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Supersymmetric QCD on the lattice: Fine-tuning of the Yukawa couplings
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We determine the fine-tuning of the Yukawa couplings of supersymmetric QCD, discretized on a lattice.
We use perturbation theory at one-loop level. The modified minimal subtraction scheme (MS) is employed;
by its definition, this scheme requires perturbative calculations, in the continuum and/or on the lattice. On
the lattice, we utilize the Wilson formulation for gluon, quark, and gluino fields; for squark fields we use
naive discretization. The sheer difficulties of this study lie in the fact that different components of squark
fields mix among themselves at the quantum level and the action’s symmetries, such as parity and charge
conjugation, allow an additional Yukawa coupling. Consequently, for an appropriate fine-tuning of the
Yukawa terms, these mixings must be taken into account in the renormalization conditions. All Green’s
functions and renormalization factors are analytic expressions depending on the number of colors, N, the
number of flavors, Ny, and the gauge parameter, a, which are left unspecified. Knowledge of these
renormalization factors is necessary in order to relate numerical results, coming from nonperturbative

studies, to the renormalized, “physical” Green’s functions of the theory.
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I. INTRODUCTION

Over the past decades, supersymmetry (SUSY) has been
considered a prime candidate for resolving a number of
open problems related to the Standard Model (SM), such as
the candidates to explain the nature of dark matter [1], the
unification of the electromagnetic, weak and strong forces
suggested by the Grand Unified Theory (GUT) [2,3], and
the hierarchy problem [3]. Unbroken SUSY dictates equal
fermionic and bosonic degrees of freedom within super-
multiplets. However, SUSY particles have remained
elusive [4], necessitating the nonperturbative study of the
SUSY breaking mechanism [5,6]. Supersymmetric models
of strongly coupled theories are a very promising models
for new physics Beyond the SM and lattice investigations
of supersymmetric extensions of QCD are becoming within
reach. However, there are several well-known obstacles
arising from the breaking of SUSY in a regularized theory
on the lattice [7], including the necessity for fine-tuning of
the theory’s bare Lagrangian [8—10].
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An additional significant incentive for delving into
nonperturbative explorations of supersymmetric theories
stems from theoretical conjectures concerning confinement
mechanisms and their connections to gauge/gravity duality.
These have their foundations in the enhanced symmetries
of supersymmetric gauge theories and it would be interest-
ing to extend and relate them to QCD or Yang-Mills theory.
This requires more general insights into the nonperturbative
regime of supersymmetric theories. Numerical lattice
simulations would be an ideal nonperturbative first-
principles tool to investigate gauge theories with SUSY.
However, it is unavoidable to break SUSY in any nontrivial
theory on the lattice. In general, fine-tuning is required to
restore supersymmetry in the continuum limit (see, e.g.,
Ref. [11]), which can be guided by signals provided by
the SUSY Ward identities [12,13]. The analysis of SUSY
Ward identities requires the renormalization of the super-
current [14], which can mix due to broken supersymmetry
with other operators of the same or lower dimension.
Even though lattice breaks A/ = 1 supersymmetry explic-
itly [15], it is the best method at present to obtain
quantitative results. There are also other theories with
extended supersymmetry [16—18], which preserve some
supercharges on the lattice; however, in this work we focus
on N =1 supersymmetric QCD (SQCD) which is more
realistic in the sense that it is directly related to extensions
of the SM.

The gauge invariance of the lattice SQCD action dictates
that some of the action’s interaction terms will share
the same coupling constant, g (gauge coupling). This is
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particularly applicable to the kinematic terms containing
covariant derivatives, resulting in gluons coupling with
quarks, squarks, gluinos, and other gluons, all governed by
the same gauge coupling constant. The Yukawa interactions
involving quarks, squarks, and gluinos, as well as the four-
squark interactions, have the potential to feature distinct
couplings, at the quantum level. Furthermore, new terms
may also emerge, necessitating careful fine-tuning on the
lattice. By exploiting the symmetries of the Wilson lattice
action, we can predict these potentially novel interaction
terms. However, with the actual computation we can
understand if they will arise at the quantum level, and
more importantly we can determine their renormalizations
to certain perturbative order.

In this article, we present one-loop perturbative results
regarding the renormalization of the Yukawa couplings,
which are obtained by using the standard AV = 1 super-
symmetric extension of QCD with the gauge group SU(N ..
and Ny flavors in the fundamental representation. After
presenting the basics of the computation setup (Sec. II), we
start with a discussion of the renormalization of the Yukawa
couplings (Sec. III) both in dimensional and lattice regu-
larizations. We utilize the MS renormalization scheme
and we determine the renormalization factors to one-loop
order. Finally, outlook and future plans are briefly outlined
(Sec. IV). We also provide an Appendix that elaborates the
Majorana nature of the gluino field within the functional
integral framework.

1 | -
Ssqep = / d*x {—Z Uy % - %WY”DMG -

II. FORMULATION AND
COMPUTATIONAL SETUP

In this section we shortly introduce the computational
setup of our study, along with the notation used in the
paper. We give the definitions for the symmetries of
the action as well as the transformation properties of the
Yukawa terms. These symmetries allow an additional linear
combination of “Yukawa-type” operators, which can in
principle appear at the quantum level. In addition, we
provide the Feynman diagrams for the calculation of the
three-point (3-pt) Green’s functions which we must com-
pute in order to extract the renormalization of the Yukawa
couplings. Several prescriptions for defining ys in D
dimensions [19] are also presented in the end of this
section. Since MS renormalized Green’s functions are
computed in dimensional regularization (DR) we have
also introduced the continuum action of SQCD. In DR the
regulator, €, is defined by D =4 —2¢; in the lattice
regularization (LR) the lattice spacing, a, serves as regu-
lator for the UV divergences.

In the Wess-Zumino (WZ) gauge, the SQCD action
contains the following fields; the gluon together with the
gluino; and for each quark flavor, a Dirac fermion (quark)
and two components of squarks. Although the action of
SQCD used in this calculation can be found in the
literature, e.g., in Refs. [20,21], for completeness’ sake
we present it here; in the continuum and in Minkowski
space, the action of SQCD is!

D,ALD'A, — D,A_D'AT + iy D,y

— iV2g(AT 20 TPy — gP_A*T*A, + A_J°T°P_y — P, J°TAL)

1
- Egz(ALT“AJr — A_TAD)? 4 m(py —mAT A, —mA_AT)|,

where y (AL ) is the quark field (squark field components),
u, = uyT* (A = 2A°T“) is the gluon (gluino) field; 7* are
the generators of the SU(N.) gauge group and P, =
(1 £y5)/2 are projectors. Quarks and squarks should
also be assigned with color indices in the fundamental
representation of the gauge group SU(N.), whereas
gluons and gluinos carry an a index which is a color
index in the adjoint representation of the gauge group.

'Note that matter fields are in the fundamental representation
of the gauge group, as in ordinary QCD; also, in the interest of
studying the simplest manifestly renormalizable supersymmetric
extension of QCD, we have not included any additional super-
potential terms in the SQCD Lagrangian, Eq. (1).

(1)

The definitions of the covariant derivatives and of the gluon
field tensor are

DA, =0,A, +iguiTA.,
DAL = 0,AT + iquiT*AT,
D,A_ = 0,A_ —igA_Tug,
DAl = 9,A% —igAl T"ug,
Dy = o,y + iguy Ty,
D, A = 0,4+ ig[u,, A,

Uy = Oty — Oyu,, + ig[u,, u,).
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The parts of the continuum and lattice SQCD actions that are
associated with the quark and the squark fields [Egs. (1) and
(6), respectively] involve a summation over flavor indices;
these flavor indices are implicit within our expressions.

The above action in Eq. (1) is invariant under
these supersymmetric transformations with a Majorana
Grassmann parameter &:

5:A, = —V2EP,y,
S:A_ = —V2pP. ¢,
85:(Poy) = iV2(D,AL )P y"E — V2mP AT,
8:(P_y) = iV2(D,A_) P_y"& —\/2mA  P_¢,
Ozuy = —i;&yﬂﬂ",

igr E(ATT?A, — A_T?AT).
3)

As in the case with the quantization of ordinary gauge
theories, additional infinities will appear upon functionally
integrating over gauge orbits. The standard remedy is to
introduce a gauge-fixing term in the Lagrangian, along with
a compensating Faddeev-Popov ghost term. The resulting
Lagrangian, though no longer gauge invariant, is still
invariant under Becchi-Rouet-Stora-Tyutin transforma-
tions. This procedure of gauge fixing guarantees that
Green’s functions of gauge invariant objects will be gauge
independent to all orders in perturbation theory. We use the
ordinary gauge fixing term and ghost contribution arising
from the Faddeev-Popov gauge fixing procedure,

1
55/10( = Z le/ [}/ﬂ’ 7"}5 -

1
Ser =~ | d*xTr(d#u, )2, 4
GF a/ )CI‘( ”;4) ()
|

SSocp = a4z {%Z( —TrU ) ZTr 21D,
X uy

where « is the gauge parameter [@ = 1(0) corresponds to
Feynman (Landau) gauge], and

SGhost:—Z/d“xTr(Ea”Dﬂc), Dﬂc:aﬂc—ig[uﬂ,c], (5)

where the ghost field, ¢, is a Grassmann scalar which
transforms in the adjoint representation of the gauge group.
This gauge fixing term breaks supersymmetry. However,
given that the renormalized theory does not depend on
the choice of a gauge fixing term, and given that both
dimensional and lattice regularizations violate SUSY at
intermediate steps, one may choose this standard covariant
gauge fixing term.

In Refs. [22] and [23], the first lattice perturbative
computations in the context of SQCD were presented;
apart from the Yukawa and the quartic couplings [24,25],
we have extracted the renormalization of all parameters
and fields appearing in Eq. (6) using Wilson gluons and
fermions. The results in references [22,23] will find further
use in the present work.

From this point on, we switch to Euclidean space. In our
lattice calculation, we extend Wilson’s formulation of the
QCD action, to encompass SUSY partner fields as well. In
this standard discretization quarks, squarks, and gluinos
live on the lattice sites, and gluons live on the links of the
lattice: U, (x) = e/aT"4i(x+a#/2); g is a color index in the
adjoint representation of the gauge group. This formulation
leaves no SUSY generators intact, and it also breaks chiral
symmetry; hence, the need for fine-tuning will arise in
numerical simulations of SQCD. For Wilson-type quarks
and gluinos, the Euclidean action SéQCD on the lattice

becomes,

r _
—azTe(AD) + ) (DAL DA, + D,A-DAL + 57, D)
U

- a%z[/Dzy/ + iV2g(AL AT Py — yP_A°T®A, + A_J°T*P_y — P, A°T°AY)

1 _ _
+5 F(ALTA, — A_TAY)? — m(py —mAT A, — mA_Al)} , (6)

where U, (x) = U,(x)U,(x + ap)U}(x + ab)Uj(x), and
a summation over flavors is understood in the last three
lines of Eq. (6). The 4-vector x is restricted to the values
x = na, with n being an integer 4-vector. The terms

?A double summation over flavors is implicit in the 4-squark
term of the action [last line of Egs. (1) and (6)].

proportional to the Wilson parameter, r, eliminate the
problem of fermion doubling, at the expense of breaking
chiral invariance. In the limit a — O the lattice action
reproduces the continuum (Euclidean) one. As we will
describe below, the bare coupling for the Yukawa terms
[gluino-squark-quark terms in the second line of Eq. (6)]
need not coincide with the gauge coupling g; this require-
ment will be imposed on the respective renormalized value.
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The definitions of the covariant derivatives are as follows:

D,(x) = 5 [U ()4 x + af) UL(x) = U (e — (e — iU, x — )], 7)
D(x) = %;[Uﬂ<x>z<x  af)UL(x) — 22(x) + Up(x — ai)(x — ai) Uy (x = ag)]. 8)
D,y () = 5 (U, (0 (x + ah) = Ub(x = ai(x — ap), ©)

Doy (x) = aﬂ;wﬂ(x)w(x - aR) - 2(x) + Up(x = ap)w(x - a), (10)
DAL () =+ [U, (A, (x + ap) =~ A, (2], (1)

DAL () = L (AL + @i Uj () ~ AL ()], (12)

D,A_(x) = - [A_(x + @) Uj () — A_()], (13)

DA (x) = é (U, (X)AT (x + apt) — AT (x)]. (14)

In Egs. (11)—(14) in order to avoid a “doubling” problem for squarks we do not use the symmetric derivative; note, however,
that the symmetries of the action are the same for both types of derivatives.

In perturbation theory, it is necessary to introduce a discrete version of the gauge-fixing term into the action. This term is
expressed in terms of the gauge field, u,(x),

SL . zziaazzZTr(uﬂ(x—l—aﬁ/Z) —u,(x —aji/2))>. (15)

In addition, covariant gauge fixing produces the following action for the ghost fields ¢ and c,

Shnost = 28°> Y Tr{ (@(x + ap) — &(x)) (c(x +aft) — c(x) + iglu, (x + app/2), c(x)]

il -+ /2. s+ ) = )] = 13+ /). iy -+ ai/2) o+ a) = ] ) b+ 00

(16)

These two terms must be added to the action, in order to
avoid divergences from the integration over gauge orbits;
they are the same as in the nonsupersymmetric case.
Furthermore, an additional term must be added to the
action, Eq. (6), in order to account for the Jacobian in
the change of integration variables, U, — u,,. This term is
the standard “measure” term Sﬁ,, in the action and, to lowest
order in g, it reads,

Sty = N S S T, e ai2)R 4 Ol (1)

In our previous works [26-28], we studied the
mixing of certain composite operators upon renormal-
ization. The symmetries of the action play a crucial role
to identify the candidate mixing operators. Similarly, in
this work, we examine the transformation properties of
Yukawa-type operators (gauge-invariant operators of
dimension-four, composed of one gluino, one quark,
and one squark field) under both parity P and charge
conjugation C, and we have determined which specific
linear combinations of them remain unchanged. All
potential Yukawa terms and their transformation proper-
ties are detailed in Table I
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TABLE 1. Gluino-squark-quark dimension-4 operators which
are gauge invariant and flavor singlet. All matter fields carry an
implicit flavor index.

Operators C P

APy —pP AL A_AP_y
WP_JA., —~A_JP_y WP AL
A_IP_y —yP_JA, ATIP .y
WP AAL ~AT Py WwP_IA,
AL AP_y —pP_JAT A_AP. y
WP, A, —A_IP vy wP_JAT
A_IP P A, ALP_y
wP_JAL A AP_y WP A,

The symmetries of the lattice action and their definitions
are presented below.

Uo(x) = Uo(xp), Ui(x)—Uj(xp—ak), k=1,2,3
w(x) = row(xp)

W (x) = (xp)ro

A%(x) = roA*(xp) (18)
A7(x) = 2% (xp)70

Ag(x) > AL (xp)

AL(x) > A (xp),

x)
x)

where xp = (=X, xq).

U,(x) = Uj(x),
w(x) > —Cip(x)
w(x) > y(x)'Ct

C:{ Ax) = CAx)T (19)
Ax) = =A(x)"CT

(3) = A=(x)

( (),

where T means transpose [also in the SU(N,.) generators
implicit in the gluino fields]. The matrix C satisfies
(Cy,)T =Cy,, C"=—C, and C'C = 1. In four dimen-
sions, in a standard basis for y matrices, in which y, 7, (71,
y3) are symmetric (antisymmetric), C = —iy,y,. Note that
all operators considered in Table I are flavor singlets.

The transformation properties of the Yukawa terms, as
shown in Table I, allow two distinct linear combinations of
Yukawa-type operators:

u=0,1,2.3
T

x) =

A
A

x) =

Y, = AP, w —yP_JA, + A_JP_y — WP AL, (20)

Y,=ALdP_y — P, AA, + A_IP,w —wP_IAL.  (21)

The first combination aligns with the third line of Eq. (6).
However, at the quantum level, the second combination
may emerge, having a potentially different Yukawa cou-
pling. All terms within each of the combinations in
Eqgs. (20) and (21) are multiplied by a Yukawa coupling,
denoted as gy, and gy,, respectively. In the classical
continuum limit, gy, corresponds to g, while gy, vanishes.
Further symmetries of the continuum action, at the
classical level, are R and y. The U(1); symmetry, R,
rotates the quark and gluino fields in opposite direction,

w(x) = ey (x)
(

(22)

R-symmetry does not commute with the SUSY trans-
formation. The U(1), symmetry, y, rotates the squark and
the quark fields in the same direction as follows:

w(x) = ey (x)
o)

Ap(x) = ”AL(x)
Al (x) = e AT (x).

= (x)el7s

(23)

Both Yukawa terms commute with R. However the quark
mass terms do not. Thus, if we insist on a theory with
massive quarks, R is not a symmetry. y leaves invariant
each of the four constituents of the Yukawa term [Eq. (20)],
but it changes the constituents of the “mirror” Yukawa term
(i.e., a term with all P, and P_ interchanged) by phases
220 and =210

Thus the continuum action is classically invariant sep-
arately under y and R (for massless quarks), or under
¥ X R (where the phases in y and R are chosen to be
opposite, so that quarks are left unchanged) for massive
quarks. The lattice action with Ginsparg-Wilson (GW),
even in the presence of Wilson quarks and/or a quark mass,
will also be classically invariant under y x R (with oppo-
site phases: @ = —@'); it is interesting to study how this
symmetry will develop an anomaly in the quantum level.
The structure of counterterms on the lattice becomes
simpler if both GW gluinos and GW quarks is employed.
Even in such a case, terms proportional to the tree-level
Green’s functions of the mirror Yukawa will appear in
lattice Green’s functions, just as they do in DR Green’s
functions, as a consequence of the anomalous symmetries;
however, these terms will coincide in the bare lattice and
continuum Green’s functions, and no further lattice coun-
terterms [such as our Eq. (64)] will be required. Another
interesting feature of the SQCD action which can be
investigated on the lattice, making use of GW gluinos
and massless GW quarks, is the conservation of an
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FIG. 1.

One-loop Feynman diagrams leading to the fine-tuning of gy, and gy,. A wavy (solid) line represents gluons (quarks). A dotted

(dashed) line corresponds to squarks (gluinos). In the above diagrams the directions of the arrows on the external lines depend on the
particular Green’s function under study. An arrow entering (exiting) a vertex denotes a 4, y, A, , AT (4, y?,AL,A_) field. Squark lines
could be further marked with a +(—) sign, to denote an A, (A_) field.

anomaly-free combination of y x R, taking into account
the values of the parameters N, and N s [29] which enter the
phases of y and R.

In our investigation, we compute perturbatively the
relevant three-point Green’s functions with external gluino,
quark and squark fields, using both the DR and the LR
regularizations. Each Green’s function which contributes to
the one-loop expression of the Yukawa couplings, consists
of three Feynman diagrams shown in Fig. 1. The renorm-
alizations of fundamental fields and the gauge coupling
are a prerequisite for the renormalization of the Yukawa
coupling, since renormalization conditions in 3-pt-vertex
corrections (with external gluino, quark, and squark fields)
involve these quantities. More specifically, combining the
results for the bare Green’s functions on the lattice with the
renormalized Green’s functions (obtained in MS via DR),
and using the renormalization factors for the gluino, quark,
squark fields as well as the renormalization of the gauge
coupling, we extract the renormalization and counterterms
of the Yukawa couplings appropriate to the lattice regu-
larization and the MS renormalization scheme.

Before we turn our attention to the calculation, notice that
there exist several prescriptions [30] for defining y5
in D dimensions, such as the naive dimensional regulariza-
tion (NDR) [31], the ‘t Hooft-Veltman (HV) [32], the DRED
[33] and the DREZ prescriptions (see, e.g., Ref. [34]). These
prescriptions are linked via finite conversion relations [35].
In our calculation, we apply the NDR and HV prescriptions.
The latter does not violate Ward identities involving pseu-
doscalar and axial-vector operators in D dimensions [31].
The Dirac matrices, y,, are Hermitian in D-dimensional
Euclidean space and satisfy the following relations:

77;41/’7;41/ = Dv {7/;49 },l/} = 25;41/]]' (24)
In NDR, the definition of ys satisfies,
{rs.r,} =0, V¥ pu (25)

whereas in HV it satisfies,

{rs.r.} =0, u=12734, [r5.7,]=0, u>4.  (26)

NDR is known to be an inconsistent regularization; in
particular, a calculation of the triangle diagram does not
reproduce the axial anomaly, leading to the incorrect result
that the axial current is conserved. Thus, our use of NDR will
serve only to highlight its effect on Green’s functions such as
Egs. (36)—(41), pointing out how some opposite chirality
terms are absent in NDR. Our end results [see Egs. (63)
and (64)] will employ the HV prescription (¢, = 1).

III. RENORMALIZATION OF THE
YUKAWA COUPLINGS

In this section, we present our one-loop results for the
bare 3-pt Green’s functions and the renormalization factors
of the Yukawa couplings in the MS scheme, using both
dimensional (DR) and lattice (LR) regularizations. For the
renormalization of gy and gy,, we impose renormalization
conditions which result in the cancellation of divergences
of the corresponding bare 3-pt amputated Green’s functions
with external gluino-squark-quark fields. The application
of the renormalization factors on the bare Green’s functions
leads to the renormalized Green’s functions, which are
independent of the regulator (¢ in DR, a in LR).

Given that we are interested in the MS renormalization of
the Yukawa couplings, and that MS is a mass-independent
renormalization scheme, we are free to treat all particles (in
particular, quarks and squarks) as massless. In our forth-
coming paper [36], regarding the quartic (4-squark) couplings
in SQCD, we choose instead to treat quarks and squarks as
massive, in order to avoid the emergence of spurious infrared
divergences. A mass-independent scheme allows us to make
use of techniques for evaluating Feynman diagrams which
have been developed to very high perturbative order (see,
e.g., [37-42]). Still perturbative calculations become exceed-
ingly complicated on the lattice, and consequently, calcu-
lations beyond two loops are practically unfeasible.

The calculation of the amputated tree-level Green’s
functions is straightforward and their expressions are’

*Note that the indices coming from the color in fundamental
representation and the Dirac indices are left implicit. On the
contrary, the color in the adjoint representation is shown explicitly.
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(0 (1) (42)7 )" i(q) = / re-177(). (34)

i
=59 (27)*8(qy — g2+ q3) (1 +75) T /V2,  (27)
The procedure of calculating the renormalization in the

+ _ MS scheme entails performing first the perturbative cal-
(w(q2)AL(q3)A% (q1))"* culations of the Green’s function in DR; this is unavoidable
i o by the very nature of the MS scheme. The comparison with
—2n (22)*8(q1 = 2 + 43)(1 =)/ V2, (28) thye same rGyreen’s. functions calculated in LR Will)l lead to the
lattice renormalizations in the MS scheme.
a ¥ _ tree The calculations presented in this paper could ideally be
“ l(q])iq_(%)v/(%) ) performed using generic external momenta. However, for
_ _ é 9y, (27)*8(q) — g5 + q3)(1 = y5)T® /\/i (29) cqnvenienge of computation, we are free to' make appro-
priate choices of these momenta; the resulting renormal-
ization factors will not be affected at all. By inspection of
- the propagators and vertices in the diagrams of Fig. 1, we
(w(g2)A-(g3)A" (91))" congluclije gthat no superficial infrared givergencesgwill be
o 4 o enerated, if any one of the three external momenta is set to
- Egy \(27)°6(q1 = g2 + 43) (1 +75) T/ V2, (30) iero; in what yfollows, we calculate the corresponding
diagrams by setting to zero only one of these momenta.
The choice of the external momenta for Green’s functions
will not affect their pole parts in DR or their logarithmic
dependence on the lattice spacing in LR. Therefore, the
w(q) = / d*xe™ ¥y (x), (31)  three choices for each 3-pt Green’s function will provide a
useful consistency check.
There are, in total, four different gluino-squark-quark
Al(q) = / d*xeTiarA L (x), (32) Green’s functions, d'epending on whether the external
squark field is A, /A /A_/Al. We present first the four
Green’s functions for the three choices of external
, momentum in DR. To avoid heavy notation we have
w,(q) = / d4xe_"1'xuﬂ(x)’ (33) omitted Dirac/flavor/color indices’ on the Green’s func-
tions of Egs. (35)-(40).

where our conventions for Fourier transformations are

(A% (0)A 1 (g3)i(g2)) PR 1% = —(y(g2)A_(g3)A" (0))PR-Hoop

= —i(27)*8(g2 — q3) 91252 4\/1§NC T [_3(1 +75) + (1 +a)(1 4 y5) + 8yscpy )N2
=2
+ (1 +ys)(—a+ (3 +2a)N?) (é—i—log(/;—%))], (35)

(271 (q1)A 4 (g3)ip(0))PRHeop

= —(y(0)A_(g3)A" (q:)) ! 1oP

9y,

167> 4/2N,

T | ((44a)(1+7s) +8ysch)N2 4+ (1 475)(—a+ (3+2a)N32) (éJr log (’é))] ’

= —i(27)*6(q1 + q3)
q7

(36)

*The color indices in the adjoint representation are shown explicitly.
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(2 (q1)A (0 (42)) PR = —((42)A_(0)7 (g1 )P0
(200 = ) e e T a1 )+ (43001 +79)+ Sz
+ (1 +7s)(-a+ (3+2a)N%)<é+log<z—%>)], (37)
(w(g2)AT (q3)2 (0))PFHP = — (2 (0)AL (q3)i7 ()PP
ion)alg ) 2T AT 30175 = (14 @)1 = 15) = yscu)N?
=2
— (I =ys5)(—a+ (3 +2a)N?) (%—i—log(/;—%))}, (38)
(w(0)AL (g3)2 (q1))PH 1P = = (2 (q1 )AL (q3)p(0)) P51 oo
(20 e + ) B T (=44 @)1 = N2 + 873
=2
—(1=ys)(~a+ (3+2a)N%)<é+log(Z—%>>], (39)
(wr(g2)AT(0)2 (1)) P = (2 (g1 )AL (0} ()PP
(200 = 42 B a1 = 75) + (-84 3001 2) + S5V
=2
— (I =ys)(—a+ (3 +2a)N?) (é—i—log(/;—%))} (40)

where ¢y, = 0(1) for the NDR (HV) prescription [22] of 5.
The pole parts do not depend on cy,,. Further, in the NDR
prescription, all one-loop bare Green’s functions are
proportional to the tree-level ones. The above one-loop
Green’s functions indeed confirm that the pole parts are the
same for different choices of the external momenta and that
they are proportional to the tree-level value. In HV, the fact
that the first quantum corrections (one-loop) of these
Green’s functions have finite parts which are not propor-
tional to their tree-level counterparts [i.e., in addition to
terms with (1 £ y5), they contain also terms with (1 F y5)],
is a consequence of the chiral anomaly; the same finite parts
will necessarily appear also in LR. The need for introduc-
ing appropriate counterterms, which connect MS renor-
malized Green’s functions to SUSY invariant Green’s
functions, is indicated by the supersymmetric Ward iden-
tities [43]. The value of the coefficients multiplying these
counterterms requires a purely continuum calculation,
including Eqgs. (35)—(40); the same coefficients can be
applied to the renormalization functions extracted in LR.
The appearance of such counterterms, which are crucial
to restore all SUSY relations among couplings, was

03

extensively discussed within the algebraic renormalization
approach to SUSY theories [44,45].

Note that the terms in Eqs. (35)—(40) involving multi-
plication by c¢,,y7s can be equivalently expressed as:
Ten((1+7s5) = (1 —ys)). Terms with reversed chirality
account for the mirror Yukawa interactions; given that they
are pole free, they will have no effect on a straightforward
MS renormalization. However, if one opts for a renorm-
alization scheme in which these terms are absent, one must
add a finite Y, counterterm to the action of the form,

LS —lfgy Y,, where: gy, =2¢°N.cy/(167%) + O(g).
(41)

This term, as well as Egs. (35)—(40), become relevant in our
lattice calculations as they contribute to finite fine-tuning
terms in the lattice action.

The difference between the renormalized Green’s func-
tions and the corresponding Green’s functions regularized
on the lattice allows us to deduce the one-loop lattice
renormalizations factors. The renormalization factors of
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the fields and the gauge coupling constant can be found in
Ref. [22]. For the sake of completeness we present their
definition here,

y=y? =27,""yk (42)
u, = up = Zﬁl/zuf, (43)
=28 =7]P)R, (44)
c=cb =777k, (45)
g=9" =Z2;'ud", (46)

where B stands for the bare and R for renormalized
quantities and y is an arbitrary scale with dimensions of
inverse length. For one-loop calculations, the distinction
between g® and ¢? is inessential in many cases; we will
simply use ¢ in those cases. The Yukawa coupling is
renormalized as follows:

gy, = 9%, = Zy 2, u gk, (47)

where at the lowest perturbative order Z,Zy = 1, and the
renormalized Yukawa coupling coincides with the gauge
coupling.

In DR, we are interested in getting rid of the pole parts in
bare continuum Green’s functions; this requires not only
the renormalization factors of the fields and of the gauge
coupling, Z,, but also a further factor Zy, for the bare
Yukawa coupling. Note also that the components of the
squark fields may mix at the quantum level, via a 2 x 2
mixing matrix (Z,). We define the renormalization mixing
matrix for the squark fields as follows:

() -@(l) e

In Ref. [22] we found that in the DR and MS scheme this
2 x 2 mixing matrix is diagonal. On the lattice, this matrix
is nondiagonal, leading to a mixing of the components A ,
and A_ with AT and AL respectively. Consequently, the
renormalization conditions on the lattice become more
intricate. In this paper we focus on the MS scheme, using
both DR and LR regularizations. Given that SUSY is
broken by either regulator and that SUSY-noninvariant
gauge fixing is employed, it is anticipated that a nontrivial
fine-tuning for the Yukawa coupling will be necessary.

Taking as an example the Green’s function in DR with
external squark field A, the renormalization condition up
to ¢> will be given by

(A(g1)A (q3)(q2))[MS
=7,"°Z,"(2') (@) A (a3)w(g0)) ™. (49)

All appearances of coupling constants in the right-hand
side of Eq. (49) must be expressed in terms of their
renormalized values, via Eqgs. (46)—(47). The left-hand side
of Eq. (49) is just the MS (free of pole parts) renormalized
Green’s function. Similar to Eq. (49), the other renormal-
ization conditions which involve the external squark fields
Ai,A_,Ai are understood. The renormalization factors
Z =1+ O(¢?) and mixing coefficients z = O(g?) should
more properly be denoted as ZX-¥ and z*¥, where X is the
regularization and Y the renormalization scheme.

For the sake of clarity and comprehensiveness, the
updated expressions for the renormalization factors of
the fields and of the gauge coupling in DR which are
involved in the right-hand side of Eq. (49) are’

S 2C 1
7DRMS _ 4 g F1 ’ 50
? + I (1+a) (50)
_ 2C 1
7DRMS _ gtrl 1 ’ 51
Ax +167I2€( +(Z) ( )
DRMS 92
Zﬂ ’ :1+@E(GNC+NJC), (52)
VTS 2 1/3 1
ZPRMS _ o I (2N N 53
g +167r2€ 20 e ) (53)

where Cr = (N2—-1)/(2N,) is the quadratic Casimir
operator in the fundamental representation. The expres-
sions in Eqgs. (50)—(53) take carefully into account the effect
of the Majorana nature of gluinos in the functional integral.
In the Appendix, we provide a more comprehensive
discussion and treatment of the gluino field; in particular,
we focus on the effect of Yukawa terms in SQCD, which
are clearly absent in pure SUSY Yang-Mills.

Substituting Egs. (50)—(53) in Eq. (49), and by virtue of
the fact that the counterterm Eq. (41) contains no pole parts,
Zé)Rﬁm;

1

we extract the value of this value is the same for all

gluino-squark-quark Green’s functions and for all choices
of the external momenta which we have considered,

ZPRMS — 1 4 O(g?). (54)

Equation (54) means that, at the quantum-level, the renorm-
alization of the Yukawa coupling in DR is not affected by
one-loop corrections. This observation has important impli-
cations for our understanding of the renormalization scheme
in SQCD. It shows also that the corresponding renormaliza-
tion on the lattice will be finite. Although, the mirror Yukawa

>The expressions for Z,,,Z,,,Z;, and Z, [Egs. (50)~(53),
Egs. (57)—(60)] appeared also in Ref. [22]; however, a factor of
1/2 was missing in diagrams involving open internal gluino lines.
For a more detailed explanation, see the Appendix.
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term does not appear in MS renormalization using DR,
a finite admixture of this term will arise in MS on the lattice.

We expect that the MS renormalization factors of gauge
invariant quantities will turn out to be gauge-independent

also on the lattice, as was the case of ZIQIR’MS.

We now turn to the lattice regularization. As emphasized
earlier, even though the renormalization of the squark fields
in the MS scheme and in DR is diagonal, on the lattice it is
not; the mixing between the squark components (A, ,A”)
[and, similarly, (AL A_)] appears on the lattice through the
2 x 2 symmetric matrix Z,, whose nondiagonal matrix
elements are nonzero. The renormalization conditions are
not as simple as is shown in Eq. (49); instead, they involve
the following pairs of Green’s functions:

(A(g1)A+(q3)9(q2))  with  (A(q1)AL(g3)i7(g2)).

(W(92)A1(g3)2q1))  with  {w(g2)A_(g3)A(q1)).  (55)

The appearance of the mirror Yukawa coupling, gy,, is
another feature of the use of Wilson gluinos, which
increases the degree of difficulty on the lattice. The
¥ X R symmetry is broken by using Wilson discretization
and thus lattice bare Green’s functions are not invariant
under y X R at the quantum level. This difficulty may be

implementation of these actions in numerical simulations
is very time consuming.

Thus, in the calculation of bare Green’s functions on the
lattice, one-loop spurious contributions will arise, which
will need to be removed by introducing mirror Yukawa
counterterms in the action. The renormalization condition
is the following:

(A(g1)A (g3)i(q2))MS
=2," 2" (g (Z,"7) . A (a3)
(23 AT (q3))i (q2)) 7. (56)

It is understood that the bare couplings on the right-hand
side of this equation must be converted into the corre-
sponding renormalized ones, making use of Z, and Zy ; a
mirror Yukawa term also contributes, with a coupling
constant gy, which will be determined in what follows.
Equation (56) consists of two types of contributions with
opposite chiralities; matching each of these to the MS
expressions found in DR, Egs. (35)—(37), amounts to two
separate conditions, which will be used to determine the
two unknowns Zy, and gy,. Analogous equations hold for
the other gluino-squark-quark Green’s functions and may
be calculated for consistency checks.

To offer a self-contained presentation, we revisit a

avoided with chirality preserving actions, but the  collection of lattice results outlined in Ref. [22],
|
ZLRMS — 1 4 QZCF( 16.7235 + 3.7920a — (1 log (a?i? 57
P =14 T (16, 79200 — (1 + a) log (%)), (57)
i 2C 1 0 0 1
ZP)ERMS g _ T ZF ) (169216 — 3.7920a — (1 — a) log (a*i2 —0.1623 , 58
% e a-(1-a)log(@@))( | o (58)
— 2
ZjR'MS =1- ]g 5 [N.(16.6444 — 3.7920a + 2alog (a*ii*)) + N +(0.07907 + 2 log (a?i?))], (59)
T
LRMS g 1 3 1
Zym =1+ 162 [—9.8696N—+Nc <12.8904 —Elog (a2ﬁ2)> - Ny <0.4811 —Elog(azﬁz)ﬂ. (60)
T c

The lattice 3-pt Green’s functions involve the same Feynman diagrams as in Fig. 1. At first perturbative order, O(g?),
Eq. (56) and its counterparts involve only the difference between the one-loop MS-renormalized and bare lattice Green’s
functions. Having checked that alternative choices of the external momenta give the same results for these differences, we
present them only for zero gluino momentum. Additionally, we should mention that the errors on our lattice expressions are
smaller than the last shown digit and the Wilson parameter, r was set to its default value, r = 1,

(A (0)A . (q3)(g2)) 110 — (4 (0)A.. (g3 (g2)) =R oo
— —(p(g2)A(gs)T ()51 4 (yr(gy)A_(gs) 7 (0)) LK1 oow
g

v, 9 1
1677 8v/2N,
+ (1 +7s)(a = (3 +2a)N7) log (a*f*)], (61)

=i(27)*5(q, — q3) T4 x [=3.7920a(1 + y5) + (=3.6920 + 5.9510y5 + 7.5840a(1 + y5) — 8ysCpy ) N2
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(w(g2) A% (g3)3 (0))MS:H10P — (y(g5) AT, (g3)A (0)) LR oop

= = {0 (0)AL (gs)ir(2)) 1% + (i (0)AL (g )i () 1o

9.9
= i(2”)45(512 - q3) 16]7z2 8\/§N

+(1=7s)(=a+ (3+2a)NP) log (a’*)].

As expected, the above expressions are momentum inde-
pendent, and they are linear combinations of the tree-level
expressions stemming from the Yukawa vertex and its
mirror; also, all corresponding decimal coefficients
between Egs. (69) and (70) coincide, and we have checked
that they are the same for any other choice of external
momenta, as they should. Thus, we are led to a unique

result for ZyLRMS and also for gyzLR-m. By combining the

lattice expressions with the MS-renormalized Green’s
functions calculated in the continuum [see Eq. (56)], we
find for the renormalization factors:

LRMS
Zy 1

7 (1.45833

— N + 2.40768N,. + 0.520616Nf>,

1672
(63)

s T <—0.040580

= 0.45134N, . 64
1672 N, N °> (64)

9y,

We note that the above factors are gauge independent in the
MS scheme, as expected from the principles of renormal-
ization and gauge invariance. Furthermore, the multiplica-

tive renormalization Z’;f'MS and the coefficient gﬁf’MS of

the mirror Yukawa counterterm are finite as one can predict
from the continuum calculation. These findings shed light
on the fine-tunings for the lattice SQCD action. They
suggest that while the renormalization process in MS is

well-behaved on the lattice, it still exhibits an intriguing

connection with the mirror Yukawa term through glL,f'MS

IV. OUTLOOK: FUTURE PLANS

In this work we calculate 3-pt Green’s functions with
external elementary fields for the SQCD action in the Wess-
Zumino gauge. In particular, we perform one-loop calcu-
lations for a complete set of 3-pt Green’s functions with
external gluino, quark and squark fields, employing Wilson
fermions and gluons. To extract the fine-tunings of Yukawa
couplings in the MS scheme, we compute the relevant
Green’s functions in two regularizations: dimensional and
lattice. The lattice calculations are the crux of this work;
and the continuum calculations serve as a necessary

T% x [3.79201a(1 — y5) + (3.6920 + 5.9510y5 — 7.5840a(1 — y5) — 8yschy )N

(62)

ingredient, allowing us to relate our lattice results to the
MS scheme.

With the perturbative renormalization of the Yukawa
couplings we make a step forward on the completion of
all renormalizations (fields, masses, couplings) in the
Wilson formulation [22,23]. The results of this work will
be particularly relevant for the setup and the calibration of
lattice numerical simulations of SQCD. In the coming
years, it is expected that simulations of supersymmetric
theories will become ever more feasible and precise.

A followup calculation regards the quartic couplings
(4-squark interactions). The symmetries allow five quartic
couplings [43], which must be also appropriately fine-tuned
on the lattice. This is a natural extension of our work and
the calculation of their quantum corrections is currently
underway [24].
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APPENDIX: THE PATH INTEGRAL
OVER THE GLUINO FIELD

To elucidate the Majorana nature of the gluino field
within the functional integral, and the way to properly
address it in the calculation of Feynman diagrams, we first
reformulate the action from Eq. (1) to express it in
exclusively in terms of A, rather than 1. We proceed in a
way analogous to Ref. [46], but we now take into account
the additional complication brought about by the Yukawa
terms. By applying the Majorana condition [(A*)T = CA%],
the part of the action which contains gluino fields has the
general form,

Setuino = ADA+ AL+ AB = A"TMA+ (A+ B')A, (Al)
where M = CD. The first term represents both the kinetic
energy of the gluino and the interaction with the gluon
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field. The subsequent terms correspond to the Yukawa
interactions,

A = iV2g(—pP_T*A, — P, TAL),

B =iV2g(A TPy +A_TP_y), (A2)
where B’ = —BTC and BT = CB. Therefore, the path
integral reads,

ZlJ] = / DU e~ Soter / Do~ A Mi~(A+B)=IA (A3)

where J is an external source, Uy, stands for all of the
fields in the theory except gluino fields, and S, denotes
the action part devoid of gluinos. In order to integrate out
the gluino field, we implement the following standard
change of variables,

1 _
AT =T + 5 (J+A+B)M. (A4)

This leads to

Z[ J]: / DU yper &~ Sother / D/I/e—l’TMA’—%(AHB’JrJ)M*‘(A+B’+J)T

= /DUO[here_SmherPf[M]e—%(A+B’+J)M—| <A+B/+J)T ’
(AS)

where Pf[M] is the Pfaffian of the antisymmetric matrix M.
In the absence of Yukawa terms, and in case one is
interested only in Green’s functions without external
gluinos (so that one can set J =0 from the start), the
exponential in Eq. (AS5) becomes trivial and the only
remnant of gluinos is the Pfaffian; in those cases, the only
effect of the gluinos’ Majorana nature is the well-known
factor of 1/2 for every closed gluino loop, due to the fact
that Pf[M] = det|M]'/?. Note that we do not assume that J,
A, and B are Majorana spinors. Let us examine the
exponent appearing in Eq. (AS),

—S'=——(A+B +I)M Y (A+B +J). (A6)

EN

When we compute Green’s functions without external
gluinos, we can set J = 0 and thus, S’ can be written as

1, - -
S0 == A+ B A1 BT

1, -
== (AM~'AT + BM~'BT
+AM~'CB — BTCM~'AT)

| ,
=-1 (AM~'AT + BM~'BT +2AD'B).

(A7)

Green’s functions with one external gluino field can be
generated via functional differentiation with respect to the
gluino source J [cf. Egs. (A3) and (A6)],

’ v/ 1 - '
Mx)ie™S = ———e5|  =_DLCVA+B) e

dJ, J=0 2 J=0

(A8)

The above expression gives rise to all three diagrams of
Fig. 1; the diagrams are redrawn in Fig. 2 with a shaded
area indicating the contribution of the ‘“effective vertex”
1/2 D'C~'(A + B')" appearing in Eq. (A8) (note that D
contains contributions with zero or more gluons). We note
also the factor of 1/2 present in Eq. (A8); it is similar to the
factor accompanying closed gluino loops, even though it
does not stem from the Pfaffian.

In order to compute Green’s functions with two external
gluinos, for example A(x)A(y), we have to consider the
following second derivative with respect to the external
source J:

Ax)A(y):e™s - (— di) <—d‘;y>e-5’|10. (A9)

Gluon fields contained in the matrices M~! and D' of
Egs. (A7) and (AS8), can be extracted via a series expansion

FIG. 2. Redrawn one-loop Feynman diagrams with a shaded area indicating the contribution of the “effective vertex” appearing in

Eq. (A8).
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in g; thus, one gluon field emerges by calculating the

quantity g2~ (M~")],_o,

where g%’ is the normal vertex with two gluino fields and

one gluon field. Similarly, extraction of two gluon fields
follows from:

1
_1)‘
29 Gg
= _192 4 (M—la_MM—1>
2 ag ag g=0
M M
_ g2M <a )M_l <O_)M—l‘
09 ag 9=0
0 M
——92 M= (A11)
g

The term with ‘; g"f appears only on the lattice.
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