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We investigate the production of spin-3=2 hyperon pairs, Ω−Ω̄þ, in electron-positron annihilation within
the helicity formalism. A refined selection of helicity basis matrices is proposed to relate polarization
expansion coefficients and spin density matrix elements and to illuminate their inherent physical
interpretations and symmetrical properties. With a novel parametrization scheme of helicity amplitudes,
we perform an analysis of polarization correlation coefficients for double-tag Ω−Ω̄þ pairs. We present three
sets of expressions to describe the decay of Ω− hyperons, and further address the existing tension in the
measurements of its decay parameters, particularly ϕΩ. The method and the framework developed in this
paper can also be applied to studies of the production and decay mechanisms of other spin-3=2 particles.
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I. INTRODUCTION

The quantum chromodynamics (QCD) is the underlying
theory of strong interactions with quarks and gluons as the
fundamental degrees of freedom. Although QCD has been
established for 50 years and precisely tested at high energy
scales, its nonperturbative properties at low energy scales
are still not well understood. The emergence of hadrons
from colored quarks and gluons, or more generally the
mechanism of color confinement, has become an active and
challenging frontier in modern particle physics.
The Ω− hyperon, as a member of the SU(3) flavor

decuplet [1,2], plays a unique role in advancing our
knowledge of the strong interaction. Its discovery [3]
significantly contributed to the development of the quark
model [4–6] and the formulation of the color charge
hypothesis [7]. Characterized by three valence strange
quarks with aligned spins and the absence of valence up
or down quarks, the Ω− is expected to show fewer
relativistic effects in comparison with other octet and
decuplet baryons. Yet, even after more than five decades
of research, many aspects of its physical properties, apart

from its charge and magnetic moment, remain largely
uncharted [8–24]. While the decuplet baryon model
predicts a spin-3=2 for the Ω−, direct measurements of
its spin have been ongoing [25–28]. This prediction was
recently confirmed by the BESIII Collaboration [23]. With
the growing interest in spin-3=2 particles in recent years,
the Ω−, characterized by a long lifetime and weak decay
analogous to Λ baryons, become a key focus in the study of
decuplet baryons.
High-spin particles offer extensive physical insights for

understanding the structure of particles and the properties
of QCD at low energies. Compared to spin-1=2 particles,
which possess the spin vector and two form factors,
spin-3=2 particles present a broader range of information.
They include the spin vector, the rank-2 (quadrupole) spin
tensor, and the rank-3 (octupole) spin tensor, totaling 15
polarization components [29–31], along with four form
factors [9]. There have been some measurements on the
form factors [21,22,24] and polarization of the Omega
particle [23,32]. However, research in these areas, espe-
cially regarding the decay parameters of Ω, is not as
advanced as for spin-1=2 particles, and some challenges
remain.
In studies of weakly decaying particles, decay para-

meters such as αD, βD, and γD are crucial. Specifically, the
decay parameter αΛ is vital for understanding the spin
properties of the Λ particle. Recent updates in αΛ mea-
surements [33–38] have led to significant revisions in Λ
particle research. Understanding the polarization of the Ω−

particle requires accurate measurements of αΩ, βΩ, and γΩ.
However, these measurements are currently less precise.
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The most precise measurements of αΩ are reported by the
HyperCP Collaboration [39,40]. Prior to 2021, there were
no direct measurements of βΩ and γΩ. It was commonly
assumed that γΩ would be either þ1 or −1 [41,42].
However, recent measurements have presented conflicting
results. The STAR Collaboration identified γΩ as 1 [32],
while the BESIII Collaboration reported it to be approx-
imately −0.5 [23], challenging previous assumptions and
findings. It is important to acknowledge the significant
measurement uncertainties in previous experiments. There
is a need for more precise measurements to determine the
decay parameters of the Ω particle.
Furthermore, the differences in decay parameters between

particles and antiparticles are directly linked to the asym-
metry between matter and antimatter in the universe.
Extensive research on CP violation in the decays of spin-
1=2 particles, includingΛ [33–36],Ξ [34,36,43], andΣ [44],
has been conducted by the BESIII Collaboration. However,
no evidence ofCP violation beyond the StandardModel has
been found. Investigating CP violation in the decays of
higher spin and strangeness particles, such as Ω−, is an
essential and ongoing area of research.
The eþe− → Ω−Ω̄þ process is a key to investigating the

form factors and decay parameters of theΩ− particle. Using
the ψð3686Þ dataset of ð448.1� 2.9Þ × 106 events [45,46],
along with theoretical helicity formulations about this
process [47], the BESIII Collaboration successfully
achieved the first measurement of the three decay param-
eters of the Ω− particle [23]. However, these measurements
faced considerable uncertainties, largely attributed to the
limited size of the dataset and significant background noise
in single-tag measurements. The recent accumulation of
a larger ψð3686Þ dataset by the BESIII Collaboration,
estimated about ð27.08� 0.14Þ × 108 events [48], opens
up opportunities for more precise measurements of the Ω−

decay parameters. The adoption of double-tagΩ−Ω̄þ decay
chains in the measurement is expected to reduce back-
ground noise, representing a methodological advancement.
In this paper, we begin with an analysis of the Ω−

particles within the helicity formalism, building on pre-
vious studies [9,47,49,50]. Within this framework, we
expand the complete information of polarization properties
and form factors for the Ω− particles into four complex
amplitudes: H1, H2, H3, and H4. We review methods for
decomposing polarization components in the helicity for-
malism and the general spin density matrix formalism. To
bridge the spin components in helicity formalism with
those in the spin density matrix, we introduce a new set of
basis matrices in the helicity framework. This approach
enables a clear understanding of the physical interpretation
of the polarization components of the Ω− particle.
We propose a parametrization scheme for the helicity

amplitudes of spin-3=2 particles, drawing an analogy with
the helicity amplitude parametrization of spin-1=2 par-
ticles. This scheme includes six parameters: αψ , α1, α2, ϕ1,

ϕ3, and ϕ4. This parametrization simplifies the relation-
ships between these parameters and various polarization
coefficients. For instance, the angular dependence of cross-
section terms is solely related to αψ . We also identify the
ranges for these parameters. Then, we present the complete
set of polarization coefficients for Ω particles: 7 nonzero
coefficients for single-tag Ω− and 116 nonzero coefficients
for double-tag Ω−Ω̄þ. Using the physical interpretation of
polarization components, we investigate the survival of
these coefficients and analyze their behavior under parity
and CP transformations. Notably, we identify specific
parameter solution sets that have zero polarization in the
single-tag Ω− case and minimize polarization correlations
in the double-tag Ω−Ω̄þ system. Furthermore, through an
analysis of the parameter value ranges and their corre-
sponding expressions for polarization correlation coeffi-
cients, we establish the boundaries of these coefficients.
These analyses provide fresh insights into the polarization
dynamics involved in the production of Ω−Ω̄þ in positron-
electron annihilation processes.
We introduce three formalisms to describe the decay of

the Ω− particle, characterized by three decay parameters:
αΩ, βΩ, and γΩ. While these formalisms are equivalent,
they offer unique insights on the decay of spin-3=2
particles. We address the challenges associated with
measurements of the decay parameter ϕΩ for the Ω−

particle. Using the maximum likelihood method, we
assess the sensitivity of ϕΩ to the number of observed
events, N, in both single-tag and double-tag cases. Our
findings reveal that double-tag measurements provide
statistical advantages and effectively reduce background
noise. With the accumulated data from the BESIII
Collaboration on ψð3686Þ events, the statistical sensitivity
for ϕΩ in double-tag measurements is expected to reach
approximately 2%. This level of precision has the poten-
tial to resolve the current discrepancies in the measure-
ments of decay parameters for the Ω particle.
Our analysis focuses on the eþe− → Ω−Ω̄þ process,

while the framework we developed could extend to other
spin-3=2 particle production processes such as eþe− →
Ξ−ð1530ÞΞ̄þð1530Þ and eþe− → Σ−ð1385ÞΣ̄þð1385Þ.
The organization of this paper is as follows. In Sec. II, we

present the production density matrix for Ω−Ω̄þ in eþe−
annihilation within the helicity formalism. In Sec. III, we
introduce a novel set of helicity basis matrices and establish
the relationships between various conventions of spin
components decomposition. In Sec. IV, we propose a
parametrization scheme for helicity amplitudes, and further
present detailed analyses of single-tag Ω− polarization
expansion coefficients and double-tag Ω−Ω̄þ polarization
correlation coefficients. In Sec. V, we present three equiv-
alent formulations for Ω− decay. In Sec VI, we forecast the
statistical sensitivity for the decay parameter ϕΩ at BESIII
via the maximum likelihood approach. Finally, in Sec. VII,
we provide a brief summary.
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II. Ω− Ω̄+ PRODUCTION IN e + e− ANNIHILATION

The eþe− → Ω−Ω̄þ process serves as a crucial avenue
for probing Ω− particle characteristics, with experiments
conducted at multiple facilities such as BABAR [51],
BESIII [52,53], Belle II [54], and the proposed STCF
[55]. In this section, we present the production density
matrix for Ω−Ω̄þ in the eþe− annihilation process within
the helicity formalism. We detail the coordinate system and
define the angles relevant to the Ω−Ω̄þ production, as
illustrated in Fig. 1. Given that particle polarization is
typically examined via decay processes, we establish the
coordinate systems and angles necessary to analyze the
cascade decay of the Ω− particle, adhering to the same
formalism.
In the helicity formalism, the production of Ω−Ω̄þ in

eþe− annihilation is analyzed in the center-of-mass (c.m.)
frame of eþe−. The polar angle θΩ is defined by the angle
between the Ω− particle and the positron. In the Ω−

coordinate system, where we decompose the polarization
components of Ω−, the ẑΩ axis aligns with the momentum
of the Ω− particle. The ŷΩ axis, orthogonal to the momenta
of eþ and Ω−, is defined by the cross product ŷΩ ¼
p⃗eþ × p⃗Ω. The x̂Ω axis is determined using the right-hand
rule. The coordinate system for Ω̄þ mirrors this, but uses
the momentum of Ω̄þ instead. The back-to-back production
of Ω− and Ω̄þ, where p⃗Ω̄ ¼ −p⃗Ω, implies the following
relations:

ẑΩ̄ ¼ −ẑΩ; ŷΩ̄ ¼ −ŷΩ; x̂Ω̄ ¼ x̂Ω: ð1Þ

We describe the decay of theΩ− particle in its rest frame,
where the xΩ − yΩ − zΩ coordinate system remains. In this
frame, the decay angles of the Λ particle are described by
its polar and azimuthal angles. The coordinate system for
the Λ particle is then established as follows: the ẑΛ aligns
with the momentum of the Λ particle; the ŷΛ, perpendicular

to the direction of zΩ and the momentum of the Λ, is
defined as ŷΛ ¼ z⃗Ω × p⃗Λ; the x̂Λ is determined using the
right-hand rule. The coordinate system of the proton, set in
the Λ rest frame, adheres to similar principles. Likewise,
the decay coordinate systems for the Ω̄þ side mirrors those
of the Ω− side. In these mirrored systems, the momenta of
the Ω−, Λ, and proton are replaced by the corresponding
momenta of the Ω̄þ, Λ̄, and antiproton, respectively.
With the defined coordinate systems and angles, the

production density matrix for the eþe− → Ω−Ω̄þ process is
presented as [47]

ρ
λ1;λ2;λ01;λ

0
2

B1B̄2
∝ Aλ1;λ2A

�
λ0
1
;λ0

2
ρ
λ1−λ2;λ01−λ

0
2

1 ; ð2Þ

where Aλ1;λ2 and Aλ0
1
;λ0

2
are the transition amplitudes with the

helicities λ1, λ01 for Ω− and λ2, λ02 for Ω̄þ. The matrix ρ1 is
defined as

ρi;j1 ðθΩÞ ¼
X
κ¼�1

D1�
κ;ið0; θΩ; 0ÞD1

κ;jð0; θΩ; 0Þ; ð3Þ

where DJ
κ;ið0; θΩ; 0Þ represents the Wigner D-matrix, θΩ is

the helicity angle of the Ω− particle, and κ denotes the
helicity difference between the initial eþ and e− states,
constrained to�1when the electron mass is negligible. For
unpolarized lepton beams, a straightforward summation
over κ is suitable.
Considering the principles of parity conservation and

charge conjugation invariance, only four independent
transition amplitudes remain relevant [47],

H1 ¼ A1=2;1=2 ¼ A−1=2;−1=2;

H2 ¼ A1=2;−1=2 ¼ A−1=2;1=2;

H3 ¼ A3=2;1=2 ¼ A−3=2;−1=2

¼ A1=2;3=2 ¼ A−1=2;−3=2;

H4 ¼ A3=2;3=2 ¼ A−3=2;−3=2: ð4Þ

The transition amplitudes matrix is given by

Ai;j ¼

0
BBB@

H4 H3 0 0

H3 H1 H2 0

0 H2 H1 H3

0 0 H3 H4

1
CCCA: ð5Þ

This matrix encompasses information of the form
factors and polarization characteristics of the Ω− baryon.
Detailed connections between helicity amplitudes and
form factors are presented in Appendix A, guiding in both
lattice QCD and quark models research on its structural
properties.
In our analysis of the eþe− → Ω−Ω̄þ process, we focus

on the electromagnetic and strong interactions where parity

FIG. 1. Definition of helicity formalism coordinate systems
and angles. The angles θΛ, ϕΛ, θp, and ϕp represent the polar and
azimuthal angles of theΛ and the proton, in theΩ− rest frame and
the Λ rest frame, respectively.
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conservation applies. Even though parity and CP violation
effects are theoretically predicted to be detectable in the
eþe− → ΛΛ̄ process [56], we do not include these aspects
in our analysis due to the markedly lower production rates
of Ω− compared to Λ.

III. SPIN DENSITY MATRIX

In this paper, we analyze the polarization states of
particles using spin density matrices in their rest frames,
focusing on particles with spins of 1=2 and 3=2. Various
methods are available for decomposing polarization
components, including the helicity formalism [47] and
the general spin density matrix formalism [17,29,31].
Although these methods are fundamentally similar, their
varying conventions often cause confusion. To address
the confusion, we bridge the spin components in
helicity formalism with those in the general spin density
matrix.
We now review the polarization components decom-

position in various formalisms, starting with the general
spin density matrix formalism due to its clear physical
interpretations of spin components. For a spin-1=2 particle,

the polarization states are represented by a 2 × 2 Hermitian
matrix in a Cartesian coordinate system, formulated as

ρ1=2 ¼
1

2
ð1þ SiσiÞ; ð6Þ

where σi denotes the Pauli matrices and Si, the rank-1 spin
vector, comprises

Si ¼ ðSx; Sy; SzÞ: ð7Þ

This spin density matrix formulation adheres to the
normalization condition Tr½ρ� ¼ 1.
For spin-3=2 particles, the spin density matrix is repre-

sented as [17,31]

ρ ¼ 1

4

�
1þ 4

5
SiΣi þ 2

3
TijΣij þ 8

9
RijkΣijk

�
; ð8Þ

where Σi, Σij, and Σijk are independent, orthonormal,
and Hermitian basis matrices. The matrices Σi, in the Sz
representation, are defined as

Σx ¼ 1

2

0
BBB@

0
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 2 0

0 2 0
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCA; Σy ¼ i

2

0
BBB@

0 −
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 −2 0

0 2 0 −
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCA; Σz ¼ 1

2

0
BBB@

3 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −3

1
CCCA: ð9Þ

The rest of the basis matrices can be formulated using the
Σi matrices,

Σij ¼ 1

2
ðΣiΣj þ ΣjΣiÞ − 5

4
δij1; ð10Þ

Σijk ¼ 1

6
ΣfiΣjΣkg −

41

60
ðδijΣk þ δjkΣi þ δkiΣjÞ: ð11Þ

The polarization characteristics of particles are described
by the components Si, Tij, and Rijk, representing the spin
vector, the rank-2 spin tensor, and the rank-3 spin tensor,
respectively, which include

Si∶ SL; SxT; S
y
T; ð12Þ

Tij∶ SLL; SxLT; S
y
LT; S

xx
TT; S

xy
TT; ð13Þ

Rijk∶ SLLL; SxLLT; S
y
LLT; S

xx
LTT; S

xy
LTT; S

xxx
TTT; S

yxx
TTT: ð14Þ

These 15 independent polarization components reveal
specific eigenstate probabilities in the spin density matrix
ρ3=2. Detailed probabilistic interpretations of these

components can be found in Appendix B. While our
definitions generally align with those in Refs. [17,31],
we introduce a notable variation in the definition of SxyLTT
for a refined analysis of polarization symmetries. The
domains of these components are not normalized to 1,
as outlined in Appendix B.
In the helicity formalism, spin density matrices are

concise yet may lack clear probabilistic interpretations.
To address this, linking these polarization coefficients with
the corresponding elements in the general spin density
matrix representation offers a direct understanding.
The spin density matrix for spin-1=2 particles in the

helicity formalism is typically represented as [47]

ρB1=2 ¼
1

2

X
μ

Iμσμ; ð15Þ

where μ runs through 0, x, y, and z. The term σ0 represents
the 2 × 2 identity matrix, and σx, σy, and σz are the Pauli
matrices. The trace Tr½ρ� equals I0, representing the total
cross section, which typically is not normalized to 1.
Consequently, the spin vector of the particle is defined
as S⃗ ¼ I⃗=I0.
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The spin density matrix for spin-3=2 particles is typically
represented as [17,47]

ρB3=2 ¼
X15
μ¼0

SμΣμ; ð16Þ

where Σ0;Σ1;…;Σ15 form a complete set of orthogonal
basis matrices. The coefficients S0; S1;…; S15 correspond
to the polarization components of the particle. We adopt the
basis matrices framework in Ref. [17], as explained in
Appendix C. In this framework, we establish a direct
correlation between S0; S1;…; S15 and the spin components
defined in Eqs. (12)–(14). This relationship is detailed in
Table I.

IV. SPIN ANALYSIS OF Ω BARYONS

In this section, we propose a new parametrization
scheme for helicity amplitudes to enhance our understand-
ing of Ω− polarization. Then we analyze the polarization
of single-tag Ω− and provide comprehensive expressions
for the polarization correlation coefficients of double-tag
Ω−Ω̄þ. By analyzing the polarization correlation coeffi-
cients constrained by the ranges of the helicity parameters,
we obtain the boundaries for these coefficients. We identify
specific parameter solution sets that result in zero polari-
zation in the single-tag Ω− case and minimize polarization
correlations in the double-tag Ω−Ω̄þ system. We also delve
into the inherent symmetries of these coefficients by
examining their physical interpretations.

A. Parametrization scheme

The polarization of the Ω− particle is characterized
by four helicity amplitudes, detailed in Eq. (4). In
Ref. [23] a simple parametrization is used to relate these
amplitudes with helicity parameters hi and ϕ0

i by defining
H1=H2 ¼ h1eiϕ

0
1 , H3=H2 ¼ h3eiϕ

0
3 , H4=H2 ¼ h4eiϕ

0
4 , and

obtaining two sets of fit values of the helicity parameters,
called Solution I and Solution II. This parametrization is
straightforward, but the polarization information is mixed
in these parameters. We aim to introduce a new para-
metrization scheme to clear the polarization interpretation
of helicity parameters. To align with the parametrization for
spin-1=2 particles as in Refs. [47,50,57], we start with the
introduction of a parameter αψ and represent the production
cross section of Ω−Ω̄þ as dσ ∝ 1þ αψ cos2 θΩ. Our
approach also simplifies the connections between different

polarization components and parameters. By examining the
expressions for single-tag Ω− polarization in Appendix D,
we establish our parametrization scheme as follows:

H1 ¼
1

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ − α1

p
exp

�
iðϕ1 þ ϕ3Þ

�
;

H2 ¼
1ffiffiffi
2

p ffiffiffiffiffi
α2

p
;

H3 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ − α2

p
exp ½iϕ3�;

H4 ¼
1

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ þ α1

p
exp

�
iðϕ4 þ ϕ3Þ

�
; ð17Þ

where the domains of these helicity parameters are

−1 ≤ αψ ≤ 1; ð18Þ

−1þ αψ ≤ α1 ≤ 1 − αψ ; ð19Þ

0 ≤ α2 ≤ 1þ αψ : ð20Þ

These domains simplify the experimental constraints on the
parameters and facilitate the analysis of Ω− spin properties.
We provide detailed relations between these helicity

parameters and those in Ref. [23]:

αψ ¼ 1 − 2h21 þ 2h23 − 2h24
1þ 2h21 þ 2h23 þ 2h24

;

α1 ¼ −
4ðh21 − h24Þ

1þ 2h21 þ 2h23 þ 2h24
;

α2 ¼
2

1þ 2h21 þ 2h23 þ 2h24
;

ϕ1 ¼ ϕ0
1 − ϕ0

3 þ 2πN;

ϕ3 ¼ ϕ0
3 þ 2πN;

ϕ4 ¼ ϕ0
4 − ϕ0

3 þ 2πN; ð21Þ

where N is an arbitrary integer. Using these relations we
obtain the helicity parameters in our scheme corresponding
to the two sets of fit values in Ref. [23] and list them in
Table II for later use.

B. Single-tag Ω−

To analyze the polarization of the single-tag Ω−, we sum
over the spin states of its counterpart, Ω̄þ. Using Eq. (2),

TABLE I. The correspondence between the expansion coefficients S0; S1;…; S15 and the spin components in Eqs. (12)–(14). Dividing
the first-row coefficients by S0 provides the second-row spin components, exemplified by S1=S0 ¼ SL.

S0 S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15

1 SL SxT SyT SLL SxLT SyLT SxxTT SxyTT SLLL SxLLT SyLLT SxxLTT SxyLTT SxxxTTT SyxxTTT
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the production density matrix for a single-tag Ω− is
described as [17]

ρΩ ∝
X
λ2

Aλ1;λ2A
�
λ0
1
;λ2
ρ
λ1−λ2;λ01−λ2
1 ðθΩÞ: ð22Þ

Inserting the transition amplitude Aλi;λj , which is expressed
in terms of the helicity parameters defined in the previous
subsection, results in

ρΩ ¼

0
BBBBB@

m11 c12 c13 0

c�12 m22 im23 c�13
c�13 −im23 m22 −c�12
0 c13 −c12 m11

1
CCCCCA
; ð23Þ

where m11, m22, m23 are real and c12, c13 are complex
functions, given by

m11 ¼
1

8

�ð2þ α1 − α2Þ þ ð2αψ − α1 − α2Þcos2θΩ
�
; ð24Þ

m22 ¼
1

8

�ð2 − α1 þ α2Þ þ ð2αψ þ α1 þ α2Þcos2θΩ
�
; ð25Þ

m23 ¼
ffiffiffi
2

p

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψ − α1Þ

q
sin 2θΩ sin ðϕ1 þ ϕ3Þ; ð26Þ

c12 ¼ −
1

16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ − α2

p
sin 2θΩ

×
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − αψ − α1
p ðcosϕ1 − i sinϕ1Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ þ α1

p ðcosϕ4 þ i sinϕ4Þ
�
; ð27Þ

c13 ¼
ffiffiffi
2

p

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ − α2Þ

q
sin2 θΩðcosϕ3 þ i sinϕ3Þ:

ð28Þ

By comparing Eqs. (23) and (16) we can express the
polarization components Si in terms of the helicity para-
meters and list the nonzero terms as follows:

S0 ¼ 1þ αψ cos2 θΩ; ð29Þ

S3¼−
1

8
sin2θΩ

h ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þαψ −α2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αψ −α1

p
sinϕ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αψ þα1

p
sinϕ4

�þ2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1−αψ −α1Þ

q
sinðϕ1þϕ3Þ

i
;

ð30Þ

S4 ¼
1

2

�ðα1 − α2Þ − ðα1 þ α2Þcos2θΩ
�
; ð31Þ

S5 ¼ −
ffiffiffi
3

p

4
sin 2θΩ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ − α2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ − α1

p
cosϕ1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ þ α1

p
cosϕ4

�
; ð32Þ

S7 ¼
ffiffiffi
6

p

2
sin2θΩ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ − α2Þ

q
cosϕ3; ð33Þ

S11¼−
1

20
sin2θΩ

h ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þαψ −α2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αψ −α1

p
sinϕ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αψ þα1

p
sinϕ4

�
−3

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1−αψ −α1Þ

q
sinðϕ1þϕ3Þ

i
;

ð34Þ

S13 ¼ −
ffiffiffi
6

p

2
sin2 θΩ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ − α2Þ

q
sinϕ3: ð35Þ

We also give the expressions for Si in terms of the helicity amplitudes H1, H2, H3, and H4 in Appendix D, so that one can
easily get the result for any parametrization scheme.

TABLE II. The new parametrization scheme calculated using
Eq. (21). The datasets are from the measurements of the eþe− →
γ� → ψð3686Þ → Ω−Ω̄þ process by theBESIIICollaboration [23].

Parameter Solution I Solution II

αψ 0.237� 0.109 0.233� 0.095
α1 −0.371� 0.202 −0.353� 0.175
α2 1.090� 0.128 1.076� 0.116
ϕ1 4.37� 0.44 6.09� 0.44
ϕ3 2.60� 0.18 2.57� 0.17
ϕ4 4.02� 0.89 5.08� 0.70

ZHE ZHANG, JIAO JIAO SONG, and YA-JIN ZHOU PHYS. REV. D 109, 036005 (2024)

036005-6



Except for the S0 term that corresponds to the cross
section, the six nonzero polarization components listed
above survive from the total 15 terms due to parity conserva-
tion. We will analyze this through the physical inter-
pretation of these components as detailed in Appendix B.
In the parity-conserving eþe− → Ω−Ω̄þ process, a parity
transformation leads to

x̂Ω → −x̂Ω; ŷΩ → ŷΩ; ẑΩ → −ẑΩ: ð36Þ

This transformation keeps the components SyTðS3=S0Þ,
SLLðS4=S0Þ, SxLTðS5=S0Þ, SxxTTðS7=S0Þ, SyLLTðS11=S0Þ,
SxyLTTðS13=S0Þ, andSyxxTTTðS15=S0Þunchanged, demonstrating
their compliance with parity conservation. Additionally, the
limitation of helicity transitions to�1 leads to the absence of
certain off-diagonal elements in the spin density matrix,
as shown in Eq. (23). The component SyxxTTTðS15=S0Þ is
forbidden because it relates to the basis matrix Σ15 as shown
in Eq. (C2), which only have nonzero elements correspond-
ing to helicity transitions beyond �1. Consequently, only
the above six polarization components survive in this
process.
While the spin components have natural boundaries

according to their physical interpretations, as listed in
Eq. (B25), the production mechanism of the single-tag
Ω− in the eþe− → Ω−Ω̄þ process will also implement

constraints on these polarization components. This effect
can be analyzed through applying the ranges for αψ ; α1; α2
as shown in Eqs. (18)–(20) to the six nonzero spin
components in this process. We illustrate the results in
Fig. 2, with the red and blue curves denoting the boundary
lines calculated from Eqs. (29)–(35). One can easily see
that these boundaries for spin components are narrower
than those determined by their physical interpretations and
are influenced by the production angle θΩ, except for SLL.
This finding offers new insights into the polarization
dynamics of this process and deserves further research.
We also observe from the figure that the domains for

all Ω− polarization components include zero, which cor-
respond to unpolarized states. Two sets of parameter
values will lead to this specific situation, which are α1 ¼
α2 ¼ 0; αψ ¼ �1 and α1 ¼ α2 ¼ 0;ϕ4 ¼ −ϕ1. The com-
parison between these values and experimental results can
reveal the polarization degree of theΩ− particle, offering an
intuitive understanding of the parameters.

C. Double-tag Ω− Ω̄+

In this subsection we analyze the spin states of the
double-tag Ω−Ω̄þ. Similar to the single-tag case, we
expand the production density matrix in a complete set
of orthogonal basis matrices, and the expanding coeffi-
cients correspond to the polarization correlation. In the

FIG. 2. Boundaries of the spin components in the single-tag Ω− process.
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double-tag case there are 256 polarization correlation
coefficients, out of which 116 are nonzero. These nonzero
terms are linearly dependent, so we only list the terms
necessary and the rest can be expressed by the linear
combination of these terms. For reference, the original
versions of these coefficients, expressed with variables H1,
H2, H3, and H4, are available in Appendix D.
For a spin-3=2 particle pair system, the general spin

correlation is formulated as

ρB1B̄2
¼

X15
μ¼0

X15
ν¼0

Sμ;νΣ
B1
μ ⊗ ΣB̄2

ν ; ð37Þ

where Sμ;ν denotes the spin correlation coefficients. By
comparing the above equation with the production
density matrix for Ω−Ω̄þ pairs as shown in Eq. (2), we
can obtain the correlation coefficients. Charge conjugation
invariance in the production process informs the following
relationship:

Sμ;νðθΩÞ ¼ Sν;μðπ − θΩÞ: ð38Þ

Given this, we only need to provide specific expressions
for terms where μ ≥ ν. For convenience, we introduce these
D-type functions,

Ds
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ − α1Þð1þ αψ − α2Þ

q
sinϕ1; ð39Þ

Dc
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ − α1Þð1þ αψ − α2Þ

q
cosϕ1; ð40Þ

Ds
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψ − α1Þ

q
sin ðϕ1 þ ϕ3Þ; ð41Þ

Dc
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψ − α1Þ

q
cos ðϕ1 þ ϕ3Þ; ð42Þ

Ds
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ − α2Þ

q
sinϕ3; ð43Þ

Dc
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ − α2Þ

q
cosϕ3; ð44Þ

Ds
4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ þ α1Þð1þ αψ − α2Þ

q
sinϕ4; ð45Þ

Dc
4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ þ α1Þð1þ αψ − α2Þ

q
cosϕ4; ð46Þ

Ds
5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ − α1Þð1 − αψ þ α1Þ

q
sin ðϕ1 − ϕ4Þ; ð47Þ

Dc
5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψ − α1Þð1 − αψ þ α1Þ

q
cos ðϕ1 − ϕ4Þ; ð48Þ

Ds
6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψ þ α1Þ

q
sin ðϕ3 þ ϕ4Þ; ð49Þ

Dc
6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψ þ α1Þ

q
cos ðϕ3 þ ϕ4Þ: ð50Þ

We now outline the explicit expressions for the diagonal
coefficients. We identify the 13 independent terms among
the total 16 diagonal coefficients,

S0;0 ¼ 1þ αψ cos2 θΩ; ð51Þ

S1;1 ¼
1

4
ð4 − αψ þ 2α1 − 2α2Þ

−
1

4
ð1 − 4αψ þ 2α1 þ 2α2Þcos2θΩ; ð52Þ

S2;2 ¼
1

8
ð5þ αψ − 2α1 þ α2 þ 3Dc

5Þsin2θΩ

þ
ffiffiffi
6

p

4
Dc

3ð3þ cos 2θΩÞ; ð53Þ

S3;3 ¼
1

8
ð1þ 5αψ þ 2α1 þ α2 − 3Dc

5Þ sin2 θΩ

−
ffiffiffi
6

p

4
Dc

3ð3þ cos 2θΩÞ; ð54Þ

S4;4 ¼ −ðαψ − α2Þ − ð1 − α2Þ cos2 θΩ; ð55Þ

S5;5 ¼
3

2
ð1þ αψ − α2 þDc

5Þ sin2 θΩ; ð56Þ

S6;6 ¼
3

2
ð1þ αψ − α2 −Dc

5Þ sin2 θΩ; ð57Þ

S7;7 ¼
3

2
Dc

5 sin
2 θΩ þ 3

4
ð1þ αψ − α2Þð3þ cos2θΩÞ; ð58Þ

S9;9 ¼
9

100
ð1 − 4αψ − 2α1 − 3α2Þ

−
9

100
ð4 − αψ − 2α1 þ 3α2Þ cos2 θΩ; ð59Þ

S10;10 ¼
3

100
ð5 − αψ − 3α1 þ 4α2 þ 2Dc

5Þ sin2 θΩ

−
3

ffiffiffi
6

p

50
Dc

3ð3þ cos 2θΩÞ; ð60Þ

S11;11 ¼ −
3

100
ð1 − 5αψ − 3α1 − 4α2 þ 2Dc

5Þ sin2 θΩ

þ 3
ffiffiffi
6

p

50
Dc

3ð3þ cos 2θΩÞ; ð61Þ

S12;12¼
3

2
Dc

5 sin
2θΩ−

3

4
ð1þαψ −α2Þð3þcos2θΩÞ; ð62Þ

S14;14 ¼
9

4
ð1 − αψ þ α1Þ sin2 θΩ: ð63Þ
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The remaining 3 dependent diagonal coefficients are

fS8;8; S13;13; S15;15g ¼ f−S7;7;−S12;12;−S14;14g; ð64Þ

where each coefficient on the left side corresponds
directly to its counterpart on the right side, exemplified
by S8;8 ¼ −S7;7.
For the off-diagonal coefficients, we present a subset of

Sμ;ν with μ > ν, totaling 50 nonzero coefficients. These
coefficients are classified according to the number of
D-type functions contained in their expressions. There
are 6 coefficients without D-type functions, with the
following three selected as the independent ones:

S4;0 ¼
1

2
ðα1 − α2Þ −

1

2
ðα1 þ α2Þ cos2 θΩ; ð65Þ

S9;1 ¼ −
3

40
ð4þ 4αψ − 3α1 − 7α2Þ

−
3

40
ð4þ 4αψ þ 3α1 − 7α2Þ cos2 θΩ; ð66Þ

S14;2 ¼
3

4
ð1þ αψ − α2Þ sin2 θΩ; ð67Þ

and the remaining three are represented as

fS14;10; S15;3; S15;11g ¼
	
−
3

5
S14;2;−S14;2;

3

5
S14;2



: ð68Þ

For a case where theD-type functions appear once, there
are a total of 18 coefficients. The following 7 are chosen as
independent ones:

S7;0 ¼
ffiffiffi
6

p

2
Dc

3 sin
2 θΩ; ð69Þ

S13;0 ¼ −
ffiffiffi
6

p

2
Ds

3 sin
2 θΩ; ð70Þ

S13;7 ¼
3

2
Ds

5 sin
2 θΩ; ð71Þ

S7;5 ¼
3

ffiffiffi
2

p

4
Dc

6 sin 2θΩ; ð72Þ

S13;5 ¼ −
3

ffiffiffi
2

p

4
Ds

6 sin 2θΩ; ð73Þ

S15;7 ¼ −
3

ffiffiffi
3

p

4
Ds

4 sin 2θΩ; ð74Þ

S14;12 ¼
3

ffiffiffi
3

p

4
Dc

4 sin 2θΩ; ð75Þ

and the remaining 11 coefficients can be expressed as

fS12;1; S7;4; S12;9g ¼
	
1

2
S7;0;−S7;0;−

9

10
S7;0



; ð76Þ

fS8;1; S13;4; S9;8g ¼
	
1

2
S13;0;−S13;0;−

9

10
S13;0



; ð77Þ

fS8;6; S12;6; S12;8; S14;8; S15;13g
¼ f−S7;5; S13;5; S13;7; S15;7;−S14;12g: ð78Þ

When the D-type functions appear twice, there are 18
coefficients, with these 12 listed here as independent ones:

S5;0 ¼ −
ffiffiffi
3

p

4
ðDc

1 −Dc
4Þ sin 2θΩ; ð79Þ

S6;1 ¼ −
ffiffiffi
3

p

8
ðDs

1 þ 3Ds
4Þ sin 2θΩ; ð80Þ

S6;2 ¼
3

4
Ds

5 sin
2 θΩ −

ffiffiffi
6

p

4
Ds

3ð3þ cos 2θΩÞ; ð81Þ

S8;2 ¼ −
1

8

�
2

ffiffiffi
3

p
Ds

1 þ 3
ffiffiffi
2

p
Ds

6

�
sin 2θΩ; ð82Þ

S10;2 ¼
3

20
ð2αψ þ α1 − 3α2 þDc

5Þ sin2 θΩ

−
ffiffiffi
6

p

40
Dc

3ð3þ cos 2θΩÞ; ð83Þ

S12;2 ¼ −
1

8
ð2

ffiffiffi
3

p
Dc

1 − 3
ffiffiffi
2

p
Dc

6Þ sin 2θΩ; ð84Þ

S11;3 ¼
3

20
ð2 − α1 − 3α2 −Dc

5Þ sin2 θΩ

þ
ffiffiffi
6

p

40
Dc

3ð3þ cos 2θΩÞ; ð85Þ

S5;4 ¼
ffiffiffi
3

p

4
ðDc

1 þDc
4Þ sin 2θΩ; ð86Þ

S11;5 ¼
3

10
Ds

5 sin
2 θΩ þ 3

ffiffiffi
6

p

20
Ds

3ð3þ cos 2θΩÞ; ð87Þ

S9;6 ¼ −
3

ffiffiffi
3

p

40
ð3Ds

1 −Ds
4Þ sin 2θΩ; ð88Þ

S11;7 ¼ −
3

20

� ffiffiffi
3

p
Ds

1 −
ffiffiffi
2

p
Ds

6

�
sin 2θΩ; ð89Þ

S12;10 ¼
3

20

� ffiffiffi
3

p
Dc

1 þ
ffiffiffi
2

p
Dc

6

�
sin 2θΩ; ð90Þ

and the other 6 are written as

fS5;3; S10;6; S7;3g ¼ fS6;2; S11;5; S8;2g; ð91Þ
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fS13;3; S10;8; S13;11g ¼ f−S12;2; S11;7;−S12;10g: ð92Þ

Finally, when the D-type functions appear 3 times, there
are 8 coefficients, all of which are independent:

S3;0 ¼ −
1

8

�
2

ffiffiffi
2

p
Ds

2 þ
ffiffiffi
3

p
ðDs

1 þDs
4Þ
�
sin 2θΩ; ð93Þ

S11;0 ¼
1

20

�
3

ffiffiffi
2

p
Ds

2 −
ffiffiffi
3

p
ðDs

1 þDs
4Þ
�
sin 2θΩ; ð94Þ

S2;1 ¼
1

16

�
2

ffiffiffi
2

p
Dc

2 −
ffiffiffi
3

p
ðDc

1 − 3Dc
4Þ
�
sin 2θΩ; ð95Þ

S10;1 ¼ −
1

40

�
3

ffiffiffi
2

p
Dc

2 þ
ffiffiffi
3

p
ðDc

1 − 3Dc
4Þ
�
sin 2θΩ; ð96Þ

S9;2 ¼
3

80

�
6

ffiffiffi
2

p
Dc

2 −
ffiffiffi
3

p
ð3Dc

1 þDc
4Þ
�
sin 2θΩ; ð97Þ

S4;3 ¼ −
1

8

�
2

ffiffiffi
2

p
Ds

2 þ
ffiffiffi
3

p
ðDs

1 −Ds
4Þ
�
sin 2θΩ; ð98Þ

S11;4 ¼ −
1

20

�
3

ffiffiffi
2

p
Ds

2 −
ffiffiffi
3

p
ðDs

1 −Ds
4Þ
�
sin 2θΩ; ð99Þ

S10;9 ¼
3

200

�
9

ffiffiffi
2

p
Dc

2 þ
ffiffiffi
3

p
ð3Dc

1 þDc
4Þ
�
sin 2θΩ: ð100Þ

We have detailed the 66 polarization correlation coef-
ficients where μ ≥ ν. The correlation coefficientswith μ < ν
can be derived using the relation Sμ;νðθΩÞ ¼ Sν;μðπ − θΩÞ.
Among these 50 coefficients, 22 show symmetry in the
exchange of μ and ν, and the remaining 28 coefficients are
antisymmetric. The symmetric ones are

8>>>><
>>>>:

S0;4; S0;7; S0;13; S1;8; S1;9; S1;12
S2;6; S2;10; S2;14; S3;5; S3;11; S3;15
S4;7; S4;13; S5;11; S6;10; S7;13
S8;9; S8;12; S9;12; S10;14; S11;15

9>>>>=
>>>>;

¼

8>>>><
>>>>:

S4;0; S7;0; S13;0; S8;1; S9;1; S12;1
S6;2; S10;2; S14;2; S5;3; S11;3; S15;3
S7;4; S13;4; S11;5; S10;6; S13;7
S9;8; S12;8; S12;9; S14;10; S15;11

9>>>>=
>>>>;
; ð101Þ

and the coefficients that exhibit antisymmetry are

8>>>>>><
>>>>>>:

S0;3; S0;5; S0;11; S1;2; S1;6; S1;10
S2;8; S2;9; S2;12; S3;4; S3;7; S3;13
S4;5; S4;11S5;7; S5;13; S6;8; S6;9
S6;12; S7;11; S7;15; S8;10; S8;14
S9;10; S10;12; S11;13; S12;14; S13;15

9>>>>>>=
>>>>>>;

¼ −

8>>>>>><
>>>>>>:

S3;0; S5;0; S11;0; S2;1; S6;1; S10;1
S8;2; S9;2; S12;2; S4;3; S7;3; S13;3
S5;4; S11;4S7;5; S13;5; S8;6; S9;6
S12;6; S11;7; S15;7; S10;8; S14;8
S10;9; S12;10; S13;11S14;12; S15;13

9>>>>>>=
>>>>>>;
: ð102Þ

To explore the reasons behind the symmetry and antisym-
metry in these coefficients, we consider CP conservation in
the eþe− → Ω−Ω̄þ process. Because of Eq. (1) and Fig. 1,
a CP transformation leads to modifications in the coor-
dinate systems of Ω− and Ω̄þ,

x̂Ω → −x̂Ω; ŷΩ → −ŷΩ ẑΩ → ẑΩ; ð103Þ

x̂Ω̄ → −x̂Ω̄; ŷΩ̄ → −ŷΩ̄ ẑΩ̄ → ẑΩ̄; ð104Þ

where the transverse coordinates (x and y) of both Ω− and
Ω̄þ invert, and the longitudinal coordinates (z) remain
unchanged. Consequently, polarization coefficients involv-
ing an even number of transverse indices remain the same.
For example, the coefficient S1;8 (corresponding to SL;TTxy),
containing two transverse indices, remains unchanged. In
contrast, coefficients with an odd number of transverse

indices, such as S1;2 (corresponding to SL;Tx), undergo a
sign change.
In our analysis of single-tag Ω− polarization, we identify

two solution sets indicating an unpolarized state of Ω−. For
the double-tag Ω−Ω̄þ system, there is no specific solution
that completely zeros all polarization correlation coeffi-
cients, which corresponds to the unpolarized state of the
system. However, we find a special solution set that zeros
out all off-diagonal polarization correlation coefficients,
significantly reducing polarization correlation in the Ω−Ω̄þ
system. This particular solution is

α1 ¼ 0; α2 ¼ 0; αψ ¼ −1; ϕ4 ¼ −ϕ1: ð105Þ

A possible discrepancy between these theoretical ideal
values and experimental measurements would offer insight
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into the extent of polarization correlation between Ω−

and Ω̄þ.
In single-tag Ω− polarization measurements, there exist

two sets of solutions corresponding to the same polariza-
tion state, reported by BESIII [23]. While in a double-tag
Ω−Ω̄þ measurement we claim that this uncertainty can be
removed. To show this we insert the two solutions listed in
Table II into the polarization correlation coefficients we
obtained in this subsection, and the results demonstrate that
these two solutions can be separated clearly. We take S11;1,
S9;2, and S10;9 as examples in Fig. 3. The conclusion is that
it would be much easier to eliminate nonphysical solutions
in the double-tag Ω−Ω̄þ measurement.

V. DECAY CHAINS

Particles polarization states are typically inferred from
decay processes, which manifest the polarization of parent
particles in the angular distribution of their decay products.
There are several approaches to describe particle decay. For
instance, the polarization transfer matrix aμν [47] and the
Lee-Yang formula [58] are two common approaches for
spin-1=2 particles. In this section, we present three methods
to describe the decay expressions of spin-1=2 and spin-3=2
particles. The first method employs polarization transfer
matrices, represented as aμν for spin-1=2 and bμν for spin-
3=2 particles, within the helicity formalism. The second
approach applies the Lee-Yang formula for spin-1=2
particles and its adapted version for spin-3=2 particles.
The third method is a new formulation we have developed.
While these approaches are equivalent, each provides
distinct insights into the decay processes. Additionally,
we discuss the discrepancies in understanding the decay
parameters of the Ω particle among existing experiments.
Because of their computational simplicity, we begin with

the use of polarization transfer matrices within the helicity
formalism to describe decay expressions. For the decay of
spin-1=2 particles, e.g., the Λ → pπ− process, the spin
density matrix of the proton is represented as [47]

ρp1=2 ¼
X3
μ¼0

X3
ν¼0

Sμaμνσν; ð106Þ

where Sμ denotes the polarization of the initial Λ particle
and aμν is the polarization transfer matrix, illustrating the
polarization transition from the parent Λ to the daughter
proton. The polarization transfer matrix is expressed as

aμν ¼
1

4π

X1=2
λ;λ0¼−1=2

X1=2
κ;κ0¼−1=2

BλB�
λ0 ðσμÞκ;κ

0 ðσνÞλ0;λ

×D1=2�
κ;λ ðΩÞD1=2

κ0;λ0 ðΩÞ; ð107Þ

where DJ
κ;λðΩÞ ¼ DJ

κ;λð0; θ;ϕÞ represents the Wigner
D-matrix and Bλ is the helicity amplitude for the
Λ → pπ− process with λ being the helicity of the proton.
The relation between these helicity amplitudes and the
canonical amplitudes AL is given by

Bλ ¼
X
L

�
2Lþ 1

2J þ 1

�
1=2

hL; 0; S; λjJ; λiAL; ð108Þ

where hL; 0; S; λjJ; λi denotes the Clebsch-Gordan coef-
ficients, which involve the spin of the parent particle (J),
the spin of the daughter particle (S), and the orbital angular
momentum (L). For the case where J ¼ 1=2 and S ¼ 1=2,
we obtain

B−1=2 ¼
ffiffiffi
2

p

2
ðAS þ APÞ; ð109Þ

B1=2 ¼
ffiffiffi
2

p

2
ðAS − APÞ: ð110Þ

These helicity amplitudes encompass both parity-
conserving and parity-violating effects. For parity conser-
vation processes, there is a relationship

FIG. 3. Parts of the polarization correlation coefficients in the double-tag Ω−Ω̄þ process with the two solutions measured in the
single-tag Ω− process as inputs.
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Bλ ¼ η1η2ηð−1ÞJ−SB−λ; ð111Þ

where η, η1, and η2 denote the parities of the parent particle
Λ and its decay products, proton and π−, respectively. By
comparing Eqs. (109) and (110) with Eq. (111), we identify
that the P-wave term ðAPÞ aligns with parity conservation,
while the S-wave term ðASÞ indicates the parity-violating
transition. Using the Lee-Yang parametrization scheme
with the normalization constraint A2

S þ A2
P ¼ 1, these

amplitudes are parametrized as

αD ¼ −2Re
�
AS

�AP

� ¼ jB1=2j2 − jB−1=2j2; ð112Þ

βD ¼ −2Im
�
AS

�AP

� ¼ 2Im
�
B1=2B−1=2

�
; ð113Þ

γD ¼ jASj2 − jAPj2 ¼ 2Re
�
B1=2B−1=2

�
; ð114Þ

where βD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
sinϕD and γD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
cosϕD.

We give the explicit expressions for aμν in Appendix E.
Contrary to common beliefs, αΛ is not the most precise
indicator of parity violation. Instead, γΛ offers a more direct
measurement: positive values indicate parity violation
dominance, while negative values suggest dominance of
parity conservation. The key factor is ϕΛ. The Particle Data
Group (PDG) reports ϕΛ ¼ −6.5� 3.5° [59], indicating a
predominance of parity violation in the Λ decay.
The analysis of the decay for spin-3=2 particles, exem-

plified by the Ω− → ΛK− process, parallels that for
spin-1=2 particles. The spin density matrix of the Λ particle
is expressed as

ρΛ1=2 ¼
X15
μ¼0

X3
ν¼0

Sμbμνσν; ð115Þ

where Sμ denotes the polarization of the parent particle Ω−

and bμν, the polarization transfer matrix, reflects the
transfer of polarization from Ω− to Λ. The matrix bμν is
formulated as

bμν ¼
1

2π

X1=2
λ;λ0¼−1=2

X3=2
κ;κ0¼−3=2

BλB�
λ0 ðΣμÞκ;κ0 ðσνÞλ0;λ

×D3=2�
κ;λ ðΩÞD3=2

κ0;λ0 ðΩÞ; ð116Þ

where Bλ is the helicity amplitude for the Ω− → ΛK−

process with λ being the helicity of the Λ. Using Eq. (108),
these helicity amplitudes are described as

B−1=2 ¼
ffiffiffi
2

p

2
ðAP þ ADÞ; ð117Þ

B1=2 ¼
ffiffiffi
2

p

2
ðAP − ADÞ: ð118Þ

Using Eq. (111) for parity analysis, we find that that the
P-wave term ðAPÞ corresponds to parity conservation,
while the D-wave term ðADÞ indicates parity-violating
effects. With the normalization condition A2

P þ A2
D ¼ 1,

the amplitudes are parametrized as

αD ¼ −2Re
�
A�
PAD

� ¼ jB1=2j2 − jB−1=2j2; ð119Þ

βD ¼ −2Im
�
A�
PAD

� ¼ 2Im
�
B1=2B�

−1=2
�
; ð120Þ

γD ¼ jAPj2 − jADj2 ¼ 2Re
�
B1=2B�

−1=2
�
; ð121Þ

where βD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
sinϕD and γD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
cosϕD.

The complete expressions for bμν are detailed in
Appendix E. We use the parameter γΩ to assess the degree
of parity violation, where a positive γΩ suggests a pre-
dominance of parity conservation and a negative γΩ
indicates parity violation dominance. Commonly, decay
parameters for Ω are expected to be βΩ ≈ 0 and γΩ ≈�1
[41,42]. Based on this, the STAR Collaboration reported
γΩ → 1 [32]. However, the BESIII Collaboration presented
different results with

βΩ ¼ −0.91þ0.21
−0.09 ; γΩ ¼ −0.41� 0.46; ð122Þ

βΩ ¼ −0.85þ0.25
−0.15 ; γΩ ¼ −0.53� 0.40; ð123Þ

for the two values of ϕΩ in Solution I and Solution II in
Ref. [23] together with αΩ ¼ 0.0154 [59] as inputs. These
results significantly differ from traditional beliefs. The
assumption that βΩ ≈ 0, which implies limited time-rever-
sal violation, is inconsistent with the measurement of
BESIII Collaboration. Additionally, the sign of γΩ reported
by BESIII Collaboration directly conflicts with the result
of STAR Collaboration. Given the notable experimental
uncertainties, especially concerning ϕΩ, more precise
experimental investigations are needed to clarify these
discrepancies.
Using the associated coordinate systems and angular

definitions shown in Fig. 1, we have described decay
processes using polarization transfer matrices aμν and bμν.
While these matrices are computationally convenient, the
lengthy polarization transfer expressions obscure the under-
lying physical mechanisms of decay processes. To provide
a more intuitive understanding of decay processes, Lee and
Yang proposed an alternate approach for spin-1=2 particle
decays in Ref. [58]. In the rest frame of the parent particle
Λ, the polarization transfer in the Λ → pþ π− decay is
expressed as

S⃗p ¼
ðαΛ þ S⃗Λ · p̂pÞp̂p þ βΛS⃗Λ × p̂p þ γΛp̂p × ðS⃗Λ × p̂pÞ

1þ αΛS⃗Λ · p̂p

;

ð124Þ
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where S⃗Λ denotes the spin vector of Λ and p⃗p and S⃗p
represent the momentum and spin vector of the proton,
respectively. The denominator indicates the cross section
for this process

dσΛ→pπ− ∝ ð1þ αΛS⃗Λ · p̂pÞ: ð125Þ

This decay expression clearly reveals the mechanisms
involved. The parameter αΛ reflects the impact of the
parent polarization on both the cross section and the
polarization of decay products along their momentum
direction. βΛ details how the parent polarization influences
the polarization of the decay products perpendicular to the
plane formed by the parent spin vector and the momentum
of the decay products. γΛ signifies the effect of the parent
polarization on the polarization of decay products within
this plane, perpendicular to their momentum.
We extend this methodology to analyze the decay of

spin-3=2 particles, using the Ω− → Λπ− decay process as
an example. According to the equivalence to Eq. (115), the
polarization of the Λ particle is described as follows:

S⃗Λ ¼ 1

D

	�
αΩ þ 2

5
S⃗Ω · p̂Λ − αΩT

pp
Ω − 2Rppp

Ω

�
p̂Λ

þ βΩ

�
4

5
S⃗Ω − 2R⃗pp

Ω

�
× p̂Λ

þ γΩp̂Λ ×

��
4

5
S⃗Ω − 2R⃗pp

Ω

�
× p̂Λ

�

; ð126Þ

where D represents the cross-section term for the decay
process

dσΩ
−→ΛK− ∝ D ¼

�
1þ 2

5
αΩS⃗Ω · p̂Λ − Tpp

Ω − 2αΩR
ppp
Ω

�
;

ð127Þ

where SiΩ, T
ij
Ω, and Rijk

Ω denote the spin vector, rank-2 spin
tensor, and rank-3 spin tensor of the Ω− particle, detailed in
Appendix B. The following shorthand notations are used
in the expressions:

Tpp
Ω ¼ Tij

Ωp̂
i
Λp̂

j
Λ; ð128Þ

Rppp
Ω ¼ Rijk

Ω p̂i
Λp̂

j
Λp̂

k
Λ; ð129Þ

ðRpp
Ω Þi ¼ Rijk

Ω p̂j
Λp̂

k
Λ: ð130Þ

Similar to the decay of spin-1=2 particles, the decay
parameters αΩ, βΩ, and γΩ for spin-3=2 particles also carry
related physical interpretations. Our approach shows some
differences from the one in Ref. [42], mainly due to a
distinct normalization method for polarization components.
We detail the domains of the polarization components

based on our normalization sch in Eq. (B25). A direct
difference is seen when averaging over the angular
distribution of Λ, where the polarization transfer is sim-
plified to

S⃗Λ ¼ CΩΛ

�
2

3
S⃗Ω

�
¼ 1

5
ð1þ 4γΩÞ

�
2

3
S⃗Ω

�
: ð131Þ

Our formula includes a factor of 2=3, which is absent in
Refs. [32,42], which arises from normalizing the spin
vector Si in the range of ½−3=2; 3=2�.
We have explored two different methods for describing

decay processes. The helicity formalism is particularly
useful for depicting the coordinate system and angular
dependencies of the decay products. On the other hand,
the Lee-Yang method offers more explicit insights into
the fundamental physical principles of these processes.
Combining the advantages of these two approaches, we
develop the third method to describe decay. For the decay
of spin-1=2 particles, such as in the Λ → pþ π− process,
we establish the coordinate system of the parent particle as
xΛ − yΛ − zΛ, illustrated in Fig. 1. The polarization pro-
jection axes for the proton are represented as

x̂p ¼ fcos θp cosϕp; cos θp sinϕp;− sin θpg; ð132Þ

ŷp ¼ f− sinϕp; cosϕp; 0g; ð133Þ

ẑp ¼ fsin θp cosϕp; sin θp sinϕp; cos θpg: ð134Þ

By projecting Eq. (124) onto these axes, we determine
the cross-section and polarization components of the proton
for each axis,

dσΛ→pπ− ∝ D ¼ ð1þ αΛSiΛẑ
i
pÞ; ð135Þ

Pp
x ¼ 1

D
SiΛðβΛŷip þ γΛx̂ipÞ; ð136Þ

Pp
y ¼ 1

D
SiΛðγΛŷip − βΛx̂ipÞ; ð137Þ

Pp
z ¼ 1

D
ðαΛ þ SiΛẑ

i
pÞ: ð138Þ

This representation not only includes details about
the coordinate axes and angles but also offers a clearer
understanding of the physical mechanisms involved.
Furthermore, by decomposing polarization into individual
axes, this approach simplifies the study of polarization in
various directions.
We apply this method to express the decay of spin-3=2

particles. Using a similar approach to define the coordinate
system for the parent particle Ω as x̂Ω − ŷΩ − ẑΩ and the
polarization projection axes for the daughter particle Λ as
x̂Λ − ŷΛ − ẑΛ,weproject Eq. (126)onto these axes andobtain
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dσΩ
−→ΛK− ∝D

¼
�
1þ2

5
αΩSiΩẑ

i
Λ−Tij

Ωẑ
i
Λẑ

j
Λ−2αΩR

ijk
Ω ẑiΛẑ

j
Λẑ

k
Λ

�
; ð139Þ

PΛ
x ¼

1

D

�
4

5
SiΩðβΩŷiΛþγΩx̂iΛÞ−2Rijk

Ω ẑiΛẑ
j
ΛðβΩŷkΛþγΩx̂kΛÞ

�
;

ð140Þ

PΛ
y ¼ 1

D

�
4

5
SiΩðγΩŷiΛ − βΩx̂iΛÞ− 2Rijk

Ω ẑiΛẑ
j
ΛðγΩŷkΛ − βΩx̂kΛÞ

�
;

ð141Þ

PΛ
z ¼

1

D

�
αΩþ

2

5
SiΩẑ

i
Λ−αΩT

ij
Ωẑ

i
Λẑ

j
Λ−2Rijk

Ω ẑiΛẑ
j
Λẑ

k
Λ

�
: ð142Þ

Using these decay expressions, we establish the joint
angular distributions for final-state particles in single-tag
Ω− and double-tag Ω−Ω̄þ decays. Because of the equiv-
alence of the three polarization transfer expressions, we
focus on the first method for computational convenience.
For single-tagΩ− decays, the joint angular distribution is

formulated as

Wðω⃗; ζ⃗Þ ¼
X15
μ¼0

X3
ν¼0

SμbΩμνaΛν0; ð143Þ

where ω⃗ ¼ fαψ ; α1; α2;ϕ1;ϕ3;ϕ4; αΩ;ϕΩ; αΛg denotes the

decay parameters and ξ⃗ ¼ fθΩ; θΛ;ϕΛ; θp;ϕpg indicates
the angles involved in both the production and multistage
decay processes. Considering the challenges in directly
measuring the polarization of the proton, our analysis
includes a summation over this polarization.
For double-tag Ω−Ω̄þ decays, we express the joint

angular distribution as follows:

Wðω⃗; ζ⃗Þ ¼
X15
μ¼0

X15
ν¼0

X3
μ0¼0

X3
ν0¼0

SμνbΩμμ0b
Ω̄
νν0a

Λ
μ00a

Λ̄
ν00; ð144Þ

where ω⃗ ¼ fαψ ; α1; α2;ϕ1;ϕ3;ϕ4; αΩ; αΩ̄;ϕΩ;ϕΩ̄; αΛ; αΛ̄g
signifies decay parameters and ξ⃗ ¼ fθΩ; θΛ;ϕΛ; θΛ̄;ϕΛ̄;
θp;ϕp; θp̄;ϕp̄g reflects the associated angles. Similar to
the single-tag case, we sum over the proton polarization.

VI. FURTHER DISCUSSION: SENSITIVITY
OF ϕΩ MEASUREMENT

In this section, we compare the sensitivity of the decay
parameter ϕΩ in single-tag Ω− decays and double-tag
Ω−Ω̄þ decays measurements. Following the methods out-
lined in Refs. [60,61], we use the maximum likelihood
method to examine the sensitivity of ϕΩ with respect to the
number of observed events, N.

For a specific process, we define the normalized joint
angular distribution as

W̃ðω⃗; ζ⃗Þ ¼ Wðω⃗; ζ⃗ÞR
Wðω⃗; ζ⃗Þdζ⃗

: ð145Þ

For a set of specific data, the likelihood function can be
defined as

L ¼
YN
i¼1

W̃ ðω⃗; ζ⃗Þ; ð146Þ

where N is the number of the observed events. In the
maximum likelihood method, the statistical sensitivity of
the measured parameter is determined by the relative
uncertainty,

δðϕΩÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
VðϕΩÞ

p
jϕΩj

; ð147Þ

where VðϕΩÞ is the variance of the parameter, given by

V−1ðϕΩÞ ¼ N
Z

1

W̃

�
∂W̃
∂ϕΩ

�
2

dζ⃗: ð148Þ

To determine how the sensitivity of the parameter ϕΩ
depends on the number of observed events N in both
single-tag and double-tag processes, we insert Eqs. (143)
and (144) into Eqs. (145)–(148). We set the polarization-
related parameters as follows [23,59]:

αψ ¼ 0.237; α1 ¼ −0.371; α2 ¼ 1.090;

ϕ1 ¼ 4.37; ϕ3 ¼ 2.60; ϕ4 ¼ 4.02;

αΛ=Λ̄ ¼�0.753; αΩ=Ω̄ ¼�0.0154; ϕΩ=Ω̄ ¼�4.22:

ð149Þ

For this preliminary assessment, we consider only the
central values.
We present the statistical sensitivity of the parameter ϕΩ

in Fig. 4. This prediction does not account for parameters
uncertainties, background effects, detection efficiency,
angular acceptance, or various systematic uncertainties.
Consequently, the sensitivity depicted in Fig. 4 is likely to
be an overestimate compared to actual experimental meas-
urement uncertainties. Our focus here is on providing rough
estimates and comparative analyses.
Figure 4 indicates that for a similar level of statistical

sensitivity, double-tag measurements require only about
6%–7% of the number of events needed in single-tag
measurements. This implies that double-tag becomes sta-
tistically more efficient when the detection efficiency for
single-side Ω decay exceeds 15%. Current reports suggest
detection efficiencies for single-side Ω decays are around
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17%–19% [23]. Moreover, single-tag Ω− measurements
typically include a background of approximately 10% [23],
which does not decrease with larger sample sizes. By
contrast, double-tag measurements are likely to have a
much lower background, estimated to be under 0.5%. This
reduced background is mainly due to the proximity of
ψð3686Þ to the Ω−Ω̄þ production threshold.
Overall, double-tag measurement offers superior perfor-

mance in all aspects. Given the current detection efficien-
cies and the recent accumulation of events at ψð3686Þ [48],
we anticipate gathering around 1600–1800 double-tag
events. As shown in Fig. 4, this amount of data could
lead to a sensitivity of approximately 2% for ϕΩ. Such
improved sensitivity is expected to clarify the current
discrepancies in the measurements of ϕΩ among different
experiments.

VII. SUMMARY

In this paper, we perform a polarization-related physical
analysis in the eþe− → Ω−Ω̄þ process, covering the
following aspects: the production density matrix for
Ω−Ω̄þ pairs, single-tag Ω− polarization expansion coef-
ficients, double-tag Ω−Ω̄þ polarization correlation coeffi-
cients, and the decay chains of Ω−Ω̄þ.
Using the helicity formalism, we present the production

densitymatrix forΩ−Ω̄þ pairs. This matrix is defined by four
complex amplitudes: H1, H2, H3, and H4. It adheres to the
fundamental principles of parity conservation and charge
conjugation invariance. These amplitudes provide insights
into the polarization properties and form factors of Ω−

particles. Investigating the form factors in the timelike region
contributes to the understanding of the internal structure of
Ω− and serves as a vital reference for theoretical approaches
such as lattice QCD and other nucleon structure models.
We review the representation of the polarization states for

particles with spin 1=2 and 3=2 spins, discussing both the
general formalism for spin density matrices and their

representation within the helicity formalism. The general
formalism provides a comprehensive interpretation of spin
components, while the helicity formalism offers a more
concise representation but lacks intuitive physical insights.
To bridge these methodologies, we introduced a new basis
matrix set within the helicity formalism, which correlates
spin components defined in the helicity formalism with
those in the general spin density matrix. This approach
facilitates a deeper understanding of the underlying spin
mechanics in physical processes.
We introduce a novel parametrization for helicity ampli-

tudes to investigate the polarization properties in both
single-tag Ω− and double-tag Ω−Ω̄þ cases. For the single-
tag Ω−, we identify six nonzero polarization components,
discuss their physical interpretations, and explain why only
these components are feasible. By establishing parameters
range values, we give the domains of these polarization
components. Notably, we identify specific sets of solutions
that can render the Ω− particle unpolarized.
In the case of double-tag Ω−Ω̄þ, 116 out of the 256

potential polarization correlation coefficients are nonzero.
We classify these coefficients into exchange symmetric and
exchange antisymmetric terms in the exchange of μ and ν.
The presence of these symmetric and antisymmetric terms
is a result of CP conservation principles. Furthermore, we
identify a specific set of solutions that minimizes polari-
zation correlation in Ω−Ω̄þ pairs. Double-tag measure-
ments offer the advantage of eliminating nonphysical
solutions that may exist in single-tag measurements.
Particle polarization analysis often relies on studying

their decay processes. We present three equivalent
approaches to represent the decay of particles with spin-
1=2 and spin-3=2, providing valuable insights into these
decay mechanisms from different perspectives. Notably,
current experimental data reveal inconsistencies in the
decay parameters of the Ω particle, which present sub-
stantial challenges in the study of processes involving Ω.
This highlights the necessity for more precise experimental
observations to resolve these discrepancies.
The inconsistencies in the understanding of the Ω

particle decay parameters center around ϕΩ. By employing
maximum likelihood estimation, we assess the statistical
sensitivity of ϕΩ with respect to the number of observed
events (N) in both single-tag and double-tag measurements.
Taking into account the reported Ω particle reconstruction
efficiency by the BESIII Collaboration, our findings
indicate that the double-tag measurement offers statistical
advantages. Additionally, this approach effectively reduces
background noise. Based on the data collected by BESIII at
ψð3686Þ, our predictions suggest that double-tag measure-
ments can constrain the statistical uncertainty of ϕΩ to
approximately 2%, thereby resolving the existing discrep-
ancies related to this decay phase.
In conclusion, our study offers fresh insights into the

polarization phenomena during the production of Ω−Ω̄þ
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FIG. 4. Statistical sensitivity of ϕΩ estimated via maximum
likelihood estimation. The sensitivity under single-tag (left) and
double-tag (right) conditions is plotted as a function of the
number of events N. For equivalent statistical sensitivity, double-
tag events require only 6%–7% of the number of single-tag
events.
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pairs in eþe− annihilation processes. The analytical frame-
work we have developed is not limited toΩ−Ω̄þ pairs but is
also applicable to the polarization analysis of other
spin-3=2 particle pairs produced in electron-positron anni-
hilation. The decay formalism established for spin-3=2
particles holds universal applicability in a wide range of
research areas involving such particles, including the
investigation of spin-3=2 fragmentation functions, global
polarization, and related topics.
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APPENDIX A: FORM FACTORS
IN A TIMELIKE REGION

The relationship between the form factors and the
transition amplitudes is given by [9,47]

GE ¼ 1

4m
½H1 þH4�; ðA1Þ

GM ¼ 3

5
ffiffiffi
2

p 1ffiffiffiffiffi
q2

p ½
ffiffiffi
3

p
H3 þH2�; ðA2Þ

GQ ¼ 3

2τ

1

4m
½H4 −H1�; ðA3Þ

GO ¼ 1

4τ

1ffiffiffiffiffi
q2

p
�
H3 −

ffiffiffi
3

p

2
H2

�
; ðA4Þ

where τ ¼ q2=4m2, m is the mass of the Ω−, and q is the
momentum of the virtual photon.
Using the datasets in Ref. [23], we present the ratios of

form factors in Table III. Although these measurements

have limited precision, they continue to be valuable
references for studies in lattice QCD and quark models,
particularly concerning the form factors of the Ω−

baryon.

APPENDIX B: SPIN COMPONENTS FOR
SPIN-3=2 AND THEIR PHYSICAL

INTERPRETATION

The polarization of spin-3=2 particles can be described
using 15 independent spin components. These compo-
nents are found in the spin vector Si, the rank-2 spin
tensor Tij, and the rank-3 spin tensor Rijk. Together,
they constitute the spin density matrix that represents a
spin-3=2 particle. The physical interpretations of these
components are expressed as combinations of probabil-
ities to find specific polarization states in the system.
We provide the explicit expressions of Si, Tij, and Rijk

in the particle rest frame and the corresponding physical
interpretations for all 15 polarization components. It is
worth noting that our decomposition of the physical
interpretation for SxyLTT differs from the one presented in
Refs. [17,31], allowing for a refined analysis of parity or
CP symmetries.
For spin vector Si, which consists of three polarization

components, the expression is given by

Si ¼ ðSxT; SyT; SLÞ: ðB1Þ

These polarization components are defined using hΣai ¼
Tr½Σaρ� with Σa defined in Eqs. (9)–(11). Then, these
polarization components are represented as

SL ¼ hΣzi; SxT ¼ hΣxi; SyT ¼ hΣyi: ðB2Þ

We will provide the physical interpretations of these
components by exploring this definition.
For the rank-2 spin tensor Tij, which consists of five

polarization components, the expression is given by

Tij ¼ 1

2

0
B@

−SLL þ SxxTT SxyTT SxLT
SxyTT −SLL − SxxTT SyLT
SxLT SyLT 2SLL

1
CA: ðB3Þ

These polarization components are represented as

SLL ¼ hΣzzi; SxLT ¼ 2hΣxzi; SyLT ¼ 2hΣyzi;
SxyTT ¼ 2hΣxyi; SxxTT ¼ hΣxx − Σyyi: ðB4Þ

For the rank-3 spin tensor Rijk, which consists of 7
polarization components, the expression is given by

TABLE III. The ratios of form factors for the Ω particle. These
values are derived using Eqs. (A1)–(A4), based on BESIII
Collaboration measurements [23].

Ratio Solution I Solution II

jGM j
jGEj

0.632� 0.151 0.698� 0.201

jGQj
jGEj

0.386� 0.336 0.737� 0.613

jGOj
jGEj

0.261� 0.082 0.321� 0.159
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Rijk ¼ 1

4

2
66666666666666666664

0
B@

−3SxLLT þ SxxxTTT −SyLLT þ SyxxTTT −2SLLL þ SxxLTT
−SyLLT þ SyxxTTT −SxLLT − SxxxTTT SxyLTT
−2SLLL þ SxxLTT SxyLTT 4SxLLT

1
CA

0
B@

−SyLLT þ SyxxTTT −SxLLT − SxxxTTT SxyLTT
−SxLLT − SxxxTTT −3SyLLT − SyxxTTT −2SLLL − SxxLTT

SxyLTT −2SLLL − SxxLTT 4SyLLT

1
CA

0
B@

−2SLLL þ SxxLTT SxyLTT 4SxLLT
SxyLTT −2SLLL − SxxLTT 4SyLLT
4SxLLT 4SyLLT 4SLLL

1
CA

3
7777777777777777775

: ðB5Þ

These polarization components are represented as

SLLL ¼ hΣzzzi; SxLLT ¼ hΣxzzi; SyLLT ¼ hΣyzzi;
SxyLTT ¼ 4hΣxyzi; SxxLTT ¼ 2hΣxxz −Σyyzi;
SxxxTTT ¼ hΣxxx − 3Σxyyi; SyxxTTT ¼ h3Σyxx −Σyyyi: ðB6Þ

To analyze the polarization states, we introduce the spin
projection operators along a specific direction ðθ;ϕÞ as
follows:

Σin̂i ¼ Σx sin θ cosϕþ Σy sin θ sinϕþ Σz cos θ; ðB7Þ

where θ represents the polar angle of this direction and ϕ
represents the azimuthal angle. We define the eigenstates
along this particular direction as jmðθ;ϕÞi, where m denotes
the corresponding eigenvalue. Therefore, the probability of
finding this polarization state in the system is given by

Pðmðθ;ϕÞÞ ¼ Tr½ρjmðθ;ϕÞihmðθ;ϕÞj�: ðB8Þ

To facilitate our analysis, we introduce the following
notations:

jmixþy¼jmðπ
2
;π
4
Þi; jmixþz¼jmðπ

4
;0Þi;

jmiyþz¼jmðπ
4
;π
2
Þi; jmix−y¼jmðπ

2
;−π

4
Þi;

jmix−z¼jmð−π
4
;0Þi; jmiy−z¼jmð−π

4
;π
2
Þi;

jmixþyþz¼jmðθxyz;π4Þi; jmix−yþz¼jmðθxyz;−π
4
Þi;

jmixþy−z¼jmðπ−θxyz;π4Þi; jmix−y−z¼jmðπ−θxyz;−π
4
Þi; ðB9Þ

where θxyz ¼ arctanð ffiffiffi
2

p Þ. These notations will be useful in
understanding the symmetry of the reaction process.
According to Eq. (B1) and Eq. (B2), the physical

interpretations of the 3 spin vector components are given by

SL ¼ 3

2
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ðB10Þ

SxT ¼ 3

2

�
Px

�
3

2

�
− Px

�
−
3

2

��
þ 1

2

�
Px

�
1

2

�
− Px

�
−
1

2

��
;

ðB11Þ

SyT ¼ 3
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Py
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ðB12Þ

According to Eq. (B3) and Eq. (B4), the physical
interpretations of the 5 rank-2 spin tensor components
are given by

SLL ¼
�
Pz

�
3
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ðB13Þ
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SyLT ¼ 2
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SxxTT ¼ 2
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SxyTT ¼ 2
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According to Eq. (B5) and Eq. (B6), the physical interpretations of the 7 rank-3 spin tensor components are given by

SLLL ¼ 3
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SxxLTT ¼
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SxxxTTT ¼ 1
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SyxxTTT ¼ −
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The domains for these polarization components are given by

SL; SxT; S
y
T ∈

�
−
3

2
;
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The total degree of polarization is given by

d ¼ 1ffiffiffiffiffi
2s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sþ 1ÞTr½ρ2� − 1
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: ðB26Þ

Its value ranges between 0 and 1.

APPENDIX C: SPIN-3=2 BASIS MATRICES

To establish a one-to-one correspondence between the spin components S0; S1;…; S15 in the helicity formalism
decomposition and the spin components 1, SL; Sx;…; SyxxTTT in the spin density matrix representation, as shown in Table I,
we follow the spin basis matrix selection method detailed in Ref. [17]. Based on Eqs. (9)–(11), we present the matrix
representation of Σμ as follows:

Σ0 ¼
1

4
1; Σ1 ¼

1

5
Σz; Σ2 ¼

1

5
Σx; Σ3 ¼

1

5
Σy;

Σ4 ¼
1

4
Σzz; Σ5 ¼

1

6
Σxz; Σ6 ¼

1

6
Σyz;

Σ7 ¼
1

12
ðΣxx − ΣyyÞ; Σ8 ¼

1

6
Σxy; Σ9 ¼

5

9
Σzzz;

Σ10 ¼
5

6
Σxzz; Σ11 ¼

5

6
Σyzz; Σ12 ¼

1

6
ðΣxxz − ΣyyzÞ;

Σ13 ¼
1

3
Σxyz; Σ14 ¼

1

18
ðΣxxx − 3ΣxyyÞ; Σ15 ¼

1

18
ð3Σxxy − ΣyyyÞ: ðC1Þ
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For convenience, we also provide the explicit expressions for the matrices,

Σ0 ¼
1
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;
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APPENDIX D: Ω − Ω̄+ POLARIZATION
CORRELATIONS MATRIX

In Sec. IV B and Sec. IV C, we present the polarization
correlation matrix Sμν using our parametrization scheme.
For the convenience of adopting alternative parametrization
schemes, we provide the expressions of the polarization
correlation matrix in terms of the helicity amplitudes H1,
H2, H3, and H4.
For the single-tag Ω−, the polarization coefficients are

given by [17]

S0 ¼ 2 sin2 θΩ−
�jH1j2 þ jH4j2

�
þ �

1þ cos2 θΩ−
��jH2j2 þ 2jH3j2

�
; ðD1Þ
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S13 ¼ 2
ffiffiffi
3

p
sin2 θΩIm½H2H�

3�: ðD7Þ

For the double-tag Ω−Ω̄þ, we only present the indepen-
dent terms, while the dependent terms can be obtained from
Eqs. (64), (68), (76)–(78), (91), (92), (101), and (102) as
discussed in Sec. IV C.
For the independent terms in the diagonal elements, as

shown in Eqs. (51)–(63), they are given by

S0;0 ¼ 2sin2θ
�jH1j2 þ jH4j2

�
þ �
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S5;5 ¼ 6 sin2 θ
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þ12
ffiffiffi
3

p

25

�
1þcos2θ

�
Re½H2H�

3�; ðD18Þ

S12;12 ¼ 12 sin2 θRe½H1H�
4� − 6

�
1þ cos2 θ

�jH3j2; ðD19Þ

S14;14 ¼ 18 sin2 θjH4j2: ðD20Þ

For the independent terms shown in Eqs. (65)–(67), they
are given by

S4;0¼−2sin2θ
�jH1j2− jH4j2

�
−
�
1þcos2θ

�jH2j2; ðD21Þ

S9;1 ¼ −
9

10
sin2 θ

�jH1j2 − jH4j2
�

þ 3

20

�
1þ cos2 θ

��
3jH2j2 − 8jH3j2

�
; ðD22Þ

S14;2 ¼ 3jH3j2 sin2 θ: ðD23Þ

For the independent terms shown in Eqs. (69)–(75), they
are given by

S7;0 ¼ 2
ffiffiffi
3

p
Re½H2H�

3� sin2 θ; ðD24Þ

S13;0 ¼ 2
ffiffiffi
3

p
Im½H2H�

3� sin2 θ; ðD25Þ

S13;7 ¼ 12Im½H1H�
4� sin2 θ; ðD26Þ

S7;5 ¼ 3
ffiffiffi
2

p
Re½H2H�

4� sin 2θ; ðD27Þ

S13;5 ¼ 3
ffiffiffi
2

p
Im½H2H�

4� sin 2θ; ðD28Þ

S15;7 ¼ 3
ffiffiffi
6

p
Im½H3H�

4� sin 2θ; ðD29Þ

S14;12 ¼ 3
ffiffiffi
6

p
Re½H3H�

4� sin 2θ: ðD30Þ

For the independent terms shown in Eqs. (79)–(90), they
are given by

S5;0 ¼ −
ffiffiffi
6

p
Re½H3

�
H�

1 −H�
4

�� sin 2θ ;ðD31Þ

S6;1 ¼
ffiffiffi
6

p

2
Im½H3

�
H�

1 þ 3H�
4

�� sin 2θ; ðD32Þ

S5;4 ¼
ffiffiffi
6

p
Re½H3

�
H�

1 þH�
4

�� sin 2θ; ðD33Þ

S9;6 ¼
3

ffiffiffi
6

p

10
Im½H3

�
3H�

1 −H�
4

�� sin 2θ; ðD34Þ

S8;2 ¼
ffiffiffi
2

p

2
sin 2θ

�
3Im½H2H�

4� − 2
ffiffiffi
3

p
Im½H1H�

3�
�
; ðD35Þ

S12;2 ¼
ffiffiffi
2

p

2
sin 2θ

�
3Re½H2H�

4� − 2
ffiffiffi
3

p
Re½H1H�

3�
�
; ðD36Þ

S11;7 ¼ −
3

ffiffiffi
2

p

5
sin 2θ

� ffiffiffi
3

p
Im½H1H�

3� þ Im½H2H�
4�
�
; ðD37Þ
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S12;10 ¼
3

5

ffiffiffi
2

p
sin 2θð

ffiffiffi
3

p
Re½H1H�

3� þ Re½H2H�
4�Þ; ðD38Þ

S6;2 ¼ 6Im½H1H�
4� sin2 θ þ 2

ffiffiffi
3

p
ð1þ cos2 θÞIm½H2H�

3�;
ðD39Þ

S11;5 ¼
12

5
Im½H1H�

4� sin2 θ −
6

ffiffiffi
3

p

5
ð1þ cos2 θÞIm½H2H�

3�;
ðD40Þ

S10;2 ¼ −
3

5
sin2θ

�
2jH1j2 þ jH2j2 − jH3j2 − 2Re½H1H�

4�
�

−
ffiffiffi
3

p

5

�
1þ cos2θ

�
Re½H2H�

3�; ðD41Þ

S11;3 ¼
3

5
sin2θ

�
2jH1j2 − jH2j2 þ jH3j2 − 2Re½H1H�

4�
�

þ
ffiffiffi
3

p

5
Re½H2H�

3�
�
1þ cos2θ

�
; ðD42Þ

For the independent terms shown in Eqs. (93)–(100),
they are given by

S3;0 ¼ −
ffiffiffi
2

p

2
sin 2θ

�
2Im½H1H�

2� −
ffiffiffi
3

p
Im½H3

�
H�

1 þH�
4

���;
ðD43Þ

S11;0 ¼
ffiffiffi
2

p

5
sin 2θ

�
3Im½H1H�

2� þ
ffiffiffi
3

p
Im½H3

�
H�

1 þH�
4

���;
ðD44Þ

S2;1 ¼
ffiffiffi
2

p

4
sin 2θ

�
2Re½H1H�

2� −
ffiffiffi
3

p
Re½H3

�
H�

1 − 3H�
4

���;
ðD45Þ

S10;1¼−
ffiffiffi
2

p

10
sin2θ

�
3Re½H1H�

2�þ
ffiffiffi
3

p
Re½H3

�
H�

1−3H�
4

���;
ðD46Þ

S9;2 ¼
3

ffiffiffi
2

p

20
sin 2θ

�
6Re½H1H�

2� −
ffiffiffi
3

p
Re½H3

�
3H�

1 þH�
4

���;
ðD47Þ

S4;3 ¼ −
ffiffiffi
2

p

2
sin 2θ

�
2Im½H1H�

2� −
ffiffiffi
3

p
Im½H3

�
H�

1 −H�
4

���;
ðD48Þ

S11;4 ¼ −
ffiffiffi
2

p

5
sin 2θ

�
3Im½H1H�

2� þ
ffiffiffi
3

p
Im½H3

�
H�

1 −H�
4

���;
ðD49Þ

S10;9 ¼
3

ffiffiffi
2

p

50
sin 2θ

�
9Re½H1H�

2� þ
ffiffiffi
3

p
Re½H3

�
3H�

1 þH�
4

���:
ðD50Þ

APPENDIX E: SPIN TRANSFER MATRICES

Based on the parametrization schemes introduced in
Sec. V, we derive the specific expressions for the polari-
zation transfer matrix aμν and bμν. For the coefficients of
aμν, 14 out of 16 are nonzero, and these nonzero coef-
ficients are represented as follows [47]:

a0;0 ¼ 1; ðE1Þ

a0;3 ¼ αD; ðE2Þ

a1;0 ¼ αD sin θ cosϕ; ðE3Þ

a1;1 ¼ γD cos θ cosϕ − βD sinϕ; ðE4Þ

a1;2 ¼ −βD cos θ cosϕ − γD sinϕ; ðE5Þ

a1;3 ¼ sin θ cosϕ; ðE6Þ

a2;0 ¼ αD sin θ sinϕ; ðE7Þ

a2;1 ¼ βD cosϕþ γD cos θ sinϕ; ðE8Þ

a2;2 ¼ γD cosϕ − βD cos θ sinϕ; ðE9Þ

a2;3 ¼ sin θ sinϕ; ðE10Þ

a3;0 ¼ αD cos θ; ðE11Þ

a3;1 ¼ −γD sin θ; ðE12Þ

a3;2 ¼ βD sin θ; ðE13Þ

a3;3 ¼ cos θ: ðE14Þ

For the coefficients bμν, 52 out of 64 are nonzero. While
partial expressions are provided in Ref. [47], our unique
basis matrix selection requires a different formulation.
We systematically present these expressions, identifying
36 independent coefficients as follows:

b0;0 ¼ 1; ðE15Þ

b1;1 ¼ −
4

5
γD sin θ; ðE16Þ

b1;2 ¼
4

5
βD sin θ; ðE17Þ
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b1;3 ¼
2

5
cos θ; ðE18Þ

b2;1 ¼ −
4

5
ð−γD cos θ cosϕþ βD sinϕÞ; ðE19Þ

b2;2 ¼ −
4

5
ðβD cos θ cosϕþ γD sinϕÞ; ðE20Þ

b2;3 ¼
2

5
sin θ cosϕ; ðE21Þ

b3;1 ¼
4

5
ðβD cosϕþ γD cos θ sinϕÞ; ðE22Þ

b3;2 ¼
4

5
ðγD cosϕ − βD cos θ sinϕÞ; ðE23Þ

b3;3 ¼
2

5
sin θ sinϕ; ðE24Þ

b4;0 ¼ −
1

4
ð1þ 3 cos 2θÞ; ðE25Þ

b5;0 ¼ − sin θ cos θ cosϕ; ðE26Þ

b6;0 ¼ − sin θ cos θ sinϕ; ðE27Þ

b7;0 ¼ −
1

2
sin2 θ cos 2ϕ; ðE28Þ

b8;0 ¼ − sin2 θ sinϕ cosϕ; ðE29Þ

b9;1 ¼
1

4
γDðsin θ þ 5 sin 3θÞ; ðE30Þ

b9;2 ¼ −
1

4
βDðsin θ þ 5 sin 3θÞ; ðE31Þ

b9;3 ¼ −
1

4
ð3 cos θ þ 5 cos 3θÞ; ðE32Þ

b10;1 ¼
1

8

�
2βDð3þ 5 cos 2θÞ sinϕ

− γDðcos θ þ 15 cos 3θÞ cosϕ�; ðE33Þ

b10;2 ¼
1

8

�
2γDð3þ 5 cos 2θÞ sinϕ

þ βDðcos θ þ 15 cos 3θÞ cosϕ�; ðE34Þ

b10;3 ¼ −
3

8
ðsin θ þ 5 sin 3θÞ cosϕ; ðE35Þ

b11;1 ¼ −
1

8

�
2βDð3þ 5 cos 2θÞ cosϕ

þ γDðcos θ þ 15 cos 3θÞ sinϕ�; ðE36Þ

b11;2 ¼ −
1

8

�
2γDð3þ 5 cos 2θÞ cosϕ

− βDðcos θ þ 15 cos 3θÞ sinϕ�; ðE37Þ

b11;3 ¼ −
3

8
ðsin θ þ 5 sin 3θÞ sinϕ; ðE38Þ

b12;1 ¼
1

4
sin θ

�
4βD cos θ sin 2ϕ− γDð1þ 3 cos 2θÞ cos2ϕ�;

ðE39Þ

b12;2 ¼
1

4
sinθ

�
4γD cosθ sin2ϕþ βDð1þ 3 cos2θÞ cos2ϕ�;

ðE40Þ

b12;3 ¼ −
3

2
sin2 θ cos θ cos 2ϕ; ðE41Þ

b13;1¼−
1

4
sinθ

�
4βDcosθcos2ϕþγDð1þ3cos2θÞsin2ϕ�;

ðE42Þ

b13;2¼−
1

4
sinθ

�
4γDcosθcos2ϕ−βDð1þ3cos2θÞsin2ϕ�;

ðE43Þ

b13;3 ¼ −3 sin2 θ cos θ sinϕ cosϕ; ðE44Þ

b14;1 ¼
1

2
sin2 θðβD sin 3ϕ − γD cos θ cos 3ϕÞ; ðE45Þ

b14;2 ¼
1

2
sin2 θðγD sin 3ϕþ βD cos θ cos 3ϕÞ; ðE46Þ

b14;3 ¼ −
1

2
sin3 θ cos 3ϕ; ðE47Þ

b15;1 ¼ −
1

2
sin2 θðβD cos 3ϕþ γD cos θ sin 3ϕÞ; ðE48Þ

b15;2 ¼ −
1

2
sin2 θðγD cos 3ϕ − βD cos θ sin 3ϕÞ; ðE49Þ

b15;3 ¼ −
1

2
sin3 θ sin 3ϕ: ðE50Þ

Additionally, we present the 16 derived dependent coef-
ficients as
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b0;3; b1;0; b2;0; b3;0; b4;3; b5;3; b6;3; b7;3
b8;3; b9;0; b10;0; b11;0; b12;0; b13;0; b14;0; b15;0



¼ αD

	
b0;0; b1;3; b2;3; b3;3; b4;0; b5;0; b6;0; b7;0
b8;0; b9;3; b10;3; b11;3; b12;3; b13;3; b14;3; b15;3



: ðE51Þ
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