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We propose a relativistic theory for spin density matrices of vector mesons based on Kadanoff-Baym
equations in the closed-time-path formalism. The theory puts the calculation of spin observables such as the
spin density matrix element ρ00 for vector mesons on a solid ground. Within the theory we formulate ρ00 for
ϕ mesons into a factorization form in separation of momentum and spacetime variables. We argue that the
main contribution to ρ00 at lower energies should be from the ϕ fields that can polarize the strange quark
and antiquark in the same way as electromagnetic fields. The key observation is that there is correlation
inside the ϕmeson wave function between the ϕ field that polarizes the strange quark and that polarizes the
strange antiquark. This is reflected by the fact that the contributions to ρ00 are all in squares of fields that are
nonvanishing even if the fields may strongly fluctuate in spacetime. The fluctuation of strong force fields
can be extracted from ρ00 of unflavored vector mesons as links to fundamental properties of quantum
chromodynamics.
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I. INTRODUCTION

There is an intrinsic connection between rotation and
spin polarization since they are related to the conservation
of total angular momentum and can be converted from one
to another, as demonstrated in the Barnett effect [1] and the
Einstein–de Haas effect [2] in materials. A recent example
is the observation of a spin current from the vortical motion
in a liquid metal [3]. The same effects also exist in high
energy heavy-ion collisions in which the huge orbital
angular momentum along the direction normal to the
reaction plane can be partially converted to the global spin
polarization of hadrons [4–9] (see, e.g., [10–14] for recent
reviews). The global spin polarization of Λ (including Λ̄
hereafter) has been measured through their weak decays in
Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–200 GeV [15,16].

As spin-one particles, vector mesons can also be polarized
in heavy-ion collisions in the same way as hyperons.
Normally the spin states of vector mesons are described by
the spin density matrix element ρλ1λ2 with λ1; λ2 ¼ 0;�1
labeling three spin states along the spinquantizationdirection.
The vector mesons mainly decay through strong interaction
that respects parity symmetry. So their spin polarization
proportional to ρ11 − ρ−1;−1 cannot be measured through
their decays. Instead,ρ00 canbemeasured through the angular
distribution of its decay daughters [5,17–20]. If ρ00 ¼ 1=3,
the spin states are equally populated in three spin states which
may imply that the vector meson is not polarized. If
ρ00 ≠ 1=3, three spin states are not equally populated, so
the polarization vector (not the spin) of the vector meson is
aligned in either the spin quantization direction or the trans-
verse direction perpendicular to it. In 2008, the STAR
Collaboration measured ρ00 for the vector meson ϕð1020Þ
in Auþ Au collisions at 200 GeV, but the result is consistent
with 1=3 within errors due to statistics [21]. Recently
STAR has measured the ϕ meson’s ρ00 at lower energies,
which shows a significant deviation from 1=3 [22]. It can
hardly be explained by conventional mechanism [17,23–25].
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In Ref. [26], some of us proposed that a large deviation of ρ00
from 1=3 for the ϕ meson may possibly arise from the ϕ
vector field, a strong force field in connectionwith the current
of pseudo-Goldstone bosons [27] and vacuum properties of
quantum chromodynamics [28–31]. Such a proposal is based
on a nonrelativistic quark coalescence model for the spin
density matrix of vector mesons [17,32].
In this paper we will present a relativistic theory for the

spin density matrix of vector mesons from the Kadanoff-
Baym (KB) equation [33] in the closed-time-path (CTP)
formalism [34,35] (for reviews of the KB equation and the
CTP formalism, we refer the readers to Refs. [36–39]).
Then we can derive the spin Boltzmann equation for vector
mesons with their spin density matrices being expressed in
terms of the matrix valued spin dependent distributions
(MVSD) of the quarks and antiquarks [40]. This puts the
calculation of spin observables such as ρ00 for vector
mesons on a solid ground [41].
The paper is organized as follows. In Sec. II we will give

an introduction to Green’s functions on the CTP for vector
mesons that can be expressed in MVSD. In Sec. III the KB
equations for vector mesons are derived. In Sec. IV the spin
density matrices for vector mesons will be formulated from
the spin Boltzmann equations. In Sec. V the spin density
matrices for ϕmesons will be evaluated. Discussions on the
main results and conclusions are given in the final sec-
tion, Sec. VI.
We adopt the sign convention for the metric tensor

gμν ¼ gμν ¼ diagð1;−1;−1;−1Þ where μ, ν ¼ 0, 1, 2, 3.
The sign convention for the Levi-Civita symbol is
ϵ0123 ¼ −ϵ0123 ¼ 1. We can write the spacetime coordinate
as x ¼ xμ ¼ ðx0;xÞ ¼ ðt;xÞ and xμ ¼ ðx0;−xÞ with
x0 ¼ x0 ¼ t. The four-momentum for a particle is denoted
as p ¼ pμ ¼ ðp0;pÞ or pμ ¼ ðp0;−pÞ, and if it is on-shell

we have p0 ¼ p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p ≡ Ep ¼ Ep. Normally we
use Greek letters to denote four-dimensional indices of
four-vectors and four-tensors and Latin letters to denote
their spatial components.

II. GREEN’S FUNCTIONS ON CTP
FOR VECTOR MESONS

The massive spin-one particle, such as the vector meson
with the mass mV , can be described by the vector field
Aμ
VðxÞ with the classical Lagrangian density

L ¼ −
1

4
FV
μνF

μν
V þm2

V

2
AV
μA

μ
V − AV

μ jμ; ð1Þ

where jμ is the source current, Fμν
V ¼ ∂

μAν
V − ∂

νAμ
V is the

field strength tensor, and Aμ
V is assumed to be the real

classical field for the charge (including flavor) neutral
particle. From L one can obtain the Proca equation [42,43]

LμνðxÞAV
ν ðxÞ ¼ jμðxÞ; ð2Þ

where the differential operator is defined as

LμνðxÞ ¼ ð∂2x þm2
VÞgμν − ∂

μ
x∂

ν
x: ð3Þ

A constraint equation can be derived by contracting the
above equation with ∂μ as

∂μA
μ
VðxÞ ¼

1

m2
V
∂μjμðxÞ ¼ 0; ð4Þ

if the source current is conserved ∂μjμ ¼ 0. The above
equation means that the longitudinal component of Aμ

VðxÞ is
vanishing for the conserved current.
The free vector field can be quantized as

Aμ
VðxÞ ¼

X
λ¼0;�1

Z
d3k

ð2πℏÞ3
1

2EV
k

×
h
ϵμðλ;kÞaVðλ;kÞe−ik·x=ℏ

þ ϵμ�ðλ;kÞa†Vðλ;kÞeik·x=ℏ
i
; ð5Þ

where EV
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

V

p
and λ denote the energy and the

spin state in the spin quantization direction, respectively,
the creation and annihilation operators aVðλ;kÞ and
a†Vðλ;kÞ satisfy the commutator
h
aVðλ;kÞ; a†Vðλ0;k0Þ

i
¼ δλλ02EV

kð2πℏÞ3δð3Þðk − k0Þ; ð6Þ

and the polarization vector ϵμðλ;kÞ obeys
kμϵμðλ;kÞ ¼ 0;

ϵðλ;kÞ · ϵ�ðλ0;kÞ ¼ −δλλ0 ;X
λ

ϵμðλ;kÞϵν�ðλ;kÞ ¼ −
�
gμν −

kμkν

m2
V

�
: ð7Þ

In the above relations, the first one follows the constraint
(4), and kμ ¼ ðEV

k ;kÞ denotes the on-shell four-momentum
for the vector meson. By the field quantization in (5), one
can check that Aμ

VðxÞ is Hermitian, i.e., Aμ†
V ðxÞ ¼ Aμ

VðxÞ.
One can define two-point Green’s function for the vector

meson on the CTP

Gμν
CTPðx1; x2Þ≡

D
TCA

μ
Vðx1ÞAν†

V ðx2Þ
E
; ð8Þ

where x1 and x2 are two spacetime points whose time
components are defined on the CTP contour and TC
represents the time ordering on the CTP contour. We
can write GCTP

μν ðx1; x2Þ in a matrix form:

GCTP
μν ðx1; x2Þ ¼

�
Gþþ

μν ðx1; x2Þ Gþ−
μν ðx1; x2Þ

G−þ
μν ðx1; x2Þ G−−

μν ðx1; x2Þ
�

¼
�GF

μνðx1; x2Þ G<
μνðx1; x2Þ

G>
μνðx1; x2Þ GF̄

μνðx1; x2Þ

�
: ð9Þ
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The “þþ” component of GCTP
μν with both t1 and t2 (time

components of x1 and x2) on the positive time branch is just
the Feynman propagator GF

μνðx1; x2Þ as shown in Fig. 1(a).
The “þ−” component with t1 on the positive time branch
while t2 is on the negative time branch is denoted as
G<

μνðx1; x2Þ meaning that t2 is always later than t1 on the
CTP contour as shown in Fig. 1(b). Analogously,
G>

μνðx1; x2Þ denotes the “−þ” component with t1 on the
negative time branch and t2 on the positive time branch as
shown in Fig. 1(c), while GF̄

μνðx1; x2Þ denotes the “−−”
component with both t1 and t2 on the negative time branch
as shown in Fig. 1(d).
The Wigner function can be defined from G<

μνðx1; x2Þ by
taking a Fourier transform with respect to the relative
position y ¼ x1 − x2 at the center point x ¼ ðx1 þ x2Þ=2,

G<
μνðx; pÞ≡

Z
d4yeip·y=ℏG<

μνðx1; x2Þ

¼
Z

d4yeip·y=ℏhAV†
ν ðx2ÞAV

μ ðx1Þi: ð10Þ

Inserting the quantized field (5) into the definition of the
Wigner function (10), we obtain

G<
μνðx; pÞ ¼ 2πℏ

X
λ1;λ2

δðp2 −m2
VÞ

×
�
θðp0Þϵμðλ1;pÞϵ�νðλ2;pÞfλ1λ2ðx;pÞ

þ θð−p0Þϵ�μðλ1;−pÞϵνðλ2;−pÞ
×
�
δλ2λ1 þ fλ2λ1ðx;−pÞ

��
; ð11Þ

where the gradient expansion has been taken with spatial
gradients of the MVSD (defined below) being dropped, and
the MVSD for the vector meson is defined as

fλ1λ2ðx;pÞ≡
Z

d4u
2ð2πℏÞ3 δðp · uÞe−iu·x=ℏ

×

	
a†V

�
λ2;p −

u
2

�
aV

�
λ1;pþ u

2

�

: ð12Þ

The derivation of the two-point function in (11) for
spin-one particles is similar to that for spin-1=2 particles
which is given in Eqs. (115) and (116) of Ref. [40]. One

can check that fλ1λ2ðx;pÞ is a Hermitian matrix, i.e.,
f�λ1λ2ðx;pÞ ¼ fλ2λ1ðx;pÞ. Similarly we can define another
Wigner function from G>

μνðx1; x2Þ,

G>
μνðx; pÞ≡

Z
d4yeip·y=ℏhAV

μ ðx1ÞAV†
ν ðx2Þi:

¼ 2πℏ
X
λ1;λ2

δðp2 −m2
VÞ

×
�
θðp0Þϵμðλ1;pÞϵ�νðλ2;pÞ

�
δλ1λ2 þ fλ1λ2ðx;pÞ

�
þθð−p0Þϵ�μðλ1;−pÞϵνðλ2;−pÞfλ2λ1ðx;−pÞ

�
:

ð13Þ

Note that G>
μνðx; pÞ can be obtained by replacing fλ1λ2 →

δλ1λ2 þ fλ1λ2 and δλ2λ1 þ fλ2λ1 → fλ2λ1 from G<
μνðx; pÞ.

III. KADANOFF-BAYM EQUATIONS FOR
VECTOR MESONS

The Wigner functions for massless vector particles such
as gluons and photons [25,37,44–47] have been studied for
many years, but to our knowledge there are few works
about Wigner functions for massive vector mesons in the
context of spin polarization (see Ref. [48] for a recent one).
In this section, we will derive the Boltzmann equation for
vector meson’s Wigner functions from two-point Green’s
functions on the CTP. The starting point is the KB
equations

Lμ
ηðx1ÞG<;ηνðx1; x2Þ ¼ −

iℏ
2

Z
d4x0

�
gμγΣ<

γαðx1; x0ÞG>;ανðx0; x2Þ − gμγΣ>
γαðx1; x0ÞG<;ανðx0; x2Þ

� ð14Þ

and

Lν
ηðx2ÞG<;μηðx1; x2Þ ¼ −

iℏ
2

Z
d4x0

�
gμγG<

γα ðx1; x0ÞΣ>;ανðx0; x2Þ − gμγG>
γαðx1; x0ÞΣ<;ανðx0; x2Þ

�
: ð15Þ

FIG. 1. The closed-time path and four components of two-point
Green’s function on CTP. The positive and negative time branches
are denoted as Cþ and C−, respectively. (a) x01 ¼ t1 ∈Cþ,
x02 ¼ t2 ∈Cþ; (b) x01 ¼ t1 ∈Cþ, x02 ¼ t2 ∈C−; (c) x01 ¼ t1 ∈C−,
x02 ¼ t2 ∈Cþ; and (d) x01 ¼ t1 ∈C−, x02 ¼ t2 ∈C−.
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Equations (14) and (15) are the result of the quasiparticle
approximation [40]. Note that the integrations over x in
Eqs. (14) and (15) are ordinary ones.
We consider the coupling between the vector meson and

the quark-antiquark in the quark-meson model [27,49–53].
Then at lowest order in the coupling constant, the self-
energies are from quark loops as shown in Fig. 2,

Σ<;μνðx1; x2Þ ¼ −Tr
�
iΓμS<ðx1; x2ÞiΓνS>ðx2; x1Þ

�
;

Σ>;μνðx1; x2Þ ¼ −Tr
�
iΓμS>ðx1; x2ÞiΓνS<ðx2; x1Þ

�
; ð16Þ

where S>ðx1; x2Þ and S<ðx1; x2Þ are two-point Green’s
functions of quarks, iΓμ denotes the vertex of the vector
meson and quark-antiquark, and the overall minus signs
arise from quark loops. Inserting the self-energies (16) into

Eq. (14) and taking a Fourier transform with respect to the
difference y ¼ x1 − x2, we obtain the KB equation for the
Wigner function as

�
gμη

�
−
�
p2−m2

V −
ℏ2

4
∂
2
x

�
− iℏp ·∂x



−
ℏ2

4
∂
μ
x∂

x
ηþpμpηþ

1

2
iℏðpη∂

μ
xþpμ

∂
x
ηÞ
�
G<;ηνðx;pÞ

¼−
iℏ
2

Z
d4p0

ð2πℏÞ4
�
Tr
�
ΓμS<ðx;pþp0ÞΓαS>ðx;p0Þ�G>;ανðx;pÞ−Tr

�
ΓμS>ðx;pþp0ÞΓαS<ðx;p0Þ�G<;ανðx;pÞ�

−
ℏ2

4

Z
d4p0

ð2πℏÞ4
��
Tr
�
ΓμS<ðx;pþp0ÞΓαS>ðx;p0Þ�;G>;ανðx;pÞ�P:B:

−
�
Tr
�
ΓμS>ðx;pþp0ÞΓαS<ðx;p0Þ�;G<;ανðx;pÞ�P:B:

�
; ð17Þ

where the Poisson bracket involves spacetime and momentum gradients and is defined as

�
A; B

�
P:B: ≡ ð∂μxAÞð∂pμBÞ − ð∂μpAÞð∂xμBÞ: ð18Þ

In the same way, we obtain from Eq. (15) another KB equation for the Wigner function
�
gνη

�
−
�
p2 −m2

V −
ℏ2

4
∂
2
x

�
þ iℏp · ∂x



−
ℏ2

4
∂
ν
x∂

x
η þpνpη −

1

2
iℏðpη∂

ν
x þpν

∂
x
ηÞ
�
G<;μηðx;pÞ

¼ −
iℏ
2

Z
d4p0

ð2πℏÞ4
�
gμγG<

γαðx;pÞTr
�
ΓαS>ðx;pþp0ÞΓνS<ðx;p0Þ�− gμγG>

γαðx;pÞTr
�
ΓαS<ðx;pþp0ÞΓνS>ðx;p0Þ��

−
ℏ2

4

Z
d4p0

ð2πℏÞ4
��
gμγG<

γαðx;pÞ;Tr
�
ΓαS>ðx;pþp0ÞΓνS<ðx;p0Þ��P:B:

−
�
gμγG>

γαðx;pÞ;Tr
�
ΓαS<ðx;pþp0ÞΓνS>ðx;p0Þ��P:B:

�
: ð19Þ

Taking the difference between Eqs. (17) and (19), we are able to derive the Boltzmann equation for the Wigner function at
the leading order in ℏ (or in the spacetime gradient)

p · ∂xG<;μνðx; pÞ − 1

4

�
pμ

∂
x
ηG<;ηνðx; pÞ þ pν

∂
x
ηG<;μηðx; pÞ� ¼ 1

4

Z
d4p0

ð2πℏÞ4
�
Tr
�
ΓμS<ðx; pþ p0ÞΓαS>ðx; p0Þ�G>;ανðx; pÞ

−Tr
�
ΓμS>ðx; pþ p0ÞΓαS<ðx; p0Þ�G<;ανðx; pÞ�

þ 1

4

Z
d4p0

ð2πℏÞ4
�
gμγG>

γαðx; pÞTr
�
ΓαS<ðx; pþ p0ÞΓνS>ðx; p0Þ�

−gμγG<
γαðx; pÞTr

�
ΓαS>ðx; pþ p0ÞΓνS<ðx; p0Þ��; ð20Þ

where we have neglected terms with Poisson brackets and those proportional to pη in the left-hand side since their
contraction with the leading-order G<;ηνðx; pÞ and G<;μηðx; pÞ is vanishing. In the next section we will rewrite the above
Boltzmann equation in terms of MVSDs for vector mesons, quarks, and antiquarks.

FIG. 2. The self-energies Σ<;μν and Σ>;μν of vector mesons from
quark loops in the quark-meson model. Two quark propagators in
the loop may have different flavors corresponding to the vector
meson that is not flavor neutral.
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IV. SPIN DENSITY MATRIX FOR QUARK COALESCENCE AND DISSOCIATION

Two-point Green’s functions S>ðx; pÞ and S<ðx; pÞ for quarks are given by [40]

S<ðx; pÞ ¼ −ð2πℏÞθðp0Þδðp2 −m2
qÞ
X
r;s

uðr;pÞūðs;pÞfðþÞ
rs ðx;pÞ

− ð2πℏÞθð−p0Þδðp2 −m2
qÞ
X
r;s

vðs;−pÞv̄ðr;−pÞ�δrs − fð−Þrs ðx;−pÞ�;
S>ðx; pÞ ¼ ð2πℏÞθðp0Þδðp2 −m2

qÞ
X
r;s

uðr;pÞūðs;pÞ�δrs − fðþÞ
rs ðx;pÞ�

þ ð2πℏÞθð−p0Þδðp2 −m2
qÞ
X
r;s

vðs;−pÞv̄ðr;−pÞfð−Þrs ðx;−pÞ; ð21Þ

where fðþÞ
rs and fð−Þrs are MVSD for quarks and antiquarks,

respectively. Here u and ū are Dirac spinors for quarks, and
v and v̄ are Dirac spinors for antiquarks. We can para-
metrize them as

fðþÞ
rs ðx;pÞ ¼ 1

2
fqðx;pÞ

�
δrs − Pq

μðx;pÞnðþÞμ
j ðpÞτjrs

�
;

fð−Þrs ðx;−pÞ ¼ 1

2
fq̄ðx;−pÞ

�
δrs − Pq̄

μðx;−pÞnð−Þμj ðpÞτjrs
�
;

ð22Þ

where τj with j ¼ 1, 2, 3 are Pauli matrices, fqðx;pÞ and
fq̄ðx;−pÞ are MVSDs for quarks and antiquarks. respec-
tively, and Pμ

qðx;pÞ and Pμ
q̄ðx;−pÞ are polarization four-

vectors for quarks and antiquarks. respectively. The
spin direction four-vectors for quarks and antiquarks are
given by

nðþÞμ
j ðpÞ≡nμðnj;p;mqÞ¼

�
nj ·p

mq
;njþ

ðnj ·pÞp
mqðEq

pþmqÞ
�
;

nð−Þμj ðpÞ≡nμðnj;−p;mq̄Þ¼
�
−
nj ·p

mq̄
;njþ

ðnj ·pÞp
mq̄ðEq̄

pþmq̄Þ

�
;

ð23Þ

where nj for j ¼ 1, 2, 3 are three basis unit vectors that
form a Cartesian coordinate system in the particle’s rest

frame with n3 being the spin quantization direction, and

nðþÞμ
j and nð−Þμj are the Lorentz transformed four-vectors of

nj for quarks and antiquarks, respectively, which obey the
sum rules

nðþÞμ
j ðpÞnðþÞν

j ðpÞ ¼ −
�
gμν −

pμpν

m2
q

�
;

nð−Þμj ðpÞnð−Þνj ðpÞ ¼ −
�
gμν −

p̄μp̄ν

m2
q̄

�
; ð24Þ

where pμ ¼ ðEq
p;pÞ and p̄μ ¼ ðEq̄

p;−pÞ. We note that

fðþÞ
rs ðx;pÞ and fð−Þrs ðx;−pÞ are actually the transpose

of those MVSDs defined in Eqs. (117) and (118) of
Ref. [40] in spin indices. We can flip the sign of the three-

momentum, p → −p, in fð−Þrs ðx;−pÞ to obtain

fð−Þrs ðx;pÞ¼1

2
fq̄ðx;pÞ

h
δrs−Pq̄

μðx;pÞnð−Þμj ð−pÞτjrs
i
; ð25Þ

where nð−Þμj ð−pÞ has the same form as nðþÞμ
j ðpÞ except the

quark mass. Note that in the self-energy (16) of the vector
meson that is not flavor neutral, S<ðx; pÞ and S>ðx; pÞmay
involve different flavors of quarks and antiquarks.
InsertingS<ðx; pÞ,S>ðx; pÞ,G<;μνðx; pÞ, andG>;μνðx; pÞ

in Eqs. (11), (13), and (21) into Eq. (20), the Boltzmann
equation can be put into the following form:

p · ∂xG<;μνðx; pÞ − 1

4

�
pμ

∂
x
ηG<;ηνðx; pÞ þ pν

∂
x
ηG<;μηðx; pÞ�

¼ 1

4ð2πℏÞ
Z

d4p0δðp02 −m2
q̄Þδ

�ðpþ p0Þ2 −m2
q

�
δðp2 −m2

VÞ

×
�
θðp0

0Þθðp0 þ p0
0Þθðp0ÞIþþþ þ θðp0

0Þθðp0 þ p0
0Þθð−p0ÞIþþ−

þ θðp0
0Þθð−p0 − p0

0Þθð−p0ÞIþ−− þ θð−p0
0Þθðp0 þ p0

0Þθðp0ÞI−þþ
þ θð−p0

0Þθð−p0 − p0
0Þθðp0ÞI−−þ þ θð−p0

0Þθð−p0 − p0
0Þθð−p0ÞI−−−

�
: ð26Þ
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The terms Iijk, with i; j; k ¼ � representing the positive/
negative energy, correspond to all possible processes
at lowest order in the coupling constant, as shown in
Table I. In Eq. (26), I−þ− and Iþ−þ are absent due to
incompatibility of theta functions, and I−þþ and Iþ−−
contain the coalescence of quark-antiquark to the
vector meson and vice versa, but I−þþ corresponds to
the positive energy sector of the two-point function for
the vector meson while Iþ−− corresponds to the negative
energy sector. All terms except I−þþ and Iþ−− are
vanishing for on-shell quarks, antiquarks, and mesons

at the one-loop level of the self-energy. We distinguish mq

from mq̄ in Eq. (26) since the quark and antiquark may
have different flavors for the vector meson that is not
flavor neutral so the meson and its antiparticle are not the
same particle.
In this paper, we focus on the coalescence and disso-

ciation processes corresponding to I−þþ. It is equivalent to
consider Iþ−−. The coalescence is regarded as one of the
main processes for particle production in heavy-ion colli-
sions [54–59]. So the spin Boltzmann equation for the
vector meson’s MVSD reads

p · ∂xfλ1λ2ðx;pÞ ¼
1

16

X
r1;s1;r2;s2;λ01;λ

0
2

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0

2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×
�
δλ2λ02ϵ

�
μðλ1;pÞϵαðλ01;pÞTr

�
Γαvðs1;p0Þv̄ðr1;p0ÞΓμuðr2;p − p0Þūðs2;p − p0Þ�

þ δλ1λ01ϵνðλ2;pÞϵ�αðλ02;pÞTr
�
Γνvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ��

×
�
fð−Þr1s1ðx;p0ÞfðþÞ

r2s2ðx;p − p0Þ�δλ0
1
λ0
2
þ fλ0

1
λ0
2
ðx;pÞ�

−
�
δr1s1 − fð−Þr1s1ðx;p0Þ��δr2s2 − fðþÞ

r2s2ðx;p − p0Þ�fλ0
1
λ0
2
ðx;pÞ�; ð27Þ

where λ1, λ2, λ01, and λ
0
2 denote the spin states along the spin

quantization direction and Γα is the qq̄V vertex given by

Γα ≈ gVBðp − p0;p0Þγα; ð28Þ

where gV is the coupling constant of the vector meson and
quark-antiquark and Bðp − p0;p0Þ denotes the Bethe-
Salpeter wave function of the ϕ meson [60,61] in the
following parametrization form:

Bðp−p0;p0Þ¼1−exp
�
−
�ðEs

p−p0 −Es̄
p0 Þ2−ðp−2p0Þ2�=σ2��ðEs

p−p0 −Es̄
p0 Þ2−ðp−2p0Þ2�=σ2 ;

ð29Þ

with σ ≈ 0.522 GeV being the width parameter of the wave
function. The derivation of Eq. (27) is given in Appendix A.
We see that there is a gain term and a loss term in Eq. (27).
In heavy-ion collisions, the distribution functions are

normally much less than 1, fλ1λ2ðx;pÞ ∼ fðþÞ
rs ∼ fð−Þrs ≪ 1,

so Eq. (27) can be approximated as

p
EV
p
· ∂xfλ1λ2ðx;pÞ ≈ Rcoal

λ1λ2
ðpÞ − RdissðpÞfλ1λ2ðx;pÞ; ð30Þ

where Rcoal
λ1λ2

and Rdiss denote the coalescence and dissoci-
ation rates for the vector meson, i.e., the rates of qþ q̄→M
and M → qþ q̄, respectively, defined as

Rcoal
λ1λ2

ðpÞ ¼ 1

8ð2πℏÞ2
X

r1;s1;r2;s2

Z
d3p0 1

Eq̄
p0E

q
p−p0EV

p

δðEV
p − Eq̄

p0 − Eq
p−p0 Þϵ�αðλ1;pÞϵβðλ2;pÞ

× Tr
�
Γβvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ�fð−Þr1s1ðx;p0ÞfðþÞ

r2s2ðx;p − p0Þ; ð31Þ

TABLE I. Collision terms in the Boltzmann equation. All terms except I−þþ and Iþ−− are vanishing for on-shell quarks, antiquarks,
and mesons at the one-loop level of the self-energy.

Iþþþ Iþþ− Iþ−− I−þþ I−−þ I−−−

q → qþM qþ M̄ → q M̄ → qþ q̄ qþ q̄ → M q̄ → q̄þM q̄þ M̄ → q̄
qþM → q q → qþ M̄ qþ q̄ → M̄ M → qþ q̄ q̄þM → q̄ q̄ → q̄þ M̄
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RdissðpÞ ¼ −
1

12ð2πℏÞ2
X
r1;r2

Z
d3p0 1

Eq̄
p0E

q
p−p0EV

p

δðEV
p − Eq̄

p0 − Eq
p−p0 Þ

�
gαβ −

pαpβ

m2
V

�

× Tr
�
Γβðp0 · γ −mq̄ÞΓα

�ðp − p0Þ · γ þmq

��
: ð32Þ

Note that RdissðpÞ does not depend on the MVSDs of the
quark, the antiquark, and the vector meson; therefore, it is
independent of the quark polarization. Schematically the
formal solution to Eq. (30) reads

fλ1λ2ðx;pÞ ∼
Rcoal
λ1λ2

ðpÞ
RdissðpÞ

�
1 − exp ð−RdissðpÞΔtÞ�

∼

8<
:

Rcoal
λ1λ2

ðpÞΔt; for Δt ≪ 1=RdissðpÞ
Rcoal
λ1λ2

ðpÞ
RdissðpÞ ; for Δt ≫ 1=RdissðpÞ

ð33Þ

iffλ1λ2ðx;pÞ for thevectormesonat the initial time is assumed
to be zero,whereΔt is the formation timeof thevectormeson.
The spin density matrix element ρVλ1λ2 is assumed to be

proportional to fλ1λ2ðx;pÞ, which is Rcoal
λ1λ2

ðpÞΔt if Δt ≪
1=RdissðpÞ or Rcoal

λ1λ2
ðpÞ=RdissðpÞ if Δt ≫ 1=RdissðpÞ. In both

cases, ρVλ1λ2 is proportional to Rcoal
λ1λ2

ðpÞ times a constant
independent of the spin states of the vector meson, which is
a good feature for the spin density matrix. For a finite
formation time between these two limits, the result of ρVλ1λ2
can be regarded as averaged over the formation time. Here
we assume that the coalescence of the vector meson takes
place in a relatively short time, so we have

ρVλ1λ2ðx;pÞ ≈
Δt
8

X
r1;s1;r2;s2

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þϵ�αðλ1;pÞϵβðλ2;pÞ

× Tr
�
Γβvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ�fðq̄Þr1s1ðx;p0ÞfðqÞr2s2ðx;p − p0Þ; ð34Þ

where we have changed the notation to fðq=q̄Þrs from fð�Þ
rs . The spin density matrix element (34) can be put into a compact

form with an explicit dependence on the polarization vector of the quark and antiquark

ρVλ1λ2ðx;pÞ ¼
Δt
32

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

fq̄ðx;p0Þfqðx;p − p0Þ2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þϵ�αðλ1;pÞϵβðλ2;pÞ

× Tr
�
Γβðp0 · γ −mq̄Þ

�
1þ γ5γ · Pq̄ðx;p0Þ�Γα

�ðp − p0Þ · γ þmq

��
1þ γ5γ · Pqðx;p − p0Þ��; ð35Þ

where pμ ¼ ðEq
p;pÞ and p0μ ¼ ðEq̄

p0 ;p0Þ. The derivation of the expression inside the trace is given in Appendix B. The
contraction of ϵ�αðλ1;pÞ and ϵβðλ2;pÞ with the trace can be worked out, and the result is given by Eq. (B9). The normalized
ρVλ1λ2ðx;pÞ is defined as

ρ̄Vλ1λ2ðx;pÞ ¼
ρVλ1λ2ðx;pÞ
TrðρVÞ

; ð36Þ

where TrðρVÞ is the trace of the spin density matrix and is evaluated using Eq. (B10) and ρVλ1λ2ðx;pÞ is evaluated using Eq. (B9).
For unflavored vector mesons such as ϕ mesons with mq ¼ mq̄, ρVλ1λ2ðx;pÞ, and TrðρVÞ can be simplified as

ρVλ1λ2ðx;pÞ ¼−
Δt
8
g2V

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

fq̄ðx;p0Þfqðx;p−p0Þ2πℏδðEV
p −Eq̄

p0 −Eq
p−p0 ÞB2ðp−p0;p0Þϵ�αðλ1;pÞϵβðλ2;pÞ

×
�ðp0αPβ

q̄þp0βPα
q̄Þðp0 ·PqÞ− ðp0αPβ

qþp0βPα
qÞðp ·Pq̄Þþ 2p0αp0βð1−Pq̄ ·PqÞþ gαβ

�
p0 ·pþðp0 ·PqÞðp ·Pq̄Þ

�
þðp ·p0ÞðPα

q̄P
β
qþPα

qP
β
q̄ − gαβPq̄ ·PqÞ− imqε

αβμνpμðPq
ν þPq̄

νÞ
�
; ð37Þ

TrðρVÞ ¼
Δt
8
g2V

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

fq̄ðx;p0Þfqðx;p − p0Þ2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 ÞB2ðp − p0;p0Þ

×
�
−2m2

qðPq̄ · PqÞ þm2
V þ 2m2

q

�
; ð38Þ
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where we have used the shorthand notation Pq ≡ Pqðx;
p − p0Þ and Pq̄ ≡ Pq̄ðx;p0Þ. Equations (37) and (38) will be
used in the next section for evaluating spin density matrix
elements for ϕ mesons.

V. SPIN DENSITY MATRIX ELEMENTS
FOR ϕ MESONS

Now we consider the vector meson made of a quark
and its antiquark, the so-called unflavored meson. For the
unflavored vector meson such as the ϕ meson, the
polarization distributions in phase space in Eq. (35) are
given by [17,62–65]

Pμ
sðx;pÞ ¼ 1

4ms
ϵμνρσ

�
ωρσ þ

gϕ
Es
pTeff

Fϕ
ρσ

�
pν

�
1 − fsðx;pÞ

�
;

Pμ
s̄ðx;pÞ ¼

1

4ms
ϵμνρσ

�
ωρσ −

gϕ
Es̄
pTeff

Fϕ
ρσ

�
pν

�
1 − fs̄ðx;pÞ

�
;

ð39Þ

where pμ ¼ ðEs
p;pÞ and pμ ¼ ðEs̄

p;pÞ denote the four-
momenta of the strange quark s and antiquark s̄, respec-
tively, with Es

p ¼ Es̄
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

s

p
and ms̄ ¼ ms. We

have assumed that s and s̄ are polarized by the thermal
vorticity (tensor) field ωρσ ¼ ð1=2Þ�∂ρðβuσÞ − ∂σðβuρÞ

�
and ϕ field strength tensor Fϕ

ρσ ¼ ∂ρA
ϕ
σ − ∂σA

ϕ
ρ [26], where

uσ is the fluid velocity, β ¼ 1=Teff is the inverse effective
temperature, and Aϕ

σ is the vector potential of the ϕ field.
Note that in some literature the definition of ωρσ may differ
by a sign [14,62,63]. In Eq. (39) fsðx;pÞ and fs̄ðx;pÞ are
unpolarized phase-space distributions of s and s̄, respec-
tively, and given by the Fermi-Dirac distribution

fs=s̄ðx;pÞ ¼
1

1þ expðβEs=s̄
p ∓ βμsÞ

; ð40Þ

where μs is the chemical potential for s (−μs for s̄). In most
cases fs=s̄ are negligible relative to 1 in Pμ

s=s̄ in Eq. (39).
The spin-field coupling in (39) can be derived from the
Wigner functions for massive fermions [65] and has a
clear physical meaning: one contribution is from the
magnetic field through the magnetic moment and the
other contribution from the electric field through the spin-
orbit coupling; the former is always there while the latter
is only present for moving fermions. The mean field
effects of vector mesons have been studied in the context

of spin polarization of Λ hyperons [66] and different
elliptic flows between hadrons of some species and their
antiparticles [67] in heavy-ion collisions.
The polarization four-vector for the ϕ meson is

given by

ϵμðλ;pÞ ¼
�
p · ϵλ
mϕ

; ϵλ þ
p · ϵλ

mϕðEϕ
p þmϕÞ

p

�
; ð41Þ

where Eϕ
p ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ϕ þ p2
q

is the energy of the ϕ meson,

λ ¼ 0;�1 denotes the spin states, and ϵλ denotes the
polarization three-vector of the spin state in the ϕ meson’s
rest frame. To calculate the spin alignment along the
direction of the global orbital angular momentum (the y
direction) in heavy-ion collisions, we choose the y direction
as the spin quantization direction. So the corresponding
polarization three-vectors are

ϵ0 ¼ ð0; 1; 0Þ;

ϵþ1 ¼ −
1ffiffiffi
2

p ði; 0; 1Þ;

ϵ−1 ¼
1ffiffiffi
2

p ð−i; 0; 1Þ: ð42Þ

The 00-component of the spin density matrix is what can be
measured in experiments that concerns the real vector ϵ0
satisfying ϵ0 ¼ ϵ�0.
Substituting Eq. (39) into Eq. (35), we obtain

ρϕλ1λ2 ¼ ρϕλ1λ2ð0Þ þ ρϕλ1λ2ðω1Þ þ ρϕλ1λ2ðF1
ϕÞ

þ ρϕλ1λ2ðω2Þ þ ρϕλ1λ2ðF2
ϕÞ; ð43Þ

where ωi and Fi
ϕ with i ¼ 0, 1, 2 denote the zeroth, first,

and second order terms in the vorticity and ϕ field,
respectively. The zeroth order term ρϕλ1λ2ð0Þ represents
the unpolarized contribution. In (43), we neglected mixing
terms of ωμν and Fϕ

μν since we assume that there is no
correlation between them in spacetime so these terms are
vanishing after taking a spacetime average of ρϕλ1λ2 . For
λ1 ¼ λ2 ¼ 0, ϵ�αð0;pÞϵβð0;pÞ ¼ ϵαð0;pÞϵβð0;pÞ is sym-
metric in α and β, and then one can verify that the first
order terms ρϕ00ðω1Þ and ρϕ00ðF1

ϕÞ are vanishing. The zeroth
order term ρϕ00ð0Þ is given by

ρϕ00ð0Þ ¼
Δt
8
g2ϕ

Z
d3p0

ð2πℏÞ3
1

Es̄
p0Es

p−p0E
ϕ
p
fs̄ðp0Þfsðp − p0ÞB2ðp − p0;p0Þ

× 2πℏδðEϕ
p − Es̄

p0 − Es
p−p0 Þ

�ðp0 · pÞ − 2
�
p0 · ϵð0;pÞ�2�; ð44Þ
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where we have used the second relation of Eq. (7). The second order terms ρϕλ1λ2ðω2Þ and ρϕλ1λ2ðF2
ϕÞ read

ρϕλ1λ2ðω2Þ ≈ −
Δt
32

1

4m2
s
g2ϕ

Z
d3p0

ð2πℏÞ3
1

Es̄
p0Es

p−p0E
ϕ
p
B2ðp − p0;p0Þfs̄ðp0Þfsðp − p0Þ2πℏδðEϕ

p − Es̄
p0 − Es

p−p0 Þ

× ϵ�αðλ1;pÞϵβðλ2;pÞω̃ρξðxÞω̃σγðxÞp0ξðp − p0ÞγTr�γβðp0 · γ þmsÞγργα
�ðp − p0Þ · γ þms

�
γσ
� ð45Þ

and

ρϕλ1λ2ðF2
ϕÞ ≈

Δt
32

1

4m2
sT2

eff

g4ϕ

Z
d3p0

ð2πℏÞ3
1

ðEs̄
p0 Þ2ðEs

p−p0 Þ2Eϕ
p
B2ðp − p0;p0Þfs̄ðp0Þfsðp − p0Þ2πℏδðEϕ

p − Es̄
p0 − Es

p−p0 Þ

× ϵ�αðλ1;pÞϵβðλ2;pÞF̃ϕ
ρξðxÞF̃ϕ

σγðxÞp0ξðp − p0ÞγTr�γβðp0 · γ þmsÞγργα
�ðp − p0Þ · γ þms

�
γσ
�
: ð46Þ

In Eqs. (45) and (46) we have used ω̃ρξ ¼ ð1=2Þϵρξαβωαβ, F̃ϕ
ρξ ¼ ð1=2ÞϵρξαβFαβ

ϕ , and neglected fs=s̄ relative to 1 in P
μ
s=s̄. The

tensor part of ρϕλ1λ2ðω2Þ and ρϕλ1λ2ðF2
ϕÞ that is contracted with ϵ�αϵβω̃ρξω̃σγ and ϵ�αϵβF̃

ϕ
ρξF̃

ϕ
σγ , respectively, can be evaluated as

Iαβ;ρξ;σγ ¼ p0ξðp − p0ÞγTr�γβðp0 · γ þmsÞγργα
�ðp − p0Þ · γ þms

�
γσ
�

¼ 2p0ξpγ
�
m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞ þ 2pρðgαβp0σ − gασp0β − gβσp0αÞ
þ2ðgβρp0αp0σ þ gαρp0βp0σ − 2gρσp0αp0βÞ� − 2p0ξp0γ�m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞ
−2pρðgασp0β þ gβσp0αÞ − 4gρσp0αp0β�: ð47Þ

With the above tensor and the quantity inside the curly brackets in (44), ρϕ00ð0Þ, ρϕλ1λ2ðω2Þ, and ρϕλ1λ2ðF2Þ involve the
following moments of momenta:

�
I0; I

μ
0; I

μν
0 ; Iμνρ0 ; Iμνρσ0

� ¼
Z

d3p0

ð2πℏÞ3
1

Es̄
p0Es

p−p0
B2ðp − p0;p0Þfs̄ðp0Þfsðp − p0Þ2πℏδðEϕ

p − Es̄
p0 − Es

p−p0 Þ

×
�
1; p0μ; p0μp0ν; p0μp0νp0ρ; p0μp0νp0ρp0σ�; ð48Þ

�
IμF; I

μν
F ; IμνρF ; IμνρσF

� ¼
Z

d3p0

ð2πℏÞ3
1

ðEs̄
p0 Þ2ðEs

p−p0 Þ2 B
2ðp − p0;p0Þfs̄ðp0Þfsðp − p0Þ2πℏδðEϕ

p − Es̄
p0 − Es

p−p0 Þ

×
�
p0μ; p0μp0ν; p0μp0νp0ρ; p0μp0νp0ρp0σ�: ð49Þ

The tensors in (48) with the subscript “0” are those in ρϕ00ð0Þ and ρϕλ1λ2ðω2Þ, and the tensors in (49) with the subscript “F” are
those in ρϕλ1λ2ðF2

ϕÞ. The difference between Eqs. (48) and (49) is in the powers of Es̄
p0 and Es

p−p0 in the denominators. Note
that all of the above tensors with two or more indices are symmetric with respect to the interchange of any two indices.
Using Eqs. (47)–(49), the zeroth and second order terms of the spin density matrix in (44)–(46) can be expressed in terms

of moments of momenta

ρϕ00ð0Þ ¼
Δt
16

g2ϕm
2
ϕ

1

Eϕ
p
I0

�
1 − 4ϵαð0;pÞϵβð0;pÞ

Iαβ0
m2

ϕI0



; ð50Þ

ρϕ00ðω2Þ ¼ −
Δt
64

g2ϕ
m2

s

1

Eϕ
p
ϵαð0;pÞϵβð0;pÞω̃ρξðxÞω̃σγðxÞ

h
pγm2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξ0

þ 2pγpρðgαβIξσ0 − gασIξβ0 − gβσIξα0 Þ þ 2pγðgβρIξσα0 þ Iξσβ0 gαρ − 2gρσIξαβ0 Þ
−m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξγ0 þ2pρðgασIξβγ0 þ gβσIξαγ0 Þ þ 4gρσIξαβγ0

i
; ð51Þ
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ρϕ00ðF2
ϕÞ ¼

Δt
64

g4ϕ
m2

sT2
eff

1

Eϕ
p
ϵαð0;pÞϵβð0;pÞF̃ϕ

ρξðxÞF̃ϕ
σγðxÞ

h
pγm2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξF

þ 2pγpρðgαβIξσF − gασIξβF − gβσIξαF Þ þ 2pγðgβρIξσαF þ IξσβF gαρ − 2gρσIξαβF Þ
−m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξγF þ2pρðgασIξβγF þ gβσIξαγF Þ þ 4gρσIξαβγF

i
: ð52Þ

From Eq. (38), the trace of the spin density matrix for the ϕ meson reads

TrðρϕÞ ¼
Δt
8
g2ϕðm2

ϕ þ 2m2
sÞ

1

Eϕ
p
I0

�
1 −

1

2ðm2
ϕ þ 2m2

sÞ
ω̃ρξðxÞω̃σγðxÞgρσ

1

I0
ðpγIξ0 − Iξγ0 Þ

þ g2ϕ
2ðm2

ϕ þ 2m2
sÞT2

eff

F̃ϕ
ρξðxÞF̃ϕ

σγðxÞgρσ 1

I0
ðpγIξF − IξγF Þ



: ð53Þ

Here we have neglected mixing terms of ωμν and Fϕ
μν since we assume that there is no correlation in spacetime between

them.
From Eqs. (50)–(53) we obtain the 00-component of the normalized spin density matrix for the ϕ meson defined in (36)

ρ̄ϕ00ðx;pÞ ¼ c0ðpÞ þ cωðx;pÞ þ cFðx;pÞ; ð54Þ

where c0, cω, and cF are given by

c0ðpÞ ¼
m2

ϕ

2ðm2
ϕ þ 2m2

sÞ
�
1 − 4ϵαð0;pÞϵβð0;pÞ

Iαβ0
m2

ϕI0



; ð55Þ

cωðx;pÞ ¼ −
1

8m2
sðm2

ϕ þ 2m2
sÞ
ϵαð0;pÞϵβð0;pÞω̃ρξðxÞω̃σγðxÞ

1

I0

h
pγm2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξ0

þ 2pγpρðgαβIξσ0 − gασIξβ0 − gβσIξα0 Þ þ 2pγðgβρIξσα0 þ Iξσβ0 gαρ − 2gρσIξαβ0 Þ
−m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξγ0 þ2pρðgασIξβγ0 þ gβσIξαγ0 Þ þ 4gρσIξαβγ0

i

þ c0ðpÞ
2ðm2

ϕ þ 2m2
sÞ
ω̃ρξðxÞω̃σγðxÞgρσ

1

I0
ðpγIξ0 − Iξγ0 Þ; ð56Þ

and

cFðx;pÞ ¼
1

8m2
sðm2

ϕ þ 2m2
sÞ

g2ϕ
T2
eff

ϵαð0;pÞϵβð0;pÞF̃ϕ
ρξðxÞF̃ϕ

σγðxÞ 1
I0

h
pγm2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξF

þ 2pγpρðgαβIξσF − gασIξβF − gβσIξαF Þ þ 2pγðgβρIξσαF þ IξσβF gαρ − 2gρσIξαβF Þ
−m2

ϕðgβρgασ − gαβgρσ þ gβσgαρÞIξγFþ2pρðgασIξβγF þ gβσIξαγF Þ þ 4gρσIξαβγF

i

−
g2ϕc0ðpÞ

2ðm2
ϕ þ 2m2

sÞT2
eff

F̃ϕ
ρξðxÞF̃ϕ

σγðxÞgρσ 1

I0
ðpγIξF − IξγF Þ: ð57Þ

We see in Eqs. (55)–(57) that the momentum moments always come with the factor 1=I0, so they can be understood as
normalized moments by I0, a kind of momentum averages.
We see in Eqs. (55)–(57) that c0, cω, and cF are all Lorentz scalars, so it is convenient to evaluate them in the rest frame of

the vector meson. All nonvanishing moments of momenta in cω and cF in Eqs. (56) and (57) that are evaluated in the rest
frame of the vector meson are listed in Table II. We can also evaluate c0 in the rest frame of the vector meson using Eq. (41)

and I000 ¼ ðm2
ϕ=4ÞI0 and Iij0 ¼ ð1=3Þδijðm2

ϕ=4 −m2
sÞI0, which gives c0 ¼ 1=3. Finally, the result for ρ̄ϕ00 is
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ρ̄ϕ00ðx;pÞ ≈
1

3
þ C1

�
1

3

�
ω0 · ω0 −

4g2ϕ
m2

ϕT
2
eff

B0
ϕ ·B

0
ϕ

�
− ðϵ0 · ω0Þ2 þ 4g2ϕ

m2
ϕT

2
eff

ðϵ0 ·B0
ϕÞ2




þ C2

�
1

3

�
ε0 · ε0 −

4g2ϕ
m2

ϕT
2
eff

E0
ϕ · E

0
ϕ

�
− ðϵ0 · ε0Þ2 þ

4g2ϕ
m2

ϕT
2
eff

ðϵ0 · E0
ϕÞ2



; ð58Þ

where the fields with primes are in the rest frame of the
vector meson, ε and ω denote the electric and magnetic
parts of the vorticity tensor ωμν, respectively, Eϕ and Bϕ

denote the electric and magnetic parts of the ϕ field tensor
Fμν
ϕ , respectively, and C1 and C2 are two coefficients

depending on masses of the quark and vector mesons
defined as

C1 ¼
8m4

s þ 16m2
sm2

ϕ þ 3m4
ϕ

120m2
sðm2

ϕ þ 2m2
sÞ

;

C2 ¼
8m4

s − 14m2
sm2

ϕ þ 3m4
ϕ

120m2
sðm2

ϕ þ 2m2
sÞ

: ð59Þ

The result for ρ̄ϕ00ðx;pÞ in Eq. (58) is rigorous and
remarkable since all contributions are in squares of the
fields. This is a clear piece of evidence that there exists in
the ϕ meson an exact correlation between the strong force
field coupled to the s quark and that coupled to the s̄ quark.
This feature makes ρ00 for unflavored vector mesons very
different from that for other vector mesons carrying net
charges or flavors.
In evaluating the integrals in momentum moments in the

rest frame of the vector meson, we assume a simple form
for the fluid four-velocity u0μ ¼ ð1; 0Þ so that the quark and
antiquark distributions depend only on energies. Then we
obtain the simple form of ρ̄ϕ00ðx;pÞ in Eq. (58) with C1 and
C2 depending only on masses as shown in (59). In general,
the fluid four-velocity has also a spatial component or
three-velocity, and in this case ρ̄ϕ00ðx;pÞ should have a
much more complicated form than Eq. (58) where the
coefficients also depend on the three-velocity of the fluid in
a more sophisticated way.

One can approximate ρ̄ϕ00 by expanding C1 and C2 in
terms of the average quark momentum inside the vector
meson as

C1 ≈
1

6
þ 1

9
d0 þOðd20Þ;

C2 ≈
1

18
d0 þOðd20Þ; ð60Þ

with d0 ≡ 1–4m2
s=m2

ϕ, and the result is

ρ̄ϕ00ðx;pÞ≈
1

3
þ
�
1

6
þ1

9
d0

��
1

3

�
ω0 ·ω0−

4g2ϕ
m2

ϕT
2
eff

B0
ϕ ·B

0
ϕ

�

−ðϵ0 ·ω0Þ2þ 4g2ϕ
m2

ϕT
2
eff

ðϵ0 ·B0
ϕÞ2

�

þ 1

18
d0

�
1

3

�
ε0 ·ε0−

4g2ϕ
m2

ϕT
2
eff

E0
ϕ ·E

0
ϕ

�

−ðϵ0 ·ε0Þ2þ
4g2ϕ

m2
ϕT

2
eff

ðϵ0 ·E0
ϕÞ2

�
þOðd20Þ: ð61Þ

The above result can be compared with that in the non-
relativistic limit (see Appendix C). To recover the momen-
tum dependence, one can express ρ̄ϕ00 in terms of lab-frame
fields. The transformation of the fields between the lab and
rest frame reads

B0
ϕ ¼ γBϕ − γv ×Eϕ þ ð1 − γÞ v · Bϕ

v2
v;

E0
ϕ ¼ γEϕ þ γv ×Bϕ þ ð1 − γÞ v ·Eϕ

v2
v;

ω0 ¼ γω − γv × εþ ð1 − γÞ v · ω
v2

v;

ε0 ¼ γεþ γv × ωþ ð1 − γÞ v · ε
v2

v; ð62Þ

TABLE II. All nonvanishing moments of momenta normalized by I0 in ρ̄ϕ00 from contributions of the vorticity and the ϕ
field, which are evaluated in the rest frame of the vector meson. Note that I represents either I0 or IF. The definition for some
quantities are Iaa ≡ I11 þ I22 þ I33, I0aa ≡ I011 þ I022 þ I033, I00aa ≡ I0011 þ I0022 þ I0033, Iaabb ≡ I1122 þ I2233 þ I3311, and
Iaaaa ≡ I1111 þ I2222 þ I3333. The constant d0 is defined as d0 ≡ 1–4m2

s=m2
ϕ. The tensors in Eqs. (56) and (57) are linear combinations

of the quantities listed in this table, for example, IijF ¼ ð1=3ÞδijIaaF , I0ijF ¼ ð1=3ÞδijI0aaF , etc.

Iμ I00 Iaa I000 I0aa I0000 I00aa Iaabb Iaaaa

ω ðmϕ=2Þgμ0 m2
ϕ=4 d0m2

ϕ=4 m3
ϕ=8 d0m3

ϕ=8 m4
ϕ=16 d0m4

ϕ=16 d20m
4
ϕ=80 3d20m

4
ϕ=80

Fϕ ð2=mϕÞgμ0 1 d0 mϕ=2 d0mϕ=2 m2
ϕ=4 d0m2

ϕ=4 d20m
2
ϕ=20 3d20m

2
ϕ=20
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where γ ¼ Eϕ
p=mϕ is the Lorentz factor and v ¼ p=Eϕ

p is the velocity of the ϕ meson. Taking the y direction as the spin

quantization direction, ϵ0 ¼ ð0; 1; 0Þ, we obtain ρ̄ϕ00 in terms of the fields in the lab frame

ρ̄ϕ00ðx;pÞ ≈
1

3
þ 1

3

X
i¼1;2;3

IB;iðpÞ
1

m2
ϕ

�
ω2

i −
4g2ϕ

m2
ϕT

2
eff

ðBϕ
i Þ2



þ 1

3

X
i¼1;2;3

IE;iðpÞ
1

m2
ϕ

�
ε2i −

4g2ϕ
m2

ϕT
2
eff

ðEϕ
i Þ2



; ð63Þ

where the coefficients are given by

IB;xðpÞ ¼ C1

�
ðEϕ

pÞ2 −
�
1þ 3p2

y

ðmϕ þ Eϕ
pÞ2

�
p2
x



þ C2ðp2

y − 2p2
zÞ;

IE;xðpÞ ¼ C1ðp2
y − 2p2

zÞ þ C2

�
ðEϕ

pÞ2 −
�
1þ 3p2

y

ðmϕ þ Eϕ
pÞ2

�
p2
x



;

IB;yðpÞ ¼ C1

�
6

Eϕ
p

mϕ þ Eϕ
p

p2
y − 2ðEϕ

pÞ2 − p2
y −

3p4
y

ðmϕ þ Eϕ
pÞ2



þ C2ðp2

x þ p2
zÞ;

IE;yðpÞ ¼ C1ðp2
x þ p2

zÞ þ C2

�
6

Eϕ
p

mϕ þ Eϕ
p

p2
y − 2ðEϕ

pÞ2 − p2
y −

3p4
y

ðmϕ þ Eϕ
pÞ2



;

IB;zðpÞ ¼ C1

�
ðEϕ

pÞ2 −
�
1þ 3p2

y

ðmϕ þ Eϕ
pÞ2

�
p2
z



þ C2ðp2

y − 2p2
xÞ;

IE;zðpÞ ¼ C1ðp2
y − 2p2

xÞ þ C2

�
ðEϕ

pÞ2 −
�
1þ 3p2

y

ðmϕ þ Eϕ
pÞ2

�
p2
z



: ð64Þ

The result in Eq. (63) is remarkable in its factorization form: the momentum functions are separated from spacetime
functions. This has an advantage that the momentum functions can be determined by experimental data on momentum
spectra while unknown spacetime functions can be extracted from data on ρ̄ϕ00.
One can take an average of ρ̄ϕ00ðx;pÞ over the local spacetime volume in which the vector meson is formed as

hρ̄ϕ00ðx;pÞix ≈
1

3
þ 1

3

X
i¼1;2;3

IB;iðpÞ
1

m2
ϕ

�
hω2

i i −
4g2ϕ

m2
ϕT

2
eff

D
ðBϕ

i Þ2
E


þ 1

3

X
i¼1;2;3

IE;iðpÞ
1

m2
ϕ

�
hε2i i −

4g2ϕ
m2

ϕT
2
eff

D
ðEϕ

i Þ2
E


: ð65Þ

These averaged field squares can play as parameters and be determined by comparing hρ̄ϕ00ðx;pÞix with the data of ρϕ00 as
functions of transverse momenta. One can further take a momentum average of hρ̄ϕ00ðx;pÞip and compare with the data as
functions of collision energies,

hρ̄ϕ00ðx;pÞix;p ≈
1

3
þ 1

3

X
i¼1;2;3

hIB;iðpÞi
1

m2
ϕ

�
hω2

i i−
4g2ϕ

m2
ϕT

2
eff

D
ðBϕ

i Þ2
E


þ 1

3

X
i¼1;2;3

hIE;iðpÞi
1

m2
ϕ

�
hε2i i−

4g2ϕ
m2

ϕT
2
eff

D
ðEϕ

i Þ2
E


; ð66Þ

where the momentum average can be defined as

hOðpÞi ¼
R d3p

Eϕ
p
OðpÞfϕðpÞR d3p
Eϕ
p
fϕðpÞ

; ð67Þ

if we want to obtain momentum-integrated data for ρ̄ϕ00. Here
Ep is the ϕ meson’s energy, and fϕðpÞ is its momentum

distribution which may contain information about collective
flows such asv1 andv2, etc. Ifwewant toobtain the transverse
momentum spectra of ρ̄ϕ00, we have to integrate over the
azimuthal angle and rapidity in the average ρ̄ϕ00 and keep pT ,
i.e., to replaced3p=Eϕ

p in (67)bydydφ. The theoretical results
for hρ̄ϕ00i as functions of transverse momenta, collision
energies and centralities are presented in Ref. [41], which
are in a good agreement with recent STAR data [22].
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VI. DISCUSSIONS

In this section we will discuss the main results as well as
approximations or assumptions that have been made in
this paper.
The Lagrangian (1) is for real vector fields since we are

concerned about the charge or flavor neutral particles such
as quarkonia made of a quark and its antiquark. To describe
those particles that carry net charge or flavor, we have to
consider complex vector fields. The generalization of the
formalism to complex vector fields is straightforward.
About the kinetic parts of the Boltzmann equations (20)

or (27) one may ask if there are additional vorticity terms
arising from noninertia force such as Coriolis and centrifu-
gal force as in Ref. [68] for massless fermions. The answer
is no. The effect of local rotation of the fluid in terms of
vorticity does not depend on whether one sees the system in
noninertia frame or inertia frame. What is essential is that
the fluid is really rotating relative to an inertia frame but not
just caused by the rotation of the observer. This means one
can describe the same system either in a rotating frame or in
an inertia frame. In the inertia frame, such a term does not
appear in the kinetic term of the Boltzmann equation for a
simple reason: there is no noninertia force. This has been
shown in several independent investigations, for example,
in Eq. (19) of Ref. [69] for massless fermions. One may
wonder where the vorticity effect (such as the chiral vortical
effect) goes. It actually comes from an equilibrium dis-
tribution function with spin-vorticity coupling in Eqs. (32)
and (33) that finally enters the current in Eq. (34). Both
approaches in Refs. [68,69] are equivalent in describing the
vorticity effect for massless fermions.
For massive fermions, the covariant Wigner functions (in

an inertia frame) are powerful tools to describe phase-space
evolution of spin-1=2 fermions. Several groups have devel-
oped this approach and made significant progress. For
example, the collisionless kinetic equations are given in
Eq. (60) of Ref. [65]. We can see that once the external
electromagnetic field is turned off, the kinetic field is just in
the formofp · ∂xVðx; pÞ ¼ 0 (V is proportional to thevector
component of the Wigner function) and p · ∂xΣμνðx; pÞ ¼ 0

(Σμν is the tensor component of the Wigner function), and
bothV andΣμν depend on distribution functions of fermions.
The vorticity effect is actually encoded in the vector and
axial vector components of Wigner functions, as shown in
Eqs. (101) and (111). Note that the axial vector component
of the Wigner function gives the spin (pseudo)vector.
The absence of such a vorticity force term in the collisionless
part of the kinetic equation can also be confirmed in
Eqs. (94)–(97) of Ref. [70].
The vector fields that polarize s and s̄ are assumed to be

the ϕ field according to the chiral quark model [27]. It is the
effective (color singlet) vector field induced by the current of
pseudo-Goldstone bosons. The local averaged field squares
hðBϕ

i Þ2i and hðEϕ
i Þ2i are also related to gluon fluctuation of

instantons [30,31] according to the quark model based on
instanton vacuum [71]. If quarks and antiquarks are polar-
ized by gluon fields, the local averaged field squares are
related to the gluon condensate that contributes to the trace
anomaly of the energy momentum tensor. Therefore, the
local averaged field squares are in connection with funda-
mental properties of the QCD vacuum which play an
important role in hadron structures [28,29].
As an input to the general formula (35) we assume that

Pμ
q and Pμ

q̄ have the linear form in Eq. (39) in the vorticity
and ϕ fields. The coupling between the spin and fluid
velocity field is assumed to be through the vorticity. One
can also introduce other coupling forms such as spin-shear
couplings [72–75]. The spin polarization by the ϕ field for
q and q̄ is assumed to have a covariant and linear form
∼ϵμναβFϕ

αβpν. There may be contributions to Pμ
q and Pμ

q̄

from the ϕ field in quadratic or higher orders in Fϕ
αβ, but we

neglected these contributions in this paper for simplicity
because the purpose of this paper is to illustrate the effects
of field fluctuations on the spin alignment. This is our main
assumption. Furthermore, one can use other forms of spin-
field couplings or add more terms to Eq. (39). An
alternative choice is to use the coupling of the spin and
gluon field as in the nonrelativistic quantum chromody-
namics (NRQCD) [76,77]. But the Hamiltonian of
NRQCD is not covariant at all and may be different from
the covariant from ∼ϵμναβFc

αβpν where Fc
αβ is the gluon

field with adjoint color c. In this case the final result may be
different from the result in this paper.
We can generalize the current relativistic coalescence

model to the spin alignment of heavy quarkonia such as
J=ψ . Then the ϕ vector field should be replaced by the
gluon field. The generalization is straightforward.

VII. SUMMARY AND CONCLUSION

In summary, a relativistic transport theory with spin
degrees of freedom for vector mesons is constructed based
on KB equations from which the spin Boltzmann equations
are derived. With the spin Boltzmann equations we for-
mulate the spin density matrix element ρ00 for the ϕmeson.
The dominant contributions to ρϕ00 at lower energies are
assumed to come from the ϕ field, a kind of the vector force
field in strong interaction that can polarize the strange and
antistrange quarks in the same way as the electromagnetic
field polarizes charged particles. The key observation is that
there is correlation inside the ϕ meson’s wave function
between the ϕ field that polarizes the strange antistrange
quarks. This is reflected by the fact that the contributions to
ρϕ00 are all in squares of the fields which are nonvanishing
even if the fields may strongly fluctuate. There are six
parameters for fluctuations of strong force fields, hðBϕ

i Þ2i
and hðEϕ

i Þ2i with i ¼ x, y, z, that can be extracted from
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experimental data. Constrained by the number and pre-
cision of data and considering the geometry of heavy-ion
collisions, one can approximately reduce the number of
parameters to two: longtitudinal and transverse field
squares as was done in Ref. [41]. These parameters of
strong force field fluctuations in ρ00 for unflavored vector
mesons reflect fundamental properties of QCD.
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APPENDIX A: COLLISION TERMS FOR COALESCENCE AND DISSOCIATION

In this appendix, we will derive the collision term for the coalescence process of the quark and antiquark into the vector
meson corresponding to I−þþ in Eq. (26).
The explicit form of I−þþ is

I−þþ ¼
X

r1;s1;r2;s2;λ01;λ
0
2

�
ϵαðλ01;pÞϵν�ðλ02;pÞTr

�
Γαvðs1;−p0Þv̄ðr1;−p0ÞΓμuðr2;pþ p0Þūðs2;pþ p0Þ�þ ϵμðλ01;pÞϵ�αðλ02;pÞ

× Tr
�
Γνvðs1;−p0Þv̄ðr1;−p0ÞΓαuðr2;pþ p0Þūðs2;pþ p0Þ��

×
��
δr1s1 − fð−Þr1s1ðx;−p0Þ��δr2s2 − fðþÞ

r2s2ðx;pþ p0Þ�fλ0
1
λ0
2
ðx;pÞ

−fð−Þr1s1ðx;−p0ÞfðþÞ
r2s2ðx;pþ p0Þ�δλ0

1
λ0
2
þ fλ0

1
λ0
2
ðx;pÞ��: ðA1Þ

The corresponding collision term in the left-hand side of Eq. (26) reads

Iμνl:h:s ¼
1

4ð2πℏÞ
X

r1;s1;r2;s2;λ01;λ
0
2

Z
d3p0 1

8Eq̄
p0E

q
p−p0EV

p

δðEV
p − Eq̄

p0 − Eq
p−p0 Þδðp0 − EV

pÞ

×
�
ϵαðλ01;pÞϵν�ðλ02;pÞTr

�
Γαvðs1;p0Þv̄ðr1;p0ÞΓμuðr2;p − p0Þūðs2;p − p0Þ�

þ ϵμðλ01;pÞϵ�αðλ02;pÞTr
�
Γνvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ��

×
��
δr1s1 − fð−Þr1s1ðx;p0Þ��δr2s2 − fðþÞ

r2s2ðx;p − p0Þ�fλ0
1
λ0
2
ðx;pÞ

−fð−Þr1s1ðx;p0ÞfðþÞ
r2s2ðx;p − p0Þ�δλ0

1
λ0
2
þ fλ0

1
λ0
2
ðx;pÞ��; ðA2Þ

where we have changed the sign of the antiquark’s three-momentum as p0 → −p0 in the integral, used Eq. (7), and the
relation

δðp02 −m2
qÞδ

�ðpþ p0Þ2 −m2
q

�
δðp2 −m2

VÞθð−p0
0Þθðp0 þ p0

0Þθðp0Þ

¼ 1

8Eq̄
p0E

q
pþp0EV

p

δðp0
0 þ Eq̄

p0 Þδðp0 þ p0
0 − Eq

pþp0 Þδðp0 − EV
pÞ

¼ 1

8Eq̄
p0E

q
pþp0EV

p

δðp0
0 þ Eq̄

p0 ÞδðEV
p − Eq̄

p0 − Eq
pþp0 Þδðp0 − EV

pÞ: ðA3Þ

From (11), the particle sector of p · ∂xG<;μνðx; pÞ in the left-hand side of Eq. (26) becomes

p · ∂xG<;μνðx; pÞ ¼ 2πℏ
1

2EV
p
δðp0 − EV

pÞ
X
λ0
1
;λ0

2

ϵμðλ01;pÞϵν�ðλ02;pÞp · ∂xfλ0
1
λ0
2
ðx;pÞ: ðA4Þ
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Using Eqs. (A2) and (A4) into Eq. (26), taking a contraction of the resulting equation with ϵ�μðλ1;pÞ and ϵνðλ2;pÞ, and using
the first identity in (7), we obtain

p · ∂xfλ1λ2ðx;pÞ ¼
1

16

X
r1;s1;r2;s2;λ01;λ

0
2

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0

2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×
�
δλ2λ02ϵ

�
μðλ1;pÞϵαðλ01;pÞTr

�
Γαvðs1;p0Þv̄ðr1;p0ÞΓμuðr2;p − p0Þūðs2;p − p0Þ�

þ δλ1λ01ϵνðλ2;pÞϵ�αðλ02;pÞTr
�
Γνvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ��

×
�
fð−Þr1s1ðx;p0ÞfðþÞ

r2s2ðx;p − p0Þ�δλ0
1
λ0
2
þ fλ0

1
λ0
2
ðx;pÞ�

−
�
δr1s1 − fð−Þr1s1ðx;p0Þ��δr2s2 − fðþÞ

r2s2ðx;p − p0Þ�fλ0
1
λ0
2
ðx;pÞ�; ðA5Þ

which reproduces Eq. (27). Note that the terms proportional to pμ and pν in the left-hand side of Eq. (26) do not contribute
since their contraction with ϵ�μðλ1;pÞ and ϵνðλ2;pÞ is vanishing.
We consider the coalescence process in heavy-ion collisions in which the MVSDs of quarks, antiquarks, and vector

mesons are assumed to be much smaller than unity. So the term with δλ1λ2 dominates the gain term that can be simplified as

gain ≈
1

8ð2πℏÞ2
X

r1;s1;r2;s2

Z
d3p0 1

Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 Þϵ�μðλ1;pÞϵαðλ2;pÞ

× Tr
�
Γαvðs1;p0Þv̄ðr1;p0ÞΓμuðr2;p − p0Þūðs2;p − p0Þ�fð−Þr1s1ðx;p0ÞfðþÞ

r2s2ðx;p − p0Þ; ðA6Þ

which gives Eq. (31). The loss term can be simplified as

loss ≈ −
1

16ð2πℏÞ2
X

r1;s1;r2;s2

Z
d3p0 1

Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×
�
δλ2λ02ϵ

�
μðλ1;pÞϵαðλ01;pÞTr

�
Γαvðs1;p0Þv̄ðr1;p0ÞΓμuðr2;p − p0Þūðs2;p − p0Þ�

þ δλ1λ01ϵνðλ2;pÞϵ�αðλ02;pÞTr
�
Γνvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ��δr1s1δr2s2fλ01λ02ðx;pÞ

¼ −
1

16ð2πℏÞ2
Z

d3p0 1

Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×

�X
λ0
1

fλ0
1
λ2ðx;pÞϵ�μðλ1;pÞϵαðλ01;pÞTr

�
Γαðp0 · γ −mq̄ÞΓμððp − p0Þ · γ þmqÞ

�

þ
X
λ0
2

fλ1λ02ðx;pÞϵνðλ2;pÞϵ�αðλ02;pÞTr
�
Γνðp0 · γ −mq̄ÞΓαððp − p0Þ · γ þmqÞ

��

¼ −
1

16ð2πℏÞ2
Z

d3p0 1

Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×

�X
λ0
1

fλ0
1
λ2ðx;pÞϵ�μðλ1;pÞϵαðλ01;pÞ þ

X
λ0
2

fλ1λ02ðx;pÞϵ�μðλ02;pÞϵαðλ2;pÞ



× Tr
�
Γαðp0 · γ −mq̄ÞΓμ

�ðp − p0Þ · γ þmq

��
; ðA7Þ

where we have neglected fð−Þr1s1 and fðþÞ
r2s2 relative to δr1s1 and δr2s2 , respectively. After completing the integral over p0 in the

vector meson’s rest frame, one can prove

ϵ�μðλ1;pÞϵαðλ01;pÞ
Z

d3p0 1

4Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 ÞTr

�
Γαðp0 · γ −mq̄ÞΓμ

�ðp − p0Þ · γ þmq

��
∝ δλ1λ01 ; ðA8Þ

so we can replace
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X
λ0
1

fλ0
1
λ2ðx;pÞϵ�μðλ1;pÞϵαðλ01;pÞ þ

X
λ0
2

fλ1λ02ðx;pÞϵ�μðλ2;pÞϵαðλ02;pÞ → −
2

3
fλ1λ2ðx;pÞ

�
gμα −

pμpα

m2
V

�
; ðA9Þ

and then the loss term becomes

loss≈
1

12ð2πℏÞ2 fλ1λ2ðx;pÞ
�
gμα −

pμpα

m2
V

�Z
d3p0 1

Eq̄
p0E

q
p−p0

δðEV
p − Eq̄

p0 − Eq
p−p0 ÞTr

�
Γαðp0 · γ −mq̄ÞΓμ

�ðp− p0Þ · γ þmq

��
:

ðA10Þ

This gives Eq. (32).

APPENDIX B: COLLISION KERNEL

The spin density matrix element for vector mesons is given by Eq. (35). In this appendix we evaluate the collision kernel
in Eq. (35):

Iλ1λ2ðp;p0Þ ¼ Iαβðp;p0Þϵ�αðλ1;pÞϵβðλ2;pÞ; ðB1Þ

where Iαβðp;p0Þ is defined as

Iαβðp;p0Þ≡ Tr
�
Γβvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ�fðq̄Þr1s1ðx;p0ÞfðqÞr2s2ðx;p − p0Þ: ðB2Þ

Now we use the following formula to simplify Iαβ. For quark spinors of particles and antiparticles we have

uðr;pÞūðs;pÞ ¼ 1

2
ðmq þ γμpμÞδrs þ

1

2
mqγ

5γμnμðnsr;p; mqÞ −
1

4
ϵμναβσ

μνpαnβðnsr;p; mqÞ;
X
r;s

uðr;pÞūðs;pÞðτjÞrs ¼ mqγ
5γμnμðnj;p; mqÞ −

1

2
ϵμναβσ

μνpαnβðnj;p; mqÞ;

vðr;pÞv̄ðs;pÞ ¼ 1

2
ð−mq̄ þ pμγμÞδrs −

1

2
mq̄γ5γμnμðn�

sr;p; mq̄Þ −
1

4
ϵμναβσμνpαnβðn�

sr;p; mq̄Þ;
X
r;s

vðr;pÞv̄ðs;pÞðτjÞsr ¼ −mq̄γ5γμnμðnj;p; mq̄Þ −
1

2
ϵμναβσμνpαnβðnj;p; mq̄Þ; ðB3Þ

where we have used n�
sr ¼ nrs ¼ niðτiÞrs with ni (i ¼ 1, 2, 3) being three basis directions in Eq. (23). Inserting Eq. (22)

into Eq. (B2) gives

Iαβðp;p0Þ ¼ Tr
�
Γβvðs1;p0Þv̄ðr1;p0ÞΓαuðr2;p − p0Þūðs2;p − p0Þ� 1

2
fq̄ðx;p0Þ�δr1s1 − Pq̄

μðx;p0Þnð−Þμj ð−p0Þτjr1s1
�

×
1

2
fqðx;p − p0Þ�δr2s2 − Pq

μðx;p − p0ÞnðþÞμ
j ðp − p0Þτjr2s2

�

¼ 1

4
fq̄ðx;p0Þfqðx;p − p0ÞTr�Γβðp0 · γ −mq̄Þ

�
1þ γ5γ · Pq̄ðx;p0Þ�Γα

×
�ðp − p0Þ · γ þmq

��
1þ γ5γ · Pqðx;p − p0Þ��; ðB4Þ

where we have used

vðs1;p0Þv̄ðr1;p0Þ�δr1s1 − Pq̄
μðx;p0Þnð−Þμj ð−p0Þτjr1s1

� ¼ ðp0 · γ −mq̄Þ
�
1þ γ5γ · Pq̄ðx;p0Þ� ðB5Þ

and
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uðr2;p−p0Þūðs2;p−p0Þ
×
�
δr2s2 −Pq

μðx;p−p0ÞnðþÞμ
j ðp−p0Þτjr2s2

�
¼ �ðp−p0Þ ·γþmq

��
1þγ5γ ·Pqðx;p−p0Þ�: ðB6Þ

In deriving (B5) and (B6) we have used

1

2
ϵαβμνσμν ¼ γ5γ

αγβ − gαβγ5;

nð−Þμj ð−p0Þ ¼ nμðnj;p0; mq̄Þ;
p0μPq̄

μðx;p0Þ ¼ ðp − p0ÞμPq
μðx;p − p0Þ ¼ 0: ðB7Þ

Inserting (B4) into (B1) we obtain

Iλ1λ2 ¼ fq̄ðx;p0Þfqðx;p − p0Þϵ�αðλ1;pÞϵβðλ2;pÞ
× Tr

�
Γβðp0 · γ −mq̄Þ

�
1þ γ5γ · Pq̄ðx;p0Þ�Γα

×
�ðp − p0Þ · γ þmq

��
1þ γ5γ · Pqðx;p − p0Þ��:

ðB8Þ

From Eq. (B8) one arrives at Eq. (35). Using (28), the trace
in (B8) can be worked out and the result of Iλ1λ2 is

Iλ1λ2 ¼ −4g2VB2ðp − p0;p0Þfq̄ðx;p0Þfqðx;p − p0Þϵ�αðλ1Þϵβðλ2Þ
�ðp0αPβ

q̄ þ p0βPα
q̄Þðp0 · PqÞ − ðp0αPβ

q þ p0βPα
qÞðp · Pq̄Þ

þ 2p0αp0βð1 − Pq̄ · PqÞ þ gαβ
�
p0 · pþ ðp0 · PqÞðp · Pq̄Þ

�þ �ðmq −mq̄Þmq̄ þ p · p0�ðPα
q̄P

β
q þ Pα

qP
β
q̄ − gαβPq̄ · PqÞ

− ðmq̄ −mqÞmq̄gαβ − iðmq −mq̄Þεαβμνp0
μðPq

ν þ Pq̄
νÞ − imq̄ε

αβμνpμðPq
ν þ Pq̄

νÞ
�
; ðB9Þ

where we have used shorthand notations ϵðλÞ≡ ϵðλ;pÞ, Pq ≡ Pqðx;p − p0Þ, and Pq̄ ≡ Pq̄ðx;p0Þ. We can take the sum of
Iλλ over λ as

X
λ

Iλλ ¼ 2g2VB
2ðp − p0;p0Þfq̄ðx;p0Þfqðx;p − p0Þ

��
−ðmq þmq̄Þ2 þ

1

m2
V
ðm2

q̄ −m2
qÞ2



ðPq̄ · PqÞ

þ 2

m2
V
ðmq −mq̄Þ2ðp · PqÞðp · Pq̄Þþ2m2

V þ 6mqmq̄ −m2
q̄ −m2

q −
1

m2
V
ðm2

q̄ −m2
qÞ2

�
: ðB10Þ

From Eq. (B10) one can obtain TrðρVÞ in Eq. (36).

APPENDIX C: SPIN DENSITY MATRIX
IN NONRELATIVISTIC LIMIT

We consider mq ¼ mq̄ and assume mV ≈ 2mq in the
nonrelativistic limit, which is a good approximation for
heavy quarkonia and the constituent quark coalescence
model. In this case we can approximate

pμ ≈ ðmV; 0Þ;
p0μ ≈ ðmq̄; 0Þ ≈ ðmq; 0Þ;

pμ − p0μ ≈ ðmV −mq̄; 0Þ ≈ ðmq; 0Þ;
Pμ
q̄ðx;p0Þ ≈ ð0;Pq̄ðx;p0ÞÞ;

Pμ
qðx;p − p0Þ ≈ ð0;Pqðx;p − p0ÞÞ;

ϵμðλ1Þ ≈ ð0; ϵðλ1ÞÞ;
ϵμðλ2Þ ≈ ð0; ϵðλ2ÞÞ; ðC1Þ

which leads to

p0 · ϵ�ðλ1Þ ≈ 0;

p0 · ϵðλ2Þ ≈ 0;

p0 · p ≈mVmq;

ϵ�ðλ1Þ · ϵðλ2Þ ≈ −ϵ�ðλ1Þ · ϵðλ2Þ: ðC2Þ

In Eqs. (C1) and (C2) we have used the shorthand notation
ϵðλÞ≡ ϵðλ;pÞ. Using (C1) and (C2), Iλ1λ2 in Eq. (B9) has a
simple form

Iλ1λ2 ¼ 4g2VmVmq

�
ϵ�ðλ1Þ · ϵðλ2Þð1þPq̄ ·PqÞ

−
�
Pq̄ · ϵ�ðλ1Þ

��
Pq · ϵðλ2Þ

�
−
�
Pq · ϵ�ðλ1Þ

��
Pq̄ · ϵðλ2Þ

�
−i
�
ϵ�ðλ1Þ× ϵðλ2Þ

�
· ðPqþPq̄Þ

�
: ðC3Þ

One can verify Iλ2λ1 ¼ I�λ1λ2.
From (35), the spin density matrix for the vector meson

in the nonrelativistic limit is given by
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ρVλ1λ2ðx;pÞ ¼
Δt
8
g2VmVmq

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

fq̄ðx;p0Þfqðx;p − p0Þ2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þ

×
�
ϵ�ðλ1Þ · ϵðλ2Þ

�
1þ Pqðx;p − p0Þ · Pq̄ðx;p0Þ� − �

Pqðx;p − p0Þ · ϵðλ2Þ
��
Pq̄ðx;p0Þ · ϵ�ðλ1Þ

�
−
�
Pqðx;p − p0Þ · ϵ�ðλ1Þ

��
Pq̄ðx;p0Þ · ϵðλ2Þ

�
− i

�
ϵ�ðλ1Þ × ϵðλ2Þ

�
·
�
Pqðx;p − p0Þ þ Pq̄ðx;p0Þ��: ðC4Þ

We can simplify the above formula by using the shorthand
notation

Dp0 ≡ Δt
8
g2VmVmq

Z
d3p0

ð2πℏÞ3
1

Eq̄
p0E

q
p−p0EV

p

× fq̄ðx;p0Þfqðx;p − p0Þ2πℏδðEV
p − Eq̄

p0 − Eq
p−p0 Þ:

ðC5Þ
We can put ρVλ1λ2 into a matrix form

ρV ¼

0
B@

ρ11 ρ10 ρ1;−1

ρ�1;0 ρ00 ρ0;−1

ρ�1;−1 ρ�0;−1 ρ−1;−1

1
CA: ðC6Þ

Note that ρV is a Hermitian matrix and we have suppressed
the index “V” in all elements.
For a given spin quantization direction n3, we can

construct ϵðλÞ as follows:

ϵð0Þ ¼ n3;

ϵð1Þ ¼ −
1ffiffiffi
2

p ðn1 þ in2Þ;

ϵð−1Þ ¼ 1ffiffiffi
2

p ðn1 − in2Þ; ðC7Þ

where n1, n2, and n3 form orthogonal basis vectors in the
rest frame of the vector meson. From (C4) we obtain

ρ11 ¼
Z

Dp0ð1þ n3 · PqÞð1þ n3 · Pq̄Þ;

ρ10 ¼
1ffiffiffi
2

p
Z

Dp0��ðn1 − in2Þ · Pq

�ð1þ n3 · Pq̄Þ þ
�ðn1 − in2Þ · Pq̄

�ð1þ n3 · PqÞ
�
;

ρ1;−1 ¼
Z

Dp0�ðn1 − in2Þ · Pq

��ðn1 − in2Þ · Pq̄

�
;

ρ00 ¼
Z

Dp0�1þ Pq · Pq̄ − 2ðn3 · PqÞðn3 · Pq̄Þ
�
;

ρ−1;0 ¼ −
1ffiffiffi
2

p
Z

Dp0��ðn1 þ in2Þ · Pq

�ð1 − n3 · Pq̄Þ þ
�ðn1 þ in2Þ · Pq̄

�ð1 − n3 · PqÞ
�
;

ρ−1;−1 ¼
Z

Dp0ð1 − n3 · PqÞð1 − n3 · Pq̄Þ; ðC8Þ

wherewe have used shorthand notationsPq ≡ Pqðx;p − p0Þ
and Pq̄ ≡ Pq̄ðx;p0Þ. The 00-element of the normalized
density matrix is given by

ρ̄00 ¼
ρ00

ρ11 þ ρ00 þ ρ−1;−1

¼
R
Dp0�1þ Pq · Pq̄ − 2ðn3 · PqÞðn3 · Pq̄Þ

�
R
Dp0ð3þ Pq · Pq̄Þ

; ðC9Þ

where N ≡ R
Dp0 is the normalization constant. If the

magnitude of the polarization is much smaller than 1, we
can make a Taylor expansion in it and obtain

ρ̄00ðx;pÞ≃
1

3
þ 2

9N

Z
Dp0�ðn1 ·PqÞðn1 ·Pq̄Þ

þðn2 ·PqÞðn2 ·Pq̄Þ−2ðn3 ·PqÞðn3 ·Pq̄Þ
�
: ðC10Þ

If we assume Pq and Pq̄ are only in the direction of n3, i.e.,

nx · Pq ¼ ny · Pq ¼ nx · Pq̄ ¼ ny · Pq̄ ¼ 0; ðC11Þ

we obtain

ρ̄00ðx;pÞ ≈
1

3
−

4

9N

Z
Dp0�n3 · Pqðx;p − p0Þ�

×
�
n3 · Pq̄ðx;p0Þ�; ðC12Þ

which recovers a form similar to the previous result
but expressed in terms of the weighted integral Dp0
in (C5).
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