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Single parton fragmentation functions of heavy quarkonium
in soft gluon factorization
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We study the single parton fragmentation functions (FFs) at the input factorization scale uy 2 2m, with

heavy quark mass m, in the soft gluon factorization (SGF) approach. We express the FFs in terms of

perturbatively calculable short distance hard parts for producing a heavy quark-antiquark pair in all possible
states, convoluted with corresponding soft gluon distribution for the hadronization of the pair to a heavy
quarkonium. We compute the perturbative short distance hard parts for producing a heavy quark pair in all
possible S-wave and P-wave states up to O(a?). With our results, the SGF can be further used to study the
heavy quarkonium production at the hadron colliders and heavy quarkonium production within a jet.

DOI: 10.1103/PhysRevD.109.034039

I. INTRODUCTION

As the simplest bound state of strong interactions, heavy
quarkonium provides an ideal physical system to explore
both perturbative and nonperturbative aspects of quantum
chromodynamics (QCD). The successful performance of

|

the Tevatron and the LHC has further heightened interest in
studying heavy quarkonium production at hadron colliders.

In the high transverse momentum (p7) region, the cross
section for heavy quarkonium hadroproduction can be
factorized using the collinear factorization formalism [1,2],

doaip-nix(P)~ Zfi/A(xlaﬂF)fj/B(xz»ﬂF){ZD,)‘—»H(Z»MF) ® 6 jepix(P/z pr)
ij f

+ Y Digpw-n(z 88 1) ® d61 oo+ x(P(1 £ ) /22, P(1 £ c’>/2z,up>}, (1)

where dé’s are perturbative calculable hard parts describing
partonic interactions. f;/4 denotes the parton distribution
function (PDF), while D_  is the single parton fragmen-
tation function (FF) which gives the leading power (LP)
contribution in 1/pr expansion, Dipp )y is the double
parton FF [1,2] that gives the next-to-leading power (NLP)
contribution. - runs over all parton flavors, and the ),
runs over all possible spin and color states of the fragment-
ing QQ-pair. In this context, p denotes the momentum of

the observed heavy quarkonium, P* = (p+,0,6 1) is a
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lightlike momentum whose plus component equals to the
plus component of p#, z, { and ¢’ represent the light cone
momentum fractions, and uy denotes the collinear factori-
zation scale. The dependence of the fragmentation func-
tions on g follows the evolution equations [1,3-5]. With
input FFs at a initial scale yy 2 2m, where m,, represents
the mass of the heavy quark, the FFs at other scales can be
obtained through the evolution. The input FFs are non-
perturbative and, in principle should be determined from
experiments. However, due to pq > AQCD, it is reasonable
to further factorize these input FFs using nonrelativistic
QCD (NRQCD) factorization [6] and the soft gluon
factorization (SGF) [7].

NRQCD factorization is both the most theoretically sound
and phenomenologically successful theory in describe the
quarkonium production so far. In NRQCD factorization, the
FFs are factorized into summation of perturbatively calcu-
lable short-distance coefficients (SDCs) multiplied by non-
perturbative long-distance matrix elements (LDMEs). The
NRQCD factorization for FFs has been extensively studied.

Published by the American Physical Society
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The SDC:s for all double parton FFs have been calculated up
to O(ay) in Refs. [8—10]. The SDCs for all single parton FFs
are available up to O(a?) [11-21] (see [8—10] for a summary
and comparison). And part of them are calculated to O(a)
[13,22-31].

However, recent studies shown that NRQCD factoriza-
tion encounters some difficulties in describing inclusive
quarkonium production data [32-48]. To overcome these
difficulties, the SGF approach has been proposed. It was
argued that the SGF is equivalent to the NRQCD factori-
zation, but with a series of important relativistic corrections
originated from kinematic effects resummed [49]. In
Refs. [47,48], SGF has been applied to study color-octet
contributions in the J/y inclusive production at B factories
and the y.; production at LHC with large p;. These
phenomenological studies demonstrate that SGF not only
alleviates the universality problem but also resolves the
issue of negative cross sections in NRQCD factorization.
To further apply SGF to heavy quarkonium hadroproduc-
tion, it is necessary to study the FFs using the SGF
approach.

dx .
Df—)H(Z?MO) = Z

nn'

where Z = z/x, u, is the factorization scale, Df%QQ[,m/]
refers to the perturbatively calculable short-distance hard
parts that produce a QQ pair with quantum numbers

_ 28+17le] 1 28+17/¢]
n= LJJ: and n' = LJ,JQ

the complex-conjugate of the amplitude, respectively.
|

in the amplitude and

In SGF, the FFs are factorized as a form of perturbative
short-distance hard part convoluted with soft gluon dis-
tribution (SGD). Part of the short-distance hard parts for
single parton FFs have been calculated up to O(a?) in
Refs. [48,50]. And part of the short-distance hard part of
double parton FFs has been obtained at leading order (LO)
in Ref. [48]. In this paper we will derive complete
contributions to the short-distance hard parts for single
parton FFs at O(a?).

The structure of this paper is as follows: In Sec. II, we
introduce the SGF formula for single-parton FFs, including
the definition of SGDs for different states. In Sec. III, we
compute the related short-distance hard parts. We summa-
rize our results in Sec. I'V.

II. FRAGMFNTATION FUNCTIONS IN SGF

According to Refs. [7,50], in SGF the single-parton FFs
at scale y can be factorized as

;DfAQQ[nn’] (2’ MH/X’ mo, fo, ﬂA)F[nn’]AH()@ My, mo, :u/\)’ (2)

[

My is the mass of heavy quarkonium H which satisfies
p* =M3. Fpy.py is the SGD, which describes the
hadronization of an intermediate QQ pair into heavy
quarkonium by radiate soft gluons. The SGDs are
defined as

b= . .- - . -
Flun o (6, My, mo, up) = p* / 5 €I OIPK, W] (0)[ayan] [P, ) (6)0)s, (3)

where x is the light cone momentum fraction which defined
as x=p"/P}, and P, is the total momentum of the
intermediate QQ pair. ¥ stands for Dirac field of heavy
quark and the subscript “S” indicates that the field operators
in the definition are obtained in the small momentum
region. In additional, we define “S” to select only leading
power terms in (P, — p)™ = (1 — x)P{ expansion [50]. IC,,
are projection operators corresponding to the intermediate

. . . 18] 118
state n. In this paper, we are interested in n = 35[1, sj’ 'S([) ,
3P[Jl_’187] and ]P[ll"ﬁ]. For these states we have [7]
VMy M My -
Kalb) = g e A, ST

|
with

r,= egzy},c[“], for n = 35[10,131, (5a)
T, =ysC,  for n =15, (5b)

Fn = (‘:I‘;ﬁ/zy” (_ %Bl’>c[c]v for n= 3P-[/C}/z’ (SC)

1<

T, =75 <—§D,,)CM, for n =P\, . (5d)

The color operators Cl! in above are defined as
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1
L
C i (6a)
8 = \2T%®,(rb™),,, (6b)

where 1. represents the identity matrix in the color space,
and T% is the generator of the fundamental (triplet)
representation of the SU(3) gauge group. The gauge link
®,(rb™),, is introduced to ensure gauge invariance of the

SGDs. And the gauge link is defined along the /¥ =
(0,1,0,) direction,

®,(rb™) = Pexp [—igs A Vel A(rbm + 51)] . ()

where P denotes path ordering, A*(x) is the matrix-valued
gluon field in the adjoint representation: [A¥(x)],. =
if*cA}(x). In Eq. (5), D, is the gauge covariant derivative
with ‘i‘D,}I‘ = ‘?(DM‘I’) - (Dy‘i’)‘l’, and e, &, , €. TEP-
resents the polarization tensors for the 3S [18]SZ state, the 3P[11’}%]
state, and the 1P[117’187] state. Among them, &£;; can be
expressed as

&, - YL

LS,

€5 L (8)

F[3SP[C]_)H(.X MH,mQ ,LtA
JJ,.S=

_ Py /db‘
“a-1) 2 ¢

| <

<0l #es 7, (-3

with

—ipth™/x

where (1,L_; 1, S|/, J.) is the Clebsch-Gordan coefficient,
€r. 1s the polarization vector for the P-wave orbital angular

momentum state. In Eq. (2), it was suggested to expanding
mZQ around M2,/ (4x?) in the short distance hard parts [7,50],

Df—»QQ[nn’] (23 My /x,mg, po, pin)

. M3\
;UDEleQ[,m](Z s My /x, pos ) <m2Q —4—;21) . 9)

which defines a velocity expansion in SGF. Here we only
consider the hard parts at leading order in the velocity
expansion, then we have n = n’. For convenience, we denote

[ZS“L[;]A] = [2S+1L[ 125417 [e ]] (10)

Following Ref. [10], to study the 3P[]8.]jv contributions to
the production and polarization of quarkoniums like y(nS)
and Y(nS), it is convenient to define the >5:P['8] channels,
in which the spin of the intermediate QQ pair is S,, and the
orbital angular momentum L, is summed over. The
corresponding SGDs are defined by

Z F;P[c] |—H x MH,mQ,/lA)

)eow| Olaanliwes (<35, )emeos.

Paﬂ — Zeﬂ e*a — gllﬁ _|_ ﬂ (12)

P’

On the other hand, according to the discussion in Ref. [10], for the polarization of qurakonium production at hadron
colliders, the polar angular distribution of the decaying products from the produced heavy quarkonium H will depend only

on the combination of the SGDs,

1
(F[25+1L_[](:]‘]Z]_)H

(X’MH7vaﬂA) + [25+1L

]_)H(.X, MH7 va#A))'

2
Therefore, similar to the polarized NRQCD LDMEs defined in Ref. [10], it is convenient to define polarized SGDs as
follows:
Fjon(x. My mg. up) = N Z F[sz - My mg.py), (13)
g =A
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where n, denotes QS“L%, A=L,T,TT,--- correspond to |J,| =0, 1,2, ..., respectively. 1 = L represents longitudinally
polarized and 4 = T represents transversely polarized. N, is the number of polarization states for n,. We have [10]

N35[1C_]L =Ny = NIP[C] = Nyplo = Nsp[& = Nsp[szL = Nagpi =1,
N3S[<~1 = NIP[C] = szL ng[;]r = Nsrpy =d -2,
1
= (d—-1)(d-2)—-1 14
NzPZTT 2( )(d ) ’ ( )

where d is the space-time dimension.

III. THE SHORT DISTANCE HARD PARTS (d=1)
- - qa xa., ¢ _ [C]
Following the matching procedure, to determine the L, = e €, rsC9,  forn =P 1.7, (19d)
short distance hard part in Eq. (2), we replace the

quarkonium H by a on shell QQ pair with certain quantum

2 __ _
number n and momenta where g7 = —¢°, and
1 1 ) L
—_ R cH = , (20a)
Po=5p+4, Po=5P 4 (15) /N
where ¢ is half of the relative momentum of the QQ pair.
On shell conditions p? = p% = m? result in 58] 2
0 0 0 CH¥ = N 1T . (20b)

-q =0, 2 =m2 — p*/4. 16
pa 1 0~ P / (16) Here we use superscripts “LO” and “NLO” to denote the

contributions at O(a,) and O(a?). Then, inserting the

To project the final-state QQ pair to the state n, we replace perturbative expansions

spinors of the QQ by the projector [7]

_ LO NLO ..
d2Q 2 (7 ) Dyooim) = D2 opm T Prmoom T (21a)
NQ \/MH(MH—I—2mQ) FQ mQ
My—p- M » LO NLO
X r, 2HM+ 7 (po +mo). (17) D001 = Dy o + Diom + o+ (21b)
H H
. . . LO NLO
here Q denotes the solid angle of relative momentum q in Fii~00) = Fiopm T Finiooom + 0+ (21¢)
the QO rest frame, and N, is given by
i into Eq. (2) and using the orthogonal rations [7]
N / d—Q (18)
3 F:9 (X, My, mg,pp) = 8,,6(1 —x),  (22)
For different states 7, the operators I, are given by n~00ln] e
r,= g;ﬂyﬂé[c], for n = 35[1"]5 , (19a)  Wwe obtain the matching relations for the short distance hard
: o parts up to O(a?),
~ — ., 0l _1 [c]
[, =ysC, for n =15, (19b) POy )
@-1) —00[n \ & M H: Hos Ha
- QG *Q c C
F” = T(‘:J}l MC ]’ for n = 3P~[]}]z’ (190) = D;‘EQQ[ ](Z, MH’ mQ,,uo)|sz:Mz/4, (233)
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NLO,(0)

Dy oo (& M- po- #a) = [DNLO

=000 (3 M- M- 1)

deO
-3 [ D00

LMy /x,mg, po, MA)F[ 100 ](x’MvaQ,MA)]

(23b)

m2Q=Mfi/4

Using these relations, we can match the perturbative calculated SGDs to FFs to obtain the short-distance hard parts.

In our calculation, we utilize the following projection
operators to sum over the polarizations of different states [ 10],

‘o0’ «f o’ 1 '
Pgﬂva — Z E E ﬂ = _phopho, (243)
d—1
1710
P = N el g
I=1
- (P”/’ Pr + PR - PR - PRI,
"2
(24b)
pp oo’ «f o’
P =Y el el
710
1 4 ’ / /
=5 (P’iﬂ P — P’ P’i">, (24c)
P = D En
|J.|=2
1 / / o o f o 1 o (r’
=3 (PVPr +PYPL7) - PP, (249)
2 d-2
|
where

ad — a xa
P = E €5 €5’

IS:|=1 ll=1
ad a xad a xa
Py E €5 €5 g €j € =
IS:[=0 =0

I]:l)aa — E €(l *(l

Based on Eq. (23), we can expand mé in the amplitudes
around M? /4 before doing the integration for solid angle and

the phase space integration when calculating D?_L% o1 and
F I[‘Hﬁ 001 Then the calculation is quite similar to that in

_ a*a__
E €1.€5. =

P = S ot oy
I:|=1

1 (Pﬂﬁ ﬂ:urm' + Pﬁﬂ H:DrmJ + |]:Dﬂ‘7 [Ij)ﬁf’ + Hj)ﬁ(’ Ipﬁ 0')

= efe =g +
7.

2 I [ I I
(24e)
Pg,ng _ Zg *ﬁa
[7:|=0
d - 2 1 / 1 4 /
— |]:Dﬂ‘7 _ Pﬂf’ Pﬂ ﬂ:pﬂ
d—l( d-2 )(I T d-2
(24f)
PP = " el
JJ|8 =1
— p/flf’ptiﬂ” (24¢)
[I:Dg/))/o-a/ = Z g g*/}/ /
J.J.|SL=0
- P/’/"/Pﬁ”, (24h)
) pala’ +pa’la p2 ,
x4 - [1*, 25a
p.l (p.0)? (252)
a o ala’ a’la 2 ,
S AL (25b)
p.l (p.l)
r p (25¢)

NRQCD factorization. In Refs. [48,50] the short-distance
hard parts up to O(a?) for g — QQ[3S[18]], g— QQ[lS([)S]],
g— QQPP[JI’f]] have been calculated. Following their cal-
culation details, we compute the short distance hard parts for
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all the single parton FFs, including the gluon FFs, the same

~L0,(0)

quark FFs and different quark FFs. The obtained results are D 9~ 00Ps™ | (2. My, po, pia) = 0. (26b)
given in the following. '
While all other channels vanish. At O(a?), we have
A. Gluon fragmentation functions
ANLO,(0
At O(ay), we have 9-’Q((3[25[.”r] (2. My, po, pn) = 0, (27a)
1.0,(0) _ ma, 8 B ~ NLO,(0)
9—00[sY] (2, My, o, pin) = 7(]\,% — 1)—M§, 6(1-z), g—00Ps\ ] (2. My, po, pa) = 0, (27b)
(26a)
|
2 2 -1 2
ANLO.(0) da;N. |1 ﬁo pae 2 [ M€ i
N M =———"—|=6(1 —2)| 2A(po. M — In* [ —=—5— —=-1
,ﬁl—>QQ[3S[]8_]T](Z Hv,u07/’l/\> (Ng _ 1)M}_1 |:2 ( Z) (MO’ H) Nc MH + M%_] + 6
1 o Ul 2(1-2) 274
+N—Pég)(z)ln<ﬂ—3)+<—z +z (4+22)+ 9 (5+2)
c A
2 -1
Uxe 4z% 4zt
X (ln( " > —21n(1—z)> - <1—Z 9 (5+z)> lnz}, (27¢)
2
ANLO,(0) 8N, 1-z
= aM ) ’ - ’ 27d
9—>QQ[3S[f]L](Z HHos HA) (N2 - 1M}, z (27d)
2
ANLO,(0) 8ar; 3
N M 1-2)In(1-2z) - 2
geQQ['SQ]](Z’ HoHos Ja) = VN, [( Z)In(l-z) -z +21} (27e)
PNOO) (2 My u)—ﬁANLO(O) (2. My po, ) (27f)
QQ[]S[S Hs #0s A QQ[IS([)I]] s IWLH s KOs A ) »
~ NLO, (0) _
g_)QQ[lp[ll’]T]<Z7MHvﬂ07ﬂA) - 07 (27g)
ANLO,(0
g_)QQ[?P[I{lL (Z’MH’,“O’/‘A) =0, (27h)
2
ANLO, (0) _ 32a; N, X '
oo (& M- po- ia) = I, (V= )2 [(1=2)(z +322 = 122+ 3(3z = 4) In(1 - 2))], (27i)
2
~NLO.(0) _ 8a; N, _ _6(3 72 _ _ ;
ﬂ*QQ[]P[E]L](LMH,MO’MA)_—3M?_1 1) 5 [—22* 4+ 172% — 6022 + 48z — 6(z* — 72% + 14z — 8) In(1 — 2], (27))
2
ANLO,(0) . 32a 211 9
N s My, o, — | == 7—162z + 727> + 4 =(5-3z)In(1 —2)|, 27k
g—oopp (& Mo ) = MIN O 3¢ 2(837 = 1622+ 7222 4+ 402° 4 82%) 4 2(5 — 32) In(1 - 2) (27K)
ANLO,(0) . 32(12 2
= 9M ’ ) - 9 9 5 271
9—00FP!, (23 My, pos pp) = M5N 27z( +9z22 4+ 523 + %), (271)
~ANLO,(0) 3207 1
M 1 1 2 27
g_’QQPPIL] (Z H> Ko, ﬂA) M?—IN 27 (9 + 8Z + OZ + ¢ ) ( m)
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ANLO,(0) .

N My, po, p
00ipl 5 Mt Horin) =
ANLO,(0) .

D My, po, pia) =
!]-’QQPP[Q].]T]( H> 0 A)
~ANLO,

Még 1](Z;MHvﬂOvﬂA) =

A

D )

é[% l]](Z9 MH Ho, ﬂA)

ANLO.(0)

g—Q0PLPI] (Z; My, po, ﬂA) =

PHNLO.0)
g—00FP)]

A NLO,(0)
Dq_)QQ'UP ](Z My, po. ﬂA)

8] (Z;MHMMOvﬂA) =

32a 2 {2

> (108 — 216z + 333z% — 22573 + 72z* + 920 + 577 + 28)
M3,N, 37
—6(z° —6z* + 1473 — 162> 4+ 10z — 4) In(1 — z)},
Raz 1 [2
12 7(—864 + 17287 — 1368z% + 50473 — 277 + 970 + 577 8
M?,NC3Z4{9Z( + z 77+ 504z 7 +92°+ 577 +2°)

—48(z* = 52> + 1022 — 10z + 4) In(1 — z)} ,

3202

1 |1
——— |=2z(3888 — 7776 421272 — 32473 — 277* + 1820 + 1077 + 278
M?,Nc9z4[9z( 7+ Z Z 25+ 182° 4+ 107" + 22°)

—216(z = 2)(z = 1)2In(1 — z)],

32 1 [2(425 + 2025 4 362* + 13522 — 1262 + 108)

— 242 Z Z 5 — Z
M3,N, 972
—18(32% = 1022 + 10z — 6) x In(1 = 2)].
320 L 22028 + 22 282 4 24) = 2(z = 1)( + 82— 12) In(1 — 2)]
el a4 4 YAl Z — 2\ — Z - —2)|s
M3N, 22

Br ~10.(0)
_D I ;M B ) 5
Cp g—00PP) (23 My, po. pa)

Br 210.0
CFD‘/_)éQ)[HP ](Z My, po, MA)

where
N2 -4
Br=—4y—
N2 -1
Cr 2N,
Po U2 13 4 7> 16
A(pg, My) N 1 M—% +? 3 + 3 In2,
PO = 2N, |+ 18—+ Lo g1 - o))
99 c (1_Z)+ 2N¢
llNC—2nf
0 6 s

with ny denotes the number of light flavors.
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B. Same quark fragmentation functions

For same quark FFs, all channels vanish at O(a,). At O(a?), we have

22 2
ANLO.,(0) . 64a;Cy (z— 1) 4 3 2
¢ My, s fy) = 374 — 1823 + 3822 — 162 + 8), 2
o-oopsl) (5 Mo 4n) 3MN, (z—Z)GZ( - 18243827~ 162+ 8) (292)
ANLO,(0) . 160@6% (z— 1)2 4 3 2
¢ Moy, oo fy) = 324 — 2473 + 6422 — 327 + 16), 29b
ooopsiy) (& M- Ho-n) 3MyN, (z—2)° 232" — 2427+ 642" — 32 4 16) (290)
. 202 [-z*4+10° — 1822 + 167 -8 442
0-oppsty) (5 Mo i) = e -2y PR G g,
8
+ mz(l - Z)(3NC(Z3 - 7Z2 +8z— 4)(Z - 2)2
+ 2(=32° + 21z = 5623 + 5472 — 247 + 8)) |, (29¢)
2 2
~ NLO,(0) . 207 [8(z—1) 2 22 2 a4 3
¢ My o, fy) = - 1- 12N, (z —4)(z = 2)% = 3z + 24
Q—»QQPS[IS_]L] (2: M, o, in) NcMi,z |:(Z - 2)2 3N§(z —2)6( 2"z (z )z ) ¢t
— 6422 + 327 — 16)] , (29d)
ANLO, (0) 16 C%-a? (z— 1)2 4 3 2
¢ Moy, o, pin) = 324 — 873 + 872 +48), 2
Q—>QQ[‘S£)]]](Z HoHos HA) 3V, N, (z—6)2z( 7t =8z +8z° +48) (29¢)
ANLO,(0) . _ 1 ANLO,(0) .
DQ_)QQ[]S([)S]](Zy MHaﬂO?ﬂA) - (N% _ 1)2 Q_)QQ[]S([)]]](Z, MHv Mo ﬂA)? (29f)
HNOO - (m ) = 512 Craj(z=1)° 2(1026 — 7675 + 233z% — 32823 + 25672 — 160z + 80) (29¢)
el U A A T VA YO ’ &
PO (M ) = 64 Crog(z= 1) 7(552° — 2327° + 2367* + 2247% 4 59272 — 6407 + 320) (29h)
e o A A R T VR VO P ’
HNLOO) g j = 0 G (@= oo 6 37605 1 10602 — 137620 + 52822 + 384z 1 192).  (29)
0—00pp) T O N =g s TN T = 2)8 ' ’ ’
HNO-O) (e m )= 128 Craj(c—1)? 7(3578 — 22877 + 884z — 20647° + 3088z> — 19207 + 640), (29j)
g—00pp|l S HHOHEN = ghs TN T o) » A=
YOOy j = 128 Cra(2=1)° 356 312.5 4 113624 — 2016 + 18722 — 9607 + 320).  (29K)
0—oppl O N Z Sy s TN Tz = 2)8 ’
PNLOO) -y ) = 32 32Ckag (2= V) 7(5z% —327% + 687 — 327+ 16) (291)
0-00rpll, | O HOHN = gys TN T ( — 2)8 ’
HNOO) (2 m )= 32 4Cka (2= 1)22(75z6—58015 1162824 — 18723 + 132822 =512z +128),  (29m)
0—00ppy | HOHN =S s TN T (= 2)8 ’
HNOO) e My g i) = 32 4Cka; (2= l)zz(l 1526 —9327% +26487% — 294473 4206472 — 7682+ 192),  (29n)
0-ooppy T PO PN s s N, (z-2)8 ’
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128 C2a? (z—1)?

ANLO,(0)
0-00P Pl ](z My, po, pp) = M, N, (z— 28 z(43z —320z° + 964z* — 13767 + 1168z% — 5127 + 192), (290)
A NLO,(0) 64 Cra; (z—1)? 6 5 4 3 2
DQﬁQQ[zLP ](Z My, po, pp) = 3M3, N, (z- 2 z(23z —192z° 4+ 676z% — 1120z° + 1104z° — 512z + 192), (29p)
A NLO,(0) ) 1 ~ NLO,(0) _
= ’M ’ ’ - A 1 9M ’ ’ ’ 29
0-00['"PY] (2 M. pros pa) (NZ—1)? QﬁQQ[lp[le](Z H> Mo HA) (299)
A NLO,( 1 A NLO,(0)
My, — My, 29
0— QQ[‘P“](Z H>Ho» /4/\) (N% _ 1)2 0-008F! ](Z H»Hos ﬂ/\) (29r)
NLO,(0 1 ~NLO,(0
DQ Q(Q?ylP[S](Z MH Ho>» /’t/\) (N2 _ 1)2 Q*Q(QEAP[]]](Z; MH’ IuOHMA)- (29S)
C. Different quark fragmentation functions
The short distance hard parts for different quark FFs receive contributions that begin at O(a?), which read
p q g 5
2 4 3 2 3 2
A NLO.,(0) 2a; (2 =222 +22%)n + 82> — 162 + 162 — 8 5
. My, —2z+2
o—oopst) (T M Ho-Ha) = o { N —dz +4 tE@ -2+
Ho
x In 30a
(MZ(I—HZ 77/4)” (302)
2 2
ANLO,(0) loay  (z-1)
~ My, o, = , 30b
Q’—>QQPSE",]L]<Z H Ho-Hn) N-Mjznz* —4z+ 4 (30)
NLO,(0 8]
Dy (@ Mg o, ) =0 (n 2387, (30c)

Here quark Q' has a different flavor with outgoing QQ pair,
and i = 4my, /M7, with mgy denotes the mass of quark 0,
when m is the light quark mass, 7 = 0.

In the calculation, we find our results for the perturbative
calculated FFs are agree with that in Refs. [8-10,21]. On
the other hand, we find that all infrared (IR) divergences are
canceled at O(a?), and all derived short distance hard parts
are finite. Besides, we find the hard parts are also free of the
plus distributions with the scale choice ug = pp = My.

IV. SUMMARY

In this paper we studied the single parton FFs of heavy
quarkonium in SGF approach. In the SGF, the FFs are
expressed as the convolution of perturbative short distance
hard parts with the SGD in Eq. (2). We calculated the short

distance hard parts for all single parton FFs up to O(a?) by
matching the perturbative calculated FFs to the perturbatlve
calculated SGDs. In our calculations, we obtained FFs that
agree with the results in literature. Notably, we have found
that all IR divergences cancel at this order, resulting in finite
short-distance hard parts. Furthermore, by choosing appro-
priate natural scales, the derived short-distance hard parts are
also free of plus distributions. These results establish the
viability of using SGF to study heavy quarkonium produc-
tion at high-energy colliders and within jets. [S1-54].
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