the irreducible diagrams (Fig. 9). The final result for
(A(1))¢ o s the sum of (A9), (A10), (All), (A12), and
(A13), which reads

6T%e; 6T%¢ T2Teje  18€e;

Ao =
(Ao =T -+ =
24Tere; 90T?e,e 156¢€ €€
+ m> omt m3
156T€2e
—72. (A14)

This is also in full agreement with (A6). The agreement
serves as a nontrivial demonstration of the equivalence
among the three formulations.

[1] J.-P. Bouchaud and A. Georges, Anomalous diffusion in
disordered media: Statistical mechanisms, models and
physical applications, Phys. Rep. 195, 127 (1990).

[2] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki, and K.
Takahashi, CMB bispectrum from primordial scalar, vector
and tensor non-gaussianities, Prog. Theor. Phys. 125, 795
(2011).

[3] E. Paladino, Y. M. Galperin, G. Falci, and B. L. Altshuler,
1/ f noise: Implications for solid-state quantum information,
Rev. Mod. Phys. 86, 361 (2014).

[4] L. Davidovich, Sub-Poissonian processes in quantum op-
tics, Rev. Mod. Phys. 68, 127 (1996).

[5] K. Kanazawa, T. G. Sano, T. Sagawa, and H. Hayakawa,
Minimal model of stochastic athermal systems: Origin
of non-gaussian noise, Phys. Rev. Lett. 114, 090601
(2015).

[6] A. Kamenev, Field Theory of Non-Equilibrium Systems
(Cambridge University Press, Cambridge, England,
2011).

[7]1 M. Crossley, P. Glorioso, and H. Liu, Effective field theory
of dissipative fluids, J. High Energy Phys. 09 (2017)
095.

[8] P. Glorioso, M. Crossley, and H. Liu, Effective field theory
of dissipative fluids (II): Classical limit, dynamical KMS
symmetry and entropy current, J. High Energy Phys. 09
(2017) 096.

[9] H. Liu and P. Glorioso, Lectures on non-equilibrium
effective field theories and fluctuating hydrodynamics, Proc.
Sci. TASI2017 (2018) 008 [arXiv:1805.09331].

[10] F. M. Haehl, R. Loganayagam, and M. Rangamani, Effec-
tive action for relativistic hydrodynamics: Fluctuations,
dissipation, and entropy inflow, J. High Energy Phys. 10
(2018) 194.

[11] B. Chakrabarty, S. Chaudhuri, and R. Loganayagam, Out of
time ordered quantum dissipation, J. High Energy Phys. 07
(2019) 102.

[12] B. Chakrabarty and S. Chaudhuri, Out of time ordered
effective dynamics of a quartic oscillator, SciPost Phys. 7,
013 (2019).

[13] B. Chakrabarty, J. Chakravarty, S. Chaudhuri, C. Jana, R.
Loganayagam, and A. Sivakumar, Nonlinear Langevin

dynamics via holography, J. High Energy Phys. 01
(2020) 165.

[14] C. Jana, A study of non-linear Langevin dynamics under
non-Gaussian noise with quartic cumulant, J. Stat. Mech.
(2022) 023205.

[15] Y. Bu and B. Zhang, Schwinger-Keldysh effective action for
a relativistic Brownian particle in the AdS/CFT correspon-
dence, Phys. Rev. D 104, 086002 (2021).

[16] Y. Bu, B. Zhang, and J. Zhang, Nonlinear effective
dynamics of a Brownian particle in magnetized plasma,
Phys. Rev. D 106, 086014 (2022).

[17] X. Chen-Lin, L. V. Delacrétaz, and S. A. Hartnoll, Theory
of diffusive fluctuations, Phys. Rev. Lett. 122, 091602
(2019).

[18] A. Jain, P. Kovtun, A. Ritz, and A. Shukla, Hydrodynamic
effective field theory and the analyticity of hydrostatic
correlators, J. High Energy Phys. 02 (2021) 200.

[19] A. Jain and P. Kovtun, Late time correlations in hydro-
dynamics: Beyond constitutive relations, Phys. Rev. Lett.
128, 071601 (2022).

[20] Y. Bu, M. Fujita, and S. Lin, Ginzburg-Landau effective
action for a fluctuating holographic superconductor, J. High
Energy Phys. 09 (2021) 168.

[21] Y. Bu, X. Sun, and B. Zhang, Holographic Schwinger-
Keldysh field theory of SU(2) diffusion, J. High Energy
Phys. 08 (2022) 223.

[22] If €5 < O, then the counterpart of (4) diverges leading to an
unstable theory.

[23] 6, is absorbed into the definition of the discretized noise by
convention.

[24] In doing so, we need to make sure the integrand tends to
zero at infinities. This is not satisfied by g(y). We need to
introduce a regulator ¢ with the plus/minus sign for
A, > 0 and A, < 0, respectively.

[25] Vanishing boundary conditions at A — 4+oco have been
implemented in the procedure above already.

[26] K. Kanazawa, T. Sagawa, and H. Hayakawa, Heat con-
duction induced by non-Gaussian athermal fluctuations,
Phys. Rev. E 87, 052124 (2013).

[27] A.V. Chechkin, R. Metzler, J. Klafter, and V. Y. Gonchar,
Introduction to the theory of l1évy flights, in Anomalous

036018-9


https://doi.org/10.1016/0370-1573(90)90099-N
https://doi.org/10.1143/PTP.125.795
https://doi.org/10.1143/PTP.125.795
https://doi.org/10.1103/RevModPhys.86.361
https://doi.org/10.1103/RevModPhys.68.127
https://doi.org/10.1103/PhysRevLett.114.090601
https://doi.org/10.1103/PhysRevLett.114.090601
https://doi.org/10.1007/JHEP09(2017)095
https://doi.org/10.1007/JHEP09(2017)095
https://doi.org/10.1007/JHEP09(2017)096
https://doi.org/10.1007/JHEP09(2017)096
https://doi.org/10.22323/1.305.0008
https://doi.org/10.22323/1.305.0008
https://arXiv.org/abs/1805.09331
https://doi.org/10.1007/JHEP10(2018)194
https://doi.org/10.1007/JHEP10(2018)194
https://doi.org/10.1007/JHEP07(2019)102
https://doi.org/10.1007/JHEP07(2019)102
https://doi.org/10.21468/SciPostPhys.7.1.013
https://doi.org/10.21468/SciPostPhys.7.1.013
https://doi.org/10.1007/JHEP01(2020)165
https://doi.org/10.1007/JHEP01(2020)165
https://doi.org/10.1088/1742-5468/ac4aef
https://doi.org/10.1088/1742-5468/ac4aef
https://doi.org/10.1103/PhysRevD.104.086002
https://doi.org/10.1103/PhysRevD.106.086014
https://doi.org/10.1103/PhysRevLett.122.091602
https://doi.org/10.1103/PhysRevLett.122.091602
https://doi.org/10.1007/JHEP02(2021)200
https://doi.org/10.1103/PhysRevLett.128.071601
https://doi.org/10.1103/PhysRevLett.128.071601
https://doi.org/10.1007/JHEP09(2021)168
https://doi.org/10.1007/JHEP09(2021)168
https://doi.org/10.1007/JHEP08(2022)223
https://doi.org/10.1007/JHEP08(2022)223
https://doi.org/10.1103/PhysRevE.87.052124

SHU LIN, YANYAN BU, and CHANG LEI PHYS. REV. D 109, 036018 (2024)

Transport (John Wiley & Sons, Ltd, New York, 2008), [29] The negative fourth moment of #; is allowed by the
Chap. 5, pp. 129-162. nonpositive definite weight function f ().

[28] S.R. White and J. W. Wilkins, Fermion simulations in [30] G. Moreau and J. Serreau, Unequal time correlators of
systems with negative weights, Phys. Rev. B 37, 5024 stochastic scalar fields in de sitter space, Phys. Rev. D 101,
(1988). 045015 (2020).

036018-10


https://doi.org/10.1103/PhysRevB.37.5024
https://doi.org/10.1103/PhysRevB.37.5024
https://doi.org/10.1103/PhysRevD.101.045015
https://doi.org/10.1103/PhysRevD.101.045015

