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We study the single parton fragmentation functions (FFs) at the input factorization scale μ0 ≳ 2mQ, with
heavy quark mass mQ, in the soft gluon factorization (SGF) approach. We express the FFs in terms of
perturbatively calculable short distance hard parts for producing a heavy quark-antiquark pair in all possible
states, convoluted with corresponding soft gluon distribution for the hadronization of the pair to a heavy
quarkonium. We compute the perturbative short distance hard parts for producing a heavy quark pair in all
possible S-wave and P-wave states up to Oðα2sÞ. With our results, the SGF can be further used to study the
heavy quarkonium production at the hadron colliders and heavy quarkonium production within a jet.

DOI: 10.1103/PhysRevD.109.034039

I. INTRODUCTION

As the simplest bound state of strong interactions, heavy
quarkonium provides an ideal physical system to explore
both perturbative and nonperturbative aspects of quantum
chromodynamics (QCD). The successful performance of

the Tevatron and the LHC has further heightened interest in
studying heavy quarkonium production at hadron colliders.
In the high transverse momentum (pT) region, the cross

section for heavy quarkonium hadroproduction can be
factorized using the collinear factorization formalism [1,2],

dσAþB→HþXðpÞ ≈
X
i;j

fi=Aðx1; μFÞfj=Bðx2; μFÞ
�X

f

Df→Hðz; μFÞ ⊗ dσ̂iþj→fþXðP̂=z; μFÞ

þ
X
κ

D½QQ̄ðκÞ�→Hðz; ζ; ζ0; μFÞ ⊗ dσ̂iþj→½QQ̄ðκÞ�þXðP̂ð1� ζÞ=2z; P̂ð1� ζ0Þ=2z; μFÞ
�
; ð1Þ

where dσ̂’s are perturbative calculable hard parts describing
partonic interactions. fi=A denotes the parton distribution
function (PDF), while Df→H is the single parton fragmen-
tation function (FF) which gives the leading power (LP)
contribution in 1=pT expansion, D½QQ̄ðκÞ�→H is the double
parton FF [1,2] that gives the next-to-leading power (NLP)
contribution.

P
f runs over all parton flavors, and the

P
κ

runs over all possible spin and color states of the fragment-
ing QQ̄-pair. In this context, p denotes the momentum of
the observed heavy quarkonium, P̂μ ¼ ðpþ; 0; 0⃗⊥Þ is a

lightlike momentum whose plus component equals to the
plus component of pμ, z, ζ and ζ0 represent the light cone
momentum fractions, and μF denotes the collinear factori-
zation scale. The dependence of the fragmentation func-
tions on μF follows the evolution equations [1,3–5]. With
input FFs at a initial scale μ0 ≳ 2mQ, where mQ represents
the mass of the heavy quark, the FFs at other scales can be
obtained through the evolution. The input FFs are non-
perturbative and, in principle should be determined from
experiments. However, due to μ0 ≫ ΛQCD, it is reasonable
to further factorize these input FFs using nonrelativistic
QCD (NRQCD) factorization [6] and the soft gluon
factorization (SGF) [7].
NRQCD factorization is both themost theoretically sound

and phenomenologically successful theory in describe the
quarkonium production so far. In NRQCD factorization, the
FFs are factorized into summation of perturbatively calcu-
lable short-distance coefficients (SDCs) multiplied by non-
perturbative long-distance matrix elements (LDMEs). The
NRQCD factorization for FFs has been extensively studied.
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The SDCs for all double parton FFs have been calculated up
toOðαsÞ in Refs. [8–10]. The SDCs for all single parton FFs
are available up toOðα2sÞ [11–21] (see [8–10] for a summary
and comparison). And part of them are calculated to Oðα3sÞ
[13,22–31].
However, recent studies shown that NRQCD factoriza-

tion encounters some difficulties in describing inclusive
quarkonium production data [32–48]. To overcome these
difficulties, the SGF approach has been proposed. It was
argued that the SGF is equivalent to the NRQCD factori-
zation, but with a series of important relativistic corrections
originated from kinematic effects resummed [49]. In
Refs. [47,48], SGF has been applied to study color-octet
contributions in the J=ψ inclusive production at B factories
and the χcJ production at LHC with large pT . These
phenomenological studies demonstrate that SGF not only
alleviates the universality problem but also resolves the
issue of negative cross sections in NRQCD factorization.
To further apply SGF to heavy quarkonium hadroproduc-
tion, it is necessary to study the FFs using the SGF
approach.

In SGF, the FFs are factorized as a form of perturbative
short-distance hard part convoluted with soft gluon dis-
tribution (SGD). Part of the short-distance hard parts for
single parton FFs have been calculated up to Oðα2sÞ in
Refs. [48,50]. And part of the short-distance hard part of
double parton FFs has been obtained at leading order (LO)
in Ref. [48]. In this paper we will derive complete
contributions to the short-distance hard parts for single
parton FFs at Oðα2sÞ.
The structure of this paper is as follows: In Sec. II, we

introduce the SGF formula for single-parton FFs, including
the definition of SGDs for different states. In Sec. III, we
compute the related short-distance hard parts. We summa-
rize our results in Sec. IV.

II. FRAGMFNTATION FUNCTIONS IN SGF

According to Refs. [7,50], in SGF the single-parton FFs
at scale μ0 can be factorized as

Df→Hðz; μ0Þ ¼
X
n;n0

Z
dx
x
D̂f→QQ̄½nn0�ðẑ;MH=x;mQ; μ0; μΛÞF½nn0�→Hðx;MH;mQ; μΛÞ; ð2Þ

where ẑ ¼ z=x, μΛ is the factorization scale, D̂f→QQ̄½nn0�
refers to the perturbatively calculable short-distance hard
parts that produce a QQ̄ pair with quantum numbers

n ¼ 2Sþ1L½c�
J;Jz

and n0 ¼ 2S0þ1L0½c0�
J0;J0z

in the amplitude and
the complex-conjugate of the amplitude, respectively.

MH is the mass of heavy quarkonium H which satisfies
p2 ¼ M2

H. F½nn0�→H is the SGD, which describes the
hadronization of an intermediate QQ̄ pair into heavy
quarkonium by radiate soft gluons. The SGDs are
defined as

F½nn0�→Hðx;MH;mQ; μΛÞ ¼ pþ
Z

db−

2π
e−ip

þb−=xh0j½Ψ̄KnΨ�†ð0Þ½a†HaH�½Ψ̄Kn0Ψ�ðb−Þj0iS; ð3Þ

where x is the light cone momentum fraction which defined
as x ¼ pþ=Pþ

c , and Pc is the total momentum of the
intermediate QQ̄ pair. Ψ stands for Dirac field of heavy
quark and the subscript “S” indicates that the field operators
in the definition are obtained in the small momentum
region. In additional, we define “S” to select only leading
power terms in ðPc − pÞþ ¼ ð1 − xÞPþ

c expansion [50].Kn
are projection operators corresponding to the intermediate

state n. In this paper, we are interested in n ¼ 3S½1;8�1;Sz
, 1S½1;8�0 ,

3P½1;8�
J;Jz

and 1P½1;8�
1;Jz

. For these states we have [7]

Knðb−Þ ¼
ffiffiffiffiffiffiffiffi
MH

p
MH þ 2mQ

MH þ p
2MH

Γn
MH − p
2MH

; ð4Þ

with

Γn ¼ ϵμSzγμC
½c�; for n ¼ 3S½c�1;Sz

; ð5aÞ

Γn ¼ γ5C½c�; for n ¼ 1S½c�0 ; ð5bÞ

Γn ¼ Eμν
J;Jz

γμ

�
−
i
2
D
↔

ν

�
C½c�; for n ¼ 3P½c�

J;Jz
; ð5cÞ

Γn ¼ γ5ϵ
μ
Jz

�
−
i
2
D
↔

μ

�
C½c�; for n ¼ 1P½c�

1;Jz
: ð5dÞ

The color operators C½c� in above are defined as
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C½1� ¼ 1cffiffiffiffiffiffi
Nc

p ; ð6aÞ

C½8� ¼
ffiffiffi
2

p
TāΦlðrb−Þāa; ð6bÞ

where 1c represents the identity matrix in the color space,
and Tā is the generator of the fundamental (triplet)
representation of the SU(3) gauge group. The gauge link
Φlðrb−Þāa is introduced to ensure gauge invariance of the
SGDs. And the gauge link is defined along the lμ ¼
ð0; 1; 0⃗⊥Þ direction,

Φlðrb−Þ ¼ P exp

�
−igs

Z
∞

0

dξl · Aðrb− þ ξlÞ
�
; ð7Þ

where P denotes path ordering, AμðxÞ is the matrix-valued
gluon field in the adjoint representation: ½AμðxÞ�ac ¼
ifabcAμ

bðxÞ. In Eq. (5), Dμ is the gauge covariant derivative

with Ψ̄D
↔

μΨ ¼ Ψ̄ðDμΨÞ − ðDμΨ̄ÞΨ, and ϵSz , EJ;Jz , ϵJz rep-

resents the polarization tensors for the 3S½8�1;Sz
state, the 3P½1;8�

J;Jz

state, and the 1P½1;8�
1;Jz

state. Among them, EJ;Jz can be
expressed as

Eμν
J;Jz

¼
X
Lz;S0z

h1; Lz; 1; S0zjJ; JziϵμS0zϵνLz
; ð8Þ

where h1; Lz; 1; S0zjJ; Jzi is the Clebsch-Gordan coefficient,
ϵLz

is the polarization vector for the P-wave orbital angular
momentum state. In Eq. (2), it was suggested to expanding
m2

Q aroundM2
H=ð4x2Þ in the short distance hard parts [7,50],

D̂f→QQ̄½nn0�ðẑ;MH=x;mQ; μ0; μΛÞ

¼
X
i¼0

D̂ðiÞ
f→QQ̄½nn0�ðẑ;MH=x; μ0; μΛÞ

�
m2

Q −
M2

H

4x2

�
i
; ð9Þ

which defines a velocity expansion in SGF. Here we only
consider the hard parts at leading order in the velocity
expansion, thenwe have n ¼ n0. For convenience, we denote

½2Sþ1L½c�
J;λ�≡ ½2Sþ1L½c�

J;λ
2Sþ1L½c�

J;λ�: ð10Þ

Following Ref. [10], to study the 3P½8�
J;Jz

contributions to
the production and polarization of quarkoniums like ψðnSÞ
and ϒðnSÞ, it is convenient to define the 3;SzP½1;8� channels,
in which the spin of the intermediate QQ̄ pair is Sz, and the
orbital angular momentum Lz is summed over. The
corresponding SGDs are defined by

F½3;SzP½c��→Hðx;MH;mQ; μΛÞ ¼
X

J;Jz;S0z¼Sz

F½3P½c�
J;Jz

�→H
ðx;MH;mQ; μΛÞ

¼ Pαβpþ

d − 1

Z
db−

2π
e−ip

þb−=x

× h0j
�
Ψ̄ϵμSzγμ

�
−
i
2
D
↔

α

�
C½c�Ψ

�†
ð0Þ½a†HaH�½Ψ̄ϵνSzγν

�
−
i
2
D
↔

β

�
C½c�Ψ�ðb−Þj0iS; ð11Þ

with

Pαβ ¼
X
Lz

ϵβLz
ϵ�αLz

¼ −gαβ þ pαpβ

p2
: ð12Þ

On the other hand, according to the discussion in Ref. [10], for the polarization of qurakonium production at hadron
colliders, the polar angular distribution of the decaying products from the produced heavy quarkonium H will depend only
on the combination of the SGDs,

1

2
ðF½2Sþ1L½c�

J;Jz
�→H

ðx;MH;mQ; μΛÞ þ F½2Sþ1L½c�
J;−Jz

�→H
ðx;MH;mQ; μΛÞÞ:

Therefore, similar to the polarized NRQCD LDMEs defined in Ref. [10], it is convenient to define polarized SGDs as
follows:

F½nλ�→Hðx;MH;mQ; μΛÞ ¼
1

Nnλ

X
jJzj¼λ

F½2Sþ1L½c�
J;Jz

�→H
ðx;MH;mQ; μΛÞ; ð13Þ
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where nλ denotes 2Sþ1L½c�
J;λ, λ ¼ L; T; TT; � � � correspond to jJzj ¼ 0; 1; 2;…, respectively. λ ¼ L represents longitudinally

polarized and λ ¼ T represents transversely polarized. Nnλ is the number of polarization states for nλ. We have [10]

N3S½c�
1;L

¼ N1S½c�
0

¼ N1P½c�
1;L

¼ N3P½c�
0

¼ N3P½c�
1;L

¼ N3P½c�
2;L

¼ N3;LP½c� ¼ 1;

N3S½c�
1;T

¼ N1P½c�
1;T

¼ N3P½c�
1;T

¼ N3P½c�
2;T

¼ N3;TP½c� ¼ d − 2;

N3P½c�
2;TT

¼ 1

2
ðd − 1Þðd − 2Þ − 1; ð14Þ

where d is the space-time dimension.

III. THE SHORT DISTANCE HARD PARTS

Following the matching procedure, to determine the
short distance hard part in Eq. (2), we replace the
quarkonium H by a on shell QQ̄ pair with certain quantum
number n and momenta

pQ ¼ 1

2
pþ q; pQ̄ ¼ 1

2
p − q; ð15Þ

where q is half of the relative momentum of the QQ̄ pair.
On shell conditions p2

Q ¼ p2
Q̄ ¼ m2

Q result in

p · q ¼ 0; q2 ¼ m2
Q − p2=4: ð16Þ

To project the final-state QQ̄ pair to the state n, we replace
spinors of the QQ̄ by the projector [7]

Z
dd−2Ω
NΩ

2ffiffiffiffiffiffiffiffi
MH

p ðMH þ 2mQÞ
ðpQ̄ −mQÞ

×
MH − p
2MH

Γ̃n
MH þ p
2MH

ðpQ þmQÞ; ð17Þ

here Ω denotes the solid angle of relative momentum q in
the QQ̄ rest frame, and NΩ is given by

NΩ ¼
Z

dd−2Ω: ð18Þ

For different states n, the operators Γ̃n are given by

Γ̃n ¼ ϵ�μSz γμC̃
½c�; for n ¼ 3S½c�1;Sz

; ð19aÞ

Γ̃n ¼ γ5C̃
½c�; for n ¼ 1S½c�0 ; ð19bÞ

Γ̃n ¼
ðd − 1Þqα

q2
E�αμ
J;Jz

γμC̃
½c�; for n ¼ 3P½c�

J;Jz
; ð19cÞ

Γ̃n ¼
ðd − 1Þqα

q2
ϵ�αJz γ5C̃

½c�; for n ¼ 1P½c�
1;Jz

; ð19dÞ

where q2 ¼ −q2, and

C̃½1� ¼ 1cffiffiffiffiffiffi
Nc

p ; ð20aÞ

C̃½8� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

N2
c − 1

s
Ta: ð20bÞ

Here we use superscripts “LO” and “NLO” to denote the
contributions at OðαsÞ and Oðα2sÞ. Then, inserting the
perturbative expansions

Df→QQ̄½n� ¼ DLO
f→QQ̄½n� þDNLO

f→QQ̄½n� þ � � � ; ð21aÞ

D̂f→QQ̄½n0� ¼ D̂LO
f→QQ̄½n0� þ D̂NLO

f→QQ̄½n0� þ � � � ; ð21bÞ

F½n0�→QQ̄½n� ¼ FLO
½n0�→QQ̄½n� þ FNLO

½n0�→QQ̄½n� þ � � � ; ð21cÞ

into Eq. (2) and using the orthogonal rations [7]

FLO
½n0�→QQ̄½n�ðx;MH;mQ; μΛÞ ¼ δn0nδð1 − xÞ; ð22Þ

we obtain the matching relations for the short distance hard
parts up to Oðα2sÞ,

D̂LO;ð0Þ
f→QQ̄½n�ðz;MH; μ0; μΛÞ
¼ DLO

f→QQ̄½n�ðz;MH;mQ; μ0Þjm2
Q¼M2

H=4
; ð23aÞ
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D̂NLO;ð0Þ
f→QQ̄½n�ðz;MH; μ0; μΛÞ ¼

�
DNLO

f→QQ̄½n�ðz;MH;mQ; μΛÞ

−
X
n0

Z
dx
x
D̂LO

f→QQ̄½n0�ðẑ;MH=x;mQ; μ0; μΛÞFNLO
½n0�→QQ̄½n�ðx;MH;mQ; μΛÞ

�				
m2

Q¼M2
H=4

: ð23bÞ

Using these relations, we can match the perturbative calculated SGDs to FFs to obtain the short-distance hard parts.

In our calculation, we utilize the following projection
operators to sumover thepolarizations of different states [10],

Pββ0σσ0
0 ≡ X

jJzj¼0

Eβσ
0;Jz

E�β0σ0
0;Jz

¼ 1

d − 1
PβσPβ0σ0 ; ð24aÞ

Pββ0σσ0
1;T ≡ X

jJzj¼1

Eβσ
1;Jz

E�β0σ0
1;Jz

¼ 1

2



Pββ0
⊥ Pσσ0

k þ Pββ0
k Pσσ0⊥ − Pβσ0

⊥ Pβ0σ
k − Pβσ0

k Pβ0σ
⊥
�
;

ð24bÞ

Pββ0σσ0
1;L ≡ X

jJzj¼0

Eβσ
1;Jz

E�β0σ0
1;Jz

¼ 1

2



Pββ0
⊥ Pσσ0⊥ − Pβσ0

⊥ Pβ0σ
⊥
�
; ð24cÞ

Pββ0σσ0
2;TT ≡ X

jJzj¼2

Eβσ
2;Jz

E�β0σ0
2;Jz

¼ 1

2



Pββ0
⊥ Pσσ0⊥ þPβσ0

⊥ Pβ0σ
⊥
�
−

1

d− 2
Pβσ
⊥ Pβ0σ0

⊥ ; ð24dÞ

Pββ0σσ0
2;T ≡ X

jJzj¼1

Eβσ
2;Jz

E�β0σ0
2;Jz

¼ 1

2



Pββ0
⊥ Pσσ0

k þ Pββ0
k Pσσ0⊥ þ Pβσ0

⊥ Pβ0σ
k þ Pβσ0

k Pβ0σ
⊥
�
;

ð24eÞ

Pββ0σσ0
2;L ≡ X

jJzj¼0

Eβσ
2;Jz

E�β0σ0
2;Jz

¼ d − 2

d − 1

�
Pβσ
k −

1

d − 2
Pβσ
⊥
��

Pβ0σ0
k −

1

d − 2
Pβ0σ0
⊥

�
;

ð24fÞ

Pββ0σσ0
T ≡ X

J;Jz;jS0zj¼1

Eβσ
J;Jz

E�β0σ0
J;Jz

¼ Pββ0Pσσ0⊥ ; ð24gÞ

Pββ0σσ0
L ≡ X

J;Jz;jS0zj¼0

Eβσ
J;Jz

E�β0σ0
J;Jz

¼ Pββ0Pσσ0
k ; ð24hÞ

where

Pαα0⊥ ≡ X
jSzj¼1

ϵαSzϵ
�α0
Sz

¼
X
jJzj¼1

ϵαJzϵ
�α0
Jz

¼ −gαα0 þ pαlα
0 þ pα0 lα

p:l
−

p2

ðp:lÞ2 l
αlα

0
; ð25aÞ

Pαα0
k ≡ X

jSzj¼0

ϵαSzϵ
�α0
Sz

¼
X
jJzj¼0

ϵαJzϵ
�α0
Jz

¼ pαpα0

p2
−
pαlα

0 þ pα0lα

p:l
þ p2

ðp:lÞ2 l
αlα

0
; ð25bÞ

Pαα0 ¼
X
Sz

ϵαSzϵ
�α0
Sz

¼
X
Jz

ϵαJzϵ
�α0
Jz

¼ −gαα0 þ pαpα0

p2
: ð25cÞ

Based on Eq. (23), we can expand m2
Q in the amplitudes

aroundM2
H=4 before doing the integration for solid angle and

the phase space integration when calculating DNLO
f→QQ̄½n� and

FNLO
½n0�→QQ̄½n�. Then the calculation is quite similar to that in

NRQCD factorization. In Refs. [48,50] the short-distance

hard parts up to Oðα2sÞ for g → QQ̄½3S½8�1 �, g → QQ̄½1S½8�0 �,
g → QQ̄½3P½1;8�

J;λ � have been calculated. Following their cal-

culation details, we compute the short distance hard parts for
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all the single parton FFs, including the gluon FFs, the same
quark FFs and different quark FFs. The obtained results are
given in the following.

A. Gluon fragmentation functions

At OðαsÞ, we have

D̂LO;ð0Þ
g→QQ̄½3S½8�

1;T �
ðz;MH; μ0; μΛÞ ¼

παs
ðN2

c − 1Þ
8

M3
H
δð1 − zÞ;

ð26aÞ

D̂LO;ð0Þ
g→QQ̄½3S½8�

1;L�
ðz;MH; μ0; μΛÞ ¼ 0: ð26bÞ

While all other channels vanish. At Oðα2sÞ, we have

D̂NLO;ð0Þ
g→QQ̄½3S½1�

1;T �
ðz;MH; μ0; μΛÞ ¼ 0; ð27aÞ

D̂NLO;ð0Þ
g→QQ̄½3S½1�

1;L�
ðz;MH; μ0; μΛÞ ¼ 0; ð27bÞ

D̂NLO;ð0Þ
g→QQ̄½3S½8�

1;T �
ðz;MH; μ0; μΛÞ ¼

4α2sNc

ðN2
c − 1ÞM3

H

�
1

2
δð1 − zÞ

�
2Aðμ0;MHÞ þ

2β0
Nc

ln

�
μ2Λe

−1

M2
H

�
þ ln2

�
μ2Λe

−1

M2
H

�
þ π2

6
− 1

�

þ 1

Nc
Pð0Þ
gg ðzÞ ln

�
μ20
μ2Λ

�
þ
�
2ð1 − zÞ

z
þ zð4þ 2z2Þ þ 2z4

9
ð5þ zÞ

�

×

�
ln

�
μ2Λe

−1

M2
H

�
− 2 lnð1 − zÞ

�
−
�

4z4

1 − z
−
4z4

9
ð5þ zÞ

�
ln z

�
; ð27cÞ

D̂NLO;ð0Þ
g→QQ̄½3S½8�

1;L�
ðz;MH; μ0; μΛÞ ¼

8α2sNc

ðN2
c − 1ÞM3

H

1 − z
z

; ð27dÞ

D̂NLO;ð0Þ
g→QQ̄½1S½1�

0
�ðz;MH; μ0; μΛÞ ¼

8α2s
M3

HNc

�
ð1 − zÞ lnð1 − zÞ − z2 þ 3

2
z

�
; ð27eÞ

D̂NLO;ð0Þ
g→QQ̄½1S½8�

0
�ðz;MH; μ0; μΛÞ ¼

BF

CF
D̂NLO;ð0Þ

g→QQ̄½1S½1�
0
�ðz;MH; μ0; μΛÞ; ð27fÞ

D̂NLO;ð0Þ
g→QQ̄½1P½1�

1;T �
ðz;MH; μ0; μΛÞ ¼ 0; ð27gÞ

D̂NLO;ð0Þ
g→QQ̄½1P½1�

1;L�
ðz;MH; μ0; μΛÞ ¼ 0; ð27hÞ

D̂NLO;ð0Þ
g→QQ̄½1P½8�

1;T �
ðz;MH; μ0; μΛÞ ¼

32α2s
3M5

H

Nc

ðN2
c − 1Þz2 ½ð1 − zÞðz3 þ 3z2 − 12zþ 3ð3z − 4Þ lnð1 − zÞÞ�; ð27iÞ

D̂NLO;ð0Þ
g→QQ̄½1P½8�

1;L�
ðz;MH; μ0; μΛÞ ¼

8α2s
3M5

H

Nc

ðN2
c − 1Þz2 ½−2z

4 þ 17z3 − 60z2 þ 48z − 6ðz3 − 7z2 þ 14z − 8Þ lnð1 − zÞ�; ð27jÞ

D̂NLO;ð0Þ
g→QQ̄½3P½1�

0
�ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

2

9

�
1

36
zð837 − 162zþ 72z2 þ 40z3 þ 8z4Þ þ 9

2
ð5 − 3zÞ lnð1 − zÞ

�
; ð27kÞ

D̂NLO;ð0Þ
g→QQ̄½3P½1�

1;T �
ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

2

27
zð9þ 9z2 þ 5z3 þ z4Þ; ð27lÞ

D̂NLO;ð0Þ
g→QQ̄½3P½1�

1;L�
ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

1

27
zð9þ 18z2 þ 10z3 þ 2z4Þ; ð27mÞ
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D̂NLO;ð0Þ
g→QQ̄½3P½1�

2;TT �
ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

2

3z4

�
2

9
zð108 − 216zþ 333z2 − 225z3 þ 72z4 þ 9z6 þ 5z7 þ z8Þ

− 6ðz5 − 6z4 þ 14z3 − 16z2 þ 10z − 4Þ lnð1 − zÞ
�
; ð27nÞ

D̂NLO;ð0Þ
g→QQ̄½3P½1�

2;T �
ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

1

3z4

�
2

9
zð−864þ 1728z − 1368z2 þ 504z3 − 27z4 þ 9z6 þ 5z7 þ z8Þ

− 48ðz4 − 5z3 þ 10z2 − 10zþ 4Þ lnð1 − zÞ
�
; ð27oÞ

D̂NLO;ð0Þ
g→QQ̄½3P½1�

2;L�
ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

1

9z4

�
1

9
zð3888 − 7776zþ 4212z2 − 324z3 − 27z4 þ 18z6 þ 10z7 þ 2z8Þ

− 216ðz − 2Þðz − 1Þ2 lnð1 − zÞ
�
; ð27pÞ

D̂NLO;ð0Þ
g→QQ̄½3;TP½1��ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

1

9z2
½zð4z6 þ 20z5 þ 36z4 þ 135z2 − 126zþ 108Þ

− 18ð3z3 − 10z2 þ 10z − 6Þ × lnð1 − zÞ�; ð27qÞ

D̂NLO;ð0Þ
g→QQ̄½3;LP½1��ðz;MH; μ0; μΛÞ ¼

32α2s
M5

HNc

1

2z2
½−zð2z3 þ z2 − 28zþ 24Þ − 2ðz − 1Þðz2 þ 8z − 12Þ lnð1 − zÞ�; ð27rÞ

D̂NLO;ð0Þ
g→QQ̄½3P½8�

J;λ�
ðz;MH; μ0; μΛÞ ¼

BF

CF
D̂LO;ð0Þ

g→QQ̄½3P½1�
J;λ�
ðz;MH; μ0; μΛÞ; ð27sÞ

D̂NLO;ð0Þ
g→QQ̄½3;λP½8��ðz;MH; μ0; μΛÞ ¼

BF

CF
D̂LO;ð0Þ

g→QQ̄½3;λP½1��ðz;MH; μ0; μΛÞ; ð27tÞ

where

BF ¼ N2
c − 4

4Nc
; ð28aÞ

CF ¼ N2
c − 1

2Nc
; ð28bÞ

Aðμ0;MHÞ ¼
β0
Nc

�
ln

�
μ20
M2

H

�
þ 13

3

�
þ 4

N2
c
−
π2

3
þ 16

3
ln 2; ð28cÞ

Pð0Þ
gg ðzÞ ¼ 2Nc

�
z

ð1 − zÞþ
þ 1 − z

z
þ zð1 − zÞ þ β0

2Nc
δð1 − zÞ

�
; ð28dÞ

β0 ¼
11Nc − 2nf

6
; ð28eÞ

with nf denotes the number of light flavors.
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B. Same quark fragmentation functions

For same quark FFs, all channels vanish at OðαsÞ. At Oðα2sÞ, we have

D̂NLO;ð0Þ
Q→QQ̄½3S½1�

1;T �
ðz;MH; μ0; μΛÞ ¼

64α2sC2
F

3M3
HNc

ðz − 1Þ2
ðz − 2Þ6 zð3z

4 − 18z3 þ 38z2 − 16zþ 8Þ; ð29aÞ

D̂NLO;ð0Þ
Q→QQ̄½3S½1�

1;L�
ðz;MH; μ0; μΛÞ ¼

16α2sC2
F

3M3
HNc

ðz − 1Þ2
ðz − 2Þ6 zð3z

4 − 24z3 þ 64z2 − 32zþ 16Þ; ð29bÞ

D̂NLO;ð0Þ
Q→QQ̄½3S½8�

1;T �
ðz;MH; μ0; μΛÞ ¼

2α2s
NcM3

Hz

�
−z4 þ 10z3 − 18z2 þ 16z − 8

ðz − 2Þ2 þ ðz2 − 2zþ 2Þ ln 4μ20
ð2 − zÞ2M2

H

þ 8

3N2
cðz − 2Þ6 zð1 − zÞð3Ncðz3 − 7z2 þ 8z − 4Þðz − 2Þ2

þ zð−3z5 þ 21z4 − 56z3 þ 54z2 − 24zþ 8ÞÞ
�
; ð29cÞ

D̂NLO;ð0Þ
Q→QQ̄½3S½8�

1;L�
ðz;MH; μ0; μΛÞ ¼

2α2s
NcM3

Hz

�
8ðz − 1Þ2
ðz − 2Þ2 −

2

3N2
cðz − 2Þ6 ð1 − zÞ2z2ð12Ncðz − 4Þðz − 2Þ2 − 3z4 þ 24z3

− 64z2 þ 32z − 16Þ
�
; ð29dÞ

D̂NLO;ð0Þ
Q→QQ̄½1S½1�

0
�ðz;MH; μ0; μΛÞ ¼

16

3M3
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 6Þ2 zð3z

4 − 8z3 þ 8z2 þ 48Þ; ð29eÞ

D̂NLO;ð0Þ
Q→QQ̄½1S½8�

0
�ðz;MH; μ0; μΛÞ ¼

1

ðN2
c − 1Þ2 D̂

NLO;ð0Þ
Q→QQ̄½1S½1�

0
�ðz;MH; μ0; μΛÞ; ð29fÞ

D̂NLO;ð0Þ
Q→QQ̄½1P½1�

1;T �
ðz;MH; μ0; μΛÞ ¼

512

15M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð10z

6 − 76z5 þ 233z4 − 328z3 þ 256z2 − 160zþ 80Þ; ð29gÞ

D̂NLO;ð0Þ
Q→QQ̄½1P½1�

1;L�
ðz;MH; μ0; μΛÞ ¼

64

15M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð55z

6 − 232z5 þ 236z4 þ 224z3 þ 592z2 − 640zþ 320Þ; ð29hÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

0
�ðz;MH; μ0; μΛÞ ¼

64

9M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð59z

6 − 376z5 þ 1060z4 − 1376z3 þ 528z2 þ 384zþ 192Þ; ð29iÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

1;T �
ðz;MH; μ0; μΛÞ ¼

128

15M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð35z

6 − 228z5 þ 884z4 − 2064z3 þ 3088z2 − 1920zþ 640Þ; ð29jÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

1;L�
ðz;MH;μ0;μΛÞ ¼

128

15M5
H

C2
Fα

2
s

Nc

ðz− 1Þ2
ðz− 2Þ8 zð35z

6 − 312z5 þ 1136z4 − 2016z3 þ 1872z2 − 960zþ 320Þ; ð29kÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

2;TT �
ðz;MH; μ0; μΛÞ ¼

32

15M5
H

32C2
Fα

2
s

Nc

ðz − 1Þ4
ðz − 2Þ8 zð5z

4 − 32z3 þ 68z2 − 32zþ 16Þ; ð29lÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

2;T �
ðz;MH;μ0;μΛÞ¼

32

15M5
H

4C2
Fα

2
s

Nc

ðz−1Þ2
ðz−2Þ8 zð75z

6−580z5þ1628z4−1872z3þ1328z2−512zþ128Þ; ð29mÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½1�

2;L�
ðz;MH;μ0;μΛÞ¼

32

45M5
H

4C2
Fα

2
s

Nc

ðz−1Þ2
ðz−2Þ8 zð115z

6−932z5þ2648z4−2944z3þ2064z2−768zþ192Þ; ð29nÞ
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D̂NLO;ð0Þ
Q→QQ̄½3;TP½1��ðz;MH; μ0; μΛÞ ¼

128

3M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð43z

6 − 320z5 þ 964z4 − 1376z3 þ 1168z2 − 512zþ 192Þ; ð29oÞ

D̂NLO;ð0Þ
Q→QQ̄½3;LP½1��ðz;MH; μ0; μΛÞ ¼

64

3M5
H

C2
Fα

2
s

Nc

ðz − 1Þ2
ðz − 2Þ8 zð23z

6 − 192z5 þ 676z4 − 1120z3 þ 1104z2 − 512zþ 192Þ; ð29pÞ

D̂NLO;ð0Þ
Q→QQ̄½1P½8�

1;λ�
ðz;MH; μ0; μΛÞ ¼

1

ðN2
c − 1Þ2 D̂

NLO;ð0Þ
Q→QQ̄½1P½1�

1;λ�
ðz;MH; μ0; μΛÞ; ð29qÞ

D̂NLO;ð0Þ
Q→QQ̄½3P½8�

J;λ�
ðz;MH; μ0; μΛÞ ¼

1

ðN2
c − 1Þ2 D̂

NLO;ð0Þ
Q→QQ̄½3P½1�

J;λ�
ðz;MH; μ0; μΛÞ; ð29rÞ

D̂NLO;ð0Þ
Q→QQ̄½3;λP½8��ðz;MH; μ0; μΛÞ ¼

1

ðN2
c − 1Þ2 D̂

NLO;ð0Þ
Q→QQ̄½3;λP½1��ðz;MH; μ0; μΛÞ: ð29sÞ

C. Different quark fragmentation functions

The short distance hard parts for different quark FFs receive contributions that begin at Oðα2sÞ, which read

D̂NLO;ð0Þ
Q0→QQ̄½3S½8�

1;T �
ðz;MH; μ0; μΛÞ ¼

2α2s
NcM3

Hz

�
−
ðz4 − 2z3 þ 2z2Þηþ 8z3 − 16z2 þ 16z − 8

ηz2 − 4zþ 4
þ ðz2 − 2zþ 2Þ

× ln

�
μ20

M2
Hð1 − zþ z2η=4Þ

��
; ð30aÞ

D̂NLO;ð0Þ
Q0→QQ̄½3S½8�

1;L�
ðz;MH; μ0; μΛÞ ¼

16α2s
NcM3

Hz
ðz − 1Þ2

ηz2 − 4zþ 4
; ð30bÞ

D̂NLO;ð0Þ
Q0→QQ̄½n�ðz;MH; μ0; μΛÞ ¼ 0 ðn ≠ 3S½8�1;λÞ: ð30cÞ

Here quarkQ0 has a different flavor with outgoingQQ̄ pair,
and η ¼ 4m2

Q0=M2
H with mQ0 denotes the mass of quark Q0,

when mQ0 is the light quark mass, η ¼ 0.
In the calculation, we find our results for the perturbative

calculated FFs are agree with that in Refs. [8–10,21]. On
the other hand, we find that all infrared (IR) divergences are
canceled at Oðα2sÞ, and all derived short distance hard parts
are finite. Besides, we find the hard parts are also free of the
plus distributions with the scale choice μ0 ¼ μΛ ¼ MH.

IV. SUMMARY

In this paper we studied the single parton FFs of heavy
quarkonium in SGF approach. In the SGF, the FFs are
expressed as the convolution of perturbative short distance
hard parts with the SGD in Eq. (2). We calculated the short

distance hard parts for all single parton FFs up to Oðα2sÞ by
matching the perturbative calculated FFs to the perturbative
calculated SGDs. In our calculations, we obtained FFs that
agree with the results in literature. Notably, we have found
that all IR divergences cancel at this order, resulting in finite
short-distance hard parts. Furthermore, by choosing appro-
priate natural scales, the derived short-distance hard parts are
also free of plus distributions. These results establish the
viability of using SGF to study heavy quarkonium produc-
tion at high-energy colliders and within jets. [51–54].
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