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We perform an analysis of triangle- and box-loop contributions to the generalized potential in the
scattering of Goldstone bosons off the JP ¼ 0− and 1− charmed mesons. Particular emphasis is put on
the use of on-shell mass parameters in such contributions in terms of a renormalization scheme that ensures
the absence of power-counting violating terms. This is achieved with a systematically extended set of
Passarino-Veltman basis functions that leads to manifest power-counting conserving one-loop expressions
and avoids the occurrence of superficial kinematical singularities. Compact expressions to chiral order
three and four are presented that are particularly useful in coding such coupled-channel systems. Our
formal results are generic and prepare analogous computations for other systems, like meson-baryon
scattering from the chiral Lagrangian.
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I. INTRODUCTION

The role of left-hand cut contributions in coupled-channel
systems receives increasing attention in the hadron physics
community as the interplay of modern effective field theory
approaches with lattice QCD simulations requests more and
more quantitative and controlled computations. The open-
charm sector of QCD not only serves as a convenient
laboratory since it is largely driven by the symmetries of
QCD [1–4], but also offers, already, a sizeable data set from
lattice QCD simulations [5–13].We consider such studies as
a preparation for the more demanding meson-baryon sys-
tems for which the scattering data set from lattice QCD
simulations is significantly more scarce [14–25].
Studies of the quark-mass dependence of the charmed

meson masses are the key for the quantitative understanding
of the coupled-channel interactions of the latter with the
Goldstone bosons of QCD [26,27]. It is useful to acknowl-
edge that simultaneous approaches for hadron masses
togetherwith their scattering properties are significantlymore
constrained by QCD as compared to partial studies. Early

coupled-channel works in the open-charm sector focused
on the s-wave interactions only and ignored the impact from
the quark-mass dependence of the charmed meson masses
[2,28–34]. Coupled-channel studies of p-wave and d-wave
systems are of equal importance since in lattice QCD studies
or experimental cross section results a focus on s-wave terms
only is not always possible. For the latter, the scattering
processes cannot be reliably described by algebraic matrix
equations (see, e.g., [2,26,29]) that may lead to unitarity but
are at odds with the long-range part of the coupled-channel
forces as they arise from t- oru-channel exchange processes at
the tree- or loop-level [35–38]. We note that a suitable
framework for such systems is offered by the generalized
potential approach (GPA) as was developed in [39–42]. It
systematically extends the applicability domain of the chiral
Lagrangian into the resonance region by using an expansion
of the generalized potential in terms of conformal variables,
where the expansion coefficients are well accessible within
chiral perturbation theory.
In our current formal work we focus on one-loop triangle

and box contributions that have not been studied at
sufficient rigor from the chiral Lagrangian. While a first
estimate of such effects was reported on in [43,44] for
s-wave scattering in the open-charm system, results are yet
to exist for either s-wave or p-wave scattering in application
of a GPA. It is a challenge to perform such computations in
a manner such that on-shell hadron masses can be used in
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the loop expressions without violating the chiral Ward
identities of QCD and the expectations of dimensional
counting rules. Previous works (see, e.g., [44,45]) consider
a renormalization of the loop effects using the extended-on-
mass-shell scheme [46,47], in which renormalization-scale
independent results are obtained only if bare hadron masses
are used inside the loop expression. We will further develop
our scheme and provide explicit expressions for triangle-
and box-loop contributions in the open-charm sector of
QCD at chiral order three and four.

II. SCATTERING FROM THE CHIRAL
LAGRANGIAN

We use the chiral Lagrangian as presented in [37] for the
two antitriplets of D mesons with JP ¼ 0− and JP ¼ 1−

quantum numbers. The 1− states are interpolated in terms
of antisymmetric tensor fields. The covariant derivative
involves the chiral connection, and the quark masses enter
via the symmetry breaking fields that are linear in the
masses, mu;d;s, of the up, down, and strange quarks. The
octet of the Goldstone boson fields is encoded into a 3 × 3
matrix. The parameter f is the chiral limit value of the pion-
decay constant. Finally, the parameters M and M̃ give the
masses of the D and D� mesons at mu ¼ md ¼ ms ¼ 0,
where in the limit of a very large charm-quark mass a
common mass arises with M̃=M → 1. The construction of
this chiral Lagrangian and implications for the heavy-quark
mass limit go back to the early works [1,2,26,28,29,48].
All terms relevant in our current work are recalled in
Appendix A.

While the leading order terms introduce the kinetic terms
of the mesons with covariant derivatives, the first-order
interaction terms provide the 3-point coupling constants of
the Goldstone bosons to the charmed mesons parametrized
by the low-energy constants (LEC) gP and g̃P. While the
decay of the chargedD� meson implies jgPj ¼ 0.57� 0.07,
the parameter g̃P cannot be extracted from empirical data
directly. The size of g̃P ≃ gP can be estimated using the
heavy-quark spin symmetry of QCD [1,48].
Second-order terms of the chiral Lagrangian were first

studied in [28,29,49]. All parameters ci and c̃i are expected
to scale linearly in the parameter M. It holds c̃i ¼ ci in the
heavy-quark mass limit [29]. A first estimate of the LEC
can be found in [29] based on the leading order large-Nc
relations. In the combined heavy-quark and large-Nc limit
we are left with four free parameters only, c1, c3, c5, c6.
Additional terms relevant at chiral order three were con-
sidered in [26,43,44,50,51]. A complete list of such terms is
given in [37], where we note that the LEC with g̃i ≃ gi
do not contribute to the meson masses at the one-loop
level. Rather, they are instrumental to achieve a more
accurate description of the coupled-channel systems pre-
sented here.
We consider the scattering of the Goldstone bosons off

the charmed meson states with JP ¼ 0− and JP ¼ 1−. The
corresponding scattering amplitudes are characterized by
their isospin (I) and strangeness (S) quantum numbers. For
simplicity we recall the scattering processes of the JP ¼ 0−

states first. The tree-level scattering amplitudes at leading
and subleading chiral orders take the form

f2Tð1Þ
ab ðs; t; uÞ ¼

s − u
4

CWT þ g2P
X

H∈ ½1−�
CðsÞ
H

sðq̄ · qÞ − ðq̄ · wÞðw · qÞ
s −M2

H

þ g2P
X

H∈ ½1−�
CðuÞ
H

uðq̄ · qÞ − ðq̄ · ðp − q̄ÞÞððp̄ − qÞ · qÞ
u −M2

H
;

f2Tð2Þ
ab ðs; t; uÞ ¼ 2c0B0

�
2mCðπÞ

0 þ ðmþmsÞCðKÞ
0

�
þ 2c1B0

�
2mCðπÞ

1 þ ðmþmsÞCðKÞ
1

�

þ 4ðq̄ · qÞðc2C2 þ c3C3Þ þ
ðs − uÞ2
4M2

ðc4C2 þ c5C3Þ;

f2Tð3Þ
ab ðs; t; uÞ ¼ ðs − uÞ

X
Q

m2
Q
g1
M

Cð1Þ
Q − 4ðq̄ · qÞðs − uÞ g2

M
CWT þ ðs − uÞ3 g3

2M3
CWT; ð1Þ

with Clebsch coefficients CWT; C
ð1Þ
Q ; CðsÞ

H ;CðuÞ
H ; CðπÞ

n ; CðKÞ
n ,

and Cn detailed already in [2,28,52] and the conventional
Mandelstam variables s, t, u of two-body scattering.
With qν and q̄ν we denote the initial and final 4-momenta
of the Goldstone bosons. The Mandelstam variables are
s ¼ w2 ¼ ðpþ qÞ2, u ¼ ðp − q̄Þ2, and t ¼ ðq̄ − qÞ2 in our
work. The s- and u-channel exchange processes in (1)
involve the JP ¼ 1− charmed mesons, i.e., the sums run

over H∈ fD�; D�
sg ¼ ½1−�. The indices b and a specify

the initial and final flavor channels of the chosen
process.
We note that the particularly useful combination of

Clebsch coefficients,

Cu−ch ¼
X
H

CðuÞ
H ¼ C2 − 2C3 − CWT; ð2Þ
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was introduced in [28] for applications in which the mass
difference of the D� and D�

s , or also the difference of the D
and Ds masses, can be neglected. Depending on the
context, such Clebsch coefficients are applied also for
processes which involve the scattering of the JP ¼ 1−

charmed states. This is possible since the corresponding

interaction vertices have identical flavor structures in the
two sectors.
This can be illustrated at the leading orders for the

scattering processes involving the 1− charmed mesons. The
scattering amplitudes are characterized by six invariant
amplitudes Gn, most economically in the following choice:

Tð0−→1−Þ
ab ðs; t; uÞ ¼ G0ðs; t; uÞϵαβμνq̄αqβϵ†μðp̄; λ̄Þpν;

Tð1−→1−Þ
ab ðs; t; uÞ ¼ ϵ†μðp̄; λ̄Þ

h
G1ðs; t; uÞgμν þ G2ðs; t; uÞq̄μqν þG3ðs; t; uÞq̄μðq − q̄Þν

þ G4ðs; t; uÞðq̄ − qÞμqν þ G5ðs; t; uÞðq̄ − qÞμðq − q̄Þν
i
ϵνðp; λÞ;

ϵαβðp; λÞ ¼
iffiffiffiffiffi
p2

p �
pαϵβðp; λÞ − pβϵαðp; λÞ

�
; ð3Þ

where we use p̄μ and λ̄ for the momentum and polarization of the produced D� meson. The wave function ϵαβðp; λÞ of a
vector meson, as interpolated by an antisymmetric tensor field, is written in terms of the more conventional wave function
ϵαðp; λÞ of a spin-one particle in the vector-field representation. We identify the leading orders tree-level terms with

f2G0ðs; t; uÞ ¼
gPg̃P
2

X
H∈ ½1−�

�
CðuÞ
H

Ma þ u=Ma

u −M2
H

− CðsÞ
H

Ma þ s=Ma

s −M2
H

�
−
2c6
Ma

CWT

− 2
s − u
MMa

�
ðg4 þ g5ÞC2 − 2g4C3

�
þOðQ2Þ;

f2G2ðs; t; uÞ ¼ −g2P
X

H∈ ½0−�

�
CðsÞ
H

MaMb

s −M2
H
þ CðuÞ

H
MaMb

u −M2
H

�

þ g̃2P
X

H∈ ½1−�

�
CðsÞ
H

M2
a þM2

b

s −M2
H

þ CðuÞ
H

M2
a þM2

b

u −M2
H

�
M2

a þM2
b

4MaMb
þOðQ2Þ;

f2G3ðs; t; uÞ ¼ CWT
Mb

2Ma
þ g2P

X
H∈ ½0−�

CðuÞ
H

MaMb

u −M2
H

− g̃2P
X

H∈ ½1−�

�
CðsÞ
H

M2
a þM2

b þ ðs − uÞ=2
s −M2

H
þ CðuÞ

H
ðs − uÞ=2
u −M2

H

�
M2

a þM2
b

4MaMb

− 2
s − u

MaMb=M̃

�
ðg̃4 þ g̃5ÞC2 − 2g̃4C3

�
− 2c̃6CWT

Mb

Ma
þOðQ2Þ;

f2G4ðs; t; uÞ ¼ CWT
Ma

2Mb
þ g2P

X
H∈ ½0−�

CðuÞ
H

MaMb

u −M2
H
− 2c̃6CWT

Ma

Mb

− g̃2P
X

H∈ ½1−�

�
CðsÞ
H

M2
a þM2

b þ ðs − uÞ=2
s −M2

H
þ CðuÞ

H
ðs − uÞ=2
u −M2

H

�
M2

a þM2
b

4MaMb

− 2
s − u

MaMb=M̃

�
ðg̃4 þ g̃5ÞC2 − 2g̃4C3

�
þOðQ2Þ;

f2G5ðs; t; uÞ ¼ −CWT
M2

a þM2
b

4MaMb
− g2P

X
H∈ ½0−�

CðuÞ
H

MaMb

u −M2
H
þ c̃6CWT

M2
a þM2

b þ s − u
MaMb

þ g̃2P
X

H∈ ½1−�

�
CðsÞ
H

M2
a þM2

b þ s − u
s −M2

H

�
M2

a þM2
b

4MaMb

þ 2
s − u

MaMb=M̃

�
ðg̃4 þ g̃5ÞC2 − 2g̃4C3

�
þOðQ2Þ; ð4Þ

TRIANGLE AND BOX DIAGRAMS IN COUPLED-CHANNEL … PHYS. REV. D 109, 034032 (2024)

034032-3



where we use the notation Qn to specify the chiral order n of a given term. While the g̃4 and g̃5 contribute to the
0−1− → 0−1− processes, the heavy-quark symmetry related g4 and g5 contribute to the production processes 0−0− → 0−1−.
In the heavy-quark mass limit it holds g̃n ¼ gn, in particular, for n ¼ 4, 5.
It remains to specify the invariant amplitudeG1ðs; t; uÞ in Tð1−→1−Þ

ab ðs; t; uÞ. Owing to the heavy-quark symmetry, its form
can be inferred from its spin-zero partner reaction Tabðs; t; uÞ, at least in the heavy-quark mass limit. Indeed we find for our
tree-level the expression,

G1ðs; t; uÞ ¼
g̃2P
f2

X
H∈ ½1−�

CðsÞ
H

1

s −M2
H

M2
a þM2

b

4MaMb

	
1

8
ðs − uÞ2 þ ðs − uÞ3

32ðM2
a þM2

bÞ
þ s − u

4
t

−
M2

a þM2
b

2

�
m2

a þm2
b − t

�
−
�
M̃2

M2
− 1

� ðs − uÞ2
32




þ g̃2P
f2

X
H∈ ½1−�

CðuÞ
H

1

u −M2
H

M2
a þM2

b

4MaMb

	
1

8
ðs − uÞ2 − ðs − uÞ3

32ðM2
a þM2

bÞ
−
s − u
4

t

−
M2

a þM2
b

2

�
m2

a þm2
b − t

�
−
�
M̃2

M2
− 1

� ðs − uÞ2
32




−
M2

a þM2
b

2MaMb

n
Tð1Þ
ab ðs; t; uÞ

���
gP→0

þ Tð2Þ
ab ðs; t; uÞ

���
cn→c̃n

þ Tð3Þ
ab ðs; t; uÞ

���
gn→g̃n

o
þOðQ4Þ; ð5Þ

properly truncated at chiral order four. This is so since
contributions from the other amplitudes G2;3;4;5 are sup-
pressed by two orders in the chiral expansion. Note the
presence of the small 4-momenta q̄μ or qμ in (3). It is
evident that analogous relations hold for the loop expres-
sions, as to be derived in our current work. Therefore, from
now on we focus on the reactions with spin-zero charmed
mesons in the initial and final states.

III. SCATTERING WITH TADPOLE
AND BUBBLE DIAGRAMS

We discuss one-loop contributions to the two-body
scattering amplitudes. At chiral order three and four there
are various types of diagrams to be considered. All one-
loop diagrams that contribute at gP ¼ 0 have been evalu-
ated in our previous work [37]. Such tadpole and bubble
loop contributions are recalled in Fig. 1 at order 3 involving
leading order vertices only. Corresponding diagrams at
order 4 involve subleading order vertices instead. Quite
explicit expressions are documented in [37].

An additional set of tadpole, bubble, triangle, and box
loop diagrams is proportional to g2P and has not
been documented systematically before. In Figs. 2–7 our
target diagrams are shown for the case that initial and final
mesons carry JP ¼ 0− quantum numbers. Corresponding
diagrams can be drawn for the case in which one or both
external lines signal a charmed meson with JP ¼ 1−. From
the form of such diagrams it follows that in the formal limit
of a very large mass of the JP ¼ 1− mesons such con-
tributions may be viewed as a renormalization of tadpole
and bubble loop contributions. That was the rationale
behind our previous more phenomenological work, despite
the fact that the heavy-quark spin symmetry predicts the
mass degeneracy of the 0− and 1− states in the limit of an
infinite charm quark mass. Clearly, it is desirable to have a
closer look into such diagrams.
We use the conventional Mandelstam variables s, t, and

u of two-body scattering. The indices a and b specify the
final and initial flavor channels of the chosen process. The
loop functions depend on not only the internal masses, mQ,
MH, ML, MR, but also on external masses,

FIG. 1. Dashed lines stand for pion, kaon, or eta mesons and solid lines for charmed mesons with JP ¼ 0−. The vertices are from [37].
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m2
a ¼ q̄2; m2

b ¼ q2; M2
a ¼ p̄2; M2

b ¼ p2; ð6Þ

where we use small m’s for Goldstone boson masses and big M’s for the masses for the 0− and 1− charmed mesons. The
pairs of initial and final four momenta are ðqμ; pμÞ and ðq̄μ; p̄μÞ, respectively. In turn we may write w ¼ qþ p ¼ q̄þ p̄
with s ¼ w2.
We first consider the tadpole-type diagrams in Fig. 2,

f4T tadpole
ab ðs; uÞ ¼ g2P

X
H∈ ½1−�

sðq̄ · qÞ − ðq̄ · wÞðw · qÞ
s −M2

H

�X
Q

CðsÞ
QHĪQ þ CðsÞ

H f2ðZð1Þ
a þ Zð1Þ

b − 2Þ=2
�

þ g2P
X

H∈ ½1−�

uðq̄ · qÞ − ðq̄ · ðp − q̄ÞÞððp̄ − qÞ · qÞ
u −M2

H

�X
Q

CðuÞ
QHĪQ þ CðuÞ

H f2ðZð1Þ
a þ Zð1Þ

b − 2Þ=2
�
;

f2ðZð1Þ
π − 1Þ ¼ −8L4ðm2

π þ 2m2
KÞ − 8L5m2

π þ
2

3
Īπ þ

1

3
ĪK;

f2ðZð1Þ
K − 1Þ ¼ −12L4ðm2

π þm2
ηÞ − 8L5m2

K þ 1

4
ðĪπ þ Īη þ 2ĪKÞ;

f2ðZð1Þ
η − 1Þ ¼ −24L4ð2m2

K −m2
ηÞ − 8L5m2

η þ ĪK;

μ2
d
dμ2

L4 ¼ −
1

256π2
; μ2

d
dμ2

L5 ¼ −
3

256π2
; ĪQ ¼ m2

Q

ð4πÞ2 log
m2

Q

μ2
; ð7Þ

with the wave-function factors of the Goldstone bosons as
written in [37] by using the LEC L4 and L5 of Gasser and

Leutwyler [53]. While the ClebschCðsÞ
H andCðuÞ

H were given

previously, the CðsÞ
QH and CðuÞ

QH can easily be expressed in
terms of the latter. To avoid a proliferation of our notations,
Q is used as a placeholder index for a Goldstone boson field
π, K, η in (7) but also in Qn together with the chiral order n
of a given term [see, e.g., (4)]. For the tadpole, ĪQ, a
conventional MS subtraction scheme is used with the
renormalization scale μ of dimensional regularization.
We aim at a decomposition of the scattering amplitude

Tabðs;uÞ¼
X

H∈ ½1−�

ðq̄ ·qÞ−ðq̄ ·wÞðw ·qÞ=M2
H

s−M2
H

GðsÞ
H;ab

þ
X

H∈½1−�

ðq̄ ·qÞ−ðq̄ ·ðp− q̄ÞÞððp̄−qÞ ·qÞ=M2
H

u−M2
H

×GðuÞ
H;abþBabðs;uÞ; ð8Þ

into s- and u-channel pole terms with on-shell mass MH
and a smooth background term BabðsÞ. By construction the
s-channel pole term contributes to the JP ¼ 1− partial-
wave amplitude only. The u-channel pole is included such
that the sum of the two pole terms is compatible with
constraints from crossing symmetry. The pole mass MH

and the residua GðsÞ
H;ab and G

ðuÞ
H;ab, as well as the background

term Babðs; uÞ, receive corrections from loop effects. Given
our approximation strategy we will use the physical on-
shell mass for MH and

GðsÞ
H ¼ g2PC

ðsÞ
H =f2; GðuÞ

H ¼ g2PC
ðuÞ
H =f2; ð9Þ

from (1). The value gP may be adjusted as to recover the
empirical decay width of the D� → πD meson. While it
would be desirable to refine such a scheme, at this stage
there is insufficient information available to consider flavor

breaking or quark-mass dependence effects in GðsÞ
H;ab. It

appears impossible to determine corresponding LEC that

FIG. 2. Dashed lines stand for pion, kaon, or eta mesons and solid and double-solid lines for charmed mesons with JP ¼ 0− and
JP ¼ 1−, respectively. The vertices are from [37].
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contribute toGðsÞ
H;ab. Therefore, we will focus on the loop effects in the background term. For the tadpole contribution (7) we

find

f4Btadpole
ab ðs; uÞ ¼ g2P

X
H∈ ½1−�

�
ðq̄ · qÞ − ðs − uÞ2

8M2
ab

	X
Q

ðCðsÞ
QH þ CðuÞ

QHÞĪQ þ ðCðsÞ
H þ CðuÞ

H Þf2ðZð1Þ
a þ Zð1Þ

b − 2Þ=2


þOðQ5Þ

¼ g2P
X

H∈ ½1−�

�
ðq̄ · qÞ − ðs − uÞ2

8M2
ab

X
Q

ðL4C
ð4Þ
QH þ L5C

ð5Þ
QHÞm2

Q þOðQ5Þ; ð10Þ

where we note that the background term is of chiral order four. This is in contrast to its corresponding contribution to GðsÞ
H

and GðuÞ
H , which are of chiral order two. In the last line (10) of our rewrite we observed that the tadpoles in the first line

cancel identically with the tadpoles in the wave function terms from (7).
We turn to the bubble-type contributions, where we start with the wave function term

Tbubble
ab ðs; uÞ ¼ 1

2
ðTð1Þ

ab ðs; uÞ þ Tð2Þ
ab ðs; uÞÞðZð2Þ

a þ Zð2Þ
b − 2Þ þOðQ5Þ;

Zð2Þ
D ¼ 1þ 4B0

�ð2ζ0 − ζ1Þðms þ 2mÞ þmζ1
�

−
g2P
16f2

	
12
�
Īπ þ 2m2

π ĪD�=M2
D� − 2ðm2

π þ rM2
DÞĪðDÞ

πD� − ð4m2
π − r2M2

DÞZðDÞ
πD�

�

þ 8
�
ĪK þ 2m2

KĪD�
s
=M2

D�
s
− 2ðm2

K þ rM2
DÞĪðDÞ

KD�
s
− ð4m2

K − r2M2
DÞZðDÞ

KD�
s

�

þ 4

3

�
Īη þ 2m2

η ĪD�=M2
D� − 2ðm2

η þ rM2
DÞĪðDÞ

ηD� − ð4m2
η − r2M2

DÞZðDÞ
ηD�

�


þOðQ3Þ;
Zð2Þ
Ds

¼ 1þ 4B0

�ð2ζ0 − ζ1Þðms þ 2mÞ þmsζ1
�

−
g2P
16f2

	
16
�
ĪK þ 2m2

KĪD�=M2
D� − 2ðm2

K þ rM2
Ds
ÞĪðDsÞ

KD� − ð4m2
K − r2M2

Ds
ÞZðDsÞ

KD�

�

þ 16

3

�
Īη þ 2m2

η ĪD�
s
=M2

D�
s
− 2ðm2

η þ rM2
Ds
ÞĪðDsÞ

ηD�
s
− ð4m2

η − r2M2
Ds
ÞZðDsÞ

ηD�

�


þOðQ3Þ;

ZðDÞ
QH ¼ M2

D
∂ĪQHðM2

DÞ
∂M2

D
; ĪðDÞ

QH ¼ ĪQHðM2
DÞ;

μ2
d
dμ2

ζ0 ¼ −
13

384π2f2
g2P; μ2

d
dμ2

ζ1 ¼ −
5

128π2f2
g2P; ð11Þ

from Fig. 3. It involves the first and second order tree-level expressions Tð1Þ
ab ðs; uÞ and Tð2Þ

ab ðs; uÞ as recalled in (1) and the
LEC ζ0 and ζ1 from the chiral Lagrangian. Our result involves a scalar bubble-loop function ĪQRðM2

HÞ, with its

renormalized form given in (14). We find that the wave functions, Zð2Þ
H , of the heavy fields do not depend on the

renormalization scale μ, if we use the summed expressions

B0ð2mþmsÞ →
3

16
ð3m2

π þ 4m2
K þm2

ηÞ; B0m →
1

80
ð39m2

π þ 4m2
K − 3m2

ηÞ;

B0ms →
1

80
ð−33m2

π þ 52m2
K þ 21m2

ηÞ; ð12Þ

in (11). This is contrasted by the fact that the wave functions, Zð1Þ
Q , of the light fields do depend on μ. We note that an

additional subtraction in (11) may be useful as to arrive at the wave function factors Zð2Þ
D and Zð2Þ

Ds
to approach one in the

chiral limit.
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The evaluation of the loop functions in Figs. 3–5
[see also (11), (17), and (21)] is straightforward, even if
one insists on the use of on-shell meson masses as is highly
advisable for coupled-channel systems. In previous works
[54–57] we developed a novel scheme in application of the
Passarino-Veltman decomposition scheme [58]. In an initial

step the one-loop bubble contributions can be expressed in
terms of scalar loop functions,

IQ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
; IH ¼

Z
ddl
ð2πÞd

iμ4−d

l2 −M2
H
;

IQHðw2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q

1

ðlþwÞ2 −M2
H
; ð13Þ

introduced in dimensional regularization. While we keep
the scalar basis functions un-expanded, as to keep their
proper causal structure, the kinematical coefficients are
expanded in application of power-counting rules. So far we
encounter the renormalized tadpole ĪQ and bubble ĪQHðsÞ
functions in (11) only, with

ĪQHðsÞ ¼ IQHðsÞ −
1 − γ

16π2
þ IH
M2

H
; γ ¼ −

M̃2 −M2

M2
log

M̃2 −M2

M̃2
;

ĪQHðsÞ ¼
1

16π2

	
γ −

1

2

�
1þm2

Q −M2
H

s

�
log

�
m2

Q

M2
H

�

þ pQHffiffiffi
s

p
�
log

�
1 −

s − 2pQH
ffiffiffi
s

p
m2

Q þM2
H

�
− log

�
1 −

sþ 2pQH
ffiffiffi
s

p
m2

Q þM2
H

��

;

p2
QH ¼ s

4
−
m2

Q þM2
H

2
þ ðm2

Q −M2
HÞ2

4s
; ð14Þ

where with M and M̃ we denote the chiral limit values of the charmed meson masses with JP ¼ 0− and JP ¼ 1−,
respectively. Additional contributions from scalar tadpole integrals involving the heavy fields are dropped systematically
with ĪL ¼ ĪR ¼ ĪH → 0, at least if they occur in a power-counting violating context. By construction it holds ĪQHðsÞ ∼Q as
expected from dimensional counting rules. In a second step we apply the power-counting scheme [37] as introduced in
terms of on-shell hadron masses,

sþ tþ u ¼ M2
ab þm2

ab; m2
ab ¼ m2

a þm2
b ∼m2

a ∼m2
b ∼Q2;

M2
ab ¼ M2

a þM2
b ∼ sþ u ∼Q0;

s − u

2ðM2
a þM2

bÞ1=2
∼mGoldstone ∼Q1;

M2
L −M2

ab=2 ¼ δL þ rM2
ab=2; r ¼ M̃2

M2
− 1;

M2
R −M2

ab=2 ¼ δR þ rM2
ab=2;

mQuark ∼ t ∼ sþ u −M2
a −M2

b ∼M2
a −M2

b ∼ δL ∼ δR ∼Q2; ð15Þ

where we note that L;R∈ ½1−� here. Upon a chiral
expansion the chiral power of any of the δL;R ∼mu;d;s ∼
Q2 is confirmed, where we recall that Ma and Mb give the
charm meson masses of the final and initial JP ¼ 0− fields.
The merit of such a scheme is that our expansion can be set
up in a two-step procedure. Initially we do not make any
assumption on the size of the ratio r ¼ ðM̃2 −M2Þ=M2

in (15). An application of the counting rules (15) generates

expressions that probe rational functions of that r, as is
illustrated in [56,57]. There are at least three relevant
possibilities implied by either r ∼Q2 or r ∼Q or
r ∼Q0. In the first two cases we make contact with the
traditional simultaneous expansion in the small up, down,
and strange quark masses and in the small inverse of a large
charm quark mass. In the third case we may integrate out
the 1− fields in terms of the formal request M̃ ≫ M. The

FIG. 3. Dashed lines stand for pion, kaon, or eta mesons and
solid and double-solid lines for charmed mesons with JP ¼ 0−

and JP ¼ 1−, respectively. The vertices are from [37].
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most economic would be the case with r ∼Q2 since it
would imply M2

L;R −M2
a;b ∼Q2. Indeed using previous

values from [37] for M̃ and M we obtain the estimate
r ≃ 0.16, which may sufficiently support such an assign-
ment parametrically.
Nevertheless, we argue that it is advantageous to keep

the size of the ratio r open at first. This entails us setting up

the expansion in a manner that permits it to integrate out the
1− fields efficiently. In order to connect to the chiral domain
with mπ ≪ M̃ −M, we must assume r ∼Q0, at least.
Consistency of our results in that chiral domain will
demand a further set of subtraction terms, as to eliminate
power-counting violating contributions.
We turn to the bubble-type diagrams in Fig. 4 with

f4Tbubble
ab ðs; uÞ ¼ g2P

X
L;QH

n
CðsÞ
L;QHJ

ðsÞ
L;QHðs; uÞ þ CðuÞ

L;QHJ
ðuÞ
L;QHðs; uÞ

o
þ g2P

X
QH;R

n
CðsÞ
QH;RJ

ðsÞ
QH;Rðs; uÞ þ CðuÞ

QH;RJ
ðsÞ
QH;Rðs; uÞ

o
;

JðuÞL;QHðs; uÞ ¼ JðsÞL;QHðu; sÞ; JðuÞQH;Rðs; uÞ ¼ JðsÞQH;Rðu; sÞ; ð16Þ

where H∈ ½1−� and L;R∈ ½0� or L;R∈ ½1−�. The loops with L;R∈ ½0−� and with L;R∈ ½1−� are

JðsÞL∈ ½0−�;QHðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−dðl − q̄þ 2wÞ · ðl − q̄Þ
l2 −m2

Q

lαðlþ wÞβ
ðlþ wÞ2 −M2

L
Sαβ;μνH ðwÞqμpν;

JðsÞQH;R∈ ½0−�ðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−dðl − qþ 2wÞ · ðl − qÞ
l2 −m2

Q

lαðlþ wÞβ
ðlþ wÞ2 −M2

R
Sαβ;μνH ðwÞq̄μp̄ν;

JðsÞL∈ ½1−�;QHðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
lᾱp̄β̄S

ᾱ β̄;μ̄ ν̄
L ðlþ p̄Þgν̄νfðp̄þ lÞμ̄ðlþ q̄Þμ þ ðlþ q̄Þμ̄wμgSμν;αβH ðwÞqαpβ;

JðsÞQH;R∈ ½1−�ðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
q̄ᾱp̄β̄S

ᾱ β̄;μ̄ ν̄
H ðwÞgν̄νfwμ̄ðlþ qÞμ þ ðlþ qÞμ̄ðlþ pÞμgSμν;αβR ðlþ pÞlαpβ;

M2
HS

αβ;μν
H ðwÞ ¼ gμαgνβ −

gμαwνwβ − gμβwνwα

w2 −M2
H

− ðμ ↔ νÞ; ð17Þ

where both types show a pole at s ¼ M2
H. In the derivation of the bubble-loop functions of Fig. 4 we need to separate their

pole contribution first. The background and pole residuum terms can then be expanded according to the power-counting
rules. We write

JQHðs; uÞ ¼
ðq̄ · qÞ − ðq̄ · wÞðw · qÞ=M2

H

s −M2
H

GQH þ f4BQHðs; uÞ; ð18Þ

and find the somewhat surprising expressions

f4BðsÞ
L∈ ½0−�;QHðs; uÞ ¼

s − u
24

ðq̄ · qÞ
n
2ĪQ −

�
4rM2

ab þ s − u
�
ĪQLðM2

aÞ
o
þOðQ6Þ;

f4BðsÞ
QH;R∈ ½0−�ðs; uÞ ¼

s − u
24

ðq̄ · qÞ
n
2ĪQ −

�
4rM2

ab þ s − u
�
ĪQRðM2

bÞ
o
þOðQ6Þ;

FIG. 4. Dashed lines stand for pion, kaon, or eta mesons and solid and double-solid lines for charmed mesons with JP ¼ 0− and
JP ¼ 1−, respectively. The vertices are from [37].
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f4BðsÞ
L∈ ½1−�;QHðs; uÞ ¼ −

M2
b −M2

a

4
ðq̄ · qÞ

n
ĪQ − rM2

abĪQLðM2
aÞ
o
þOðQ7Þ;

f4BðsÞ
QH;R∈ ½1−�ðs; uÞ ¼ −

M2
a −M2

b

4
ðq̄ · qÞ

n
ĪQ − rM2

abĪQRðM2
bÞ
o
þOðQ7Þ; ð19Þ

where we assumed r ∼Q for simplicity. We return to such an assumption below in the context of the chiral expansion of
triangle and box contributions. While dimensional counting rules suggest a leading contribution to BH ∼Q3 the specifics of
such diagrams lead to terms of order Q5 and higher only. Since we include terms up to order Q4 only in this work, all such
contributions can be dropped here. We note that the corresponding contributions to GH ∼Q3 are also excluded here.
The bubble-type diagrams in Fig. 5 are

f4Tbubble
ab ðs; uÞ ¼ g2P

X2
n¼1

X
Q

	 X
R∈ ½1−�

Cðs−nÞ
Q;R Jðs−nÞQ;R ðs; uÞ þ

X
L∈ ½1−�

Cðs−nÞ
L;Q Jðs−nÞL;Q ðs; uÞ

þ
X

R∈ ½1−�
Cðu−nÞ
Q;R Jðu−nÞQ;R ðs; uÞ þ

X
L∈ ½1−�

Cðu−nÞ
L;Q Jðu−nÞL;Q ðs; uÞ

þ
X

R∈ ½1−�
Cðt−nÞ
Q;R Jðt−nÞQ;R ðs; uÞ þ

X
L∈ ½1−�

Cðt−nÞ
L;Q Jðt−nÞL;Q ðs; uÞ



;

Jðu−nÞL;Q ðs; uÞ ¼ Jðt−nÞL;Q ðu; sÞ; Jðs−2ÞL;Q ðs; uÞ ¼ Jðt−2ÞL;Q ðs; uÞ − Jðu−2ÞL;Q ðs; uÞ;
Jðu−nÞQ;R ðs; uÞ ¼ Jðt−nÞQ;R ðu; sÞ; Jðs−2ÞQ;R ðs; uÞ ¼ Jðt−2ÞQ;R ðs; uÞ − Jðu−2ÞQ;R ðs; uÞ; ð20Þ

with

Jðs−1ÞL;Q ðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðp̄ − lÞlμðqþ q̄Þν

−iμ4−d

l2 −m2
Q
;

Jðs−1ÞQ;R ðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q
lαðqþ q̄ÞβSαβ;μνR ðp − lÞlμpν;

Jðt−1ÞL;Q ðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðp̄ − lÞðlþ qÞμq̄ν

−iμ4−d

l2 −m2
Q
;

Jðt−1ÞQ;R ðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q
ðlþ q̄ÞαqβSαβ;μνR ðp − lÞlμpν;

Jðt−2ÞL;Q ðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðp̄ − lÞðlþ qÞμpν

−iμ4−d

l2 −m2
Q
;

Jðt−2ÞQ;R ðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q
ðlþ q̄Þαp̄βS

αβ;μν
R ðp − lÞlμpν: ð21Þ

And

J̄ðs−1ÞL;Q ðs; uÞ ¼ s − u
8

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQLðM2

aÞ − rĪQ þ rm2
QĪL=M

2
L



þOðQ5Þ;

J̄ðs−1ÞQ;R ðs; uÞ ¼ s − u
8

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQRðM2

bÞ − rĪQ þ rm2
QĪR=M

2
R



þOðQ5Þ;

J̄ðt−1ÞL;Q ðs; uÞ ¼ s − u
16

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQLðM2

aÞ − rĪQ þ rm2
QĪL=M

2
L



þOðQ5Þ;

J̄ðt−1ÞQ;R ðs; uÞ ¼ s − u
16

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQRðM2

bÞ − rĪQ þ rm2
QĪR=M

2
R



þOðQ5Þ;
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J̄ðt−2ÞL;Q ðs; uÞ ¼ M2
ab

8

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQLðM2

aÞ − rĪQ þ rm2
QĪL=M

2
L




þ 1

4
ðδL −m2

Q − ðM2
a −M2

bÞ=2Þ
n
rM2

abĪQLðM2
aÞ − ĪQ þm2

QĪL=M
2
L

o
þOðQ5Þ;

J̄ðt−2ÞQ;R ðs; uÞ ¼ M2
ab

8

	�
r2
M2

ab

2
− 4m2

Q

�
ĪQRðM2

bÞ − rĪQ þ rm2
QĪR=M

2
R




þ 1

4
ðδR −m2

Q þ ðM2
a −M2

bÞ=2Þ
n
rM2

abĪQRðM2
bÞ − ĪQ þm2

QĪR=M
2
R

o
þOðQ5Þ; ð22Þ

where we keep in (22) heavy tadpole terms proportional to rm2
QĪL=M

2
L and rm2

QĪR=M
2
R. Their scale dependence cannot be

discriminated from the corresponding terms proportional to rĪQ. In our scheme neither the LEC c0 and c1 nor g1 receive a
finite renormalization from the bubble loop terms in (22).

IV. SCATTERING WITH TRIANGLE DIAGRAMS

We turn to the triangle diagrams of Fig. 6 with

T triangle
ab ðs; t; uÞ ¼ TðsÞ

ab ðs; t; uÞ þ TðuÞ
ab ðs; t; uÞ þ TðtÞ

abðs; t; uÞ; ð23Þ

where we use the conventional Mandelstam variables s, t, and u of two-body scattering. The indices b and a specify the
initial and final flavor channels of the chosen process. The three contributions in (23) correspond to the three rows in Fig. 6
in consecutive order. The first term is characterized by its s-channel, the second by its u-channel and the third by its
t-channel unitarity cuts. For given I and S channels the expressions can conveniently be factorized into universal loop
functions and Clebsch coefficients,

f4TðsÞðs; t; uÞ ¼ g2P
X

Q;H∈ ½0−�

� X
L∈ ½1−�

CðsÞ
L;QHJ

ðsÞ
L;QHðs; uÞ þ

X
R∈ ½1−�

CðsÞ
QH;RJ

ðsÞ
QH;Rðs; uÞ


;

f4TðuÞðs; t; uÞ ¼ g2P
X

Q;H∈ ½0−�

� X
L∈ ½1−�

CðuÞ
L;QHJ

ðuÞ
L;QHðs; uÞ þ

X
R∈ ½1−�

CðuÞ
QH;RJ

ðuÞ
QH;Rðs; uÞ


;

f4TðtÞðs; t; uÞ ¼ g2P
X

Q;L∈ ½1−�;R∈ ½1−�
CðtÞ
Q;LRJ

ðtÞ
Q;LRðs; uÞ þ g2P

X
H∈ ½0−�;PQ

CðsÞ
H;PQJ

ðsÞ
H;PQðs; uÞ

þ g2P
X

H∈ ½0−�;PQ
CðuÞ
H;PQJ

ðuÞ
H;PQðs; uÞ þ g2P

X
H∈ ½0−�;PQ

CðtÞ
H;PQJ

ðtÞ
H;PQðs; uÞ

þ g2P
X

H∈ ½0−�;PQ
CðχÞ
H;PQJ

ðχÞ
H;PQðs; uÞ;

with JðtÞQ;LRðs; uÞ ¼ −JðtÞQ;LRðu; sÞ; JðtÞH;PQðs; uÞ ¼ JðuÞH;PQðu; sÞ;
JðsÞH;PQðs; uÞ ¼ JðsÞH;PQðu; sÞ; JðχÞH;PQðs; uÞ ¼ JðχÞH;PQðu; sÞ; ð24Þ

where the Clebsch coefficients depend on the isospin and
strangeness of the intermediate ðL;Q;H; RÞ and external
ða; bÞ mesons. While Q, P are placeholder indices for a
Goldstone boson in (24), the indices L, R, and H refer to
the heavy fields with JP ¼ 1− and JP ¼ 0− quantum
numbers. The loop functions depend on not only the
internal masses, mQ,MH andML,MR, but also on external
masses mb, Mb and ma, Ma, where we use small m’s for

FIG. 5. Dashed lines stand for pion, kaon, or eta mesons and
solid lines and double-solid lines for charmed mesons with JP ¼
0− and JP ¼ 1−, respectively. The vertices are from [37].
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Goldstone boson masses and big M’s for the masses of the
0− and 1− charmed mesons. In (24) it holds L;R∈ ½1−�,
exclusively. In the s- and u-channel exchange diagrams it
holds H∈ ½0−�, in the t-channel terms H∈ ½1−�.
The s-channel Clebsch coefficients are readily expressed

in terms of the tree-level coefficients CWT and CðuÞ
H as used

in (1) with

X
QH

CðsÞ
QH;R

���
ab

¼ −
1

4

X
c↔QH

CWT

���
ac
CðuÞ
R

���
cb
;

X
QH

CðsÞ
L;QH

���
ab

¼ −
1

4

X
c↔QH

CðuÞ
L

���
ac
CWT

���
cb
; ð25Þ

where we map the channel index onto its meson content
with c ↔ QH according to Table I. The corresponding

u-channel ClebschCðuÞ
L;QH andCðuÞ

QH;R follow from a crossing

transformation of CðsÞ
L;QH and CðsÞ

QH;R, like the coefficient

CðuÞ
H follows from CðsÞ

H by such a transformation. It is useful
to introduce symmetric and antisymmetric combina-
tions with

X
L

CðsÞ
L;QHJ

ðsÞ
L;QHðs; uÞ þ

X
L

CðsÞ
QH;LJ

ðsÞ
QH;Lðs; uÞ ¼

X
L

Cðs;þÞ
L;QHJ

ðs;þÞ
L;QHðs; uÞ þ

X
L

Cðs;−Þ
L;QHJ

ðs;−Þ
L;QHðs; uÞ þ

X
L

Cðs;þÞ
QH;LJ

ðs;þÞ
QH;Lðs; uÞ

þ
X
L

Cðs;−Þ
QH;LJ

ðs;−Þ
QH;Lðs; uÞ;

Cðs;�Þ
L;QH ¼ 1

2

�
CðsÞ
L;QH � CðsÞ

QH;L

�
; Jðs;�Þ

L;QHðs; uÞ ¼
1

2

�
JðsÞL;QHðs; uÞ � JðsÞQH;Lðs; uÞ

�
;

Cðs;�Þ
QH;L ¼ Cðs;�Þ

L;QH; Jðs;�Þ
QH;Lðs; uÞ ¼ Jðs;�Þ

L;QHðs; uÞ;�
Cðs;�Þ
L;QH

�
ab ¼ ��

Cðs;�Þ
L;QH

�
ba;

�
Jðs;�Þ
L;QHðs; uÞ

�
ab ¼ ��

Jðs;�Þ
L;QHðs; uÞ

�
ba;

because ½JQH;Lðs; uÞ
�
ab ¼

�
JL;QHðs; uÞ

�
ba; ð26Þ

where we used identical summation indices with R → L in the first line of (24). One would expect that it is justified to
neglect the mass differences fromML orMR in the loop functions summed over L or R. This leads to a factorization with the
averaged Clebsch structures being implied by Cu−ch as recalled already in (2). In particular, we find

X
R

CðsÞ
QH;R þ

X
L

CðsÞ
L;QH ¼ 8CðsÞ

QH −
1

4
Cðs−2Þ
QH þ 1

2
Cðs−3Þ
QH ;

X
R

CðuÞ
QH;R þ

X
L

CðuÞ
L;QH ¼ 8CðuÞ

QH −
1

4
Cðu−2Þ
QH þ 1

2
Cðu−3Þ
QH ; ð27Þ

with the Clebsch on the rhs of (27) already used in the Appendix of [37].

TABLE I. Coupled-channel states with ðI; SÞ as introduced in
[2]. For a channel index a ↔ QH the meson content
Q∈ fπ; K; K̄; ηg and H∈ fD;Dsg ¼ ½0−� is specified.

ð1
2
;þ2Þ ð0;þ1Þ ð1;þ1Þ ð1

2
; 0Þ ð3

2
; 0Þ ð0;−1Þ ð1;−1Þ

1∶πD
1∶KD 1∶πDs

1∶KDs 2∶ηD 1∶πD 1∶K̄D 1∶K̄D
2∶ηDs 2∶KD

3∶K̄Ds

FIG. 6. Dashed lines stand for pion, kaon, or eta mesons and
solid and double-solid lines for charmed mesons with JP ¼ 0−

and JP ¼ 1−, respectively. The vertices are from [37].
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Similarly, the treatment of the t-channel terms is streamlined upon the introduction of symmetric and antisymmetric
Clebsch and loop combinations,

Cð���Þ
H;PQJ

ð���Þ
H;PQ ¼ Cð���þÞ

H;PQJ
ð���þÞ
H;PQ þ Cð���−Þ

H;PQJ
ð���−Þ
H;PQ;

�
Jð���ÞH;PQ

�
ab ¼

�
Jð���ÞH;QP

�
ba; ð28Þ

with
�
Cð����Þ
H;PQ

�
ab ¼

1

2

��
Cð���Þ
H;PQ

�
ab �

�
Cð���Þ
H;PQ

�
ba

�
;

�
Jð����Þ
H;PQ

�
ab ¼

1

2

��
Jð���ÞH;PQ

�
ab �

�
Jð���ÞH;PQ

�
ba

�
;

X
H

Cðs�Þ
H;PQ ¼

X
H

ðCðt�Þ
H;PQ þ Cðu�Þ

H;PQÞ; Cðs−Þ
H;PQ ¼ 8Cð−Þ

PQ;

X
H

ðCðtþÞ
H;PQ − CðuþÞ

H;PQÞ ¼ 16CðþÞ
PQ ;

X
H

Cðχ−Þ
H;PQ ¼ 8ð2mB0C

ðχÞ;π
PQ þ ðmþmsÞB0C

ðχÞ;K
PQ Þ; ð29Þ

in terms of the Clebsch listed in Tables III and XXI of [37].
In the following we discuss in depth the computation of the loop functions. It suffices to specify the s- and t-channel loop

functions. The u-channel expressions follow from the s-channel loop by the crossing replacement s ↔ u as is implied by
qμ ↔ −q̄μ. We find

JðsÞL;QHðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðlþ p̄Þq̄μðlþ wÞν

−iμ4−d

l2 −m2
Q

ðlþ wþ pÞ · ðl − qÞ
ðlþ wÞ2 −M2

H
;

JðsÞQH;Rðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q

ðlþ wþ p̄Þ · ðl − q̄Þ
ðlþ wÞ2 −M2

H
qαðlþ wÞβSαβ;μνR ðlþ pÞlμpν;

JðtÞQ;LRðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
lαp̄βS

αβ;σ̄ τ̄
L ðlþ p̄Þgτ̄τSστ;μνR ðlþ pÞlμpνððlþ p̄Þσ̄ðqþ q̄Þσ þ ðqþ q̄Þσ̄ðlþ pÞσÞ;

JðsÞH;PQðs; uÞ ¼
Z

ddl
ð2πÞd

−ðq̄ · qÞ − ðlþ q̄Þ · ðlþ qÞ
ðlþ q̄Þ2 −m2

P

−iμ4−d

ðlþ qÞ2 −m2
Q
ðlþ q̄Þαp̄βS

αβ;μν
H ðlþ pþ qÞðlþ qÞμpν;

JðtÞH;PQðs; uÞ ¼
Z

ddl
ð2πÞd

ðlþ qÞ · qþ q̄ · ðlþ q̄Þ
ðlþ q̄Þ2 −m2

P

−iμ4−d

ðlþ qÞ2 −m2
Q
ðlþ q̄Þαp̄βS

αβ;μν
H ðlþ pþ qÞðlþ qÞμpν;

JðuÞH;PQðs; uÞ ¼
Z

ddl
ð2πÞd

−ðlþ q̄Þ · q − q̄ · ðlþ qÞ
ðlþ q̄Þ2 −m2

P

−iμ4−d

ðlþ qÞ2 −m2
Q
ðlþ q̄Þαp̄βS

αβ;μν
H ðlþ pþ qÞðlþ qÞμpν;

JðχÞH;PQðs; uÞ ¼
Z

ddl
ð2πÞd

1

ðlþ q̄Þ2 −m2
P

−iμ4−d

ðlþ qÞ2 −m2
Q
ðlþ q̄Þαp̄βS

αβ;μν
H ðlþ pþ qÞðlþ qÞμpν; ð30Þ

where we use w ¼ pþ q ¼ p̄þ q̄ with q2 ¼ m2
b, p2 ¼ M2

b and q̄2 ¼ m2
a, p̄2 ¼ M2

a. The renormalization scale of
dimensional regularization is μ. Given the shortage of available letters in any notation scheme we purposely use μ in two
distinct mathematical contexts. From the specific form of the t-channel loop functions in (30) it is evident that they are all
invariant under a simultaneous interchange of P ↔ Q and ðq; pÞ ↔ ðq̄; p̄Þ, as was used in (28).
The proper evaluation of the triangle-loop functions in (30) is not quite so straightforward, in particular, if one insists on

the use of on-shell meson masses. Following previous works [54–57], in an initial step, our one-loop triangle contributions
in (30) are expressed in terms of three scalar loop functions,

Ia ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
a
;

Iabðk2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
a

1

ðlþ kÞ2 −m2
b

;

Iabcðp̄2; p̄ · p; p2Þ ¼
Z

ddl
ð2πÞd

1

ðlþ p̄Þ2 −m2
a

iμ4−d

l2 −m2
b

1

ðlþ pÞ2 −m2
c
; ð31Þ
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as introduced in dimensional regularization. The scalar integrals in (31) arise in the evaluation of (30) with the indices a, b, c
replaced by any of the indicesQ,H, L, R. For instance, we will encounter the tadpole integrals, IL, IH, IR, and IQ, where for
L, H, R the mass parameter ML, MH, MR are to-be-used in (31). In case of the index Q the mass parameter mQ is
encountered.
In the reduction of the triangle loops the following scalar bubble and triangle-loop expressions occur, in addition,

ILR ¼ ILRðtÞ; ILH ¼ ILHðq̄2Þ; IRH ¼ IRHðq2Þ;
IQH ¼ IQHðsÞ; IQL ¼ IQLðp̄2Þ; IQR ¼ IQRðp2Þ;

IL;QH ¼ ILQHðp̄2; p̄ · w;w2Þ; IQH;R ¼ IHQRðw2; w · p; p2Þ; IQ;LR ¼ ILQRðp̄2; p̄ · p; p2Þ; ð32Þ
where we specify the kinematical points at which such integrals are needed.
There are a few well-known technical issues to be considered. A straightforward evaluation of the set of diagrams leads to

results that suffer from terms that are at odds with their expected chiral power. There are terms, not only of too low, but also
of too high orders, both of which need to be eliminated as to arrive at consistent results. For instance, according to
dimensional counting rules one expects for properly renormalized scalar loop functions

IQ → ĪQ ∼Q2; IQH → ĪQH ∼Q1; IQH;R → ĪQH;R ∼Q0; ð33Þ
where we use a bar for renormalized quantities. As was already pointed out in [59] loop functions that are ultraviolet
convergent do not give rise to power-counting violating contributions. Indeed, the expected chiral power of the scalar
triangle loop can be confirmed by an explicit computation.
Yet, there is another technical complication that needs to be resolved. Any application of the original Passarino-Veltman

decomposition scheme [58] requires the knowledge of specific correlations of the scalar basis functions at particular
kinematic conditions [60–67]. If such relations are ignored, then results will suffer from kinematical singularities, a
potentially pernicious situation. Therefore, it is useful to extend the set of scalar basis integrals, such that a decomposition
arises void of superficial singularities. This was advocated already in [56,57] in studies of axial form factors of the baryons.
Two examples relevant for scattering at the one-loop level are discussed in detail below. Consider two candidates for such
extra basis functions with

Ið1ÞL;QH ¼ 1

2

w2ðv2QLIL;QH − ILH þ IQHÞ − ðp̄ · wÞðv2QHIL;QH − ILH þ IQLÞ
p̄2w2 − ðp̄ · wÞ2 ;

Ið1ÞQH;R ¼ 1

2

w2ðv2QRIQH;R − IHR þ IQHÞ − ðw · pÞðv2QHIQH;R − IHR þ IQRÞ
w2p2 − ðw · pÞ2 ;

v2QL ¼ p̄2 −M2
L þm2

Q; v2QR ¼ p2 −M2
R þm2

Q; v2QH ¼ w2 −M2
H þm2

Q; ð34Þ

where we assure that both functions Ið1ÞL;QH and Ið1ÞQH;R are regular at the problematic threshold conditions s ¼ ðw · pÞ2=p2

and s ¼ ðp̄ · wÞ2=p̄2. The verification of our claim is tedious and asks for a more powerful viewpoint. We will generalize

that extra basis functions with IðnÞL;QH and IðnÞQH;R, where with the case n ¼ 0, we recover the original scalar triangles. We
introduce the set of basis functions

IðnÞL;QH ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xn

FL;QHðx; yÞ
∼Q0;

IðnÞQH;R ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xn

FQH;Rðx; yÞ
∼Q0;

FL;QHðx; yÞ ¼ m2
Q − xv2QL − yv2QH þ x2p̄2 þ y2w2 þ 2xyðp̄ · wÞ;

FQH;Rðx; yÞ ¼ m2
Q − xv2QR − yv2QH þ x2p2 þ y2w2 þ 2xyðw · pÞ; ð35Þ

in terms of a Feynman parameter ansatz. We complement our choice of basis functions with
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IðnÞQ;L̄R ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xn

FQ;LRðx; yÞ
∼Q0;

IðnÞQ;LR̄ ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
yn

FQ;LRðx; yÞ
∼Q0;

IðnÞH;P̄Q ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xn

FH;PQðx; yÞ
∼Q−1;

IðnÞH;PQ̄ ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
yn

FH;PQðx; yÞ
∼Q−1;

FQ;LRðx; yÞ ¼ m2
Q − xv2QL − yv2QR þ x2p̄2 þ y2p2 þ 2xyðp̄ · pÞ;

FH;PQðx; yÞ ¼ M2
H − xv2HP − yv2HQ þ x2p̄2 þ y2p2 þ 2xyðp̄ · pÞ;

v2HP ¼ p̄2 −m2
P þM2

H; v2HQ ¼ p2 −m2
Q þM2

H; ð36Þ

where our sets of basis functions in (36) transform into each
other under exchange of p̄ ↔ p if combined with L ↔ R
or P ↔ Q. Corresponding pairs of basis loop functions are
instrumental since the loop functions (30) and (C4) have
specific properties under such transformations.
By construction such functions (35) and (36) are void of

kinematical constraints. The definitions (35) are compatible
with (34) for n ¼ 1 and (31) and (32) for n ¼ 0. For

example, it holds Ið0ÞL;QH ¼ IL;QH and Ið0ÞQ;L̄R¼ Ið0ÞQ;LR̄¼ IQ;LR.

We note that also for IðnÞQ;LR and IðnÞH;PQ or n > 1 expressions
analogous to (34) can be derived, however, they turn more
and more tedious as n increases, involving higher degrees
of superficial pole structures. The explicit expression for
n ¼ 2 is given in (B12) of Appendix B.
We note that while the integral representations (35) and

(36) are numerically stable for spacelike 4-momenta only,
the hierarchy of functions with n ¼ 0; 1; 2;… has identical
analytic branch points and cuts as they arise for timelike
4-momenta. The crucial question arises whether a decom-
position of the loop functions into our choice of basis loops
can be defined in an unambiguous manner. This is indeed
the case, a proof of which is provided in Appendix B.

We now assume that a given triangle loop is decomposed
into our extended set of scalar loop functions. Such
expressions are prohibitively involved and therefore not
shown here. A useful representation can be obtained,
nevertheless, upon a chiral expansion thereof. This goes
in two steps. First we need to expand the coefficients in
front of our basis functions in chiral powers. Here we apply
the power-counting scheme [37] introduced in terms of on-
shell hadron masses, as recalled in (15).
In order to specify the chiral order of a given contribution

we need to assign a chiral power to the basis loop functions
also. A subtraction scheme for the basis functions such that
power-counting respecting renormalized basis loop func-
tions arise is constructed. Such a procedure is symmetry
conserving [56,59,68,69] as long as there is an unambigu-
ous prescription for how to represent such one-loop
contributions in terms of the set of basis functions. In this
case we do not expect any violation of the chiral Ward
identities of QCD.
Following our previous works [54–57] we introduce

renormalized scalar bubble-loop functions that are inde-
pendent of the renormalization scale. Here it is instrumental
to carefully discriminate the light from the heavy particles,

ĪPQ ¼ IPQðtÞ þ
IQ
2m2

Q
þ IP
2m2

P
; ĪLR ¼ ILRðtÞ þ

IL
2M2

L
þ IR
2M2

R
;

ĪLH ¼ ILHðsÞ þ
IL
2M2

L
þ IH
2M2

H
; ĪHR ¼ IHRðsÞ þ

IH
2M2

H
þ IR
2M2

R
;

ĪQL ¼ IQL −
1 − γ

16π2
þ IL
M2

L
; ĪQR ¼ IQR −

1 − γ

16π2
þ IR
M2

R
;

ĪQH ¼ IQH −
1 − γH

16π2
þ IH
M2

H
; γ ¼ −r log

r
1þ r

; r ¼ M̃2 −M2

M2
;

ĪLR → 0; ĪLH → 0; ĪHR → 0; γH∈ ½0−� ¼ 0; γH∈ ½1−� ¼ γ; ð37Þ

where we use P, Q as placeholders for the light fields (Goldstone bosons) but H, L, R as placeholders for the heavy fields
(charmed mesons). An explicit expression for ĪQH ¼ ĪQHðsÞwas already recalled in (14). In turn it is left to renormalize the
tadpole contributions with
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ĪQ ¼ m2
Q

ð4πÞ2 log
m2

Q

μ2
; ð38Þ

in terms of the renormalization scale μ of dimensional regularization as implied by MS subtraction scheme. For the heavy
fields their tadpole contributions are dropped with ĪL;H;R → 0 if associated with power-counting violating structures, but
kept otherwise.
It is noteworthy that the scalar triangle loops are finite and do not show a renormalization scale dependence, i.e.,

ĪðnÞL;QH ¼ IðnÞL;QH −
γ̄n

16π2M2
∼Q0; ĪðnÞQH;R ¼ IðnÞQH;R −

γ̄n
16π2M2

∼Q0;

γ̄0 ¼
1

r
logð1þ rÞ þ log

1þ r
r

; γ̄1 ¼
1þ r
3r

þ r
3
logðrÞ − 1þ r3

3r2
logð1þ rÞ;

γ̄2 ¼ − 2 − r − r2 þ 2r3

10r2
− r2

5
logðrÞ þ 1þ r5

5r3
logð1þ rÞ;

ĪðnÞQ;LR ¼ IðnÞQ;LR −
γn

16π2M2
∼Q0;

γ0 ¼ log
1þ r
r

; γ1 ¼
1

2
−
r
2
log

1þ r
r

; γ2 ¼
1

6
−
r
3
þ r2

3
log

1þ r
r

;

γ3 ¼
1

12
−
r
8
þ r2

4
−
r3

4
log

1þ r
r

; with r ¼ M̃2 −M2

M2
;

ĪðnÞH;PQ ¼ IðnÞH;PQ: ð39Þ

All power-counting violating terms are eliminated by our renormalization conditions in which the unbar basis loop
functions are replaced by their bar versions. The expectations of dimensional counting rules come true. In particular, it holds
ĪQH ∼Q1. Moreover, owing to the additional subtraction terms γ we also implemented the expectation of counting rules in
the chiral domain with mQ ≪ M̃ −M. Here it holds

ĪQH ∼
m2

Q

M̃2 −M2
∼Q2; ĪðnÞQ;LR ∼

m2
Q

M2ðM̃2 −M2Þ ∼Q2;

ĪðnÞL;QH ∼ ĪðnÞQH;R ∼
mQ

MðM̃2 −M2Þ ∼Q1; ĪðnÞH;QP ∼
1

M2 − M̃2
∼Q0; ð40Þ

where we use s ¼ M2 and t ¼ 0 together with H∈ ½1−� for simplicity.
We emphasize that here the introduction of the extended basis functions in (35) plays a crucial role. We substantiate the

findings of [59] that power-counting violating terms stem from divergent structures. Convergent structures are expected not
to cause complications, however, this is so only if contributions are cast in an unambiguous manner into our extended basis
functions. Here we rely heavily on the results of Appendix B, in which the usefulness of our basis functions is proven. By
this we can exclude possible cancellations amongst superficially power-counting violating terms. Indeed all our explicit
results confirm the power-counting expectation.
After some algebra we arrive at the amazingly compact Q3 terms in the triangle diagrams of Fig. 6. For the s- and

u-channel diagrams it holds

J̄ðsÞQH;Rðs; uÞ ¼
s − u − rM2

ab

32

n�
ðs − uÞ2 − 8m2

bM
2
ab

�
Īð1ÞQH;RðsÞ

þ ðs − uÞ
h�

s − uþ rM2
ab

�
ĪQH;RðsÞ þ 2ĪQRðM2

bÞ − 2ĪQHðsÞ
io

þOðQ4Þ;

J̄ðsÞL;QHðs; uÞ ¼
s − u − rM2

ab

32

n�
ðs − uÞ2 − 8m2

aM2
ab

�
Īð1ÞL;QHðsÞ

þ ðs − uÞ
h�

s − uþ rM2
ab

�
ĪL;QHðsÞ þ 2ĪQLðM2

aÞ − 2ĪQHðsÞ
io

þOðQ4Þ;

J̄ðuÞQH;Rðs; uÞ ¼ J̄ðsÞQH;Rðu; sÞ; J̄ðuÞL;QHðs; uÞ ¼ J̄ðsÞL;QHðu; sÞ; ð41Þ
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where we make the kinematical dependencies explicit
again. The chiral counting rules (15) together with r ∼Q
are used. Given our renormalization scheme no power-
counting violating terms arise. At this order there is no
renormalization scale dependence from any of the tadpole
contributions. As a consequence, we do not encounter a
renormalization of the third order LEC gn from such loop
contributions. The order Q4 terms are a bit more tedious
and therefore are delegated to Appendix C. Here tadpole
and bubble loop contributions are involved.

We note that the results (41) have the expected leading
scaling behavior in the chiral domain with J̄ðs;uÞQH;Rðs; uÞ ∼
Q4 and J̄ðs;uÞL;QHðs; uÞ ∼Q4. This is a consequence of the
scaling behavior of our basis functions (40) in that domain
around s ∼M2

ab=2.
We continue with the expansion of our t-channel loop

functions in chiral powers according to (15) with r ∼Q,
where we drop terms only that are of order Q4 or higher.
With this we find the compact expressions

J̄ðtÞQ;LRðs; uÞ ¼
s − u
4

	
−ĪQ þ 1

2
m2

Q

h
ĪL=M2

L þ ĪR=M2
R

i

þ r
2
M2

ab

h
ĪQLðM2

aÞ þ ĪQRðM2
bÞ
i
þ 2

�
m2

Q −
r2

8
M2

ab

�
M2

abĪQ;LRðtÞ


þOðQ4Þ;

J̄ð−ÞH;PQðs; uÞ ¼
M2

ab

16

	
r
h
ĪQ þ ĪP −m2

PQĪH=M
2
H

i
þ 2ðm2

P −m2
QÞ
h
ĪPHðM2

aÞ − ĪQHðM2
bÞ
i

þ
�
4m2

PQ þ 2m2
ab − 6t −

r2

2
M2

ab

�h
ĪQHðM2

aÞ þ ĪPHðM2
bÞ
i

− ðm2
PQ þm2

ab − 3tÞ
�
rĪPQðtÞ − rĪP=ð2m2

PÞ − rĪQ=ð2m2
QÞ þ rĪH=M2

H

þ 2

�
m2

PQ − t −
r2

4
M2

ab

�
ĪH;PQðtÞ



þOðQ4Þ;

J̄ðþÞ
H;PQðs; uÞ ¼

s − u
8

	
5

6
ðĪQ þ ĪPÞ −

1

6
ð5m2

PQ − tÞĪH=M2
H þ ð3m2

PQ − tÞ 1

144π2

−
1

6

�
4m2

PQ − 5t −
3

2
r2M2

ab

�h
ĪPQðtÞ − ĪP=ð2m2

PÞ − ĪQ=ð2m2
QÞ þ ĪH=M2

H

i

−
1

6
ðm2

P −m2
QÞ2

ĪPQðtÞ − ĪPQð0Þ
t

−
r
2
M2

ab

h
ĪQHðM2

bÞ þ ĪPHðM2
aÞ
i

þ r
2
M2

ab

�
m2

PQ − t −
r2

4
M2

ab

�
ĪH;PQðtÞ




þm2
a −m2

b

8
M2

ab

	
ĪPHðM2

aÞ − ĪQHðM2
bÞ þ rðm2

P −m2
QÞ

ĪPQðtÞ − ĪPQð0Þ
2t

−
�
m2

PQ − t −
r2

4
M2

ab

�h
Īð1ÞH;P̄QðtÞ − Īð1ÞH;PQ̄ðtÞ

i

þOðQ4Þ;

J̄ðχÞH;PQðs; uÞ ¼
M2

ab

8

	
r
h
ĪPQðtÞ − ĪP=ð2m2

PÞ − ĪQ=ð2m2
QÞ þ ĪH=M2

H

i
− 2ĪPHðM2

aÞ

− 2ĪQHðM2
bÞ þ 2

�
m2

PQ − t −
r2

4
M2

ab

�
ĪH;PQðtÞ



þOðQ2Þ;

1

2
J̄ðtÞH;PQðs; uÞ þ

1

2
J̄ðuÞH;PQðs; uÞ ¼

t
2
J̄ðχÞH;PQðs; uÞ;

J̄ðþÞ
H;PQðs; uÞ ¼

1

2
J̄ðtÞH;PQðs; uÞ −

1

2
J̄ðuÞH;PQðs; uÞ;

J̄ð−ÞH;PQðs; uÞ ¼ J̄ðsÞH;PQðs; uÞ þ
1

2
ðJ̄ðtÞH;PQðs; uÞ þ J̄ðuÞH;PQðs; uÞÞ; ð42Þ
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where, again, the order Q4 terms are shown in the
Appendix. In (42) we detail the particular combinations

J̄ð�Þ
H;PQðs; uÞ rather than the original JðtÞH;PQðs; uÞ and

JðuÞH;PQðs; uÞ functions. This is convenient since the former
have more transparent properties under a crossing trans-
formation. The relevant contributions to the reaction
amplitudes follow by a simple rewrite.
Given our renormalization scheme no power-counting

violating terms arise if we insist on r ∼Q or r ∼Q2. At this
order there is a renormalization scale dependence in the

t-channel loop J̄ðþÞ
H;PQðs; uÞ only, as is implied here by the

ĪP; ĪQ or ĪH=M2
H tadpoles. Such terms request a scale

dependence of the third order LEC g1 and g2. The

scale invariance of the loop functions J̄ð−ÞH;PQðs; uÞ and

J̄ðχÞH;PQðs; uÞ is a consequence of the condition that the
LEC c0 and c1 remain untouched by our renormalized loop
effects. The derivation of these results is not straightfor-
ward as it depends on the difficult-to-control heavy tadpole

terms. This can be exemplified by the JðtÞQ;LRðs; uÞ loop, for
which its coefficient in front of the ĪL and ĪR depends
critically on terms of formally higher order. Via power-
counting violating effects such higher order terms do
influence the third-order heavy tadpole terms as can be
easily verified by explicit computations. Its proper and

unambiguous value can be determined only by the request
that the third order amplitudes do not depend on the
renormalization scale. Any other choice would be at odds
with this requirement.
The following Clebsch identities are useful in deriving

the renormalization scale invariance of the sum of all third-
order terms,

X
Q;LR

CðtÞ
Q;LRm

2
Q ¼

X
Q

Cð0Þ
Q m2

Q;

X
H;PQ

ðCðtÞ
H;PQ − CðuÞ

H;PQÞðm2
abÞ ¼

3

2

X
Q

Cð1Þ
Q m2

Q;

X
H;PQ

ðCðtÞ
H;PQ − CðuÞ

H;PQÞðm2
P þm2

QÞ ¼
X
Q

Cð2Þ
Q m2

Q;

X
H;PQ

ðCðtÞ
H;PQ − CðuÞ

H;PQÞ ¼ 3CWT; ð43Þ

with the Clebsch Cð1Þ
Q and CWT specifying the g1 and g2

terms in the third-order tree-level contributions (1). The

form of Cð0Þ
Q , Cð1Þ

Q , and Cð2Þ
Q in Table II confirms the

necessity of the particular manner of how the heavy tadpole

terms ĪL; ĪR, and ĪH contribute in J̄ðtÞQ;LRðtÞ and J̄ðþÞ
H;PQðs; uÞ.

Altogether it holds

TABLE II. The coefficients Cð0Þ
Q , Cð1Þ

Q , and Cð2Þ
Q from (43).

Cð0Þ
Q Cð1Þ

Q Cð2Þ
Q

ðI; SÞ π K η π K η π K η

ð1
2
;þ2Þ 0 − 1

2
1
3

0 −4 0 0 −6 0

ð0;þ1Þ 0 1
2

− 1
6

0 8 0 6 6 0
0 0 1

2
ffiffi
3

p 0 2
ffiffiffi
3

p
2

ffiffiffi
3

p
3
2

ffiffiffi
3

p
3

ffiffiffi
3

p
3
2

ffiffiffi
3

p

0 0 0 0 0 0 0 0 0

ð1;þ1Þ 0 0 0 0 0 0 0 0 0
0 0 1

6
2 2 0 3

2
3 3

2− 1
2

1
2

0 0 0 0 −2 2 0

ð1
2
; 0Þ 1

2
0 − 1

6
8 0 0 8 4 0

0 0 0 0 0 0 0 0 0
0 0 1

2
ffiffi
6

p
ffiffiffi
6

p ffiffiffi
6

p
0 3

2

ffiffi
3
2

q
3

ffiffi
3
2

q
3
2

ffiffi
3
2

q
0 0 0 0 0 0 0 0 0
0 0 − 1

2
ffiffi
6

p 0 − ffiffiffi
6

p − ffiffiffi
6

p
− 3

2

ffiffi
3
2

q
−3

ffiffi
3
2

q
− 3

2

ffiffi
3
2

q
0 1

2
− 1

3
0 4 0 0 6 0

ð3
2
; 0Þ − 1

4
0 1

12
−4 0 0 −4 −2 0

ð0;−1Þ 3
4

− 1
2

− 1
12

0 4 0 6 0 0

ð1;−1Þ 1
4

− 1
2

1
12

0 −4 0 −2 −4 0
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f2μ2

M
d
dμ2

g1 ¼ −
1 − g2P
512π2

;
f2μ2

M
d
dμ2

g2 ¼ −
1 − g2P
512π2

;

d
dμ2

g3;4;5 ¼ 0: ð44Þ

We note that in the chiral domain we expect
further suppressed results with J̄ðtÞQ;LRðs; uÞ ∼Q5 and

J̄ðs;t;uÞH;PQ ðs; uÞ ∼Q4. Here we encounter superficial power-
counting violating terms, which one may or may not
eliminate, in part, by a subtraction scheme similar to the

one developed already in [56,57]. Let us discuss J̄ðtÞQ;LRðs; uÞ
in more detail. Here we note that the tadpole term ĪQ does
not depend on either ML nor MR. In turn, it is more
reasonable to keep such superficially power-counting
violating (in the chiral domain only) terms, in particular,
since their effect cannot be absorbed into existing counter
terms. An analogous phenomenon occurs in the bubble-
type contributions. In fact, the sum of both tadpole and
bubble terms confirms the expected scaling behavior in that
domain. The remaining terms proportional to the scalar
triangle show their expected scaling unambiguously in the
chiral domain, so there is no need for any additional
subtraction in any case. However, it is useful to observe
that without the subtraction terms in ĪQLðM2

aÞ; ĪQRðM2
bÞ,

and ĪQ;LRðtÞ there would be a contribution at small quark

masses proportional to ðs − uÞ logðr=ð1þ rÞÞCWT=f2 that
acts as an unwanted renormalization of the Tomozawa-
Weinberg term in (1).

V. SCATTERING WITH BOX DIAGRAMS

We consider now the box diagrams of Fig. 7. The four
contributions in (45) correspond to the two rows in Fig. 7 in
consecutive order. The first term is characterized by its
s- and t-channel, the second by its u- and t-channel
unitarity cuts. The expressions can conveniently be factor-
ized into universal loop functions and Clebsch coefficients,

f4Tboxðs; t; uÞ ¼ g2P
X

LR∈ ½1−�

�
g2P

X
Q;H∈ ½0−�

Jð0ÞQH;LRðs; tÞ þ g̃2P
X

Q;H∈ ½1−�
Jð1ÞQH;LRðs; tÞ


CðsÞ
QH;LR

þ g2P
X

LR∈ ½1−�

�
g2P

X
Q;H∈ ½0−�

Jð0ÞQH;LRðu; tÞ þ g̃2P
X

Q;H∈ ½1−�
Jð1ÞQH;LRðu; tÞ


CðuÞ
QH;LR;

X
QH

CðsÞ
QH;LR

���
ab

¼ −
X

c↔QH

CðuÞ
L

���
ac
CðuÞ
R

���
cb
; ð45Þ

where the Clebsch coefficients depend on the isospin and strangeness of the intermediate ðQ;H; L; RÞ and external ða; bÞ
mesons. The loop functions are expressed in terms of the internal masses, mQ, MH and ML, MR and external masses m2

b ¼
q2;M2

b ¼ p2 and m2
a ¼ q̄2;M2

a ¼ p̄2. In (45) it holds L;R∈ ½1−� always, but H∈ ½0−� in Jð0ÞQH;LR and H∈ ½1−� in Jð1ÞQH;LR.
We discuss the computation of the loop functions. It suffices to specify the two s-channel loop functions. The u-channel

expressions follow from the s-channel loop by the crossing replacement s ↔ u as is already implied in (45). We find

Jð0ÞQH;LRðs; tÞ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q

�
lᾱp̄β̄S

ᾱ β̄;μ̄ ν̄
L ðlþ p̄Þðwþ lÞμ̄q̄ν̄SHðlþ wÞðwþ lÞμqνSμν;αβR ðlþ pÞlαpβ

�
;

Jð1ÞQH;LRðs; tÞ ¼
1

16

Z
ddl
ð2πÞd

iμ4−d

l2 −m2
Q

�
lᾱp̄β̄S

ᾱ β̄;μ̄ ν̄
L ðlþ p̄Þ

h
q̄τ̄ðlþ p̄Þν̄ϵμ̄ τ̄ σ̄ δ̄ − ϵμ̄ ν̄ σ̄ τ̄q̄τ̄ðlþ wÞδ̄

i
Sσ̄ δ̄;σδH ðlþ wÞ

h
ϵσδμτðlþ pÞνqτ

− ðlþ wÞδqτϵστμν
i
Sμν;αβR ðlþ pÞlαpβ

�
;

SHðlþ wÞ ¼ 1

ðlþ wÞ2 −M2
H
: ð46Þ

FIG. 7. Dashed lines stand for pion, kaon, or eta mesons and
solid and double-solid lines for charmed mesons with JP ¼ 0−

and JP ¼ 1−, respectively. The vertices are from [37].
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Our list of scalar integrals (31), (35), and (36) needs an obvious extension with a scalar box integral,

IQH;LRðs; tÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

l2 −m2
Q
SHðlþ wÞSLðlþ p̄ÞSRðlþ pÞ: ð47Þ

Like in the case of the diagrams of Fig. 6 the proper evaluation of diagrams in Fig. 7 asks for an extension of the Passarino-
Veltman functions. In Appendix D it is proven that the following set:

Iðn;mÞ
QH;LRðs; tÞ ¼

1

16π2

Z
1

0

dx
Z

1−x

0

dy
Z

1−x−y

0

dz
xnym

½FQH;LRðx; z; yÞ�2
;

FQH;LRðx; z; yÞ ¼ m2
Q − xðp̄2 −M2

L þm2
QÞ − zðw2 −M2

H þm2
QÞ − yðp2 −M2

R þm2
QÞ

þ x2p̄2 þ z2w2 þ y2p2 þ 2xyðp̄ · pÞ þ 2xzðp̄ · wÞ þ 2yzðw · pÞ; ð48Þ

implies an unambiguous decomposition of the loop diagrams of Fig. 7 void of superficial singularities. By construction it

holds Ið0;0ÞQH;LRðs; tÞ ¼ IQH;LRðs; tÞ. Like for the bubble and triangle basis functions we implement a finite subtraction as to be
consistent with power-counting expectations in the chiral domain mQ ≪ M̃ −M. Altogether we find

Īðm;nÞ
QH;LR ¼ Iðm;nÞ

QH;LR −
γHmn

16π2M4
∼Q2;

γH∈ ½0−�
00 ¼ logð1þ rÞ

r2
; γH∈ ½0−�

10 ¼ γH∈ ½0−�
01 ¼ −

log r
6

þ 1

6r3
�
2r − r2 − ð2 − r3Þ logð1þ rÞ�;

γH∈ ½0−�
11 ¼ r

log r
15

þ 1

60r4
�
−6rþ 3r2 − 2r3 þ 4r4 þ ð6 − 4r5Þ logð1þ rÞ�;

γH∈ ½0−�
20 ¼ γH∈ ½0−�

02 ¼ 2γH∈ ½0−�
11 with r ¼ M̃2 −M2

M2
;

γH∈ ½1−�
00 ¼ 1

2rð1þ rÞ ; γH∈ ½1−�
10 ¼ γH∈ ½1−�

01 ¼ −
1

6ð1þ rÞ þ
1

6
log

1þ r
r

;

γH∈ ½1−�
11 ¼ 1

24

1þ 2r
1þ r

−
r
12

log
1þ r
r

; γH∈ ½1−�
20 ¼ γH∈ ½1−�

02 ¼ 2γH∈ ½1−�
11 : ð49Þ

The two box-loop functions, as properly expressed in the particular set of basis functions, are

J̄ð0ÞQH;LRðs; tÞ ¼
1

192

�
ðs − uÞ2 − 2ðt −m2

abÞM2
ab

�h
ĪQLðM2

aÞ þ ĪQRðM2
bÞ
i
−
ðs − uÞ2

64
ĪQHðsÞ

þ ðs − uÞ2
128

�
s − uþ rM2

ab

�h
ĪQH;RðsÞ þ ĪL;QHðsÞ

i
þ s − u

128
ððs − uÞ2 − 4M2

abm
2
abÞ

h
Īð1ÞQH;RðsÞ þ Īð1ÞL;QHðsÞ

i

þ 1

96

�
−ðs − uÞ3 þ rM2

abM
2
abðt −m2

abÞ −M2
abðs − uÞðt −m2

ab þ rðs − uÞ=2Þ
�
ĪQ;LRðtÞ

þ 1

192

�
−ðs − uÞ4 þM2

abðs − uÞ2ð2m2
Q − ðt −m2

abÞ − 3rðs − uÞ=2Þ

þM2
abM

2
abð8m2

Qðt −m2
abÞ − 3r2ðs − uÞ2=4Þ

�
ĪQH;LRðs; tÞ

−
s − u
128

ðs − uþ rM2
abÞ

�ðs − uÞ2 þ 2ðt − 2m2
abÞM2

ab

�h
Īð1;0ÞQH;LRðs; tÞ þ Īð0;1ÞQH;LRðs; tÞ

i

þ 1

192

�
12½ðm2

a −m2
bÞM2

ab�2 −
h
ðs − uÞ2 − 4m2

abM
2
ab

ih
ðs − uÞ2 þ 2ðt − 2m2

abÞM2
ab

i

− 4t2M2
abM

2
ab

�
Īð1;1ÞQH;LRðs; tÞ

−
ðs − uÞ2 − 4m2

abM
2
ab

384

�ðs − uÞ2 þ 4ðt −m2
abÞM2

ab

�h
Īð2;0ÞQH;LRðs; tÞ þ Īð0;2ÞQH;LRðs; tÞ

i
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þm2
a −m2

b

96
M2

ab

�
ðs − uÞ2 þ 4ðt −m2

abÞM2
ab

�h
Īð2;0ÞQH;LRðs; tÞ − Īð0;2ÞQH;LRðs; tÞ

i

þ s − u
64

ðm2
a −m2

bÞM2
ab

n
2Īð1ÞQ;L̄RðtÞ − 2Īð1ÞQ;LR̄ðtÞ − 2Īð1ÞL;QHðsÞ þ 2Īð1ÞQH;RðsÞ

þ ðs − uþ rM2
abÞ

h
Īð1;0ÞQH;LRðs; tÞ − Īð0;1ÞQH;LRðs; tÞ

io
þOðQ4Þ; ð50Þ

and

J̄ð1ÞQH;LRðs; tÞ ¼
m2

ab − t
16

M2
abĪQHðsÞ −

1

192

�
ðs − uÞ2 − 2ðt −m2

abÞM2
ab

�h
ĪQLðM2

aÞ þ ĪQRðM2
bÞ
i

þ 1

128

�
rM2

abðs − uÞ2 − ðs − uÞ3 þ 4rM2
abM

2
abðt −m2

abÞ
�h

ĪQH;RðsÞ þ ĪL;QHðsÞ
i

−
s − u
128

�
ðs − uÞ2 þ ðt − 4m2

abÞM2
ab

�h
Īð1ÞQH;RðsÞ þ Īð1ÞL;QHðsÞ

i

þ 1

96

�
ðs − uÞ3 þ ðs − uÞðt −m2

ab − rðs − uÞ=2ÞM2
ab − 2rM2

abM
2
abðt −m2

abÞ
�
ĪQ;LRðtÞ

þ 1

192

�
ðs − uÞ4 þM2

abðs − uÞ2ð4m2
Q þ ðt −m2

abÞ − rðs − uÞ=2Þ þ 4r2ðq̄ · qÞðM2
abÞ3

þM2
abM

2
abðð16m2

Q − 2rðs − uÞÞðt −m2
abÞ − r2ðs − uÞ2=2Þ

�
ĪQH;LRðs; tÞ

þ ðs − uÞ2
128

�
ðs − uÞ2 þ 2ðt − 2m2

abÞM2
ab

�h
Īð1;0ÞQH;LRðs; tÞ þ Īð0;1ÞQH;LRðs; tÞ

i

þ 1

192

�h
ðs − uÞ2 − 4m2

abM
2
ab

ih
ðs − uÞ2 þ 2ðt − 2m2

abÞM2
ab

i

þ 4
h
t2 − 3ðm2

a −m2
bÞ2

i
M2

abM
2
ab

�
Īð1;1ÞQH;LRðs; tÞ

þ ðs − uÞ2 − 4m2
abM

2
ab

384

�
ðs − uÞ2 þ 4ðt −m2

abÞM2
ab

�h
Īð2;0ÞQH;LRðs; tÞ þ Īð0;2ÞQH;LRðs; tÞ

i

−
m2

a −m2
b

96
M2

ab

�
ðs − uÞ2 þ 4ðt −m2

abÞM2
ab

�h
Īð2;0ÞQH;LRðs; tÞ − Īð0;2ÞQH;LRðs; tÞ

i

−
s − u
128

ðm2
a −m2

bÞM2
ab

n
4ðĪð1ÞQ;L̄RðtÞ − Īð1ÞQ;LR̄ðtÞÞ − 3ðĪð1ÞL;QHðsÞ − Īð1ÞQH;RðsÞÞ

þ 2ðs − uÞ
h
Īð1;0ÞQH;LRðs; tÞ − Īð0;1ÞQH;LRðs; tÞ

io
þOðQ4Þ; ð51Þ

where we observe that there is no renormalization scale-
dependence generated at this order. Corresponding expres-
sions at chiral order four can be found in Appendix E. The
merit of our results rests on their compatibility with the
expectation of power-counting rules, while keeping the on-
shell meson masses throughout. Since the scalar basis
functions are not further expanded, our approximated
renormalized expressions enjoy the correct analytic struc-
ture as it is requested in local quantum field theories from the
microcausality condition. Since we started with unrenor-
malized expressions that suffer from large power-counting
violating contributions, it is absolutely crucial to eliminate
the latter in a manner that is sufficiently effective so that a
chiral expansion has convincing convergence properties.
While some readers may be worried about the complex-

ity of our expressions, in particular, the fourth-order results
in Appendix E, we note that a direct decomposition of (46)
leads to more than a thousand terms that cannot be properly

expanded into chiral moments. Only with our novel scheme
such contributions are cast into useful input for coupled-
channel computations, the main target of our developments.

VI. SUMMARY AND OUTLOOK

In this work we studied triangle- and box-type contribu-
tions to two-body scattering in the context of the chiral
Lagrangian with a heavy field. The formal developments are
detailed at the hand of the open-charm system of QCD, for
which we considered third- and fourth-order contributions
formulated in terms of on-shell hadronmasses. The challenge
has been to explore a novel technique that allows such
computations in compliance with chiral-power-counting
rules. While such a framework was suggested in application
of thePassarino-Veltman reduction scheme, the consideration
of triangle and box diagrams leads to additional technical
complications that asked for a major extension.
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The problem is well known in the community: the
decomposition of a given loop function into the set of scalar
basis functions of Passarino and Veltman, avoids superficial
singularities only if correlations amongst the basis functions
at specific kinematical conditions are kept exactly. How does
this go together with the request to apply a chiral expansion to
the loop functions? The simple idea behind such a decom-
position of the loop functions is the possibility to apply a
chiral expansion to the coefficient functions,without touching
the basis functions themselves. The latter have more com-
plicated properties dictated by themicrocausality condition of
local quantum field theories, so that it is advantageous to keep
their original form. The crucial observation pointed out long
ago by one of the authors is that power-counting violating
terms arise in the relevant basis functions, only, that are
ultraviolet divergent. Therefore, a suitable subtraction scheme
in the Passarino-Veltman functions suffices to restore count-
ing rules upon renormalization.
In the current work we overcome the above-described

challenge by using an extended basis set, constructed
such that kinematical constraints are avoided altogether
and at the same time consistency with power-counting
expectations is observed. We provided a proof that our
decomposition is unique and exemplified our novel scheme

with explicit expressions at chiral order three and four in
the open-charm meson sector of chiral QCD.
In the next step we will use our results for an improved

description of s- and p-wave scattering of Goldstone bosons
off charmed meson states. This will be important for on-
going lattice QCD computations on Coordinated Lattice
Simulations (CLS) [70] ensembles, where owing to their
large variety of β values a better control of discretization
effects is expected. Here, a quantitative success in the
p-wave phase shifts may require the consideration of the
left-hand cut contributions in the generalized potential as
predicted by the chiral Lagrangian in terms of triangle and
box contributions. Moreover, with our developments the
path for an improved generalized potential approach to
meson-baryon scattering based on the chiral Lagrangian is
paved. In particular, the left-hand cut contributions can be
extracted systematically from expressions as implied by our
novel method.

APPENDIX A: TERMS IN THE
CHIRAL LAGRANGIAN

The relevant terms in the chiral Lagrangian as used
in [37]

Lð1Þ ¼ 2gP
n
DμνUμð∂̂νD̄Þ − ð∂̂νDÞUμD̄μνg −

i
2
g̃PϵμναβfDμνUαð∂̂τD̄τβÞ þ ð∂̂τDτβÞUαD̄μνÞ

o
;

Lð2Þ ¼ −ð4c0 − 2c1ÞDD̄trχþ − 2c1DχþD̄ − ð8c2 þ 4c3ÞDD̄trUμUμ þ 4c3DUμUμD̄

− ð4c4 þ 2c5Þð∂̂μDÞð∂̂νD̄Þtr½Uμ; Uν�þ=M2 þ 2c5ð∂̂μDÞ½Uμ; Uν�þð∂̂νD̄Þ=M2

− ic6ϵμνρσðD½Uμ; Uν�−D̄ρσ −Dρσ½Uν; Uμ�−D̄Þ
þ ð2c̃0 − c̃1ÞDμνD̄μνtrχþ þ c̃1DμνχþD̄μν

þ ð4c̃2 þ 2c̃3ÞDαβD̄αβtrUμUμ − 2c̃3DαβUμUμD̄αβ

þ ð2c̃4 þ c̃5Þð∂̂μDαβÞð∂̂νD̄αβÞtr½Uμ; Uν�þ=M̃2

− c̃5ð∂̂μDαβÞ½Uμ; Uν�þð∂̂νD̄αβÞ=M̃2 þ 4c̃6Dμα½Uμ; Uν�−D̄να;

Lð3Þ ¼ 4g1D½χ−; Uν�−ð∂̂νD̄Þ=M − 4g2D½Uμ; ð½∂̂ν; Uμ�− þ ½∂̂μ; Uν�−Þ�−ð∂̂νD̄Þ=M
− 4g3D½Uμ; ½∂̂ν; Uρ�−�−½∂̂μ; ½∂̂ν; ∂̂ρ�þ�þD̄=M3

− 2ig4ϵμνρσð∂̂αDÞ½Uμ; ð½∂̂α; Uν�− þ ½∂̂ν; Uα�−Þ�þD̄ρσ=M

− 2ig5ϵμνρσð∂̂αDÞtr½Uμ; ð½∂̂α; Uν�− þ ½∂̂ν; Uα�−Þ�þD̄ρσ=M

− 2g̃1Dμν½χ−; Uρ�−ð∂̂ρD̄μνÞ=M̃ þ 2g̃2Dμν½Uσ; ð½∂̂ρ; Uσ�− þ ½∂̂σ; Uρ�−Þ�−ð∂̂ρD̄μνÞ=M̃
þ 2g̃3Dαβ½Uμ; ½∂̂ρ; Uν�−�−½∂̂μ; ½∂̂ρ; ∂̂ν�þ�þD̄αβ=M̃3

− 2g̃4
�
Dαβ½Uα; ð½∂̂β; Uμ�− þ ½∂̂μ; Uβ�−Þ�þð∂̂νD̄μνÞ

−Dαβ½Uν; ð½∂̂β; Uμ�− þ ½∂̂μ; Uβ�−Þ�þð∂̂αD̄μνÞ
�
=M̃

− 2g̃5
�
Dαβtr½Uα; ð½∂̂β; Uμ�− þ ½∂̂μ; Uβ�−Þ�þð∂̂νD̄μνÞ

−Dαβtr½Uν; ð½∂̂β; Uμ�− þ ½∂̂μ; Uβ�−Þ�þð∂̂αD̄μνÞ
�
=M̃ þ H:c:; ðA1Þ
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where ½A;B�� ¼ AB� BA and

Uμ ¼
1

2
e−i

Φ
2f

�
∂μe

iΦf
�
e−i

Φ
2f; Γμ ¼

1

2
e−i

Φ
2f∂μe

þiΦ
2f þ 1

2
eþiΦ

2f∂μe
−iΦ

2f;

χ� ¼ 1

2

�
eþiΦ

2fχ0e
þiΦ

2f � e−i
Φ
2fχ0e

−iΦ
2f

�
; χ0 ¼ 2B0diagðmu;md;msÞ;

∂̂μD̄ ¼ ∂μD̄þ ΓμD̄; ∂̂μD ¼ ∂μD −DΓμ: ðA2Þ

APPENDIX B: SCALAR TRIANGLE LOOPS

We begin with an over-complete basis of scalar triangle-loop terms of the generic form

JðaÞfki ¼
Z

ddl
ð2πÞd

ðp̄ · lÞfμ4−dðl ·QÞaðl2Þkðl · pÞi
ððl − p̄Þ2 −M2

LÞðl2 −m2
GÞððl − pÞ2 −M2

RÞ
; ðB1Þ

into which each of the introduced diagram expressions (30) and (C3) can be decomposed upon performing the contraction
of the Lorentz indices. Without loss of generality we may assume f ¼ k ¼ i ¼ 0 in the following. All other cases can be
related to the particular choice study, where we assume Qμ ¼ q̄μ þ qμ. Such a reduction generates additional bubble- and
tadpole-type integrals only, which do not cause any complications related to the introduction of our basis integrals (35)
and (36).
The target function is analyzed in terms of a conventional Feynman parameter ansatz,

iJðaÞ000 ¼
Xa=2
b¼0

X
mþnþ2b¼a

ðQ · p̄ÞmðQ2ÞbðQ · pÞnCðbÞ
mnIbðm; nÞ with n ≥ 0 and m ≥ 0;

Fðx; yÞ ¼ m2
G − xðp̄2 −M2

L þm2
GÞ − yðp2 −M2

R þm2
GÞ þ x2p̄2 þ y2p2 þ 2xyðp̄ · pÞ;

Ibðm; nÞ ¼ i
Z

ddl
ð2πÞd

Z
1

0

dx
Z

1−x

0

dy
2xmðl2Þbyn

ðl2 − Fðx; yÞÞ3 μ
4−d; ðB2Þ

with Fðx; yÞ ¼ FG;LRðx; yÞ of (36) and some suitable real-valued coefficients,

CðbÞ
mn ¼

�
mþ nþ 2b

2b

��
mþ n

m

�
xb; x0 ¼ 1; x1 ¼

1

d
; x2 ¼

3

dðdþ 2Þ ;

x3 ¼
15

dðdþ 2Þðdþ 4Þ ; x4 ¼
105

dðdþ 2Þðdþ 4Þðdþ 6Þ ; xbþ1 ¼
2bþ 1

dþ 2n
xb;

xb ¼
ð2b − 1Þ!!
2bðbþ 1Þ!

�
1 −

d − 4

2

�
1 −

Xbþ1

k¼1

1

k

�
þOððd − 4Þ2Þ

�
: ðB3Þ

The summation over the integers b,m, n start at zero. We split the integral into a convergent and scale-dependent piece with

iJðaÞ000 ¼
1

16π2

Z
1

0

dx
Z

1−x

0

dy
�
Naðx; yÞ
Fðx; yÞ þ Laðx; yÞ

	
Dþ log

Fðx; yÞ
μ2


�
þOðd − 4Þ;

Naðx; yÞ ¼
Xa=2
b¼0

X
mþnþ2b¼a

ðQ · p̄ÞmðQ · pÞnxmynCðbÞ
mn½Q2Fðx; yÞ�b;

Laðx; yÞ ¼
Xa=2
b¼1

X
mþnþ2b¼a

ðQ · p̄ÞmðQ · pÞnxmynCðbÞ
mn½Q2Fðx; yÞ�b bþ b2 þ bðd − 4Þ

Fðx; yÞ ;

D ¼ 2

d − 4
þ γE − 1 − logð4πÞ; ðB4Þ
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where we expand around d ¼ 4. A further step,

iJðaÞ000 ¼
1

16π2

Z
1

0

dx

�Z
1−x

0

dy
Ñaðx; yÞ
Fðx; yÞ þ L̃aðx; 1 − xÞ

	
Dþ log

Fðx; 1 − xÞ
μ2




− L̃aðx; 0Þ
	
Dþ log

Fðx; 0Þ
μ2


�
þOðd − 4Þ;

Ñaðx; yÞ ¼ Naðx; yÞ − L̃aðx; yÞ∂yFðx; yÞ; ∂yL̃aðx; yÞ ¼ Laðx; yÞ; ðB5Þ
shows that all scalar-triangle-type contributions take the form I0ðm; nÞ with mþ n ≤ a always. This is so since in the
vicinity of d ∼ 4 it holds

I0ðm; nÞ ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xmyn

Fðx; yÞ þOðd − 4Þ: ðB6Þ

The remaining terms can be expressed in terms of bubble-type contributions. We assume the scale independent
contributions as implied by Ñðx; yÞ to comply with the expectation of dimensional counting rules, while possible
power-counting violating terms stem from the bubble-type contributions. They take the form

IðnÞGLðp̄2Þ ¼ −
1

16π2

Z
1

0

dxxn
	
1þDþ log

Fðx; 0Þ
μ2



þOðd − 4Þ;

Ið0ÞGLðp̄2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

ððl − p̄Þ2 −M2
LÞðl2 −m2

GÞ
; ðB7Þ

where we celebrate the recursion relation

2Ið1ÞGLðp̄2Þ ¼ Ið0ÞGLðp̄2Þ −M2
L −m2

G

p̄2

n
Ið0ÞGLðp̄2Þ − Ið0ÞGLð0Þ

o
;

ΔIðnÞGLðp̄2Þ ¼ IðnÞGLðp̄2Þ − IðnÞGLð0Þ
p̄2

; ΔΔIðnÞGLðp̄2Þ ¼ ΔIðnÞGLðp̄2Þ − ΔIðnÞGLð0Þ
p̄2

;

ðnþ 1ÞΔIðnÞGLðp̄2Þ ¼ 2ΔIð1ÞGLðp̄2Þ þm2
G

n
nΔΔIðn−1ÞGL ðp̄2Þ − ΔΔIð0ÞGLðp̄2Þ

o
−M2

L

Xn−1
k¼1

ðkþ 1ÞΔΔIðkÞGLðp̄2Þ; ðB8Þ

that demonstrates our claim on the nature of such contributions.
The corresponding log terms involving Fðx; 1 − xÞ in (B5) follow upon the substitutions p̄ → p̄ − p and mG → MR in

(B7) and (B8). In particular, we find

IðnÞLRððp̄ − pÞ2Þ ¼ −
1

16π2

Z
1

0

dx xn
	
1þDþ log

Fðx; 1 − xÞ
μ2



þOðd − 4Þ;

Ið0ÞLRððp̄ − pÞ2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

ððl − p̄Þ2 −M2
LÞððl − pÞ2 −M2

RÞ
: ðB9Þ

It remains to investigate the functions I0ðm; nÞ, for which we claim in (35) that it suffices to include a particular subset in our
set of extended basis functions. This will be shown in the following by means of recursion equations that relate I0ðm; nÞ for
different choices of m and n.
We derive by suitable partial-integrations,

I0ðmþ 1; nÞ ¼ −
p̄ · p
p̄2

I0ðm; nþ 1Þ þ p̄2 −M2
L þm2

G

2p̄2
I0ðm; nÞ − 1

2p̄2
Σðm; nÞ þ δm;0

2p̄2
IðnÞQR −

m
dp̄2

I1ðm − 1; nÞ;

I0ðm; nþ 1Þ ¼ −
p̄ · p
p2

I0ðmþ 1; nÞ þ p2 −M2
R þm2

G

2p2
I0ðm; nÞ − 1

2p2
Σðm; nÞ þ δn;0

2p2
IðmÞ
QL −

n
dp2

I1ðm; n − 1Þ;

Σðm; nÞ ¼
Xn
k¼0

�
n

k

�
ð−1ÞkIðmþkÞ

LR ; ðB10Þ
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which imply the desired recursions upon the elimination of the structure I1ðm; nÞ. The system (B10) can be solved by
iteration most economically. It is useful to consider first the case m ¼ 0 for arbitrary n in the expressions I0ðmþ 1; nÞ for
which the I1ð−1; nÞ contribution vanishes identically. Given I0ð0; nÞ we obtain all I0ð1; nÞ. Similarly, from the second
equation in (B10) we find I0ðm; 1Þ from the set of all I0ðm; 0Þ unambiguously. In the next step, we consider the second
equation at m → m − 1 and n → nþ 1, so that we can eliminate the common I1ðm − 1; nÞ term from both equations. The
resulting equation can be used to determine I0ðm; nþ 1Þ from I0ðm; nÞ or alternatively I0ðmþ 1; nÞ from I0ðm; nÞ by
iteration.

Our basis functions in (35) are introduced with the particular choice IðnÞG;L̄R ¼ I0ðn; 0Þ and IðnÞG;LR̄ ¼ I0ð0; nÞ in (B1).
Within such a scheme we derive for a ðl ·QÞ in the numerator of (B1) the following result:

iJð1Þ000 ¼ iJð1ÞG;LR ¼ Q · p
2p2

ðIð0ÞGL − Ið0ÞLR þ ðp2 −M2
R þm2

GÞIð0ÞG;LRÞ þ
�
p̄ ·Q −

ðp̄ · pÞðQ · pÞ
p2

�
Ið1ÞG;L̄R

¼ p̄ ·Q
2p̄2

ðIð0ÞGR − Ið0ÞLR þ ðp̄2 −M2
L þm2

GÞIð0ÞG;LRÞ þ
�
p ·Q −

ðp̄ · pÞðQ · p̄Þ
p̄2

�
Ið1ÞG;LR̄; ðB11Þ

where we observe that our result is invariant under the simultaneous exchange of L ↔ R and p̄ ↔ p. It is emphasized that if
and only if our result is expressed in terms of I0ð0; 0Þ and I0ð1; 0Þ [or I0ð0; 1Þ] alone, a power-counting respecting

expression is obtained with Jð1ÞG;LR ∼Q2 using mG ∼Q.

The proper evaluation of Jð2Þ000 ¼ Jð2ÞG;LR with ðl ·QÞ2 in the numerator of (B1) is slightly more tedious. It involves the

additional basis functions Ið2ÞG;L̄R and Ið2ÞG;LR̄ of (36) for which we derive an explicit representation,

�
ðp̄ ·pÞ2=p2− p̄2

�
Ið2ÞG;L̄R ¼

1

8

�
4m2

G− ðp2−M2
Rþm2

GÞ2=p2
�
Ið0ÞG;LR−

3

4

�
p̄2−M2

Lþm2
G− ðp̄ ·pÞðp2−M2

Rþm2
GÞ=p2

�
Ið1ÞG;L̄R

þ 1

2
ðp̄ ·pÞ

�
Ið1ÞLG− Ið1ÞLR

�
=p2 −

1

4ðd− 2Þðp
2−M2

Rþm2
GÞ
�
Ið0ÞLG− Ið0ÞLR

�
=p2

−
1

2ðd− 2Þ I
ð0Þ
LRþ

1

2
Ið1ÞLRþOðd− 4Þ; ðB12Þ

which is an extension of (34). Our result (B12) illustrates the necessity to include Ið2ÞG;L̄R into our set of basis functions, as it is

instrumental to avoid the kinematical singularity at ðp̄ · pÞ2=p2 ¼ p̄2. Note that from (36) it follows that Ið2ÞG;L̄R is regular at
such kinematical conditions.
A direct application of (B5) leads to a form for Jð2Þ000 that appears power-counting violating. The source of this

complication is traced to its I1ð0; 0Þ ∼Q2 contribution which should not be derived from (B10). Instead, it is well expressed
in application of

iJð0Þ010 ¼ I1ð0; 0Þ þ ½ðp̄ · p̄ÞI0ð2; 0Þ þ 2ðp̄ · pÞI0ð1; 1Þ þ ðp · pÞI0ð0; 2Þ�
¼ m2

GI
ð0Þ
G;LR − Ið0ÞLR; ðB13Þ

where we observe that the particular combination

iJð2Þ000 −
Q2

d
I1ð0; 0Þ ¼ ðp̄ ·QÞ2I0ð2; 0Þ þ 2ðp̄ ·QÞðp ·QÞI0ð1; 1Þ þ ðp ·QÞ2I0ð0; 2Þ; ðB14Þ

does not involve the term I1ð0; 0Þ by construction. As a consequence we find

iJð2Þ000 ¼ iJð2ÞG;LR ¼
�
ðp̄ ·QÞ2 −Q2

d
ðp̄ · p̄Þ

�
I0ð2; 0Þ þ

�
ðQ · pÞ2 −Q2

d
ðp · pÞ

�
I0ð0; 2Þ

þ 2

�
ðp̄ ·QÞðQ · pÞ −Q2

d
ðp̄ · pÞ

�
I0ð1; 1Þ þ

Q2

d
ðm2

GI
ð0Þ
G;LR − Ið0ÞLRÞ; ðB15Þ
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an expression that appears at odds with dimensional counting. From (B15) we would see Jð2Þ000 ∼Q2 rather than the expected

∼Q4. Our final expression ∼Q4 follows in application of (B10), which leads to our result in terms of Ið0ÞG;LR ¼ I0ð0; 0Þ and
IðnÞG;L̄R ¼ I0ðn; 0Þ only. Using (B10) we rewrite (B15) into the form

iJð2ÞG;LR ¼ 4ðQ · pÞ2 −Q2p2

12p2p2
ðp2 −M2

R þm2
GÞ
�
Ið0ÞLG − Ið0ÞLR þ ðp2 −M2

R þm2
GÞIð0ÞG;LR

�

þ 6ðp̄ ·QÞp2ðQ · pÞ − ðp̄ · pÞðp2Q2 þ 2ðp ·QÞ2Þ
6p2p2

�
Ið1ÞLG − Ið1ÞLR

�

−
Q2p2 þ 2ðQ · pÞ2

6p2
Ið0ÞLR −

Q2p2 − 4ðQ · pÞ2
6p2

Ið1ÞLR −m2
G
ðQ · pÞ2 −Q2p2

3p2
Ið0ÞG;LR

þ ðQ · pÞðp2 −M2
R þm2

GÞ
ðp̄ ·QÞp2 − ðp̄ · pÞðQ · pÞ

p2p2
Ið1ÞG;L̄R

þ
	
ðp̄ ·QÞ2 − 1

3
p̄2Q2 þ ðp̄ · p̄ÞðQ · pÞ − 6ðp̄ · pÞðp̄ ·QÞ

3p2
ðQ · pÞ þ ðp̄ · pÞ2Q

2p2 þ 2ðQ · pÞ2
3p2p2



Ið2ÞG;L̄R

þ d − 4

18

�
Q2 − ðQ · pÞ2=p2

��
Ið0ÞLR þ Ið1ÞLR

�
þOðd − 4Þ; ðB16Þ

which in its renormalized form with, in particular, ĪðnÞLR → 0, confirms the expected chiral power ∼Q4.
While in this appendix we detailed the derivation of triangle loops of the Q;LR type, corresponding results are implied

for the H;PQ loops by simple replacements L → P, R → Q, and G → H. The loop functions of the L;QH follow by
replacing R → H with p → w. Similarly, the QH;R case is implied by L → H with p̄ → w. We note that our result can be
readily generalized for the case defined by ðl ·QÞ2 → ðl · q̄Þðl · qÞ. It suffices to use the replacement QμQν → ðq̄μqν þ
qμq̄νÞ=2 in (B16).

Finally, it is advantageous in some cases, to use a symmetrized version of (B16) that follows in application of the
replacements L ↔ R and p̄ ↔ p, under which Jð2ÞG;LR is unchanged strictly. Such a form involves both IðnÞG;LR̄ and IðnÞG;L̄R,
making the right-hand side of the updated form of (B16) invariant manifestly.

APPENDIX C: FOURTH-ORDER TRIANGLE-LOOP EXPRESSIONS

In this appendix we specify the additional one-loop diagrams that involve the LEC cn and c̃n. Such contributions are
implied by Fig. 6 via a replacement of the leading order Tomozawa-Weinberg two-body vertex by its subleading order Q2

refinement vertex. All such diagrams have a minimal chiral order Q4. It holds

Tð4Þ
ab ðs; t; uÞ ¼ Tð4−sÞ

ab ðs; uÞ þ Tð4−uÞ
ab ðs; uÞ þ Tð4−tÞ

ab ðs; uÞ;

f4Tð4−sÞ
ab ðs; t; uÞ ¼ g2P

X
Q;H

	X
L

�
c0Cs−L

0;QH þ c1Cs−L
1;QH

�
Jðs;1ÞL;QHðs; uÞ þ

X
R

�
c0Cs−R

0;QH þ c1Cs−R
1;QH

�
Jðs;1ÞQH;Rðs; uÞ

þ
X
L

�
c2Cs−L

2;QH þ c3Cs−L
3;QH

�
Jðs;3ÞL;QHðs; uÞ þ

X
R

�
c2Cs−R

2;QH þ c3Cs−R
3;QH

�
Jðs;3ÞQH;Rðs; uÞ

þ
X
L

�
c4Cs−L

2;QH þ c5Cs−L
3;QH

�
Jðs;5ÞL;QHðs; uÞ þ

X
R

�
c4Cs−R

2;QH þ c5Cs−R
3;QH

�
Jðs;5ÞQH;Rðs; uÞ



;

f4Tð4−tÞ
ab ðs; t; uÞ ¼ g2P

X
Q;LR

n
c̃6Ct−LR

6;Q Jðt;6ÞQ;LRðs; uÞ þ
�
c̃0Ct−LR

0;Q þ c̃1Ct−LR
1;Q

�
Jðt;1ÞQ;LRðs; uÞ

þ
�
c̃2Ct−LR

2;Q þ c̃3Ct−LR
3;Q

�
Jðt;3ÞQ;LRðs; uÞ þ

�
c̃4Ct−LR

2;Q þ c̃5Ct−LR
3;Q

�
Jðt;5ÞQ;LRðs; uÞ

o
; ðC1Þ

where the missing u-channel term Tð4−uÞ
ab ðs; uÞ follows from the s-channel expressions by a crossing transformation of the

Clebsch coefficients Cs−������ → Cu−������ together with corresponding loop functions Jðu;nÞ��� ðs; uÞ. In the s-channel the Clebsch
coefficients are easily accessible in terms of the already recalled Clebsch in (1) via
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X
QH

Cs−L
n;QH

���
ab

¼ −2B0

X
c↔QH

CðuÞ
L

���
ac

h
2mCðπÞ

n þ ðmþmsÞCðKÞ
n

i
cb
;

X
QH

Cs−R
n;QH

���
ab

¼ −2B0

X
c↔QH

h
2mCðπÞ

n þ ðmþmsÞCðKÞ
n

i
ac
CðuÞ
R

���
cb
;

X
QH

Cs−L
n;QH

���
ab

¼ −
X

c↔QH

CðuÞ
L

���
ac
Cn

���
cb
;

X
QH

Cs−R
n;QH

���
ab

¼ −
X

c↔QH

Cn

���
ac
CðuÞ
R

���
cb
; ðC2Þ

with n ¼ 0, 1 in the first two lines and n ¼ 2, 3 elsewhere. The derivation of the t-channel Clebsch is a bit more tedious. The
loop functions in the s-, t-, and u-channel have the form

Jðs;1ÞL;QHðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðlþ p̄Þq̄μðlþ wÞν

iμ4−d

l2 −m2
Q
SHðlþ wÞ;

Jðs;1ÞQH;Rðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
SHðlþ wÞqαðlþ wÞβSαβ;μνR ðlþ pÞlμpν;

Jðs;3ÞL;QHðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðlþ p̄Þq̄μðlþ wÞν

−iμ4−d4ðl · qÞ
l2 −m2

Q
SHðlþ wÞ;

Jðs;3ÞQH;Rðs; uÞ ¼
Z

ddl
ð2πÞd

−iμ4−d4ðq̄ · lÞ
l2 −m2

Q
SHðlþ wÞqαðlþ wÞβSαβ;μνR ðlþ pÞlμpν;

Jðs;5ÞL;QHðs; uÞ ¼
Z

ddl
ð2πÞd lαp̄βS

αβ;μν
L ðlþ p̄Þq̄μðlþ wÞν

−2iμ4−d

l2 −m2
Q
SHðlþ wÞ

�
ðl2 þ l · wÞðp · qÞ þ ðl · qþ w · qÞðl · pÞ

�
=M2;

Jðs;5ÞQH;Rðs; uÞ ¼
Z

ddl
ð2πÞd

−2iμ4−d

l2 −m2
Q
SHðlþ wÞqαðlþ wÞβSαβ;μνR ðlþ pÞlμpν

�
ðl2 þ l · wÞðp̄ · q̄Þ þ ðl · q̄þ w · q̄Þðl · p̄Þ

�
=M2;

Jðt;1ÞQ;LRðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−dlαp̄β

l2 −m2
Q

Sαβ;σ̄ τ̄L ðlþ p̄Þgσ̄σgτ̄τSστ;μνR ðlþ pÞlμpν;

Jðt;3ÞQ;LRðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−dlαp̄β

l2 −m2
Q

Sαβ;σ̄ τ̄L ðlþ p̄Þgσ̄σ4ðq̄ · qÞgτ̄τSστ;μνR ðlþ pÞlμpν;

Jðt;5ÞQ;LRðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−dlαp̄β

l2 −m2
Q

Sαβ;σ̄ τ̄L ðlþ p̄Þgσ̄σgτ̄τSστ;μνR ðlþ pÞlμpν

× 2
��ðlþ p̄Þ · q̄��ðlþ pÞ · q�þ �ðlþ p̄Þ · q��ðlþ pÞ · q̄��=M̃2;

Jðt;6ÞQ;LRðs; uÞ ¼
Z

ddl
ð2πÞd

iμ4−dlαp̄β

l2 −m2
Q

Sαβ;σ̄ τ̄L ðlþ p̄Þgσ̄σðq̄τ̄qτ − qτ̄q̄τÞSστ;μνR ðlþ pÞlμpν;

Jðu;nÞQH;Rðs; uÞ ¼ Jðs;nÞQH;Rðu; sÞ; Jðu;nÞL;QHðs; uÞ ¼ Jðs;nÞL;QHðu; sÞ; ðC3Þ

for which we derive:

J̄ðs;1ÞL;QHðs; uÞ ¼
s− u
8

h
ĪQLðM2

aÞ− ĪQHðsÞ
i
þ s− u

16

�
s− uþ rM2

ab

�
ĪL;QHðsÞ þ

1

16

�
ðs− uÞ2 − 8m2

aM2
ab

�
Īð1ÞL;QHðsÞ þOðQ3Þ;

J̄ðs;3ÞL;QHðs; uÞ ¼
1

24

�
−8ðq̄ · qÞ þ ðs− uÞ2=M2

ab

��
ĪQ −

2

3

m2
Q

16π2


−

1

16
ðs− uÞ3ĪQHðsÞ=M2

ab þ
1

48

�
4ðs− uÞ3 þ 8rðM2

abÞ2ðq̄ · qÞ

−M2
abðs− uÞðrðs− uÞ þ 8ðq̄ · qÞÞ

�
ĪQLðM2

aÞ=M2
ab

þ 1

96

�
4ðs− uÞ4=M2

ab þ ðs− uÞ2ð3rðs− uÞ− 8m2
Q − 8ðq̄ · qÞÞ þ 64ðq̄ · qÞm2

QM
2
ab

�
ĪL;QHðsÞ

ISKEN, GUO, HEO, KORPA, and LUTZ PHYS. REV. D 109, 034032 (2024)

034032-26



þ 1

32
ðs − uÞð2ðs − uÞ3=M2

ab þ rðs − uÞ2 − 8ðq̄ · qÞrM2
ab þ ðs − uÞð4t − 12m2

a − 4m2
bÞÞĪð1ÞL;QHðsÞ

þ 1

48

�
8m2

aM2
ab − ðs − uÞ2

��
8ðq̄ · qÞ − ðs − uÞ2=M2

ab

�
Īð2ÞL;QHðsÞ þOðQ5Þ;

M2J̄ðs;5ÞL;QHðs; uÞ ¼
1

32
rM2

abðs − uÞ2
h
ĪQHðsÞ − ĪQLðM2

aÞ
i
−

1

64
rM2

abðs − uÞ2
�
rM2

ab þ ðs − uÞ
�
ĪL;QHðsÞ

þ 1

64
rM2

abðs − uÞ
�
8m2

aM2
ab − ðs − uÞ2

�
Īð1ÞL;QHðsÞ þOðQ5Þ;

J̄ðt;1ÞQ;LRðs; uÞ ¼ −
1

2
ĪQ þ 1

4
m2

Q

�
ĪL=M2

L þ ĪR=M2
R

�
þ r
4
M2

ab

h
ĪQLðM2

aÞ þ ĪQRðM2
bÞ
i

þM2
ab

�
m2

Q −
r2

8
M2

ab

�
ĪQ;LR þOðQ3Þ;

J̄ðt;3ÞQ;LRðs; uÞ ¼ 4ðq̄ · qÞJ̄ðt;1ÞQ;LRðs; uÞ − ðq̄ · qÞm2
Q

�
ĪL=M2

L þ ĪR=M2
R

�
þOðQ5Þ;

M̃2J̄ðt;5ÞQ;LRðs; uÞ ¼
ðs − uÞ2

4
J̄ðt;1ÞQ;LRðs; uÞ −

ðs − uÞ2
16

m2
Q

�
ĪL=M2

L þ ĪR=M2
R

�
þOðQ5Þ;

J̄ðt;6ÞQ;LRðs; uÞ ¼ OðQ5Þ: ðC4Þ
We note that the loop functions Jðs;nÞQH;Rðs; uÞ follow from Jðs;nÞL;QHðs; uÞ in (C4) upon the replacements q̄ ↔ q and p̄ ↔ p and
L ↔ R. An example for such a replacement is given in (41). It remains to detail the fourth-order terms supplementing our
third-order expressions in (42). The following form is established

J̄ðsÞ;4L;QHðs; uÞ ¼ ðm2
a −m2

b þ tÞ m2
Q

288π2
þ 1

48

�
8ðm2

a −m2
bÞ þ 3rðs− uÞ þ 12m2

ab − 4t− 9ðs− uÞ2=M2
ab

�
ĪQ

−
1

96
ð3rðs− uÞ þ 8ðm2

a −m2
bÞ þ 8m2

abÞ
�
m2

QĪL=M
2
L þm2

QĪH=M
2
H

�

þ 1

96

�
−3ðs− uÞð4δL − 2ðM2

a −M2
bÞ þ r2M2

ab − 6m2
abÞ

þ 2ðm2
a −m2

bÞðs− u− rM2
abÞ þ 6rðM4

a −M4
bÞ− 12m2

abrM
2
ab

þ 9rðs− uÞ2 − 2tð8ðs− uÞ− 5rM2
abÞ− 6ðs− uÞ3=M2

ab

�
ĪQLðM2

aÞ

þ 1

32

�
ðs− uÞ

�
4δL þ 8m2

Q þ 2m2
ab þ 4tþ rðs− uÞ− 3ðs− uÞ2=M2

ab

�
− 2trM2

ab

− 2ðm2
a −m2

bÞ
�
M2

abr− 3ðs− uÞ
�
− 2ðM2

a −M2
bÞðrM2

ab þ ðs− uÞÞ
�
ĪQHðsÞ

þ 1

192

�
6rðM4

a −M4
bÞð3ðs− uÞ þ rM2

abÞ þ 2ðm2
a −m2

bÞð16m2
QM

2
ab þ 3r2ðM2

abÞ2

− 6ðs− uÞrM2
ab þ ðs− uÞ2Þ þ 12ðs− uÞrM2

abðδH − 2ðδL þm2
QÞ−m2

abÞ
þ 3ðs− uÞ2ð−4δH þ 8m2

Q − r2M2
ab þ 8m2

abÞ þ 9rðs− uÞ3 − 6ðs− uÞ4=M2
ab

þ 2tð16m2
QM

2
ab þ 3r2ðM2

abÞ2 − 11ðs− uÞ2Þ
�
ĪL;QHðsÞ

þ 1

64

�
−16m2

abðM4
a −M4

bÞ þ 4m2
abr

2ðM2
abÞ2 þ 4ðs− uÞrðM4

a −M4
bÞ

− 8ðm2
abÞ2M2

ab − 12ðs− uÞm2
abrM

2
ab − ðs− uÞ2r2M2

ab þ 10m2
abðs− uÞ2

þ 3rðs− uÞ3 − 2ðs− uÞ4=M2
ab þ 4δLð8m2

aM2
ab − ðs− uÞ2Þ

þ 2tð4M2
abm

2
ab − 5ðs− uÞ2Þ þ 4ðm2

a −m2
bÞM2

abð−4ðM2
a −M2

bÞ þ r2M2
ab − 2m2

ab − 3rðs− uÞ þ 2tÞ
�
Īð1ÞL;QHðsÞ

þ 1

24
ðm2

a −m2
b þ tÞð8m2

aM2
ab − ðs− uÞ2ÞĪð2ÞL;QHðsÞ;
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J̄ðtÞ;4Q;LRðs; uÞ ¼
s − u
16

n
−4rĪQ þ 2rm2

QðĪL=M2
L þ ĪR=M2

RÞ þ 2
�
δL þ δR − 4m2

Q þ 3r2M2
ab=4

�h
ĪQLðM2

aÞ þ IQRðM2
bÞ
i

− 2rM2
ab

�
δL þ δR − 4m2

Q þ r2M2
ab=4

�
ĪQ;LRðtÞ

o
−
m2

a −m2
b

8
rM2

ab

h
ĪQLðM2

aÞ − ĪQRðM2
bÞ
i

þ 1

16
ðm2

a −m2
bÞM2

abð8m2
Q − r2M2

abÞ
h
Īð1ÞQ;L̄RðtÞ − Īð1ÞQ;LR̄ðtÞ

i
;

J̄ð−Þ;4H;PQðs; uÞ ¼
1

16

�
2δH − 3m2

P −m2
Q −m2

ab þ 3t − 4ðM2
a −M2

bÞ
�
ĪP

þ 1

16

�
2δH −m2

P − 3m2
Q −m2

ab þ 3tþ 4ðM2
a −M2

bÞ
�
ĪQ

−
1

16

�
2ð2δH þm2

ab − 2ðM2
a −M2

bÞÞm2
PQ − 4δHm2

ab − 3ðm4
P þm4

QÞ − 2m2
Pm

2
Q

− ðm2
PQ − 3m2

abÞðm2
PQ − 2m2

abÞ þ 3ðM2
a −M2

bÞðm2
P −m2

QÞ
�
ĪH=M2

H

þ 1

16
ðM2

a −M2
bÞ
�
m2

PQ þm2
ab

�ðm2
P −m2

QÞ
�
ĪPQðtÞ

t


reg

þ 1

16

�
ðm2

PQ − 3t − 2δHÞðm2
PQ þm2

ab − 3tÞ

− 3ðM2
a −M2

bÞðm2
P −m2

QÞ
�h

ĪPQðtÞ − ĪP=ð2m2
PÞ − ĪQ=ð2m2

QÞ
i

−
1

16
rM2

ab

�
m2

P −m2
Q þM2

a −M2
b

�h
ĪQHðM2

bÞ − ĪPHðM2
aÞ
i

þ 1

16
rM2

ab

�
2m2

PQ − 2δH þm2
ab − 3t

�h
ĪQHðM2

bÞ þ ĪPHðM2
aÞ
i

−
1

16
rM2

ab

�
m2

PQ þm2
ab − 3t

��
m2

PQ − 2t − 2δH
�
ĪH;PQðtÞ;

J̄ðþÞ;4
H;PQðs; uÞ ¼

s − u
16

n
rðĪQ þ ĪPÞ − rðm2

P þm2
QÞĪH=M2

H

þ ð2m2
PQ − t − 2δH − 3r2M2

ab=4Þ
h
ĪQHðM2

bÞ þ ĪPHðM2
aÞ
i

þ ðM2
a −M2

b þm2
P −m2

QÞ
h
ĪPHðM2

aÞ − ĪQHðM2
bÞ
i

− rðm2
PQ − 2δH − 2tÞ

h
ĪPQðtÞ − ĪP=ð2m2

PÞ − ĪQ=ð2m2
QÞ þ ĪH=M2

H

i

− ððm2
PQ − 2δHÞðm2

PQ − t − 3r2M2
ab=4Þ þ tr2M2

abÞĪH;PQðtÞ
þ ðm2

PQ − t − r2M2
ab=4Þðt −M2

a þM2
bÞĪð1ÞH;P̄QðtÞ

þ ðm2
PQ − t − r2M2

ab=4ÞðtþM2
a −M2

bÞĪð1ÞH;PQ̄ðtÞ



−
1

48
ðm2

a −m2
bÞðM2

a −M2
bÞ
h
ĪPQðtÞ − ĪP=ð2m2

PÞ − ĪQ=ð2m2
QÞ þ ĪH=M2

H

i

þm2
a −m2

b

16

	
−
M2

a −M2
b

72π2
þ 2rM2

ab

h
ĪPHðM2

aÞ − ĪQHðM2
bÞ
i

þ 3ðm2
P −m2

QÞ
h
ĪPQðtÞ − ĪP=ð2m2

PÞ − ĪQ=ð2m2
QÞ þ ĪH=M2

H

i

−
4

3
ðM2

a −M2
bÞðm2

P −m2
QÞ2

�
ĪPQðtÞ
t2


reg

þ
�
ðm2

P −m2
QÞð2δH −m2

PQÞ þ 2ðM2
a −M2

bÞm2
PQ=3

��ĪPQðtÞ
t


reg

− rM2
abðm2

PQ − 2t − 2δHÞ
h
Īð1ÞH;P̄QðtÞ − Īð1ÞH;PQ̄ðtÞ

i

;
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J̄ðχÞ;2H;PQðs; uÞ ¼
1

8
½ĪP þ ĪQ − ð2m2

PQ − 2δH − 3m2
abÞĪH=M2

H� −
1

8
ðM2

a −M2
bÞðm2

P −m2
QÞ
�
ĪPQðtÞ

t


reg

−
1

8
ðm2

PQ − 3t − 2δHÞ½ĪPQðtÞ − ĪP=ð2m2
PÞ − ĪQ=ð2m2

QÞ�

þ 1

8
rM2

abfðm2
PQ − 2t − 2δHÞĪH;PQðtÞ − ĪPHðM2

aÞ − ĪQHðM2
bÞg; ðC5Þ

where we use the convenient notation

�
hðtÞ
tn


reg

¼ 1

tn

	
1 −

Xn−1
k¼0

tk

k!

�
d
dt

�
k
����
t¼0



hðtÞ: ðC6Þ

APPENDIX D: SCALAR BOX LOOPS

We begin with an over-complete basis of scalar-box loop terms of the generic form

Bða;bÞ
ikj ðs; t; uÞ ¼

Z
ddl
ð2πÞd

μ4−d

l2 −m2
G

ðq̄ · lÞaðp̄ · lÞiðl2Þkðl · pÞjðq · lÞb
ððl − p̄Þ2 −M2

LÞððl − wÞ2 −M2
HÞððl − pÞ2 −M2

RÞ
; ðD1Þ

with w ¼ pþ q ¼ p̄þ q̄. Let us first discuss the case with i > 0 or j > 0. Here the problem can be reduced to i ¼ j ¼ 0
and k ¼ 0 always. Using the identities

l2 ¼ ½l2 −m2
G� þm2

G;

2ðl · p̄Þ ¼ −½ðl − p̄Þ2 −M2
L� þ ½l2 −m2

G� −M2
L þ p̄2 þm2

G;

2ðl · pÞ ¼ −½ðl − pÞ2 −M2
R� þ ½l2 −m2

G� −M2
R þ p2 þm2

G; ðD2Þ

such terms lead to triangle diagrams already reduced systematically before and box loops with i ¼ k ¼ j ¼ 0. Upon
renormalization such reductions conserve the expected dimensional counting rules with l2 ∼Q2 and ðp̄ · lÞ ∼ ðl · pÞ ∼Q.
We turn to the ðq̄ · lÞ ∼Q2 and ðl · qÞ ∼Q2 structures in (D1). At first one may expect that a similar reduction is possible

via ðl · wÞ ∼Q with the cancellations of propagators. While this is possible and results can be derived, the chiral order of
such contributions is in conflict with the expectation of dimensional counting rules. This is caused by the required rewrite
ðl · qÞ ¼ ðl · wÞ − ðl · pÞ ∼Q or ðl · q̄Þ ¼ ðl · wÞ − ðl · p̄Þ ∼Q, expressed as the difference of two order-one expressions.
The task is to derive specific correlations of scalar box, triangle, and bubble diagrams, such that the counting results are

made explicit. This is illustrated by our previous triangle expressions (34) and (35) which imply Ið1ÞQH;R ∼Q0. From the
explicit representation (34) we find the nontrivial counting result,

ðp2 −M2
R þm2

QÞIQH;R − IHR þ IQH ∼Q2;

ðw2 −M2
H þm2

QÞIQH;R − IHR þ IQR ∼Q2;

with p2w2 − ðw · pÞ2 ¼ q2p2 − ðp · qÞ2 ∼Q2: ðD3Þ

In the following wewill generalize the triangle definitions (35) to the box case (48), from which our desired expressions will
follow.
Consider the particular case,

−iBðabÞ
000 ¼

Xc1þc2≤aþb

½c�;½h�;½n�;½o�;½m�
ðq̄ · p̄Þm1ðq̄ · wÞo1ðq̄ · pÞn1ðp̄ · qÞm2ðq · wÞo2ðp · qÞn2ðq̄ · q̄Þh1ðq̄ · qÞh2ðq · qÞh3

× CðabÞ
½c�½h�½m�½o�½n�Icðm; o; nÞ;

m ¼ m1 þm2; o ¼ o1 þ o2; n ¼ n1 þ n2;

a ¼ m1 þ o1 þ n1 þ 2h1 þ h2; b ¼ m2 þ o2 þ n2 þ 2h3 þ h2;
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c ¼ ðaþ b − c1 − c2Þ=2; c1 ¼ m1 þ o1 þ n1; c2 ¼ m2 þ o2 þ n2;

with mi ≥ 0 and oi ≥ 0 and ni ≥ 0 and hi ≥ 0;

Fðx; z; yÞ ¼ m2
Q − xðp̄2 −M2

L þm2
GÞ − zðw2 −M2

H þm2
GÞ − yðp2 −M2

R þm2
GÞ

þ x2p̄2 þ z2w2 þ y2p2 þ 2xyðp̄ · pÞ þ 2xzðp̄ · wÞ þ 2yzðw · pÞ;

Icðm; o; nÞ ¼ −i
Z

ddl
ð2πÞd

Z
1

0

dx
Z

1−x

0

dy
Z

1−x−y

0

dz
6μ4−dðl2Þc

ðl2 − Fðx; z; yÞÞ4 x
mzoyn; ðD4Þ

with

CðabÞ
½c�½h�½m�½o�½n� ¼

�
a

c1

��
c1
o1

��
m1 þ n1

m1

��
b

c2

��
c2
o2

��
m2 þ n2

m2

�
XcY

ðabÞ
½c�½h�;

X0 ¼ 1; Xcþ1 ¼
1

dþ 2c
Xc;

YðabÞ
½c�½h� ¼

�
a − c1
h2

��
b − c2
h2

�
ða − c1 − h2 − 1Þ!!ðb − c2 − h2 − 1Þ!!h2!: ðD5Þ

Again we split the integral into a convergent and scale-dependent piece with

−iBðabÞ
000 ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
Z

1−x−y

0

dz

�
Nð0Þ

ab ðx;z;yÞ
½Fðx;z;yÞ�2þ

Nð1Þ
ab ðx;z;yÞ

½Fðx;z;yÞ�1þLabðx;z;yÞ
	
Dþ log

Fðx;z;yÞ
μ2


�
þOðd−4Þ;

NðkÞ
ab ðx;z;yÞ¼

Xc1þc2≤aþb

½c�;½n�;½o�;½m�;c≥k
ðq̄ · p̄Þm1ðq̄ ·wÞo1ðq̄ ·pÞn1ðp̄ ·qÞm2ðq ·wÞo2ðp ·qÞn2

×ðp̄ ·pÞh1ðw2Þh2ðq̄ ·qÞh3CðabcÞ
½m�½o�½n�½Fðx;z;yÞ�c−kð1−kð1þ3cÞÞ;

Labðx;z;yÞ¼
Xc1þc2≤aþb

½c�;½n�;½o�;½m�;c≥2
ðq̄ · p̄Þm1ðq̄ ·wÞo1ðq̄ ·pÞn1ðp̄ ·qÞm2ðq ·wÞo2ðp ·qÞn2

×ðp̄ ·pÞh1ðw2Þh2ðq̄ ·qÞh3CðabcÞ
½m�½o�½n�½Fðx;z;yÞ�ccðc−1Þ1þcþ 3

2
ðd−4Þ

½Fðx;z;yÞ�2 ;

D¼ 2

d−4
þγE−1− logð4πÞ; ðD6Þ

where we expand around d ¼ 4. A further step,

−iBðabÞ
000 ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy

	Z
1−x−y

0

dz
Ñð0Þ

a ðx; z; yÞ
½Fðx; z; yÞ�2 þ

N̂abðx; 1 − x − y; yÞ
Fðx; 1 − x − y; yÞ

−
N̂abðx; 0; yÞ
Fðx; 0; yÞ þ L̂abðx; 1 − x − y; yÞ

	
Dþ log

Fðx; 1 − x − y; yÞ
μ2




− L̂abðx; 0; yÞ
	
Dþ log

Fðx; 0; yÞ
μ2




þOðd − 4Þ;

Ñð1Þ
ab ðx; z; yÞ ¼ Nð1Þ

ab ðx; z; yÞ − L̂abðx; z; yÞ∂zFðx; z; yÞ;
Ñð0Þ

ab ðx; z; yÞ ¼ Nð0Þ
ab ðx; z; yÞ − N̂abðx; z; yÞ∂zFðx; z; yÞ;

∂zL̂abðx; z; yÞ ¼ Labðx; z; yÞ; ∂zN̂abðx; z; yÞ ¼ Ñð1Þ
ab ðx; z; yÞ; ðD7Þ

shows that all scalar-box-type contributions take the form I0ðm; o; nÞ with mþ oþ n ≤ aþ b always. This is so since in
the vicinity of d ∼ 4 it holds
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I0ðm; o; nÞ ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
Z

1−x−y

0

dz
xmzoyn

½Fðx; z; yÞ�2
þOðd − 4Þ: ðD8Þ

All remaining terms have the form of scalar triangle and
bubble diagrams as studied in Appendix B already. This
follows by a partial integration in x and y of the log-type
terms with either z ¼ 0 or z ¼ 1 − x − y fixed. We note that

the terms with z ¼ 1 − x − y correspond to triangle loops
that involve three heavy particles and therefore can be
dropped altogether in our renormalization scheme. In
contrast, the terms with z ¼ 0 correspond to triangle loops
with two heavy and one light meson, contributions analo-
gous to previously considered triangles.
We generalize our triangle relations (B10) to the box

case. Suitable partial-integration leads to

I0ðmþ 1; o; nÞ ¼ −
p̄ · w
p̄2

I0ðm; oþ 1; nÞ − p̄ · p
p̄2

I0ðm; o; nþ 1Þ − 1

2p̄2
Σðm; o; nÞ

þ p̄2 −M2
L þm2

G

2p̄2
I0ðm; o; nÞ þ δm;0

2p̄2
Iðn;oÞQH;R −

m
dp̄2

I1ðm − 1; o; nÞ;

I0ðm; o; nþ 1Þ ¼ −
p · w
p2

I0ðm; oþ 1; nÞ − p̄ · p
p2

I0ðmþ 1; o; nÞ − 1

2p2
Σðm; o; nÞ

þ p2 −M2
R þm2

G

2p2
I0ðm; o; nÞ þ δn;0

2p2
Iðm;oÞ
L;QH −

n
dp2

I1ðm; o; n − 1Þ;

I0ðm; oþ 1; nÞ ¼ −
p̄ · w
w2

I0ðmþ 1; o; nÞ − p · w
w2

I0ðm; o; nþ 1Þ − 1

2w2
Σðm; o; nÞ

þ w2 −M2
H þm2

G

2w2
I0ðm; o; nÞ þ δo;0

2w2
Iðm;nÞ
Q;LR −

o
dw2

I1ðm; o − 1; nÞ;

Σðm; o; nÞ ¼
Xo
k

ð−1Þk
�
o

k

�Xk
l

�
k

l

�
Iðmþk−l;nþlÞ
H;LR ; ðD9Þ

where we encounter the triangle functions Iðn;oÞQH;R and Iðm;oÞ
L;QH

from (35) and (D8) with xn → xnyo and xm → xmyo, re-
spectively. Similar replacements can be ready for generalized

triangle functions, Iðm;nÞ
Q;LR and Iðm;nÞ

H;PQ0, from Eq. (36). Alto-
gether, we have

Iðm;nÞ
L;QH ¼ 1

16π2

Z
1

0

dx
Z

1−x

0

dy
xmyn

Fðx;y;0ÞþOðd− 4Þ;

Iðm;nÞ
QH;R ¼

1

16π2

Z
1

0

dx
Z

1−x

0

dy
xmyn

Fð0; y;xÞþOðd− 4Þ;

Iðm;nÞ
Q;LR ¼

1

16π2

Z
1

0

dx
Z

1−x

0

dy
xmyn

Fðx;0; yÞþOðd− 4Þ;

Iðm;nÞ
H;LR ¼

1

16π2

Z
1

0

dx
Z

1−x

0

dy
xmyn

Fðx;1− x− y;yÞþOðd− 4Þ:

ðD10Þ

The system (D9) can be used to express box contributions in

terms of our extended basis functions Iðm;nÞ
QH;LR ¼ I0ðm; 0; nÞ.

This is readily achieved in application of the third line
equation in (D9).While it would be possible to further reduce
the size of our extended basis set, this is possible only at the
price of encountering kinematical singularities. By a suitable
combination of the first two lines in (D9), a relation among

Iðm;nÞ
QH;LR of different pairs of m, n can be derived. An
application of such relations would lead to kinematical
singularities at w · p ¼ 0 or p̄ · w ¼ 0.
We provide two examples illustrating our advocated

rewrite. First we consider the numerator ðl ·QÞ in (D1), for
which we find

−iðBð1;0Þ
000 þ Bð0;1Þ

000 Þ ¼ ðp̄ ·QÞI0ð1; 0; 0Þ þ ðQ · wÞI0ð0; 1; 0Þ þ ðQ · pÞI0ð0; 0; 1Þ

¼ w ·Q
2w2

½w2 −M2
H þm2

G�IGH;LRðs; tÞ þ ½ðp̄ ·QÞ − ðp̄ · wÞðQ · wÞ=w2�Ið1;0ÞGH;LRðs; tÞ

þ ½ðp ·QÞ − ðp · wÞðQ · wÞ=w2�Ið0;1ÞGH;LRðs; tÞ þ
w ·Q
2w2

�
IG;LRðtÞ − IH;LRðtÞ

�
; ðD11Þ
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where we used the third identity in (D9). While the first line in (D11) appears to cause a conflict with the expectation of
power counting, a suitable rewrite as implied by (D9) leads to expressions that are consistent with this expectation after
renormalization. Here we assume that the renormalized triangle loop functions ĪH;LR → 0 vanish.
We turn to a ðl ·QÞ2 numerator in (D1). Following our strategy already used successfully for the corresponding

triangle case in (B16), we manipulate that expression in two steps, with the first step involving the intermediate object

Bð0;0Þ
010 and

−iðBð2;0Þ
000 þ 2Bð1;1Þ

000 þ Bð0;2Þ
000 Þ ¼

�
ðp̄ ·QÞ2 −Q2

d
ðp̄ · p̄Þ


I0ð2; 0; 0Þ

þ
�
ðQ · pÞ2 −Q2

d
ðp · pÞ


I0ð0; 0; 2Þ þ

�
ðQ · wÞ2 −Q2

d
ðw · wÞ


I0ð0; 2; 0Þ

þ 2

�
ðp̄ ·QÞðQ · pÞ −Q2

d
ðp̄ · pÞ


I0ð1; 0; 1Þ

þ 2

�
ðp̄ ·QÞðQ · wÞ −Q2

d
ðp̄ · wÞ


I0ð1; 1; 0Þ

þ 2

�
ðQ · wÞðQ · pÞ −Q2

d
ðw · pÞ


I0ð0; 1; 1Þ

þQ2

d

�
m2

GIGH;LRðs; tÞ − IH;LRðtÞ
�
: ðD12Þ

Like in the triangle case, after the first step, the apparent chiral power of (D12) is at odds with the expectation of
dimensional counting rules. In the second step we apply the third line of (D9) as to eliminate I0ð0; 2; 0Þ in favor
of I0ð1; 1; 0Þ and I0ð0; 1; 1Þ and some triangle contributions. In the final step, upon a further application of the third line
of (D9), we are left with I0ð2; 0; 0Þ, I0ð0; 0; 2Þ and I0ð1; 0; 0Þ, I0ð0; 0; 1Þ and I0ð1; 0; 1Þ, all members of our extended basis
set (48). The coefficients in front of such terms start at chiral order four in all cases. Similarly, after an application of (B10),
the associated triangle basis functions contribute according to their expected chiral order. Altogether, we find

−i
�
Bð2;0Þ
000 þ 2Bð1;1Þ

000 þ Bð0;2Þ
000

�
ren

¼ 1

12s

n
ðs −M2

H þm2
QÞ
�
4Q2

w=s −Q2
�o

ĪQ;LR

þ 1

6s

n
6Qp̄Qw − wp̄

�
2Q2

w=sþQ2
�o

Īð1ÞQ;L̄R þ 1

6s

n
6QwQp −

�
2Q2

w=sþQ2
�
wp

o
Īð1ÞQ;LR̄

þ 1

12s2

n
4Q2

wð−M2
H þm2

Q þ sÞ2 þ sð−4m2
QQ

2
w þ 4m2

QQ
2s

−Q2ð−M2
H þm2

Q þ sÞ2Þ
o
ĪQH;LR

þQw

s2
ðs −M2

H þm2
QÞ
n
ðQp̄s − wp̄QwÞĪð1;0ÞQH;LR þ ðQps − wpQwÞĪð0;1ÞQH;LR

o

þ 1

3s

n
−6Qp̄wp̄Qw þ w2

p̄ð2Q2
w=sþQ2Þ þ 3Q2

p̄sþ p̄2ðQ2
w −Q2sÞ

o
Īð2;0ÞQH;LR

þ 1

3s

n
−6QpwpQw þ w2

pð2Q2
w=sþQ2Þ þ 3Q2

psþ p2ðQ2
w −Q2sÞ

o
Īð0;2ÞQH;LR

þ 2

3s

n
−3

�
Qp̄wp þQpwp̄

�
Qw þ ðp̄ · pÞðQ2

w −Q2sÞ þ 3Qp̄Qps

þ wp̄wpð2Q2
w=sþQ2Þ

o
Īð1;1ÞQH;LR þOðd − 4Þ; ðD13Þ

where we use the short-hand notation ab ¼ a · b. We note that our result can be readily generalized for the case defined by
ðl ·QÞ2 → ðl · q̄Þðl · qÞ. Like in the corresponding triangle case, it suffices to use the replacement QμQν → ðq̄μqν þ
qμq̄νÞ=2 in (D13).
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APPENDIX E: FOURTH-ORDER BOX-LOOP EXPRESSIONS

M2
abJ̄

ð0Þ;4
QH;LRðs; tÞ ¼ −

m2
Q

144ð4πÞ2
�
ðs − uÞ2 þ 4M2

abðt −m2
abÞ

�

þ 1

96

�
ðs − uÞ2 þ 4M2

abðt −m2
abÞ

�
ĪQ −

1

64

�
ðs − uÞ3 − 2M2

abðs − uÞt
�
ĪQHðsÞ

þm2
a −m2

b

64
ðs − uÞM2

ab

h
ĪQLðM2

aÞ − ĪQRðM2
bÞ
i
þM2

ab

384

�
ðs − uÞ3=M2

ab þ 2ðs − uÞðm2
ab − 2t − rðs − uÞÞ

− 8rM2
abðt −m2

abÞ
�h

ĪQLðM2
aÞ þ ĪQRðM2

bÞ
i

þM2
ab

384

�
ðs − uÞ2ð−6δH þ 3ðδL þ δRÞ þ 8m2

Q þ 7m2
ab þ 3rðs − uÞ − 7tÞ

− ðs − uÞ4=M2
ab − 2M2

abð8m2
Qðt −m2

abÞ þ 3rðs − uÞtÞ
�h

ĪL;QHðsÞ þ ĪQH;RðsÞ
i

−
M2

ab

128

�
4ðm2

a −m2
bÞ2M2

ab þ 4ðm2
a −m2

bÞðM2
a −M2

bÞM2
ab þ ðs − uÞ2ðt − rðs − uÞÞ

þM2
abð4rm2

abðs − uÞ − 4m2
abt − 2rðs − uÞtÞ

�h
Īð1ÞL;QHðsÞ þ Īð1ÞQH;RðsÞ

i

þ 1

384

�
ðs − uÞ2 − 4M2

abm
2
ab

��
ðs − uÞ2 þ 4M2

abðt −m2
abÞ

�h
Īð2ÞL;QHðsÞ þ Īð2ÞQH;RðsÞ

i

þM2
ab

128
ðs − uÞ2

�
δL − δR þ 2ðm2

a −m2
bÞ − ðM2

a −M2
bÞ
�h

ĪL;QHðsÞ − ĪQH;RðsÞ
i

−
M2

ab

128

�
−ðm2

a −m2
bÞðs − uÞ2 þ ðM2

a −M2
bÞð4M2

abm
2
ab þ ðs − uÞ2Þ

þ 2ðm2
a −m2

bÞM2
abð2m2

ab þ rðs − uÞ − 2tÞ
�h

Īð1ÞL;QHðsÞ − Īð1ÞQH;RðsÞ
i

−
M2

ab

96
ðm2

a −m2
bÞððs − uÞ2 þ 4M2

abðt −m2
abÞÞ

h
Īð2ÞL;QHðsÞ − Ið2ÞQH;RðsÞ

i

þM2
ab

384

�
−2ðδL þ δRÞððs − uÞ2 − 2M2

abðt −m2
abÞÞ þ 8δHððs − uÞ2 þM2

abðt −m2
abÞÞ

þ 8ðs − uÞ4=M2
ab − rðs − uÞ3 þ ðs − uÞ2ð16t − 24m2

ab − 28m2
Q þ r2M2

abÞ
þ 4M2

abðt −m2
abÞðt −m2

ab − 4m2
Q þ r2MabÞ þ 2ðs − uÞrM2

abð2t −m2
abÞ

�
ĪQ;LRðtÞ

−
M2

ab

96

�
ðs − uÞ2 þM2

abðt −m2
abÞ

�
t
h
Īð1ÞQ;L̄RðtÞ þ Īð1ÞQ;LR̄ðtÞ

i

þM2
ab

192

�
−7ðm2

a −m2
bÞðs − uÞ2 þ 2ðm2

a −m2
bÞM2

abð5m2
ab þ 3rðs − uÞ − 5tÞ

þ 3ðM2
a −M2

bÞððs − uÞ2 þ 2M2
abtÞ

�h
Īð1ÞQ;L̄RðtÞ − Īð1ÞQ;LR̄ðtÞ

i

þ 1

192

�
2ðs − uÞ5 þ ðM2

abÞ3rð3rðs − uÞtþ 16m2
Qðt −m2

abÞÞ=2
þM2

abðs − uÞ3ð8δH − 3ðδL þ δRÞ − 18m2
Q − 14m2

ab þ rðs − uÞ þ 10tÞ=2
−M2

abM
2
abðs − uÞð−8ðm2

abÞ2 þ 6ðδL þ δRÞrðs − uÞ
þ 14rm2

abðs − uÞ þ 3r2ðs − uÞ2 þ 4δHð4m2
ab − 3rðs − uÞ − 4tÞ þ 16m2

abt

− 14rðs − uÞt − 8t2 þ 16m2
Qð−3m2

ab þ rðs − uÞ þ 2tÞÞ=4
�
ĪQH;LRðs; tÞ

þ 1

256

�
4ðm2

a −m2
bÞM2

abðm2
a −m2

bÞM2
abðrM2

ab − ðs − uÞÞ
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þ 4ðm2
a −m2

bÞM2
abM

2
abððM2

a −M2
bÞð2ðs − uÞ þ rM2

abÞ − ðδL − δRÞðs − uÞÞ
þ ð4M2

abm
2
ab − ðs − uÞ2 − 2M2

abtÞð2ðδL þ δR − 2δHÞM2
abðs − uÞ

þ 8M2
abm

2
Qðs − uÞ þM2

abM
2
abr

2ðs − uÞ þ 6M2
abm

2
abðs − uÞ

− 4ðs − uÞ3 − 2rM2
abM

2
abt − 4M2

abðs − uÞtÞ
�h

Īð1;0ÞQH;LRðs; tÞ þ Īð0;1ÞQH;LRðs; tÞ
i

þM2
ab

128

�
2ð−ðδL − δRÞtþ ðδL þ δR − 2δHÞðm2

a −m2
bÞÞM2

abðs − uÞ
þ ðm2

a −m2
bÞM2

abð8m2
Q − 6ðt −m2

abÞÞðs − uÞ þ ðm2
a −m2

bÞr2M2
abM

2
abðs − uÞ

þ ðm2
a −m2

bÞM2
abrðs − uÞ2 þ ðM2

a −M2
bÞrM2

abðs − uÞ2 − 3ðm2
a −m2

bÞðs − uÞ3
þ ðM2

a −M2
bÞðs − uÞ3 þ 2ðM2

a −M2
bÞrM2

abM
2
abt

þ 4ðM2
a −M2

bÞM2
abðs − uÞt

�h
Īð1;0ÞQH;LRðs; tÞ − Īð0;1ÞQH;LRðs; tÞ

i

þM2
ab

192

�
12ðm2

a −m2
bÞ2ðrM2

ab − ðs − uÞÞ þ 12ðm2
a −m2

bÞðM2
a −M2

bÞðs − uÞ
− ðrM2

ab − 2ðs − uÞÞð4m2
ab − ðs − uÞ2=M2

abÞ2 þ 4ð−rM2
ab þ ðs − uÞÞt2

þ 2ðrM2
ab − 3ðs − uÞÞð4m2

ab − ðs − uÞ2=M2
abÞt

�
Īð1;1ÞQH;LRðs; tÞ

þM2
ab

384

�
4M2

abðs − uÞð4m2
ab þ rðs − uÞ − 2tÞð2m2

ab − tÞ
− ðs − uÞ3ð16m2

ab þ rðs − uÞ − 8tÞ þ 16rðM2
abÞ2m2

abðt −m2
abÞ

þ 2ðs − uÞ5=M2
ab

�h
Īð2;0ÞQH;LRðs; tÞ þ Īð0;2ÞQH;LRðs; tÞ

i

−
M2

ab

192

�
−ðM2

a −M2
bÞðs − uÞððs − uÞ2 þ 4M2

abðt −m2
abÞÞ

þ ðm2
a −m2

bÞð3ðs − uÞ3 − 2M2
abðs − uÞð6m2

ab þ rðs − uÞ − 4tÞ
− 8rM2

abM
2
abðt −m2

abÞÞ
�h

Īð2;0ÞQH;LRðs; tÞ − Īð0;2ÞQH;LRðs; tÞ
i
; ðE1Þ

and

M2
abJ̄

ð1Þ;4
QH;LRðs; tÞ¼

m2
Q

144ð4πÞ2
�
77ðs−uÞ2=8þ25M2

abðt−m2
abÞ

�
þ 1

384

�
11ðs−uÞ2þ32M2

abðt−m2
abÞ

�
ĪQ

þM2
ab

16

�
ðs−uÞ3=M2

ab−5rM2
abðt−m2

abÞþðs−uÞðt−m2
ab− rðs−uÞÞ

�
ĪQHðsÞ

þM2
ab

64
ðm2

a−m2
bÞðs−uÞ

h
ĪQLðM2

aÞ− ĪQRðM2
bÞ
i

þM2
ab

768

�
−14ðs−uÞ3=M2

abþðs−uÞð9rðs−uÞ−14t−4m2
abÞþ72M2

abrðt−m2
abÞ

�h
ĪQLðM2

aÞþ ĪQRðM2
bÞ
i

þM2
ab

384

�
−12ðδLþδRÞM2

abm
2
abþ88M2

abm
2
Qm

2
ab

−20r2M2
abM

2
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i

−
M2

ab

192

�
12ðm2

a −m2
bÞðM2

a −M2
bÞM2

abðs − uÞ þ 3ðm2
a −m2

bÞ2M2
abð4rM2

ab þ ðs − uÞÞ
þ ððs − uÞ − rM2

abÞððs − uÞ2 − 4M2
abm

2
abÞ2=M2

ab − t2M2
abððs − uÞ þ 4rM2

abÞ
þ tð9ðs − uÞ − 4rM2

abÞððs − uÞ2 − 4M2
abm

2
abÞ=2

�
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