PHYSICAL REVIEW D 109, 036014 (2024)

QED contributions to £} — E,* mixing

Zhi-Fu Deng®," Yu-Ji Shi®,*"" Wei Wang,'*" and Jun Zeng®'*
'INPAC, Key Laboratory for Particle Astrophysics and Cosmology (MOE),
Shanghai Key Laboratory for Particle Physics and Cosmology, School of Physics
and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China
School of Physics, East China University of Science and Technology, Shanghai 200237, China
3Southern Center for Nuclear-Science Theory (SCNT), Institute of Modern Physics,
Chinese Academy of Sciences, Huizhou 516000, Guangdong Province, China

® (Received 30 September 2023; accepted 22 January 2024; published 15 February 2024)

We explore the quantum electrodynamic (QED) corrections to the Z —E/" mixing within the
framework of light-front quark model (LFQM) in the three-quark picture. After explicitly investigating the
relation between the =, — &, mixing and the flavor SU(3) and heavy quark symmetry breaking, we derive
the QED contributions to the ZF — =" mixing angle. Numerical results indicate the QED contribution is
smaller than the one from the mass difference between the strange and up/down quark provided by a recent
lattice quantum chromodynamics analysis. Adding these contributions together we find that at this stage the
EF — B mixing is small and still incapable to account for the large SU(3) symmetry breaking in the

(&

semileptonic 2, decays.

DOI: 10.1103/PhysRevD.109.036014

I. INTRODUCTION

Weak decays of heavy baryons provide an ideal platform
for understanding the strong interaction and searching for
new physics beyond the standard model. One of the widely
used theoretical methods in this area is the flavor SU(3)
symmetry, where the u, d, s quark are treated as identical
[1-10]. Using the flavor SU(3) symmetry one can classify
the singly heavy baryons into antitriplet and sextet, with the
two light quarks inside the baryon forming a scalar and an
axial-vector, respectively. However, since the u, d, s quarks
have different masses and electric charges, the flavor SU(3)
symmetry is broken. Therefore, the antitriplet and sextet
defined by SU(3) symmetry are not the physical states. A
physical singly heavy baryon state must be a mixture of the
corresponding antitriplet and sextet states.

In the study of semi-leptonic charmed baryons decays,
recent experimental measurements on the decay width by
BESIII and Belle collaborations imply significant flavor
SU(3) symmetry breaking [11-14], while a recent lattice
QCD calculation of transition form factors finds less severe
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symmetry breaking [15]. To understand this phenomenon,
various possible mechanisms were explored in Ref. [16],
with a very compelling contender being the incorporation

of E. — E. mixing [17]. It was found that to realize the

sizable flavor SU(3) breaking in the semi-leptonic E
decays, a large =.— =, mixing angle is required: 8 =
24.66°+0.90° [17,18] and 0 = 16.27° +2.30° [19]. Based
on these observations, a method to measure this mixing
angle in a four-body E. decay has been proposed by
Ref. [20]. On the other hand, direct calculation using QCD
sum rules gives 6 = 5.5°4+1.8° [21] and 0 = 2.0° £ 0.8°
[22]; A recent lattice QCD calculation gives 6 = 1.2° +
0.1° [23], confirmed by an improved determination [24].
Heavy quark effective theory gives 8 = 8.12° + 0.80° [25].

In this work, we will concentrate on the QED corrections
for the Ef — = mixing which have not been taken into
account in the previous investigations. It should be noticed
that since QED does not break symmetry between the d and
s quarks, i.e., U-spin, the 20 —EY mixing will not be
affected by the QED contribution. Unlike QCD, the QED
contributions cannot be directly calculated on the lattice.
Therefore, we will employ the light-front quark model
(LFQM) in the three-quark picture [26-29] to evaluate the
corresponding matrix element at the leading order in agy;.
We will also explore the dependence of the mixing angle on
the LFQM parameters to ensure the result is stable.

The rest of this paper is organized as follows. In Sec. II,
we will introduce the SU(3) breaking Lagrangian, and
construct the necessary matrix elements of the SU(3)

breaking Hamiltonian for extracting the Z, — 2. mixing
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angle. An introduction to the three-quark light-front quark
model and the calculation of QED contributions will be
given in Secs. III and IV. Numerical results for the Zf —
=" mixing angle and the dependence on the input
parameters are given in Sec. V. The last paragraph contains
a brief summary of this work.

II. THE E, - E, MIXING

The flavor SU(3) symmetry is very convenient to analyse
the weak decay amplitudes and for some applications, one
can see Refs. [1-3,30-34]. Despite of its success, the flavor
SU(3) symmetry is an approximate symmetry which are
broken by the u, d, s quark mass differences and QED
contributions. In the following we assume the same mass
for up and down quarks, and accordingly the full QCD +
QED Lagrangian contains both the terms conserving
and breaking the flavor SU(3) symmetry: Locpiqep =
Lo+ AL. The SU(3) conserving term L, reads as

‘CO = Z&q(l‘D—mu)l//q + ezesl/_/qAWq =+ eecl/_/cAl//m (1)
q

q

where D is the covariant derivative of QCD. ¢ = u, d, s, ¢,
is the electric charge of ¢ and m, = m,; = m; is assumed in
the flavor SU(3) symmetry. The SU(3) symmetry breaking
term AL arises from the mass difference and charge
difference the s quark and the d and/or u quarks.
Explicitly, AL can be divided into a mass term and a
charge term:

AL = lps(mu - ms)l//s + e(eu - es)l/_/uAWu' (2)
Similarly, the Hamiltonian is decomposed as:
H=Hy,+ AH, (3)

with

AH = /d3xAH(x) = —/d3xAC(x)- (4)

The Z baryons are composed of ¢, u, s quarks. In the
SU(3) symmetry limit, they are classified into an antitriplet
=3 and a sextet 28, which are also eigenstates of the SU(3)
conserved Hamiltonian H,. The corresponding eigenstates
are defined as

On the other hand, the full Hamiltonian is diaogonalized by
the two physical mass eigenstates:

H|E) =mg |2;),  H[E) =mg[E).  (6)

The mixing between the physical baryons |P) =
(|12.), |EL)T and the SU(3) states |S) = (|=3), |E))T is
expressed by a unitary transforming matrix U parameter-
ized by a mixing angle 6:

P) = < cosd

—sin@ cosé@

sin 6

)|s> —us). )

Now we consider the matrix element for the SU(3) states
|S) = (|23(P5)).|28(Pe)))T: (S|H|S), and set both the
initial and final states to be static P = P’ = 0 and on-shell
P§ = mg3, P§ = mz. Using the unitary transformation U

defined in Eq. (7) as well as the physical masses defined in
Eq. (6), we have

(

E?<Sé)|HIE§(SZ)> <ES(SQ)\HIE§(SZ>>>
EX(SL)HIEX(S.)) (E2SL)[HIEX(S.))
=2(27)36™(0)ds.;

<m% cos? 0+ m2, sin?0 (m% — mé,)cosesinﬁ)
= e =c =c
b

o~ o~

2

2
(mz —m

=
=

)cos@sing m sin®6@+ mZ, cos

(8)
where the momentum dependence of the 5‘2’6 states are
not shown.

Choosing the upper-right off-diagonal component in the
Eq. (8), we have

(E(SIHIEX(S,)) = (27)*60)(0)3s.s. (m2, —mE;) sin26.
(9)

To extract the mixing angle 0, one has to calculate the
matrix element on the left-hand side above, which can be
further expressed as

(E8(SL)|HIEX(S.)) = (27)*6)(0)(2X(S%)| AM(0)|EX(S.)).-
(10)

Relating Egs. (9) and (10) we have

(E2(82)|AM(0)[EX(S.))

:55252 sin 26. (11)

Since the mixing angle is independent of the baryon spin,
we can average it and obtain

§in26 — 12 (E8(S,)|AH(0)|EX(S,))] (12)

2 _ 2 '
S, Mg, ~ Mg,

where the 1/2 comes from the average of baryon spin.
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III. LIGHT-FRONT QUARK MODEL FOR BARYON

The mixing angle of Ef — E." can be extracted from
Eq. (12). Here we will use LFQM in the three quark picture
[26,27] to calculate the matrix element on the right hand
side of Eq. (12). We will first introduce the three quark
picture and list the necessary formulas for the calculation in

this work. In LFQM a =2 "3/ 6 baryon state can be expressed as

(P —py — py— ps3)
,/P+

XZ‘P3/6\/_|C P14 (P2, Ao)ut (3. 43)),
(13)

where P denotes the baryon momentum, p; and 4; are the

a§/6>:/<  {dp))2(2a)

momentums and helicities of the constituent quarks. ‘Pi/sﬁ

denotes the spin and momentum wave function.
In the light-cone coordinates, the momentum and the
corresponding integration measure are written as

p=(*.p.p1). p=(pt.pL). pT=p"£p’.
(@ )= dp*d’p, d'p _dp~dp*dip, (14)
S 202a)/pt @n T 2020

The three-momentum in the light-cone frame is defined as
p = (p*, p.). We introduce two intrinsic variables for the
constituent quarks, the light-cone momentum fraction x;
and the transversal momentum k; | :

pi =x;Pt, ﬁisziﬁL‘H:il,

3
> k=0, (15)
i=1

>3 ,x=1 and
Z?zl I_c’,- 1 = 0 are imposed due to the momentum conser-
vation. The total momentum of the constituent quarks is
denoted as P = Z, , Pi- The invariant mass M, is defined
as M3 = P2. It should be noted that P is not equal to the
baryon momentum P since the momentum of baryon and
its constituent quarks cannot be on-shell simultaneously.
Choosing a frame where P, =0, we can express the
invariant mass M as

where 0 < x; <1, the constraints:

ki +m}
My =) =L (16)

-1 X

The internal momentum of the constituent quarks is
defined as

K+ m?
ki = (k,*,k,,k)—<x,»Mo,#,k,l>. (17)

Then in the Cartesian coordinate the components of k; =
(e;.k; 1. k;,) can be written as

K +k xiMy | ki +m?
e. = =
’ 2 2 oM,
kr— ko Mo I 2
ko =Nk xiMo ki tmp (18)
2 2 2xiM0

The wave function WS for the antitriplet state Z2 with
momentum P is

W5 = Ay, (p3)(P + My)(=ys)Ci (p2)iy, (py)u(P)

X O(x;, ki1 ), (19)

where the u, s quark form a 0" diquark. The wave function
for the antitriplet state 2% with momentum P’ is

Yo = A'iiy, (p3) (P + Mp) (v — U”)Cﬁ,{z(l?z)ﬁil (1)

. (%mys)u<i)/>¢<xhkm, (20)

where the u, s quarks form a 1+ diquark, and v* = P/ Mj,.
The three-particle momentum wave function @ describes
the relative motion between two of the three constituent
quarks as well as the relative motion between the third one
and the center of other two quarks. Their explicit expres-

sions are
s ﬂ23> )

€16,63 7 ]zz — k3
Dx; by ) = | ————¢p(ky,
(i, ki) x1x2x3Mo¢( 1 ﬂ1)¢< )
3 —ki—kz
(kﬂ)—4<ﬂ)e o (21)

where f; and f,; are the shape parameters. The normali-
zation factor A is given as

A= ! . (22)

4\/M(3)(€1 +my)(ey + my)(es + m3)

where m;, m, and m; represent the masses of the charm
quark, the strange quark, and the up quark in Eq. (13),
respectively.

IV. THE QED CONTRIBUTIONS TO
THE E, - E, MIXING

In this section, we calculate the QED effects on the
= — = mixing angle. According to Eq. (12), we need to
cons1der the matrix element
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FIG. 1.

(b)

Three leading-order diagrams for the matrix element in Eq. (23). Only the diagram (a) breaks the heavy quark spin symmetry.

Both diagram (b) and diagram (c) hold the heavy quark spin symmetry.

OB (P S A (O ENP.S)  (23)
SZ

with AHqgp = —e(e, — ¢, )W, Ap,. The calculation is per-
formed by using the light front baryon state given in Eq. (13),
as well as the explicit expressions of the wave functions given
in Egs. (19) and (20). The corresponding Feynman diagrams
are shown in Fig. 1, where the photon emitted from the
AHgpp vertex attaches on the constituent quark lines.

It should be noticed that the Fig. 1(b) and Fig. 1(c) where
no photon attaches on the charm quark are zero. This can be
seen from the amplitude contributed from the charm quark
line:

ZZW p1) MS us’ (P) <%> u, (p')

— T | (py +m)(B+ M) (=) | =0, (24)
\/g

which vanishes when the initial and final baryon spin are
averaged. Note that the photon emission from the charm
quark as shown in diagram (a) can change the charm quark
spin, which breaks the heavy quark spin symmetry. In
heavy quark effective theory, at the leading power the
heavy quark spin is conserved, and the breaking effect
occurs at the O(1/mg). Therefore, the QED induced
=5 — BT mixing should be at the order of 1/m,. This also
applies to the contributions from the scalar operators 5.
Now the only contributing diagram is shown in Fig. 2,
with each quark momentum is explicitly denoted.

n
s ;
1 * Y4
l=p—p}
S
L, —,
P2 gAHQED P2
u
T O —_— ,
3 p3

FIG. 2. The leading-order diagram that breaks the heavy quark
spin symmetry for the matrix element in Eq. (23).

A detailed calculation on this diagram by LFQM with
three-quark picture can be found in the Appendix. The
obtained amplitude can be expressed as

— ey (BAP. S|, (0)A(0)w, (0)|EX(P. S.)
S,

dx,d*k 1
2 1 1L
S NERL e Py e
ch /2(277:)3\/)(1 2 2k \/1 — X1 — Xy
dx\d*ky | A'A

X/z(

y D(x;, ki )P (x}, k)
(p1— PY)* +ie

TryTrp, (25)
where we have used ¢, — e, = 1,and Q. = —I—% denotes the

electric charge of the charm quark, and the trace terms Try
and Trp are

Trp = Tr[(p3 4 m3) (P + M) (=rs)(p2 —m2)
x (= v*) (P + Mp) (s +m3)r*,

Trp=Tr <F+Mo>iﬂm<m+m1>n<¢1+m1> . (26)

3

There are eight independent integration variables in Eq. (25),
which contains three transverse momentum module:

7 /
- |k2L|7 kl
momentum  fractions:

= |1;/1 1|; three plus component
x; = ki /PT,x, =ky /P, X
Kt /PT; The angle between k;, and k,, is a; The angle

between the momentum 1?1 1 and I?l | is 3. Using those eight
variables we can write the amplitude as

—€Z<:?(P Sl (0)A(0)w, (0)[EX(P. S.)

=X —X dk; dk dk’
/ dxl/ dXZ/ 2 / 2

X 21 / dadp kikpkiA®
0 VX (1 =xp = x)(1 = x) = xp)
(. ki )], K, ) AL 27)
KL )PWe L) e
where [ is the photon momentum and 1> = 2m? —2p, - p
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FIG. 3. The dependence of the mixing angle on the shape parameters.

It should be mentioned that the above integration is V. NUMERICAL RESULTS
infrared (IR) and ultraviolet (UV) finite. In the LFQM
calculation all the internal quark lines as shown in Fig. 2 are
on shell. Therefore the photon emitted from an on shell
quark cannot be on shell /> =0 unless its momentum mo—025GeV. m.—037GeV. m.—14GeV
vanishes / = 0. Interestingly it can be found that the trace o ’ S ’ o ’
term in the nominator: Tr, Trp is proportional to quadratic
forms of / such as /> or I#I*, which cancels the singularity
from the denominator so that prevents the IR divergence in
gle integration. Since the expo.nen't of thg wave function f=0.45+0.05 GeV, ﬁ% —0.2740.03 GeV,

q. (21) depresses the contribution which from large

In this work we will adopt the following constituent
quark mass parameters:

which can be found from [35,36]. The shape parameters are
extracted from [26]:

momentum, there is also no UV divergence. 8 =0.49+0.04GeV, 5 =0.2840.03 GeV. (28)
; ; , , , , 0.042
0.044] ] ]
b 4 0.041 + 1
0.042]- ] 0.040 F A

— [ 1~ oos9f //5
< oo0a0f 1 = ]
o **f < i —m

D (o038 »/

L g ] ms
0.038 |- B 0.037F ]
[ 1 0.036 - ]
0.036 i ]
I N 00350 — . 1 P
1.1 1.2 1.3 1.4 1.5 16 0.20 0.25 0.30 0.35 0.40
mq (GeV) ma/m3 (GeV)

FIG. 4. The dependence of the mixing angle on quark mass.
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The baryon masses are taken as [17,37]

mg =247 GeV, mg =258 GeV.  (29)

According to Egs. (12) and (27), the mixing angle from

QED correction is obtained as
Oqep ~ 0.04°. (30)

We have also investigated the dependence of 6 on the
input parameters: the shape parameters and the constituent
heavy quark mass. The mixing angle as a functions of
shape parameters are shown in Fig. 3, while the mixing
angle as a function of heavy quark mass are shown
in Fig. 4.

It should be noted that our result is smaller than the
contributions induced by the mass difference from the most
recent lattice QCD calculation [24]. The sum of these two
kinds of contributions is still smaller than the experimental
measurement and cannot explain the large SU(3) symmetry
breaking in experiment.

VI. CONCLUSION

In this work we have calculated the QED contribution to
the Ef — =f mixing which has not been taken into
account in the previous analyses. In the calculation, we
have employed the light-front quark model. We have

—EZ<EE(P, Sz)ll/_/u(o)A<0)Wu(0) Eg(P’Sz»

explicitly demonstrated that the mixing breaks the heavy
quark symmetry.

Numerically, the QED contribution to the mixing angle
is found about 0.04°, and the result is less sensitive to the
quark masses and shape parameters. Our result is smaller
than the contributions induced by the mass difference from
the most recent lattice QCD. The sum of these two kinds of
contributions is much smaller than the experimental meas-
urement and cannot explain the large SU(3) symmetry
breaking in experiment.
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APPENDIX: DETAILED DERIVATION OF THE
TRANSITION AMPLITUDES

In this appendix we present a detailed calculation of the
diagram in Fig. 2. Using the light front baryon state given in
Eq. (13), and inserting the first order QED interaction
Hamiltonian, we can express the amplitude as

WZ / (@9 HE P HE P H2CR P (P py P =) [ (P PP
3 1/25 P VR TARY) ' 128~ ~ - elke! Tk
X5(P Py —ph— Z‘I’ (PY. P2 P35 41:45,243) ZTO (P12 P2, D32 41,40, 43)
SwY AT

x (uk (. 25)s7 (ph. 2 )" (p'. 2)) [, (0)A(O )wu(O)che/d“yv'/c(y)A(y)wc(y)IC"(pl,M)s-"(pz,ﬂz)uk(ps,ia)% (A1)

Inserting the explicit expressions of the wave functions given in Egs. (19) and (20), one obtains the amplitude as

_ez PS |l//u ) ()Wu( )|_‘C(PS)>

WZ [ @@ p) @ p) (a8

x 83 (P - py — ph — p4)2p5 (27)363) (P — po)

(p1

X Tr[(ps + m3) A(pa + mo)"D(ph + mh)y*]us

where A =

Ph)* +ie
(P) (P} +m)y,(p1 + my)us (P),

(P + My)(—ys)C, B= \/—( 75)7u» D = C(y* — v*)(P + M{). Summing up the spin index S_, and explicitly

(P =Py = s — b3) / (&P HE B & PLYAAT

1
q)(xi’kil)q)(x;’k;]_)

(A2)

writing the integration measures by the plus and transverse components, we can express the amplitude as
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- e3P S OO 0P 50
Q.e? dpid®p,, dpyd’p,, dpid’ps, 312 or B =
=—— 20273 28(P* — pt — pt — pT)6D(P, — pii — pas — p
VPTPF 2(2r) \/—22ﬂ P222ﬂ)\/1z[( )°176( 1 2 38 (P 1L 21 1)
dQPu dpyt aﬂpu dpstd®ph, .
) / (P* = pi" =P = p5" )6 (PL — Py = phy — Py )AA
2(2n)? P t2(27)3\/p5 2(2x)? Py
1
X ®(x;, ki )@ (x}, Ky )2ps (277)35(172 = p3)8@ (par = ph) mTTATrB, (A3)
I
where the expressions of the trace terms Try, Trp are and integrating our p5, ps, and p;, we arrive at
Try,=Tr +m3)(P+My)(— —my) (y* —o* .
A E(% 3)( 0)(=75)(po—ma)(r ) = eST(E(P, 57 (VA ()P, 5.)
!/ !/ v < <
X (P4 M) (p5+m3)r*]. s
5 1 dx,d’k 1
Trp =Tr[(P+Mo) —=rrs(P) +m)y,(pr +m)].  (A4) = 2/Md 2y Y —
V3 p ’ Qce 2(27) /xy R VIi—x—x
Using the light front components of the momentums dx\d*k' | 1
4 i, 2(27)3 /X, 2(27)3 /(1 — x, — X})
o pr TR g ks K
Pi (le ’ X,’PJF ’ ku.) ’ X A/A (xw lJ_)/ gxl’ -IJ_> TI'ATI'B. (A6)
(p1—p))” +ie
m? + k’zl
pi= (x}P*,%,k}L) (A5)
P Now the expressions of Tr,Trp are written as:
|
1[x X
P11 P2 :E —1(m%+k%l) +—2(m%+ki)] —kllkZLCOSG
Xo X1
Vixp, 5 0 2 X3
PiP3=35 x_3 (m3+ ki + k3, + 2k kyy cosa) +— x 2(m3 K3 | + KL+ kiLky cosa
1 :x X
P2 P3 :E x—z(mgﬁ-kﬁ_ +k%l+2kllk2lcosa) +x—3(m%+k%J_):| +k%J_ +k|Lk2lCOSG
3 2
1[x X/
P b =5 [ O R 0 )] =k cosp
1
1 [x, X
pr b =5 [2 00 )+ 34 )| - kouk, costa—p)
)Cl Xy
I L DR Xioo oo 2 / /
P3Py =500 (my+ K1)+ x_3(m3 + ki + k3, + 2k ko cosa) | + kyi k) cos(a— ) + kK| cos B
B3
1 [x/ X
pi-py= ) f (mi +ki,) + x_/l (m3 + K7+ k5 + 2k k)| cos(a— ﬂ))} + ki Ky cosp+ ki k) cosa
L 3
1 [x/ X5
Py ps = ) xz (m3 +k3,) + % = (3 K+ K+ 2K, K cos(a ﬂ))} + ko1 Ky cos(a—f) + ko Ky
1 [x/ X
Py-ps =7 | (M3 + ki I, + 2kukoy cosa) + 2 (md 4 P + A7) + 2K Ky, cos(a =)
L 3
—ky Ky cosp—ki ks cosa—ky ki cos(a—p)—ky K,
1 [x/ X}
ploph == |2 (m?+ k) + 7 =L (m3 + KP4 KR+ 2K Ky cos(a ﬂ))}—kk + k) k| cos(a—p), (A7)

1

3
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where p? = p? =m?. The angle between ki, and

ko, is a, the angle between the momentum k;; and
Ky, is p.

In our calculation, only the leading order contribution is
taken into account, but we believe this is a common strategy
in many analyses in the literature. If QCD corrections are
considered, we need to insert at least two additional QCD

Lagrangian. In this way, the QCD correction will introduce
an additional suppression at the magnitude of @, and thus
the leading order QCD correction contribution to the matrix
element in Eq. (A1) is at the order of eay. Only the leading
order contribution is considered in our analysis while
higher order QCD corrections that might be sizable are
left for future analysis.
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