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Recently, we made significant advancements in improving the computational efficiency of lattice QCD
calculations for generalized parton distributions (GPDs). This progress was achieved by adopting
calculations of matrix elements in asymmetric frames, deviating from the computationally-expensive
symmetric frame typically used, and allowing freedom in the choice for the distribution of the momentum
transfer between the initial and final states. A crucial aspect of this approach involves the adoption of a
Lorentz covariant parametrization for the matrix elements, introducing Lorentz-invariant amplitudes. This
approach also allows us to propose an alternative definition of quasi-GPDs, ensuring frame independence
and potentially reduce power corrections in matching to light cone GPDs. In our previous work, we
presented lattice QCD results for twist-2 unpolarized GPDs (H and E) of quarks obtained from calculations
performed in asymmetric frames at zero skewness. Building upon this work, we now introduce a novel
Lorentz covariant parametrization for the axial-vector matrix elements. We employ this parametrization to
compute the axial-vector GPD H̃ at zero skewness, using an Nf ¼ 2þ 1þ 1 ensemble of twisted mass
fermions with clover improvement. The light-quark masses employed in our calculations correspond to a
pion mass of approximately 260 MeV.
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I. INTRODUCTION

Parton distribution functions (PDFs) play a crucial role
in understanding the quark and gluon structure of strongly
interacting systems [1]. These functions, measurable in
processes such as inclusive deep-inelastic lepton-nucleon
scattering, provide valuable insights into the distribution of
partons within hadrons as a function of their momentum
fraction, denoted as x. PDFs are defined through matrix
elements of bilocal operators, where the parton fields are
separated by a lightlike interval, and the operators are
evaluated for the same initial and final hadron states.
Generalized parton distributions (GPDs) extend the

concept of PDFs by considering lightlike parton operators
computed for different initial and final states [2–4]. GPDs
introduce additional dependencies on the longitudinal
momentum transfer (ξ) and the invariant momentum trans-
fer (t) to the target, in addition to the parton momentum
fraction (x). While this multivariable nature makes GPDs
more complex, they offer a wealth of information beyond
PDFs. In particular, GPDs provide three-dimensional
images of hadrons [5–8], enable access to the angular
momenta of partons [3], and offer insights into the pressure
and shear forces within hadrons [9–11]. Recently, it has
been discovered that GPDs exhibit chiral and trace anomaly
poles, which provide insights into phenomena such as mass
generation in QCD, chiral symmetry breaking, and confine-
ment [12–14]. Understanding these imprints can offer
valuable insights into fundamental aspects of QCD. We
also refer the reader to several other review articles that
extensively discuss the physics of GPDs [15–22].
Experimental knowledge about GPDs can be acquired

through hard exclusive scattering processes such as deep
virtual Compton scattering [2–4,23,24] and hard exclusive
meson production [25–27]. However, extracting GPDs
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from these reactions in a model-independent manner is
highly intricate, primarily due to the integration over the
momentum fraction x in observable quantities such as
Compton form factors. A recent discussion and detailed
analysis of this issue can be found in Ref. [28]. Efforts to
parametrize the GPDs and fit them from global experiments
can be found in Refs. [9,29–39], as well as the impact of
MINERvAmeasurement of the antineutrino-proton scatter-
ing cross section on the axial-vector GPDs at zero skewness
in Ref. [40]. However, the majority of the studies are still in
the initial stages. Therefore, obtaining information on
GPDs directly from first principles in lattice QCD is highly
desirable. However, direct calculations of GPDs on a
Euclidean lattice are prohibited due to their light cone
definition. Limited information on GPDs has been tradi-
tionally obtained from their Mellin moments (see, e.g.,
Refs. [41–45]), with simulations at the physical point
becoming available in recent years [46–60]. Despite the
progress made, the precise dependence on x has remained
elusive.
Over the last few years, the emergence of alternative

approaches for accessing GPDs in momentum space
has sparked a highly promising research program in
lattice QCD. In our work, we use the quasidistributions
method [61], which entails calculating matrix elements
involving momentum-boosted hadrons and nonlocal oper-
ators. To establish a connection with light cone GPDs, we
employ the framework of large-momentum effective theory
(LaMET) [62,63]. Extensive reviews, including other meth-
ods for obtaining x-dependent distribution functions, can be
found in Refs. [63–67]. While calculations of PDFs, the
simplest one-dimensional distributions, dominate the liter-
ature, applications concerning GPDs, three-dimensional
distributions with novel aspects, remain relatively limited
(see e.g., Refs. [68–83]).
In our recent publication of Ref. [84],1 we achieved

significant advancements in enhancing the computational
efficiency of lattice QCD calculations for off-forward
matrix elements. The work was also extended to calculate
the Mellin moments of the unpolarized GPDs [88], includ-
ing high moments enabling a physical picture of quark
distribution in the transverse plane. In these calculations,
we employed a unique approach using asymmetric frames,
which differ from the more commonly used symmetric
frames. In this approach, the entire momentum transfer Δ is
applied to the initial state (source) of the nucleon. This
choice not only reduces the computational cost but also
offers the advantage of covering a broader range in t≡ Δ2,
enabling us to effectively map the GPDs across a larger
t-space. In our previous work, our focus was on unpolar-
ized quark GPDs (H and E) at zero skewness. We
introduced a novel Lorentz-covariant parametrization for
the vector matrix element in terms of Lorentz-invariant

amplitudes. This also allowed us to establish connections
between matrix elements from any two kinematic frames.
Additionally, we employed this amplitude-based approach
to propose a frame-independent definition of quasi-GPDs
and demonstrated that these definitions can potentially
result in reduced power corrections in the matching
relations to light cone GPDs. In this work, we extend
the amplitude-based approach to compute the axial-vector
GPD H̃ at zero skewness. For a comprehensive discussion
on the inaccessibility of Ẽ at ξ ¼ 0, we refer to Sec. II,
where we discuss the intricacies and reasons behind this
limitation.
The paper is structured as follows. In Sec. II, we begin by

presenting the definitions of axial-vector light cone and
quasi-GPDs. We then shift our focus towards discussing the
Lorentz-covariant decomposition of axial-vector matrix
elements in terms of the Lorentz-invariant amplitudes.
Furthermore, we establish the relations between these
amplitudes and the GPDs H̃ and Ẽ. Based on these
amplitudes, we propose a few potential candidates for a
new, frame-independent definition of quasi-GPDs under
the constraints of finite boost momentum. We thoroughly
explore the interpretations of these new definitions, care-
fully examining the subtleties involved while also address-
ing the important issue of uniqueness/nonuniqueness in
their formulation. In Sec. III, we provide the Euclidean
decompositions of lattice-calculable matrix elements in
terms of these amplitudes. We also outline our lattice setup
for the calculations in position space. Section IV is
dedicated to our numerical results, accompanied by a
detailed comparison between the symmetric and asymmet-
ric frames at different stages, both in coordinate space and
momentum space. Notably, we provide numerical results
for the invariant amplitudes and the twist-2 light cone GPD
H̃, specifically for ξ ¼ 0. Finally, in Sec. V, we conclude
our findings and discuss potential future prospects for
further research and exploration in this field.

II. STRATEGY OF FRAME TRANSFORMATION

Computing GPDs in the symmetric frame presents
significant challenges in lattice QCD. Extracting a range
of momentum transfers requires separate calculations for
eachΔ, severely limiting the accessible momentum transfer
range. This prompts the question of calculating GPDs in
computationally advantageous asymmetric frames. One
approach, as outlined in our previous work [84], establishes
a connection between the symmetric and asymmetric frames
through a suitable Lorentz transformation. Employing a
Lorentz transformation along the z-direction does not work
since a spatial operator distance will receive a nonzero
temporal component, which cannot be dealt with in lattice-
QCD calculations. In contrast, transverse Lorentz trans-
formations (“transverse boosts”) preserve the spatial
operator distance. In our second approach, we have1See also Refs. [85–87].
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developed a Lorentz covariant formalism that allows cal-
culations in any frame. By parametrizing the relevant matrix
element using Lorentz-invariant (frame-independent)
amplitudes, we establish connections between different
frames. In the following sections, we will explore this
approach and its implications for computing axial-vector
GPDs in asymmetric frames.

A. Definitions of GPDs

To begin, let us revisit the definition of light cone quark
GPDs for a spin-1=2 hadron. In position space, GPDs
characterize nonlocal quark field matrix elements, which
are defined as follows:

F½Γ�ðz−;Δ;PÞ

¼hpf;λ0jψ̄
�
−
z
2

�
ΓW

�
−
z
2
;
z
2

�
ψ

�
z
2

�
jpi;λi

����
zþ¼0;z⃗⊥¼0⃗⊥

;

ð1Þ

where Γ represents a gamma matrix. The gauge invariance
of this correlator is ensured by the presence of the Wilson
line,

W
�
−
z
2
;
z
2

�����
zþ¼0;z⃗⊥¼0⃗⊥

¼ P exp

�
−ig

Z z−
2

−z−
2

dy−Aþð0þ; y−; 0⃗⊥Þ
�
: ð2Þ

In Eq. (2), the parameter g represents the strong coupling
constant, while Aþ denotes the plus-component of the
gluon field on the light cone. The initial (final) hadronic
state in Eq. (1) is described by its 4-momentum pi (pf) and
helicity λ (λ0). We introduce the following kinematic
variables: the average 4-momentum of the hadrons P,
the (aforementioned) 4-momentum transfer Δ, the skew-
ness ξ (which is defined for hadrons with a large light cone
plus-momentum and represents the longitudinal momen-
tum transfer to the hadron), and the (aforementioned)
invariant squared 4-momentum transfer t,

P ¼ 1

2
ðpi þ pfÞ; Δ ¼ pf − pi;

ξ ¼ pþ
i − pþ

f

pþ
i þ pþ

f
; t ¼ Δ2: ð3Þ

We use the definitions in Eq. (3) in both the symmetric and
asymmetric frames. At twist-2, the correlator with
Γ ¼ γþγ5 in Eq. (1) can be characterized by two distinct
axial-vector GPDs, H̃ and Ẽ. In position space, the
expression is given by [16]

F½γþγ5�ðz−;Δ; PÞ ¼ ūðpf; λ0Þ
�
γþγ5H̃ðz−; ξ; tÞ

þ Δþγ5
2m

Ẽðz−; ξ; tÞ
�
uðpi; λÞ: ð4Þ

For the expression corresponding to Eq. (1) in momentum
space, the Fourier transform is taken with respect to P · z
while keeping Pþ fixed, leading to

F½γþγ5�ðx;ΔÞ ¼ 1

2Pþ

Z
dðP · zÞ

2π
eixP·zF½γþγ5�ðz−;Δ; PÞ

¼ 1

2Pþ ūðpf; λ0Þ
�
γþγ5H̃ðx; ξ; tÞ

þ Δþγ5
2m

Ẽðx; ξ; tÞ
�
uðpi; λÞ: ð5Þ

Now, let us redirect our focus to quasi-GPDs, which
are defined in position space through the equal-time
correlator [61]

F½Γ�ðz3;Δ;PÞ

¼hpf;λ0jψ̄
�
−
z
2

�
ΓW

�
−
z
2
;
z
2

�
ψ

�
z
2

�
jpi;λi

����
z0¼0;z⃗⊥¼0⃗⊥

:

ð6Þ

Here, the Wilson line is given by

W
�
−
z
2
;
z
2

�����
z0¼0;z⃗⊥¼0⃗⊥

¼P exp

�
−ig

Z z3
2

−z3
2

dy3A3ð0; 0⃗⊥;y3Þ
�
:

ð7Þ

For Γ ¼ γ3γ5, one finds

F½γ3γ5�ðz3;Δ; PÞ ¼ ūðpf; λ0Þ
�
γ3γ5H̃3ðz3; ξ; t;P3Þ

þ Δ3γ5
2m

Ẽ3ðz3; ξ; t;P3Þ
�
uðpi; λÞ; ð8Þ

with the quasi-GPDs H̃3ðz3; ξ; t;P3Þ and Ẽ3ðz3; ξ; t;P3Þ.
Equation (8) is the quasi-GPD counterpart of Eq. (4). For
the expression corresponding to Eq. (8) in momentum
space, we perform a Fourier transform with respect to P · z
while keeping P3 fixed, yielding

F½γ3γ5�ðx;Δ;P3Þ ¼ 1

2P0

Z
dðP · zÞ

2π
eixP·zF½γ3γ5�ðz3;Δ; PÞ

¼ 1

2P0
ūðpf; λ0Þ

�
γ3γ5H̃3ðx; ξ; t;P3Þ

þ Δ3γ5
2m

Ẽ3ðx; ξ; t;P3Þ
�
uðpi; λÞ: ð9Þ
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In Ref. [89], it was proposed to define the quasi-counterpart
of the light cone GPDs H̃ and Ẽ using Γ ¼ γ3γ5, as
presented in Eq. (8). The rationale for selecting γ3γ5
instead of, for instance, γ0γ5 is the absence of mixing with
other operators under renormalization, where this mixing is
regarded as a lattice artifact caused by chiral symmetry
breaking [89]. Furthermore, Ref. [72] argues that, for this
definition, it becomes necessary to substitute γþγ5=Pþ with
γ3γ5=P0 in the prefactor of H̃ to ensure consistency with the
forward limit. The definition in Eq. (9) also produces the
correct local limit when integrated with respect to x.

B. Parametrization of an axial-vector
matrix element

Now, let us discuss the Lorentz-covariant decomposition
of the axial-vector matrix elements, specifically Eq. (1)
with Γ ¼ γμγ5, for spin-1=2 particles in position space.
By incorporating parity constraints, we establish that the
axial-vector matrix element can be expressed as a combi-
nation of eight distinct Dirac structures, each multiplied
by a corresponding Lorentz-invariant amplitude. The
choice of basis for the amplitudes is not unique, and here
we employ

F̃μðz;P;ΔÞ≡hpf;λ
0jψ̄

�
−
z
2

�
γμγ5W

�
−
z
2
;
z
2

�
ψ

�
z
2

�
jpi;λi

¼ ūðpf;λ0Þ
�
iϵμPzΔ

m
Ã1þγμγ5Ã2þγ5

�
Pμ

m
Ã3þmzμÃ4þ

Δμ

m
Ã5

�
þmzγ5

�
Pμ

m
Ã6þmzμÃ7þ

Δμ

m
Ã8

��
uðpi;λÞ;

ð10Þ

where ϵμPzΔ ¼ ϵμαβγPαzβΔγ . We note that the above equa-
tion holds for a general value of z and has a smooth z → 0

limit. The amplitudes Ãi are frame independent, while the
basis vectors are generally frame dependent. Note also that
the basis vectors in Eq. (10) do not contain factors of z2.
(For example, such factors can occur when working with an
orthogonal set of basis vectors.) For the amplitudes, we
adopt the concise notation Ãi ≡ Ãiðz · P; z · Δ;Δ2; z2Þ for
brevity. The procedure of deriving these results closely
follows the steps outlined in Ref. [90], with a similar
treatment found in Ref. [91] where the matrix element was
parametrized in momentum space using a straight Wilson
line. It is worth noting that the number of amplitudes is the
same as for the vector current (Γ ¼ γμ) discussed in
Ref. [84]. While it is possible to work with alternative
sets of basis vectors, the number of independent amplitudes
will remain unchanged, requiring eight independent lattice
matrix elements to disentangle all the amplitudes. Fur-
thermore, in Appendix B, we present a comprehensive
discussion on the symmetry properties of the amplitudes
implied by Hermiticity and the time-reversal transforma-
tion. In particular, the relations in Eq. (B3) imply that the
amplitudes Ã3, Ã4, and Ã8 are odd in ξ. This symmetry
behavior, plus the requirement of a well-defined forward
limit of the matrix element in Eq. (10), leads us to conclude
that these three amplitudes vanish for ξ ¼ 0. In the analysis
of the lattice data presented in this work, we first kept those
amplitudes as nonzero and indeed found them numerically
to be compatible with zero. More discussion can be found
in Sec. IV.
We will now establish connections between the light

cone GPDs and the amplitudes. As certain quantities
depend on the kinematic frame, it becomes crucial to
differentiate and specify the relevant frame. To achieve this

distinction, we employ superscripts s and a to denote the
symmetric and asymmetric frames, respectively. We note
that in the symmetric frame, the momentum transfer is
equally distributed between the initial and final states,
while any other distribution is considered asymmetric.
After substituting μ ¼ þ in Eq. (10), we can apply a basis
transformation to relate the Ãi’s in the resulting expression
to the GPDs in Eq. (4):

H̃ðz · Ps=a; z · Δs=a; ðΔs=aÞ2Þ
¼ Ã2 þ ðPs=a;þz−ÞÃ6 þ ðΔs=a;þz−ÞÃ8

¼ Ã2 þ ðPs=a · zÞÃ6 þ ðΔs=a · zÞÃ8; ð11Þ

Ẽðz · Ps=a; z · Δs=a; ðΔs=aÞ2Þ ¼ 2
Ps=a;þ

Δs=a;þ Ã3 þ 2Ã5

¼ 2
Ps=a · z

Δs=a · z
Ã3 þ 2Ã5; ð12Þ

where the Ãi’s are evaluated at z2 ¼ 0. We emphasize that
in the aforementioned equations, we have expressed the
kinematic variables multiplying the amplitudes using
Lorentz-invariant scalars. It is crucial to note that this
particular rewriting is unique. Furthermore, as evident now,
these equations exhibit the property of Lorentz invariance,
which guarantees their validity and applicability across
different reference frames. It is worth noting that due to the
prefactor Δþ, Ẽ drops out of the parametrization, Eq. (4), at
ξ ¼ 0. Upon first look the expression for Ẽ, Eq. (12), seems
only valid for ξ ≠ 0. However, based on symmetry argu-
ments (as discussed before and given in Appendix B), Ã3 is
odd in ξ and vanishes at ξ ¼ 0. One can therefore reliably
determine the zero-skewness limit of Ã3=ξ (and of Ẽ) by
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calculating Ã3 for nonzero ξ and extrapolating the rhs of
Eq. (12) to ξ ¼ 0. Note that a recent work has unveiled the
possibility of obtaining a glimpse into Ẽ at ξ ¼ 0 by
studying a specific twist-3 GPD [92].
Now, we shift our focus to quasi-GPDs. As highlighted

in Ref. [84], one plausible approach to define the quasi-
GPDs is by starting from the Lorentz-invariant light cone
definitions in Eqs. (11) and (12) to incorporate z2 ≠ 0.
Throughout our discussions, we will refer to this definition
as the Lorentz-invariant (LI) quasi-GPD:

H̃ðz · Ps=a; z · Δs=a; ðΔs=aÞ2; z2Þ
¼ Ã2 þ ðPs=a · zÞÃ6 þ ðΔs=a · zÞÃ8; ð13Þ

Ẽðz ·Ps=a;z ·Δs=a;ðΔs=aÞ2;z2Þ¼2
Ps=a ·z

Δs=a ·z
Ã3þ2Ã5; ð14Þ

where now the Ãi are evaluated at z2 ≠ 0.2 In simple words,
this definition of the quasi-GPD is based on the same
functional form in terms of the Ãi as the light cone GPD
[see Eqs. (11) and (12)]. One finds that this definition is
given by an operator which combines ðγ0; γ1; γ2Þγ5, rather
than the conventional operator γ3γ5 (further explained in
the subsequent paragraph and sections). Because of this
operator structure, a different matching coefficient is
required compared to the one used for γ3γ5. Specifically,
one can disregard the contributions from the operators γ1γ5
and γ2γ5 as they are relatively suppressed by a factor of
1=ðP3Þ2. In our numerical results, we chose to implement
the matching for γ3γ5 [see Ref. [71] and also Eq. (81)] due
to the unavailability of the matching kernel for γ0γ5 in the
literature. Consequently, this necessitates a new calculation
for both the matching and the renormalization of the γ0γ5
operator, along with addressing its mixing effects. Note
also that the difference between results with matching for
γ0γ5 and γ3γ5 is finite and is expected numerically to be
very small.
We now turn to the set of quasi-GPDs already introduced

in Eq. (8). By setting μ ¼ 3 in Eq. (10), we can perform a
change of basis to transform the resulting expression and
establish a mapping between the Ãi and the quasi-GPDs
defined in Eq. (8). The relations are as follows:

H̃3ðz; Ps=a;Δs=aÞ
¼ Ã2 − z3P3;s=aÃ6 −m2ðz3Þ2Ã7 − z3Δ3;s=aÃ8; ð15Þ

Ẽ3ðz; Ps=a;Δs=aÞ ¼ 2
P3;s=a

Δ3;s=a Ã3 þ 2m2
z3

Δ3;s=a Ã4 þ 2Ã5:

ð16Þ

Similar to the light cone case, it is important to note that
there are no divergences arising from the terms Ã3=ξ and
Ã4=ξ as ξ → 0 in Eq. (16). We iterate that the reason for the
well-behaved ξ → 0 limit is the fact that these amplitudes
are odd in ξ and vanish for ξ → 0 (see also Appendix B).
Moreover, if one intends to calculate the value of Ẽ at ξ ¼ 0
using Eq. (16), extrapolation from nonzero ξ values
becomes necessary.
Now, let us examine the frame (in)dependence of

Eqs. (15) and (16). It is noteworthy that these equations
hold true in both symmetric and asymmetric frames, which
is why we have refrained from using explicit “s/a” super-
scripts to denote the GPDs. The kinematical prefactor of the
amplitudes can (again) be uniquely expressed through
Lorentz scalars:

H̃3ðz · Ps=a; z · Δs=a; ðΔs=aÞ2; z2Þ
¼ Ã2 þ ðPs=a · zÞÃ6 þm2z2Ã7 þ ðΔs=a · zÞÃ8; ð17Þ

Ẽ3ðz · Ps=a; z · Δs=a; ðΔs=aÞ2; z2Þ

¼ 2
Ps=a · z

Δs=a · z
Ã3 þ 2m2

z2

Δs=a · z
Ã4 þ 2Ã5: ð18Þ

In our previous study [84], we emphasized the frame
dependence of the conventional definitions of unpolarized
quasi-GPDs that employ γ0. In contrast, we observe that the
helicity quasi-GPDs defined through γ3γ5 are the same in the
symmetric and nonsymmetric frames. This can be under-
stood since the two frames are connected through a trans-
verse boost which preserves the 3-component. By applying
the same reasoning, it can be inferred that quasi-GPDs
defined using γ0γ5 will exhibit frame dependence.
Furthermore, given the ability to reformulate the traditional
definition involving γ3γ5 in a Lorentz-invariant manner, it is
clear that it emerges as an additional contender for a Lorentz-
invariant definition. Consequently, this example explicitly
demonstrates the lack of uniqueness in Lorentz-invariant
definitions for quasi-GPDs. The distinction between the
Lorentz-invariant definitions presented in Eqs. (13) and (14)
andEqs. (17) and (18) can be attributed to terms proportional
to z2 associated with the amplitudes Ã4 and Ã7.
We repeat that the two sets of quasi-GPDs discussed

above are not equivalent, as they differ in the contributing
amplitudes and both explicit and implicit power correc-
tions. Henceforth, when referring to power corrections, we
specifically denote corrections that are proportional to z2.
The additional amplitudes in Eqs. (17) and (18) can be
interpreted as contamination arising from explicit power
corrections, which could potentially be suppressed by

2It is important to emphasize that the choice of basis does not
impact the final results for LI quasi-GPDs, as discussed in
Appendix A, where we explore an alternative basis for the
axial-vector case and demonstrate the basis independence of
the LI quasi-GPD result.
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considering higher values of the momentum. One may
therefore speculate that Eqs. (13) and (14) converge faster
compared to Eqs. (17) and (18). However, it is essential to
acknowledge that the amplitudes themselves also contain
implicit power corrections, so the above statement should
be examined case by case. [The presence of additional
amplitudes could potentially mitigate the implicit power
corrections inherent in the amplitudes stated in Eqs. (13)
and (14).] Ultimately, the actual convergence of the differ-
ent quasi-GPD definitions is determined by the underlying
nonperturbative dynamics. Therefore, it is important to
perform numerical comparisons to assess the convergence
behavior of these definitions and gain insights into the
relative magnitude of power corrections in each case.
We conclude this section by briefly discussing the

symmetry properties of H̃ (and Ẽ) in position space, as
these properties play a crucial role in leveraging sym-
metries to improve statistical precision in lattice calcula-
tions. The Hermiticity constraint provides the symmetries
of GPDs under the transformation P3 → −P3 for a fixed
value of z3. Similarly, for a fixed P3 and with Δ → −Δ, the
Hermiticity constraint unveils the symmetries of GPDs
under the transformation z3 → −z3. Notably, we find that
the real part of H̃ satisfies H̃ð−P3Þ ¼ þH̃ðP3Þ (and like-
wise for Ẽ). Furthermore, we observe H̃ð−z3Þ ¼ þH̃ðz3Þ
(and likewise for Ẽ). (The imaginary parts of the GPDs
satisfy the same constraints as their real parts, with the
exception of a negative sign.) Finally, we would like to
reiterate that a comprehensive analysis of the symmetries at
the level of amplitudes is provided in Appendix B.

III. LATTICE CALCULATION

A. Methodology

In this section, we present a synopsis of the methodology
for the lattice QCD calculation of proton matrix elements
using the axial-vector operator. All expressions here are
presented in Euclidean space, where we use lower indices
in P and Δ to avoid confusion in the expressions given
previously in Minkowski space. The goal of this calculation
is twofold: (a) compare the Lorentz invariant amplitudes
extracted from different frames; and (b) present results for
the H̃ GPD at multiple values of t. We note that our
calculation is performed at zero skewness and, thus, Ẽ is
inaccessible from the matrix elements. The two frames we
employ are the symmetric

p⃗s
f ¼ P⃗þ Δ⃗

2
¼

�
þΔ1

2
;þΔ2

2
; P3

�
;

p⃗s
i ¼ P⃗ −

Δ⃗
2
¼

�
−
Δ1

2
;−

Δ2

2
; P3

�
; ð19Þ

and an asymmetric in which the final state does not contain
the momentum transfer

p⃗a
f¼ P⃗¼ð0;0;P3Þ; p⃗a

i ¼ P⃗− Δ⃗¼ð−Δ1;−Δ2;P3Þ: ð20Þ

In the above equations, a factor of 2πL (L: spatial extent of the

lattice) is implied in Δ⃗ and P3. Note that Δ⃗ is the same in
both frames, however, −t≡ Δ⃗2 − ðEf − EiÞ2 differs due to
the term containing the energies. In each kinematic frame,
we parametrize the lattice matrix elements using the trace

K Tr

�
Γκ

�
−i=piþm

2m

�
F½γμγ5�

�
−i=piþm

2m

��
; μ;κ¼0;1;2;3;

ð21Þ

where F½γμγ5� is given in Eq. (10). We use four parity
projectors; the unpolarized, Γ0, and the three polarized, Γk,
defined as

Γ0 ¼
1

4
ð1þ γ0Þ; ð22Þ

Γk ¼
1

4
ð1þ γ0Þiγ5γk; k ¼ 1; 2; 3: ð23Þ

K is a kinematic factor that has been obtained based on the
normalization of the proton state,

K ¼ 2m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfEiðEf þmÞðEi þmÞp : ð24Þ

As we will demonstrate below, the combination of the four
projectors and the four directions of the axial-vector operator
can disentangle all eight Ãi for any kinematic setup.
Next, we focus on the ground-state contribution to the

matrix elements that we will denote as Πs=a
μ ðΓκÞ (μ; κ∶0; 1,

2, 3). We note that the operator γjγ5 (j ≠ 3) has a finite
mixing under renormalization for lattice regularizations
with chiral symmetry breaking [47,89,93,94]. Such mixing
is not included in the renormalization analysis in this
calculation, as it would require the matrix elements of
the tensor operator. However, the effect is found to be small
for the twisted-mass formulation with a clover term [47,89].
The general expressions for Eq. (21) in the symmetric
frame for zero skewness are

Πs
0ðΓ0Þ ¼ 0; ð25Þ

Πs
0ðΓ1Þ ¼ K

�
EΔ1ðEþmÞ

4m3
Ã3

�
; ð26Þ

Πs
0ðΓ2Þ ¼ K

�
EΔ2ðEþmÞ

4m3
Ã3

�
; ð27Þ

Πs
0ðΓ3Þ ¼ K

�
−
P3ðEþmÞ

2m2
Ã2 −

E2zðEþmÞ
2m2

Ã6

�
; ð28Þ
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Πs
1ðΓ0Þ ¼ K

�
−
2EΔ2zðEðEþmÞ − P2

3Þ
4m3

Ã1 −
P3Δ2

4m2
Ã2

�
;

ð29Þ

Πs
1ðΓ1Þ ¼ iK

�
−
EP3Δ2

2z
4m3

Ã1 þ
ð4mðEþmÞ þ Δ2

2Þ
8m2

Ã2

−
Δ2

1ðEþmÞ
4m3

Ã5

�
; ð30Þ

Πs
1ðΓ2Þ¼ iK

�
EP3Δ1Δ2z

4m3
Ã1−

Δ1Δ2

8m2
Ã2−

Δ1Δ2ðEþmÞ
4m3

Ã5

�
;

ð31Þ

Πs
1ðΓ3Þ ¼ iK

�
EΔ1zðEþmÞ

2m2
Ã8

�
; ð32Þ

Πs
2ðΓ0Þ ¼ K

�
2EΔ1zðEðEþmÞ − P2

3Þ
4m3

Ã1 þ
P3Δ1

4m2
Ã2

�
;

ð33Þ

Πs
2ðΓ1Þ¼ iK

�
EP3Δ1Δ2z

4m3
Ã1−

Δ1Δ2

8m2
Ã2−

Δ1Δ2ðEþmÞ
4m3

Ã5

�
;

ð34Þ

Πs
2ðΓ2Þ ¼ iK

�
−
EP3Δ2

1z
4m3

Ã1 þ
ð4mðEþmÞ þ Δ2

1Þ
8m2

Ã2

−
Δ2

2ðEþmÞ
4m3

Ã5

�
; ð35Þ

Πs
2ðΓ3Þ ¼ iK

�
EΔ2zðEþmÞ

2m2
Ã8

�
; ð36Þ

Πs
3ðΓ0Þ ¼ 0; ð37Þ

Πs
3ðΓ1Þ ¼ iK

�
−
P3Δ1ðEþmÞ

4m3
Ã3 þ

Δ1zðEþmÞ
4m

Ã4

�
;

ð38Þ

Πs
3ðΓ2Þ ¼ iK

�
−
P3Δ2ðEþmÞ

4m3
Ã3 þ

Δ2zðEþmÞ
4m

Ã4

�
;

ð39Þ

Πs
3ðΓ3Þ ¼ iK

�
EðEþmÞ

2m2
Ã2 þ

EP3zðEþmÞ
2m2

Ã6

−
1

2
Ez2ðEþmÞÃ7

�
; ð40Þ

where K simplifies to 2m2=ðEðEþmÞÞ, due to Ei ¼ Ef ≡
E in the symmetric frame when ξ ¼ 0. It is interesting to
observe that Ã7 appears only in Eq. (40). In general, we find
fourteen nonzero equations, some of which are linearly
dependent. For instance, Eqs. (26) and (27) have the same
numerical value besides a multiplicative factor of Δ1 and
Δ2, respectively. Still, there are eight linearly independent
matrix elements that allow one to disentangle all amplitudes
Ãi. Another observation is that the amplitudes Ã3, Ã4, Ã8

are decoupled from the other ones. This is an important
aspect, as these amplitudes are expected to be zero at ξ ¼ 0
due to theoretical arguments. In Sec. IV, we will comment
more about how one can incorporate this information into
the analysis. The trace algebra of Eq. (21) in the asym-
metric frame of Eq. (20) leads to more complicated
kinematic coefficients mainly because Ei ≠ Ef, as well
as the lack of symmetry between pf and pi. At zero
skewness, we obtain

Πa
0ðΓ0Þ ¼ 0; ð41Þ

Πa
0ðΓ1Þ¼K

�ðEfþmÞΔ1

4m2
Ã2þ

ðEfþEiÞðEfþmÞΔ1

8m3
Ã3

þðEf−EiÞðEfþmÞΔ1

4m3
Ã5þ

ðEfþEiÞP3zΔ1

8m2
Ã6

þðEf−EiÞP3zΔ1

4m2
Ã8

�
; ð42Þ

Πa
0ðΓ2Þ¼K

�ðEfþmÞΔ2

4m2
Ã2þ

ðEfþEiÞðEfþmÞΔ2

8m3
Ã3

þðEf−EiÞðEfþmÞΔ2

4m3
Ã5þ

ðEfþEiÞP3zΔ2

8m2
Ã6

þðEf−EiÞP3zΔ2

4m2
Ã8

�
; ð43Þ

Πa
0ðΓ3Þ ¼ K

�
−
ðEf þ Ei þ 2mÞP3

4m2
Ã2 þ

ðE2
i − E2

fÞP3

8m3
Ã3

−
P3ðEf − EiÞ2

4m3
Ã5 −

ðEf þ EiÞ2ðEf þmÞz
8m2

Ã6

−
ðEf þ EiÞðEf þmÞzðEf − EiÞ

4m2
Ã8

�
; ð44Þ

Πa
1ðΓ0Þ¼K

�
EfðEf−Ei−2mÞðEfþmÞΔ2z

4m3
Ã1−

P3Δ2

4m2
Ã2

�
;

ð45Þ
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Πa
1ðΓ1Þ¼ iK

�
−
EfP3Δ2

2z

4m3
Ã1þ

ððEfþmÞðEiþmÞ−P2
3Þ

4m2
Ã2þ

ðEfþmÞΔ2
1

8m3
Ã3−

ðEfþmÞΔ2
1

4m3
Ã5þ

P3zΔ2
1

8m2
Ã6−

P3zΔ2
1

4m2
Ã8

�
;

ð46Þ

Πa
1ðΓ2Þ ¼ iK

�
EfP3Δ1zΔ2

4m3
Ã1 þ

ðEf þmÞΔ1Δ2

8m3
Ã3 −

ðEf þmÞΔ1Δ2

4m3
Ã5 þ

P3Δ1zΔ2

8m2
Ã6 −

P3Δ1zΔ2

4m2
Ã8

�
; ð47Þ

Πa
1ðΓ3Þ¼ iK

�
−
P3Δ1

4m2
Ã2þ

ðEi−EfÞP3Δ1

8m3
Ã3þ

ðEf−EiÞP3Δ1

4m3
Ã5−

ðEfþEiÞðEfþmÞzΔ1

8m2
Ã6þ

ðEfþEiÞðEfþmÞzΔ1

4m2
Ã8

�
;

ð48Þ

Πa
2ðΓ0Þ ¼ K

�
−
EfðEf − Ei − 2mÞðEf þmÞΔ1z

4m3
Ã1 þ

P3Δ1

4m2
Ã2

�
; ð49Þ

Πa
2ðΓ1Þ ¼ iK

�
EfP3Δ1zΔ2

4m3
Ã1 þ

ðEf þmÞΔ1Δ2

8m3
Ã3 −

ðEf þmÞΔ1Δ2

4m3
Ã5 þ

P3Δ1zΔ2

8m2
Ã6 −

P3Δ1zΔ2

4m2
Ã8

�
; ð50Þ

Πa
2ðΓ2Þ¼ iK

�
−
EfP3zΔ2

1

4m3
Ã1þ

ðEfþmÞΔ2
2

8m3
Ã3þ

ððEfþmÞðEiþmÞ−P2
3Þ

4m2
Ã2−

ðEfþmÞΔ2
2

4m3
Ã5þ

P3Δ2
2z

8m2
Ã6−

P3Δ2
2z

4m2
Ã8

�
;

ð51Þ

Πa
2ðΓ3Þ¼ iK

�
−
P3Δ2

4m2
Ã2þ

ðEi−EfÞP3Δ2

8m3
Ã3þ

ðEf−EiÞP3Δ2

4m3
Ã5−

ðEfþEiÞðEfþmÞzΔ2

8m2
Ã6þ

ðEfþEiÞðEfþmÞzΔ2

4m2
Ã8

�
;

ð52Þ

Πa
3ðΓ0Þ ¼ 0; ð53Þ

Πa
3ðΓ1Þ ¼ iK

�
−
Δ1P3

4m2
Ã2 −

ðEf þmÞΔ1P3

4m3
Ã3 þ

ðEf þmÞΔ1z

4m
Ã4 −

Δ1zP2
3

4m2
Ã6 þ

1

4
Δ1z2P3Ã7

�
; ð54Þ

Πa
3ðΓ2Þ ¼ iK

�
−
Δ2P3

4m2
Ã2 −

ðEf þmÞΔ2P3

4m3
Ã3 þ

ðEf þmÞΔ2z

4m
Ã4 −

Δ2zP2
3

4m2
Ã6 þ

1

4
Δ2z2P3Ã7

�
; ð55Þ

Πa
3ðΓ3Þ ¼ iK

�ðEf þ EiÞðEf þmÞ
4m2

Ã2 þ
ðEf − EiÞP2

3

4m3
Ã3 þ

ðEi − EfÞzP3

4m
Ã4 þ

ðEf þ EiÞðEf þmÞzP3

4m2
Ã6

−
1

4
ðEf þ EiÞðEf þmÞz2Ã7

�
: ð56Þ

To summarize our findings, Eqs. (25)–(39) and (41)–(56) are sufficient to disentangle the Ãi in the symmetric and
asymmetric frame, respectively. This task can be done analytically by inverting the equations, which, however, leads to very
complicated general expressions; it is practically more convenient to implement a numerical inversion of the 8 × 8 system
for each value of P and Δ⃗. Here, we give the expressions for Ãi using Δ⃗ ¼ ðΔ; 0; 0Þ as an example. We use a superscript s
and a in the matrix elements to differentiate between the two frames; Ãi are frame independent and do not carry such an
index. The expressions for the symmetric frame take the form

Ã1 ¼
imP3

2zðEþmÞðE2 − P2
3Þ
Πs

2ðΓ2Þ þ
mðE2 þ Em − P2

3Þ
zΔðEþmÞðE2 − P2

3Þ
Πs

2ðΓ0Þ; ð57Þ

Ã2 ¼
EP3Δ

2ðEþmÞðE2 − P2
3Þ
Πs

2ðΓ0Þ þ
iEðP2

3 − EðEþmÞÞ
ðEþmÞðE − P3ÞðEþ P3Þ

Πs
2ðΓ2Þ; ð58Þ
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Ã3 ¼
2m
Δ

Πs
0ðΓ1Þ; ð59Þ

Ã4 ¼
2P3

zΔ
Πs

0ðΓ1Þ −
2iE
zΔm

Πs
3ðΓ1Þ; ð60Þ

Ã5 ¼ −
2iEm2ðE2 þ Em − P2

3Þ
Δ2ðEþmÞðE2 − P2

3Þ
Πs

2ðΓ2Þ þ
Em2P3

ΔðEþmÞðE2 − P2
3Þ
Πs

2ðΓ0Þ þ
2iEm
Δ2

Πs
1ðΓ1Þ; ð61Þ

Ã6 ¼
iP3ðE2 þ Em − P2

3Þ
EzðEþmÞðE2 − P2

3Þ
Πs

2ðΓ2Þ þ
P2
3Δ

2EzðEþmÞðP2
3 − E2ÞΠ

s
2ðΓ0Þ −

1

Ez
Πs

0ðΓ3Þ; ð62Þ

Ã7 ¼
iðP2

3 − EðEþmÞÞ
Em2z2ðEþmÞ Πs

2ðΓ2Þ þ
P3Δ

2Em2z2ðEþmÞΠ
s
2ðΓ0Þ −

P3

Em2z2
Πs

0ðΓ3Þ þ
i

m2z2
Πs

3ðΓ3Þ; ð63Þ

Ã8 ¼ −
i
zΔ

Πs
1ðΓ3Þ; ð64Þ

and for the asymmetric frame at Δ⃗ ¼ ðΔ; 0; 0Þ, one obtains,

zÃ1 ¼
2ðEf − Ei − 2mÞm3

EfðEi þmÞðE2
f − EiEf − 2m2ÞΔ

Πa
2ðΓ0Þ
K

−
2im3P3

EfðEf þmÞðEi þmÞðE2
f − EiEf − 2m2Þ

Πa
2ðΓ2Þ
K

; ð65Þ

Ã2 ¼
2P3Δm2

ðEf þmÞðEi þmÞð2m2 þ EfðEi − EfÞÞ
Πa

2ðΓ0Þ
K

þ 2iðEf − Ei − 2mÞm2

ðEi þmÞð2m2 þ EfðEi − EfÞÞ
Πa

2ðΓ2Þ
K

; ð66Þ

Ã3 ¼
2ðEf þ EiÞm3

E2
fðEi þmÞΔ

Πa
0ðΓ1Þ
K

þ 2P3m3

E2
fðEf þmÞðEi þmÞ

Πa
0ðΓ3Þ
K

þ 2im3

E2
fðEi þmÞ

Πa
1ðΓ1Þ
K

þ 2iðEi − EfÞP3m3

E2
fðEf þmÞðEi þmÞΔ

Πa
1ðΓ3Þ
K

; ð67Þ

zÃ4 ¼
2ðEf þ EiÞP3m2

E2
fðEi þmÞΔ

Πa
0ðΓ1Þ
K

þ 2ðEf −mÞm2

E2
fðEi þmÞ

Πa
0ðΓ3Þ
K

−
2iðEf − EiÞðEf −mÞm2

E2
fðEi þmÞΔ

Πa
1ðΓ3Þ
K

þ 2iP3m2

E2
fðEi þmÞ

Πa
1ðΓ1Þ
K

−
2iðEf þ EiÞm2

EfðEi þmÞΔ
Πa

3ðΓ1Þ
K

−
2iP3m2

EfðEf þmÞðEi þmÞ
Πa

3ðΓ3Þ
K

; ð68Þ

Ã5 ¼ −
2ðEf þ EiÞP3m4

EfðEf þmÞðEi þmÞðE2
f − EiEf − 2m2ÞΔ

Πa
2ðΓ0Þ
K

þ ðEf þ EiÞm3

E2
fðEi þmÞΔ

Πa
0ðΓ1Þ
K

þ 2iðEf − Ei − 2mÞm4

EfðEf − EiÞðEi þmÞðE2
f − EiEf − 2m2Þ

Πa
2ðΓ2Þ
K

þ P3m3

E2
fðEf þmÞðEi þmÞ

Πa
0ðΓ3Þ
K

−
iðEf þ EiÞm3

E2
fðEf − EiÞðEi þmÞ

Πa
1ðΓ1Þ
K

þ iðEf þ EiÞP3m3

E2
fðEf þmÞðEi þmÞΔ

Πa
1ðΓ3Þ
K

; ð69Þ

zÃ6 ¼
2ðEi − EfÞP3m2

E2
fðEf þmÞðEi þmÞΔ

Πa
0ðΓ1Þ
K

−
2m2

E2
fðEi þmÞ

Πa
0ðΓ3Þ
K

þ 2iðEf − EiÞm2

E2
fðEi þmÞΔ

Πa
1ðΓ3Þ
K

þ 2iðEi − EfÞP3m2

E2
fðEf þ EiÞðEf þmÞðEi þmÞ

Πa
1ðΓ1Þ
K

−
4ðEf − EiÞðEf −mÞm2

EfðEi þmÞðE2
f − EiEf − 2m2ÞΔ

Πa
2ðΓ0Þ
K

þ 4iðEf − Ei − 2mÞP3m2

EfðEf þ EiÞðEi þmÞðE2
f − EiEf − 2m2Þ

Πa
2ðΓ2Þ
K

; ð70Þ
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z2Ã7 ¼ −
2ðEf − EiÞðEf −mÞ

E2
fðEi þmÞΔ

Πa
0ðΓ1Þ
K

−
2P3

E2
fðEi þmÞ

Πa
0ðΓ3Þ
K

−
2iðEf − EiÞðEf −mÞ
E2
fðEf þ EiÞðEi þmÞ

Πa
1ðΓ1Þ
K

þ 2iðEf − EiÞP3

E2
fðEi þmÞΔ

Πa
1ðΓ3Þ
K

þ 2ðEi − EfÞP3

EfðEf þmÞðEi þmÞΔ
Πa

2ðΓ0Þ
K

þ 2iðEf − Ei − 2mÞ
EfðEf þ EiÞðEi þmÞ

Πa
2ðΓ2Þ
K

þ 2iðEf − EiÞP3

EfðEf þmÞðEi þmÞΔ
Πa

3ðΓ1Þ
K

þ 2i
EfðEi þmÞ

Πa
3ðΓ3Þ
K

; ð71Þ

zÃ8¼
ðEi−EfÞP3m2

E2
fðEfþmÞðEiþmÞΔ

Πa
0ðΓ1Þ
K

−
m2

E2
fðEiþmÞ

Πa
0ðΓ3Þ
K

þ iP3m2

E2
fðEfþmÞðEiþmÞ

Πa
1ðΓ1Þ
K

−
iðEfþEiÞm2

E2
fðEiþmÞΔ

Πa
1ðΓ3Þ
K

: ð72Þ

The use of the amplitudes Ãi is a pathway to extracting
the quasi-GPDs using lattice data from any kinematic
frame. Here, we present two approaches to relate the
Ãi to the quasi-GPDs: (a) the standard γ3γ5 operator
[Eq. (73)]; and (b) an alternative Lorentz-invariant defi-
nition [Eq. (75)]. Our focus is on zero skewness, which
only gives access to the H̃ GPD; the kinematic coefficient
of Ẽ in Eq. (8) becomes zero due to the factor Δ3. For the
same reason, Ẽ does not appear in the parametrization of
the matrix elements in the forward limit. In fact, to obtain
Ẽ-GPD at t ¼ 0, one must parametrize its t-dependence,
and, similarly, its estimate at zero skewness could be
obtained by a fit using ξ ≠ 0 values. Below, we give the
relation between the quasi-GPD of H̃ at zero skewness
using the γ3γ5 definition. We note that the standard
definition of Eq. (73) is Lorentz invariant, and therefore,
it is the same in both frames, as discussed in Sec. II B. At
zero skewness, one obtains

H̃3ðÃs=a
i ; zÞ ¼ Ã2 þ zP3Ã6 −m2z2Ã7: ð73Þ

For simplicity, we only show two arguments for H̃3, that is,
Ãi to indicate the frame used in the calculation and z to
explicitly show that the relation for quasi-GPDs is given in
coordinate space. To keep the expressions compact, we
suppress the arguments of the amplitudes Ãi. It is useful to
rewrite Eq. (73) in terms of matrix elements in the
symmetric frame for the special case Δ⃗ ¼ ðΔ; 0; 0Þ, for
which we find

H̃3ðÃs
i ; zÞ ¼ −iΠs

3ðΓ3Þ: ð74Þ

As expected, Eq. (74) is the usual expression extracted from
the matrix elements of the γ3γ5 operator previously used for
the helicity GPDs [77]. With the Ãi being frame-invariant,
one can use either As

i or A
a
i in Eq. (73); calculating Aa

i is
computationally less costly and, thus, more optimal for
lattice QCD calculations.
An alternative approach to extract the light cone GPDs is

through a Lorentz-invariant definition of choice for the
quasi-GPDs H̃ and Ẽ, as given in Eqs. (17) and (18), where
H̃ðÃs

i ; zÞ ¼ H̃ðÃa
i ; zÞ and ẼðÃs

i ; zÞ ¼ ẼðÃa
i ; zÞ, by construc-

tion. The expression for H̃ at zero skewness simplifies
giving

H̃ðÃs=a
i ; zÞ ¼ Ã2 þ zP3Ã6: ð75Þ

For completeness, we provide the expressions of H̃ using
matrix elements in each frame. As above, we use as an
example the case Δ⃗ ¼ ðΔ; 0; 0Þ to write H̃ in terms of
matrix elements, that is

H̃ðÃs
i ; zÞ ¼

P3Δ
2E2 þ 2Em

Πs
2ðΓ0Þ þ i

P2
3 − EðEþmÞ
EðEþmÞ Πs

2ðΓ2Þ

−
P3

E
Πs

0ðΓ3Þ; ð76Þ

H̃ðÃa
i ; zÞ ¼

2im2P2
3ðEi − EfÞ

E2
fðEf þ EiÞðEf þmÞðEi þmÞ

Πa
1ðΓ1Þ
K

−
2im2ðEf − Ei − 2mÞðEfðEf þ EiÞ − 2P2

3Þ
EfðEf þ EiÞðEi þmÞðE2

f − EfEi − 2m2Þ
Πa

2ðΓ2Þ
K

þ 2im2P3ðEf − EiÞ
E2
fΔðEi þmÞ

Πa
1ðΓ3Þ
K

þ 2m2P2
3ðEi − EfÞ

E2
fΔðEf þmÞðEi þmÞ

Πa
0ðΓ1Þ
K

þ 2m2P3Þð2ðEf − EiÞðm2 − E2
fÞ − EfΔ2Þ

EfΔðEf þmÞðEi þmÞðE2
f − EfEi − 2m2Þ

Πa
2ðΓ0Þ
K

−
2m2P3

E2
fðEi þmÞ

Πa
0ðΓ3Þ
K

: ð77Þ
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This alternative definition of H̃ can be interpreted as the
construction of a new operator that is a combination of γμγ5
with μ ¼ 0, 1, 2, 3, as given in the example of Eqs. (76) and
(77). We note, however, that in the case of the helicity, the
matrix elements γkγ5 with k ¼ 0, 1, 2 (k ≠ 3) have finite
mixing in lattice regularization [89], which affects H̃. In
Sec. IV, we will compare the two definitions of H̃3 and H̃
and discuss their merits.

B. Computational setup

The proton matrix elements entering Eq. (21) (F½γμγ5�) use
a nonlocal axial-vector operator containing spatially-sep-
arated quark fields in the ẑ direction. The Wilson line and
the momentum boost are also along the ẑ direction.
The matrix elements have momentum transfer between
the initial and final state, Δ⃗ ¼ p⃗f − p⃗i, and can be
written as

F½γμγ5�ðΓκ;z;pf;piÞ≡hNðpfÞjψðzÞγμγ5Wð0;zÞψð0ÞjNðpiÞi;
μ;κ∶0; 1; 2; 3: ð78Þ

jNðpiÞi and jNðpfÞi are the initial (source) and final (sink)
states of the proton, while the remaining variables are
defined previously. We use momentum smearing [95] to
improve the overlap with the proton ground state and
suppress gauge noise; Ref. [96] demonstrated that the
method is essential for nonlocal operators. It was also
found that the statistical noise is z-dependent and reduces
by a factor of 4–5 in the real part and 2–3 in the imaginary
part of the quasi-GPDs calculated in a previous work [77].
In addition, we use five steps of stout smearing [97] to
the gauge links of the operator with parameter ρ ¼ 0.15, to
further suppress gauge noise, as demonstrated in
Refs. [98,99]. We note that the stout smearing changes
both the matrix elements and the renormalization function,
but the renormalized matrix elements should remain
independent of the stout smearing. Indeed, in Ref. [100]
it was examines the effect of the number of stout smearing
steps (0, 5, 10, 15, 20) and shows that the renormalized
matrix elements are stout-smearing independent; the test
was performed at Δ⃗ ¼ 0 and a physical pion mass
ensemble. The same conclusions were reached in the case
of the gluon PDF [101] calculated using the same ensemble
as this work. The matrix element is extracted from the ratio,

RμðΓκ; z; pf; pi; ts; τÞ ¼
C3pt
μ ðΓκ; z; pf; pi; ts; τÞ
C2ptðΓ0; pf; tsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2ptðΓ0; pi; ts − τÞC2ptðΓ0; pf; τÞC2ptðΓ0; pf; tsÞ
C2ptðΓ0; pf; ts − τÞC2ptðΓ0; pi; τÞC2ptðΓ0; pi; tsÞ

s
; ð79Þ

where C2pt and C3pt, are the two- and three-point corre-
lation functions. τ is the current insertion time, and ts is the
source-sink time separation; the source is taken at zero time
slice. As shown in Table II, we implement all kinematically
equivalent momenta that lead to the same value of p2

i , p
2
f.

Thus, to increase statistical accuracy, we average C2pt for
all possible values. We extract the ground-state contribution
to F½γμγ5� from Rμ by taking a plateau fit with respect to τ in
a region of convergence. Here, we indicate the ground state
by ΠμðΓκÞ, and their decomposition is given in Eqs. (25)–
(56). For simplicity, the dependence on z, pf, and pi is not
shown explicitly in the matrix elements ΠjðΓκÞ.
The calculation is performed on a gauge ensemble of

Nf ¼ 2þ 1þ 1 twisted-mass fermions, including a clover
term [102]. The gluon part of the action is Iwasaki-
improved. The volume of the ensemble is 323 × 64, and
its lattice spacing, a, is 0.093 fm. The quark masses

correspond to a pion mass of 260 MeV. The ensemble
parameters are given in Table I. Using this ensemble, we
obtain the matrix elements at a source-sink time separation
of ts ¼ 10a ¼ 0.934 fm, a choice made to effectively
manage statistical uncertainties in the matrix elements.
The study of excited states via calculations of multiple time
separations lies outside the scope of the current project.
Details regarding the statistics of the calculation in both the
symmetric and asymmetric frames are provided in
Table II. In summary, for P3 ¼ 1.25 GeV we analyze three
different values of −t in the symmetric frame. These are
complemented by seven values of −t in the asymmetric
frame, which significantly enhances computational effi-
ciency. The majority of the values are within the range
−t ∈ ½0.17–1.50� GeV. To examine dependence on the
momentum boost, we focus on −ts ¼ 0.69 GeV2, where
we use three values of P3, that is 0.83, 1.25, and 1.67 GeV.

TABLE I. Parameters of the ensemble used in this work.

Parameters

Ensemble β a [fm] Volume L3 × T Nf mπ [MeV] Lmπ L [fm]

cA211.32 1.726 0.093 323 × 64 u, d, s, c 260 4 3.0
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Notably, the asymmetric frame offers a computationally
advantageous approach, as it enables the acquisition of

multiple values of Δ⃗ within the same computational cost.
To elaborate, while each value of t in the symmetric frame
requires a separate calculation, the data production in the
asymmetric frame is divided into two groups: one for
ð�Δx; 0; 0Þ and its permutations and another for
ð�Δx;�Δy; 0Þ and their permutations.
The benefits of acquiring the data summarized in Table II

are three-fold, as it allows:
(i) Comparison of results on the three values of P3 at

fixed −t to assess P3 dependence.
(ii) Comparison of the estimates for Ãi in the two frames

using −ts ¼ 0.69 GeV2 and −ta ¼ 0.65 GeV2.
(iii) Extraction of the −t dependence of the GPDs and

apply parametrizations.
In comparing Ãi between frames, it’s worth noting that
although ts and ta are not precisely identical, they are
closely aligned, differing by only 5%, which allows for a
meaningful and reliable comparison.

IV. LATTICE RESULTS

A. Comparison of kinematic frame

In this section, we focus on the setup with P3 ¼
�1.25 GeV and Δ⃗ ¼ f2πL ð�2; 0; 0Þ; 2πL ð0;�2; 0Þg, imple-
mented in both the symmetric and asymmetric frames. This
setup gives −ts ¼ 0.69 GeV2 in the symmetric frame, and
−ta ¼ 0.65 GeV2 in the asymmetric frame. Our first goal is
to compare the Ãi between the two frames, in a similar
fashion as our previous work for the unpolarized GPDs
[84]. Once agreement is established between the Ãi from
the two frames, all data from Table II will be analyzed to
extract the −t dependence of GPDs.

Before presenting the matrix elements, we show the ratio
of Eq. (79) for two representative cases, R3ðΓ3Þ and R2ðΓ2Þ
and P3 ¼ 1.25 GeV and Δ⃗ ¼ 2π

L ð2; 0; 0Þ. For better clarity,
we use the symmetric frame in which the data have less
statistical fluctuations. We choose ½3a − 7a� for the fit with
respect to the insertion time We remind the reader that the
data of Figs. 1 and 2 are only one of the eight kinematically
equivalent cases. These are averaged at the amplitude level
according to the symmetry properties of the latter.
Below we present selected matrix elements in the two

frames. Although direct numerical comparisons of these
values may not yield direct physical insights, they do prove
invaluable in assessing the signal quality and the extent
of symmetry breaking concerning the sign of P3 and z.
In Fig. 3, we show the real and imaginary parts of the
bare matrix element Π3ðΓ3Þ for the eight combinations
of aP3 ¼ � 2π

L 3 and aΔ⃗ ¼ 2π
L ð�2; 0; 0Þ; 2πL ð0;�2; 0Þ.

Similarly, Figs. 4–6 show Π0ðΓ0Þ, ΠjðΓj;Δj ¼ 0Þ, and
ΠjðΓj;Δj ≠ 0Þ (j ¼ 1, 2), respectively. Note that ΠjðΓjÞ
leads to independent equations for Δj ¼ 0 and Δj ≠ 0 [see,
e.g., Eq. (30)]. All the plots presented in this section offer
side-by-side comparisons between the symmetric and
asymmetric frame data. It is essential to underline that
the numerical values of matrix elements in these two frames
should not be directly compared. This is because the
parametrization of a matrix element for a given operator
and parity projector differs between frames in terms of the
involved Ãi and their associated kinematic coefficients. For
example, Πs

3ðΓ3Þ contains information on Ã2, Ã6, and Ã7,
while Πa

3ðΓ3Þ decomposes into Ã2, Ã3, Ã4, Ã6, and Ã7, as
can be seen in Eqs. (40) and (56).
Comparison of Π3ðΓ3Þ from Fig. 3 in the two frames

reveals two features: (a) the matrix elements in the
symmetric frame are less noisy than in the asymmetric

TABLE II. Statistics for the symmetric and asymmetric frame matrix elements are shown. The momentum unit 2π=L is 0.417 GeV.
NME, Nconfs, Nsrc, and Ntotal are the number of matrix elements, configurations, source positions per configuration and total statistics,
respectively.

Frame P3 [GeV] Δ ½2πL � −t [GeV2] ξ NME Nconfs Nsrc Ntot

�1.25 (0, 0, 0) 0 0 2 329 16 10528
Symmetric �0.83 (�2; 0; 0), (0;�2; 0) 0.69 0 8 67 8 4288
Symmetric �1.25 (�2; 0; 0), (0;�2; 0) 0.69 0 8 249 8 15,936
Symmetric �1.67 (�2; 0; 0), (0;�2; 0) 0.69 0 8 294 32 75,264
Symmetric �1.25 (�2;�2; 0) 1.38 0 16 224 8 28,672
Symmetric �1.25 (�4; 0; 0), (0;�4; 0) 2.77 0 8 329 32 84,224
Asymmetric �1.25 (�1; 0; 0), (0;�1; 0) 0.17 0 8 269 8 17,216
Asymmetric �1.25 ð�1;�1; 0Þ 0.34 0 16 195 8 24,960
Asymmetric �1.25 (�2; 0; 0), (0;�2; 0) 0.65 0 8 269 8 17,216
Asymmetric �1.25 (�1;�2; 0), (�2;�1; 0) 0.81 0 16 195 8 24,960
Asymmetric �1.25 (�2;�2; 0) 1.24 0 16 195 8 24,960
Asymmetric �1.25 (�3; 0; 0), (0;�3; 0) 1.38 0 8 269 8 17,216
Asymmetric �1.25 (�1;�3; 0), (�3;�1; 0) 1.52 0 16 195 8 24,960
Asymmetric �1.25 (�4; 0; 0), (0;�4; 0) 2.29 0 8 269 8 17,216
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frame; and (b) the variation of the data between the eight
different classes of�P3 and�z is smaller in the symmetric
frame. The latter is due to the fact that symmetries in the
matrix elements with respect to �P3 and �z are only
present in the symmetric frame. Nevertheless, the asym-
metry in�P3 and�z is found to be small for this kinematic
setup in the asymmetric frame. Similar observations hold
for Π0ðΓ0Þ and Π1;2ðΓ1;2Þ, which are not shown here. In the
light cone limit, the operators γ0γ5 and γ3γ5 are the
components of γþγ5, and, thus, lead to the standard helicity
GPDs, H̃ and Ẽ. This justifies the large magnitude observed
in Figs. 3 and 4. However, γ0γ5 has finite mixing under
renormalization, while γ3γ5 does not [89]. The mixing was
previously investigated numerically for twisted-mass fer-
mions [89,103] and was found that the inclusion of a clover
term in the fermion action suppresses the mixing
significantly.
To extract the amplitudes Ãi, we utilize the matrix

elements obtained from all possible combinations of
operators and projectors, as detailed in Sec. III A. For each
Ãi, we combine the positive and negative values of P3, Δ⃗,
and z according to their respective symmetry properties, as

outlined in Eq. (B3). Upon averaging the data for Ãi, we
proceed to compare their estimated values in the two
frames. This comparison serves as a numerical assessment
of their agreement, essentially acting as a consistency check
for the lattice estimates of Ãi. The degree of agreement
observed between the two frames offers an assessment of
systematic effects, such as those stemming from finite
lattice spacing, that may affect the results.
An essential aspect of our analysis concerns the treat-

ment of Ã3, Ã4, and Ã8. in Sec. II B, we provided theoretical
arguments explaining why Ã3, Ã4, and Ã8 should vanish
when the skewness is zero. For completeness, in Sec. III A,
we presented the relations between the matrix elements and
the Ãi, including all the amplitudes. In the symmetric
frame, it is noteworthy that Ã3, Ã4, and Ã8 do not emerge in
matrix elements associated with any of the remaining five
Ãi as they are exclusively linked to Πs

0ðΓjÞ, Πs
jðΓ3Þ, and

Πs
3ðΓjÞ. Numerical exploration in the symmetric frame

demonstrates that Πs
0ðΓjÞ, Πs

jðΓ3Þ, and Πs
3ðΓjÞ are zero

within uncertainties, validating that Ã3, Ã4, and Ã8 are
indeed zero. In contrast, the asymmetric frame exhibits a

FIG. 1. The ratio of Eq. (79) for Π3ðΓ3Þ in the symmetric frame for jP3j ¼ 1.25 GeV and Δ⃗ ¼ 2π
L ð2; 0; 0Þ. The left (right) panel

corresponds to the real (imaginary) part.

FIG. 2. The ratio of Eq. (79) for Π2ðΓ2Þ in the symmetric frame for jP3j ¼ 1.25 GeV and Δ⃗ ¼ 2π
L ð2; 0; 0Þ. The left (right) panel

corresponds to the real (imaginary) part.
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FIG. 3. Bare matrix elements Π3ðΓ3Þ in the symmetric frame (left) and in the asymmetric frame (right), for jP3j ¼ 1.25 GeV and
−t ¼ 0.69 GeV2 (−t ¼ 0.65 GeV2) for the symmetric (asymmetric) frame. The top (bottom) panel corresponds to the real (imaginary)
part. The notation in the legend is fP3; Δ⃗g in units of 2π=L.

FIG. 4. Bare matrix elements Π0ðΓ3Þ in the symmetric frame (left) and in the asymmetric frame (right). The notation is the same
as Fig. 3.
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FIG. 5. Bare matrix elements Π1ðΓ1Þ and Π2ðΓ2Þ in the symmetric frame (left) and in the asymmetric frame (right). The legend
indicates fj; P3; Δ⃗g in units of 2π=L, with j corresponding to ΠjðΓjÞ. The remaining notation is the same as Fig. 3.

FIG. 6. Bare matrix elements Π1ðΓ1Þ and Π2ðΓ2Þ in the symmetric frame (left) and in the asymmetric frame (right). The legend
indicates fj; P3; Δ⃗g in units of 2π=L, with j corresponding to ΠjðΓjÞ. The remaining notation is the same as Fig. 3.
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more intricate interplay among fÃ3; Ã4; Ã8g, and the
remaining amplitudes. Consequently, we perform an analy-
sis of matrix elements, considering all Ãi to numerically test
whether the extracted Ã3, Ã4, and Ã8 are consistent with
zero. Our findings confirm that Ã3, Ã4, and Ã8 are indeed
zero within statistical errors in the asymmetric frame.
Furthermore, it is important to note that the numerical
values of Ãa

1 , Ãa
2, Ãa

5 , Ãa
6 , and Ãa

7 remain consistent,
regardless of whether we include Ã3, Ã4, and Ã8 in the
analysis or not. This consistency provides additional
validation for the results obtained.
In Figs. 7 and 8 we present a comparison of the

amplitudes using our data obtained with P3 ¼
�1.25 GeV and Δ⃗ ¼ f2πL ð�2; 0; 0Þ; 2πL ð0;�2; 0Þg for both
frames (−ts ¼ 0.69 GeV2 and −ta ¼ 0.65 GeV2). This
comparison takes into account all eight combinations of
�P3 and �Δ⃗. Among the amplitudes, we observe that Ã5

has the largest magnitude both in the real and the imaginary
parts, followed by Ã2. The remaining amplitudes are

notably small or negligible, which can be attributed to
the small signal for certain matrix elements. Encouragingly,
we find a very good agreement between the two frames for
each Ãi up to statistical fluctiations, as expected given their
Lorentz-invariant definition. As previously mentioned, the
small differences observed may be associated with the
approximately 5% discrepancy between ts and ta, as well as
potential systematic uncertainties that have yet to be
determined. Regarding the amplitudes Ã1, Ã6, and Ã7,
they cannot be directly accessed at z ¼ 0 because their
associated kinematic coefficients in Eqs. (25)–(56) become
zero. Nevertheless, one may perform extrapolations on
their z dependence to estimate Ãiðz ¼ 0Þ. These findings
collectively provide valuable insights into the behavior of
the amplitudes under various conditions and kinematic
setups.
An insightful exploration of the amplitudes involves

examining their dependence on momentum transfer. To
illustrate this, we will focus on the substantial amplitudes,
Ã2 and Ã5, and analyze their t dependence. The results for

FIG. 7. Comparison of bare values of Ã2 and Ã5 in the symmetric (filled symbols) and asymmetric (open symbols) frame. The real
(imaginary) part of each quantity is shown in the left (right) column. The data correspond to jP3j ¼ 1.25 GeV and −t ¼ 0.69 GeV2

(−t ¼ 0.65 GeV2) for the symmetric (asymmetric) frame.

FIG. 8. Comparison of bare values of zÃ1, zÃ6, and z2Ã7 in the symmetric (filled symbols) and asymmetric (open symbols) frame. The
notation is the same as Fig. 7.
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these amplitudes are presented in Figs. 9 and 10, respec-
tively. We use all the data obtained in this work that covers
the range −t ∈ ½0.17 − 2.77� GeV2. Importantly, since the
amplitudes are frame invariant, a single function can
describe the data from any frame. This feature allows
for a direct comparison of the data, ensuring consistency in
the analysis of the two frames. Our observations reveal that
as −t increases, both the real and imaginary parts of the
amplitudes decrease in magnitude. It is noteworthy that,
based on our findings, these amplitudes continue to exhibit
nonzero values even at −t beyond 2 GeV2. However, it is
essential to exercise caution in this high-momentum trans-
fer region. The calculations may suffer from systematic
uncertainties and higher-twist contamination, rendering this
region less reliable for precise conclusions.
It is worth noting that the presence of the pion pole

discussed in Refs. [12,13] is argued to extend to the GPD Ẽ
in the isovector channel, where Ẽu − Ẽd ∼ 1

t−m2
π
[104]. As

discussed in Appendix C, the trace of this pole should be
evident in Ã5. By comparing the t dependence of Ã5 with,
for example, Ã2 around z ¼ 0, we can infer that the lattice
results for Ã5 contains a pion pole behavior, and so should
its Mellin moments, for example gP. It is worth highlighting

that this z ¼ 0 scenario aligns with our previously estab-
lished anticipations for the pseudo-scalar form factor
exhibiting a pole, as discussed in Ref. [105]. The signifi-
cance of this finding is underscored by the considerably
steeper rise of Ã5 compared to the other amplitudes. For
instance, as observed from the plots in this section, in the t
range of ½−0.65;−0.17�GeV2, the rise factor is approx-
imately 2.7 for Ã5, while for Ã2 it is around 1.3. Similarly,
in the t range of ½−2.29;−0.17�GeV2, the rise factor is
roughly 15 for Ã5, whereas it is about 2.7 for Ã2. These
findings collectively support the notion that the detection of
this pole does not necessitate a full calculation of Ẽ.
In the near future, we intend to thoroughly investigate this
phenomenon in conjunction with the examination of the
manifestation of the pole within the z dependence of the
amplitude. Such extension of our analysis aims to provide a
deeper understanding of the pole’s influence beyond the
context of moments to a broader and more holistic under-
standing of its impact on the physics under consideration.

B. Quasi-GPDs in coordinate space

Our attention now shifts to the quasi-GPDs, which are
renormalized in coordinate space using the RI0 prescription

FIG. 9. The amplitude Ã2 for all values of −t given in Table II.

FIG. 10. The amplitudes Ã5 for all values of −t given in Table II.
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developed and refined in Refs. [89,100,103]. We refer the
reader to these publications for more details, as well as the
previous work of Ref. [84]. In Sec. II B, we discussed that
the definition of quasi-GPDs is not unique. In this context,
we will consider the standard γ3γ5 definition, denoted as
H̃3, as well as an alternative definition that is constructed to
be Lorentz invariant, termed H̃. As mentioned above, H̃3

also exhibits frame independence, in contrast to the case of
the unpolarized GPDs. This frame independence is linked
to the fact that the indices of the axial operator align with
the direction of the momentum boost, a point we discussed
in detail in Sec. II B. The relations between the quasi-H
GPD and the amplitudes are provided in Eqs. (73) and (75),
for H̃3 and H̃, respectively. To enable the comparison of
momentum boost dependence, we utilize the data in the
symmetric frame at −ts ¼ 0.69 GeV2 considering different
values of the momentum boost P3 ¼ 0.83, 1.25, 1.67 GeV.
The comparison between H̃3 and H̃ is presented for each
value of P3 in Fig. 11. This comparison provides valuable
insights into the behavior of the quasi-GPDs in relation to
the different definition. Interestingly, the two definitions of
the quasi-GPD are compatible for all cases. Although there
is a slight difference in the imaginary part for intermediate

values of z at P3 ¼ 1.25 GeV, overall, the two definitions
remain consistent. In terms of the P3 dependence, we find
that, as P3 increases, the real part approaches zero at
smaller values of z. On the other hand, the imaginary part is
enhanced for higher P3, a feature also observed in PDFs.
This trend suggests a strong link between the behavior of
quasi-GPDs and PDFs in response to varying value for the
momentum boost. To investigate whether the similarity
between the two definitions of quasi-H̃ GPD is specific to
the particular −t ¼ 0.69 GeV2, we extend the analysis to
other values of t. We compare the two definitions for all the
data in both the symmetric frame (Fig. 12) and the
asymmetric frame (Figs. 13 and 14). Remarkably, we
consistently find agreement between the two definitions
across both frames. This agreement is noteworthy because,
theoretically, quasi-GPD definitions are not unique, and
one might expect variations in the results. The level of
agreement observed suggests a robustness in the analysis
and interpretation of these GPDs, despite the lack of a
unique definition.
InFigs. 15 and16,we present the−t dependence of H̃3 and

H̃ in coordinate space to provide a comprehensive overview.
The shapes of these functions exhibit striking similarities, as

FIG. 11. Momentum boost dependence for H̃3 [Eq. (73)] and H̃ [Eq. (75)] at −t ¼ 0.69 GeV2.

FIG. 12. Comparison of H̃3 and H̃ using the symmetric frame data with −t ¼ 0.69, 1.38, 2.77 GeV2.
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previously discussed. However, there are notable distinctions
worth highlighting. For the real part, at−t ¼ 0.69 GeV2, H̃3

maintains an equidistant relationship from both H̃3ð−t ¼
0.34 GeV2Þ and H̃3ð−t ¼ 0.81 GeV2Þ. In contrast, H̃ð−t ¼
0.69 GeV2Þ shifts closer to H̃3ð−t ¼ 0.34 GeV2Þ. The
difference between the pair H̃3ð−t ¼ 1.24 GeV2Þ,
H̃3ð−t¼1.38GeV2Þ, and H̃3ð−t¼1.52GeV2Þ is more
pronounced compared to the analogous comparison in the
H̃ definition. For the imaginary part, H̃3ð−t ¼ 0.34 GeV2Þ
demonstrates compatibility with H̃3ð−t ¼ 0.69 GeV2Þ. In
the case of H̃, there is a discernible difference.

C. Light cone GPDs

The reconstruction of the x dependence of the quasi-GPDs
is not unique for a finite number of discrete data, as the
standard Fourier transform suffers from the so-called inverse
problem,3 which intensifies in the small-x region. In this
work, we employ the Backus-Gilbert reconstruction method
[107], which offers a solution to the inverse problem. This
approach is based on a model-independent criterion to

choose the light cone reconstructed GPDs from the infinite
set of possible solutions to the inverse problem. The criterion
employed is that the variance of the solution with respect to
the statistical variation of the input data should be minimal.
Despite the model independence of the Backus-Gilbert
method, its reliable applicability may be limited by the
small number of lattice data sets that enter the reconstruction.
An approach to assess the consistency and reliability of our
reconstruction is to conduct a sensitivity test by varying the
number of input data used in the Backus-Gilbert method.
Specifically, we test for different values of zmax, namely
zmax ¼ 9a; 11a; 13a. Furthermore, the functions H̃3ðzÞ and
H̃ðzÞ for z > zmax are assumed to be zero. This assumption
helps establish a condition for the reconstruction and is a
practical choice for such cases where data beyond this limit
are either unavailable or less reliable. Figure 17 shows the x
dependence of the quasi-GPD for the three values of zmax. It
is found that, for all zmax values, there is compatibility for the
H̃ quasi-GPD up to x ¼ 0.7, as well as consistency between
zmax ¼ 11a and zmax ¼ 13a up to x ¼ 1. With that, zmax ¼
11a has been chosen for the quasi-GPD to proceed with the
matching to the light cone GPDs. For the latter, we use the
one-loop equations of Ref. [71] at ξ → 0, which we include
here for completeness.

FIG. 13. Comparison of H̃3 and H̃ using the asymmetric frame data with −t ¼ 0.17, 0.65, 1.52 GeV2.

FIG. 14. Comparison of H̃3 and H̃ using the asymmetric frame data with −t ¼ 0.34, 1.24, 2.29 GeV2.

3See Ref. [106] for an extensive discussion in the context of
reconstructing partonic distributions.
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qðxÞ ¼
Z þ∞

−∞
dyf1

�
Γ; y; ξ ¼ 0;

pz

μ

�
þ
q̃ðyÞ þO

�
M2

P2
3

;
t
P2
3

;
Λ2
QCD

x2ð1 − xÞP2
3

�
; ð80Þ

f1

�
Γ; y; ξ ¼ 0;

pz

μ

�
¼ αsCF

2π

8>>>>>><
>>>>>>:

y2þ1
x−1 ln

�
y

y−1

	
− 1 y < 0;

1þy2

1−y

�
ln 4yð1−yÞðpzÞ2

μ2
− 1

�
− 2yþ 3 0 < y < 1;

− y2þ1
y−1 ln

�
y

y−1

	
þ 1 y > 1:

ð81Þ

In the above equations, q̃ denoted a general quasi-GPD, q is
the corresponding light cone GPD, and f1 is the matching
kernel. Since quasi-GPDs are defined in the RI scheme, the
kernel contains the so-called RI counterterms in addition to
f1. The expressions are lengthy and can be found in
Ref. [108]. The matching formalism is constructed with
the quasi-GPDs being defined in RI scheme at a scale of
1.2 GeV, while the light cone GPDs are in the MS scheme
at a renormalization scale of 2 GeV.

We have conducted a series of investigations for quasi-
GPDs, which can also be performed for the light cone
cases. In this section, we provide a comparison between the
two definitions for H̃, examining their P3 dependence
where data is available, as well as their behavior with
respect to −t. Figure 18 illustrates the momentum boost
dependence for both definitions, H̃3 and H̃, specifically for
the symmetric-frame data at −t ¼ 0.69 GeV2. We observe
some residual dependence between the two, albeit it is

FIG. 15. The quasi-GPD H̃3 for several values of the momentum transfer squared, −t in coordinate space.

FIG. 16. The quasi-GPD H̃ for various values of the momentum transfer squared, −t in coordinate space.
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important to note that the difference between P3 ¼
1.25 GeV and P3 ¼ 1.67 GeV is expected to be well
within unquantified systematic uncertainties. The behavior
of the two definitions for H GPD is remarkably similar,
with only minor distinctions between P3 ¼ 1.25 GeV and

P3 ¼ 1.67 GeV. It is worth emphasizing that although the
two definitions are different, they both possess Lorentz
invariance. Consequently, each definition offers a unique
function that is applicable in any frame. Turning to Fig. 19,
we shift our focus to the −t dependence of H̃3 and H̃ at

FIG. 19. The momentum-transfer squared dependence of the light cone GPD H̃3 (left) and H̃ (right) at jP3j ¼ 1.25 GeV. Results are
given in the MS scheme at 2 GeV.

FIG. 17. The x-dependent quasi-GPD H̃3 (left) and H̃ (right) for ta ¼ 0.65 GeV2 and P3 ¼ 1.25 GeV using Backus-Gilbert with
zmax ¼ 9a; 11a; 13a.

FIG. 18. The light cone GPD H̃3 (left) and H̃ (right) at −t ¼ 0.69 GeV2 and for three values of the momentum boost, P3 ¼ 0.83, 1.25,
1.67 GeV. Results are given in the MS scheme at 2 GeV.
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jP3j ¼ 1.25 GeV, where we have a substantial amount of
data. Numerical values and statistical uncertainties are
found to be similar for both definitions. This result is
somewhat expected, as the difference between the two
definitions is proportionally tied to A7, which is found to be
very small.
The GPDs exhibit a decaying behavior as −t increases,

which parallels the behavior of the form factors. Notably, for
−t > 1.5 GeV2, we observe a negligible dependence on −t,
where theGPDs become of similar magnitude. It is important
to recognize that this observation is qualitative in nature, as at
such values of −t and for P3 ¼ 1.25 GeV, the lattice results
have increased higher-twist contamination. Nevertheless, we
have included this data, as it was obtained at no additional
computational cost due to the use of an asymmetric kinematic
frame. To conclude this discussion, we provide the data of
Fig. 19 in a three-dimensional plot to demonstrate both the−t
and x dependence of H GPD. For completeness, we show
both definitions we explored in this work.

V. SUMMARY AND FUTURE PROSPECTS

This work builds upon recent advancements that
enable the extraction of the x dependence of GPDs from
lattice QCD matrix elements calculated in any kinematic
frame [84]. The main motivation is to efficiently compute
GPDs across a range of −t values with efficient use of
computational resources, a task that proves challenging in
the symmetric kinematic frame. Our approach hinges on the
decomposition of matrix elements into Lorentz invariant
amplitudes, which can then be related to the quasi-GPDs. In
this work, we concentrate on the axial-vector case for the
proton, providing a detailed framework to extract the helicity
GPDs, H̃ and Ẽ. To illustrate our methodology, we present a
proof-of-concept calculation, where we obtain the matrix
element in the standard symmetric frame, as well as an
asymmetric frame, in which the momentum transfer is
assigned to the initial state of the proton; the parameters
are chosen to lead to a very similar value of −t.

The calculation is performed at zero skewness, which has
the limitation that the Ẽ cannot be obtained directly from the
lattice data. Our analysis involves a comparison of lattice
data for the Lorentz invariant amplitudes, Ãi, which con-
firms the theoretical expectations that the amplitudes are
frame independent. Such a finding paves the way for a
complete asymmetric frame calculation to obtain the light
cone GPD H̃ at multiple values of −t. In our work, we
employ two definitions for the quasi-GPDs, namely the
standard definition of γ3γ5, as well as a Lorentz invariant
definition that is based on the same functional form in terms
of the Ãi as the light cone GPDs. Our observations suggest
that both definitions yield comparable numerical results.
However, it is important to highlight that the constructed
Lorentz invariant definition receives contributions from
finite mixing of different operators under renormalization
due to chiral symmetry breaking [89].
Our final results for the GPDs are presented in the MS

scheme at a scale of 2 GeVand are summarized in Figs. 19
and 20 for various −t values covering the range
½0.17; 2.77� GeV2. While we have achieved a robust signal,
reducing statistical noise further proves to be a formidable
challenge for off-forward matrix elements. Considering the
fact that systematic uncertainties are still unquantified for
GPDs, aiming for high-statistical accuracy falls outside the
scope of this work. In the future, we anticipate a deeper
exploration of systematic uncertainties, including the
effects of eliminating excited states, as well as the impact
of volume and discretization effects. We also aim to
investigate the dependence on the pion mass and other
systematic factors tied to the quasidistribution approach,
such as finite momentum boost and limitations of the one-
loop formalism. There is also the potential for parametriz-
ing the −t dependence and exploring the impact-parameter
space across a broad range of −t values. Another avenue is
introducing nonzero skewness, which would facilitate the
direct extraction of Ẽ from lattice data and allow for
extrapolation to ξ ¼ 0.

FIG. 20. The − t and x dependence of the light cone GPD H̃3 (left) and H̃ (right) at jP3j ¼ 1.25 GeV. For better presentation, we only
show x ≥ 0. Results are given in the MS scheme at 2 GeV.
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In summary, this study underscores the significant
potential for advancing lattice QCD calculations with
regard to generalized parton distributions. These advances
promise precision calculations that will contribute to
developing a framework of global analysis of both current
and forthcoming experimental data, in which incorporating
lattice data is possible.
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APPENDIX A: ALTERNATIVE
PARAMETRIZATION FOR THE AXIAL-VECTOR

MATRIX ELEMENT

In this appendix, we present a representation of the
matrix element in Eq. (10) using an alternative basis,

F̃0μðz; P;ΔÞ ¼ ūðpf; λ0Þ
�
iϵμPzΔ

m
Ã0
1 þ

iσμPγ5
m

Ã0
2 þ iσPzγ5

�
Pμ

m
Ã0
3 þmzμÃ0

4 þ
Δμ

m
Ã0
5

�

þ iσPΔγ5
m2

�
Pμ

m
Ã0
6 þmzμÃ0

7 þ
Δμ

m
Ã0
8

��
uðpi; λÞ; ðA1Þ

where σμP ¼ σμαPα, σPz ¼ σαβPαzβ and so on. In this basis, the connections between the Lorentz-invariant (LI) quasi-GPDs
(bearing the same functional form as light cone GPDs) and the amplitudes are as follows:

H̃0ðz · P; z · Δ;Δ2; z2Þ ¼ Ã0
2 − ðP · zÞÃ0

3 − ðΔ · zÞÃ0
5; ðA2Þ

Ẽ0ðz · P; z · Δ;Δ2; z2Þ ¼ −Ã0
2 þ ðP · zÞÃ0

3 þ ðΔ · zÞÃ0
5 −

4P2

m2

P · z
Δ · z

Ã0
6 −

4P2

m2
Ã0
8: ðA3Þ

It can be verified that the amplitudes Ãi, defined through Eq. (10) in Sec. II, and the Ã0
i are related as follows:
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Ã1 ¼ Ã0
1;

Ã2 ¼ Ã0
2;

Ã3 ¼
Δ · z
2

Ã0
3 −

2P2

m2
Ã0
6;

Ã4 ¼
Δ · z
2

Ã0
4 −

2P2

m2
Ã0
7;

Ã5 ¼ −
Ã0
2

2
þ Δ · z

2
Ã0
5 −

2P2

m2
Ã0
8;

Ã6 ¼ −Ã0
3;

Ã7 ¼ −Ã0
4;

Ã8 ¼ −Ã0
5: ðA4Þ

We would like to emphasize that these relations play a
pivotal role in demonstrating the equivalence of the LI
quasi-GPD results in both bases. This finding holds
significant importance as it ensures the uniqueness of
the construction of LI definitions for quasi-GPDs, thereby
securing consistent numerical values regardless of the
basis. Regarding the light cone GPDs, their uniqueness
arises from their distinct relationship to matrix elements.
However, one can further strengthen this assertion by
explicitly verifying it using the aforementioned amplitude
expressions, Eq. (A4).
On the other hand, the connections between the quasi-

GPDs utilizing the operator γ3γ5 and the amplitudes can be
described as follows:

H̃0
3ðz; P;ΔÞ ¼ Ã0

2 þ z3P3Ã0
3 þm2ðz3Þ2Ã0

4 þ z3Δ3Ã0
5;

ðA5Þ

Ẽ0
3ðz; P;ΔÞ ¼ −Ã0

2 − z3P3Ã0
3 −m2ðz3Þ2Ã0

4 − z3Δ3Ã0
5

−
4P2

m2

P3

Δ3
Ã0
6 − 4P2

z3

Δ3
Ã0
7 −

4P2

m2
Ã0
8: ðA6Þ

Once again, by using Eq. (A4), one can affirm the
equivalence of the results for the quasi-GPDs utilizing
the operator γ3γ5 in both of the aforementioned bases. As
also discussed in Sec. II, these expressions can be refor-
mulated in a Lorentz-invariant manner, presenting addi-
tional contenders for LI definitions of quasi-GPDs
alongside the definitions in Eqs. (A2) and (A3).
Note that while here we have shown the uniqueness of

the definition of the LI quasi-GPDs for just one alternative
basis, our procedure of constructing the LI quasi-GPDs
should provide the same numerical result for any basis. The
only requirement one has to satisfy is that the (new) basis
vectors are such that the relations between the (new)
amplitudes and the ones defined in Eq. (10) do not contain
factors of z2. Otherwise there might be the possibility of
numerical disparities because our approach of constructing

LI definitions involve the elimination of explicit factors
of z2. Instead, we implicitly capture all the z2-dependence
within the amplitudes themselves.

APPENDIX B: SYMMETRY PROPERTY
OF THE Ãi AMPLITUDES

Here, we provide a summary of the symmetry properties
of the amplitudes implied by Hermiticity and the time-
reversal transformation. To derive these properties,
we closely follow the steps outlined in our previous
work [84].
Symmetry of the Ãi following from Hermiticity:

−Ã�
1ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã1ðz · P; z · Δ;Δ2; z2Þ;

Ã�
2ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã2ðz · P; z · Δ;Δ2; z2Þ;

−Ã�
3ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã3ðz · P; z · Δ;Δ2; z2Þ;

Ã�
4ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã4ðz · P; z · Δ;Δ2; z2Þ;

Ã�
5ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã5ðz · P; z · Δ;Δ2; z2Þ;

−Ã�
6ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã6ðz · P; z · Δ;Δ2; z2Þ;

Ã�
7ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã7ðz · P; z · Δ;Δ2; z2Þ;

Ã�
8ð−z · P; z · Δ;Δ2; z2Þ ¼ Ã8ðz · P; z · Δ;Δ2; z2Þ: ðB1Þ

The relations in (B1) indicate, for instance, the symmetry of
the amplitudes under the transformation P3 → −P3 while
keeping z fixed.
Symmetry of the Ãi following from time reversal:

−Ã�
1ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã1ðz ·P;z ·Δ;Δ2;z2Þ;

Ã�
2ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã2ðz ·P;z ·Δ;Δ2;z2Þ;

Ã�
3ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã3ðz ·P;z ·Δ;Δ2;z2Þ;

−Ã�
4ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã4ðz ·P;z ·Δ;Δ2;z2Þ;

Ã�
5ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã5ðz ·P;z ·Δ;Δ2;z2Þ;

−Ã�
6ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã6ðz ·P;z ·Δ;Δ2;z2Þ;

Ã�
7ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã7ðz ·P;z ·Δ;Δ2;z2Þ;

−Ã�
8ð−z̄ · P̄;−z̄ ·Δ̄;Δ̄2; z̄2Þ¼ Ã8ðz ·P;z ·Δ;Δ2;z2Þ; ðB2Þ

where z̄ ¼ ðz0;−z⃗Þ and so on.
Symmetry of the Ãi following from Hermiticity and

timereversal: One can combine the relations in (B1) and
(B2) to find the following constraints:
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Ã1ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã1ðz · P; z · Δ;Δ2; z2Þ;
Ã2ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã2ðz · P; z · Δ;Δ2; z2Þ;

−Ã3ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã3ðz · P; z · Δ;Δ2; z2Þ;
−Ã4ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã4ðz · P; z · Δ;Δ2; z2Þ;
Ã5ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã5ðz · P; z · Δ;Δ2; z2Þ;
Ã6ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã6ðz · P; z · Δ;Δ2; z2Þ;
Ã7ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã7ðz · P; z · Δ;Δ2; z2Þ;

−Ã8ðz̄ · P̄;−z̄ · Δ̄; Δ̄2; z̄2Þ ¼ Ã8ðz · P; z · Δ;Δ2; z2Þ: ðB3Þ

The relations in (B3) immediately provide the symmetry
behavior of the amplitudes under the transformation
ξ → −ξ.

APPENDIX C: CONSISTENCY WITH THE
LOCAL CASE z = 0

It is important to verify the consistency of our decom-
position with the local axial-vector current. We remind the
reader that the local axial-vector operator, which defines the
axial-vector (gA) and pseudoscalar (gP) form factors, is
given by

hpf;λ0jψ̄ð0Þγμγ5ψð0Þjpi;λi

¼ ūðpf;λ0Þ
�
γμγ5gAðΔ2ÞþΔμγ5

2m
gPðΔ2Þ

�
uðpi;λÞ: ðC1Þ

These two form factors are real functions. Conversely, in
the local case z ¼ 0, our decomposition simplifies to the
following expression:

F̃μjz¼0¼ ūðpf;λ0Þ
�
γμγ5Ã2þγ5

Pμ

m
Ã3þγ5

Δμ

m
Ã5

�
uðpi;λÞ:

ðC2Þ

Now, recall that, generally, the Ãi are complex amplitudes.
However, in order to maintain consistency with the local
axial-vector operator, we need to demonstrate that the
surviving Ãi coefficients are real. In other words, it is
essential to note that only either the real part or the
imaginary part of the amplitudes in Eq. (C2) can be
nonzero, but not both simultaneously. Hermiticity leads

to the following condition (see Appendix B):

Ã�
2 ¼ Ã2; −Ã�

3 ¼ Ã3; Ã�
5 ¼ Ã5: ðC3Þ

Subsequently, these constraints on the coefficients Ãi give
rise to the following implications:

ImðÃ2Þ ¼ 0; ReðÃ3Þ ¼ 0; ImðÃ5Þ ¼ 0: ðC4Þ

Unfortunately, this approach is not entirely conclusive as it
still leaves us with three coefficients, Ãi. In order to
establish that only two coefficients remain, we need to
investigate if the time-reversal transformation imposes any
additional constraints on the Ãi’s. It is worth recalling that
time reversal leads to the following transformation (see
Appendix B):

Ã�
2 ¼ Ã2; Ã�

3 ¼ Ã3; Ã�
5 ¼ Ã5: ðC5Þ

These constraints on the Ãi’s result in the following
implications:

ImðÃ2Þ ¼ 0; ImðÃ3Þ ¼ 0; ImðÃ5Þ ¼ 0: ðC6Þ

By combining Eqs. (C4) and (C6), we can draw the
following conclusion:

ReðÃ3Þ ¼ 0; ImðÃ3Þ ¼ 0

∴ Ã3 ¼ 0: ðC7Þ

Therefore, Eqs. (C4) and (C6) indicate that the sole
contribution at z ¼ 0 arises from:

ReðÃ2Þ ≠ 0; ReðÃ5Þ ≠ 0: ðC8Þ

Thus, our decomposition demonstrates consistency with
the local axial-vector current:

F̃μjz¼0 ¼ ūðpf; λ0Þ
�
γμγ5Ã2 þ γ5

Δμ

m
Ã5

�
uðpi; λÞ: ðC9Þ

By comparing this expression to Eq. (C1), we can deduce
that gA corresponds to Ã2 and gP corresponds to Ã5.
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