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Pion-sigma meson vortices in rotating systems
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Possibilities of the formation of the pion-sigma meson field vortices in a rotating empty vessel (in
vacuum) and in the pion-sigma Bose-Einstein condensates at a dynamically fixed particle number are
studied within the linear ¢ model at zero temperature. The charged oz* and neutral 62° complex field
Ansdtze (models 1 and 2) are studied. First it is analyzed which of these configurations is energetically
favorable in case of the system at rest. Then conditions are found at which a chiral field storm can arise in a
rotating empty vessel. In model 1, an important role played by the electric field is demonstrated. Its
appearance may allow for formation of a supervortex (vortex with a large angular momentum) in case of the
empty vessel rotating with an overcritical angular velocity. Influence of magnetic field is also studied. Field
configurations in presence and absence of the meson self-interaction are found in both models. Then it is
shown that the description of the charged (in model 1) and neutral (in model 2) rotating pion-sigma Bose-
Einstein condensates is analogous to that for the Bose-Einstein condensates in cold atomic gases. Various
field configurations such as vortex lines, rings and spirals are discussed. Conditions for existence of the
rigid-body rotation of the vortex lattice are then analyzed. Observational effects for vortex fields in rotating
vessels, energetic heavy-ion collisions and in rotating superheavy nuclei and nuclearites are discussed.
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I. INTRODUCTION

As it is known, the cold “He exists in the superfluid
condensate phase. On the ground of a “mother” uniform
condensate the spectrum of excitations has the phonon-
roton form with the local minimum of the excitation energy
(k) at w(k = k,,), k is the excitation momentum. For a
long time it was thought that the superfluidity is destroyed
completely, if the superfluid moves uniformly with the
speed W > u; = min(w(k)/k), where u; is the Landau
critical velocity, 7= c = 1. The criterion W < u; is
usually called the Landau necessary condition of the super-
fluidity, cf. [1-4]. Reference [5] demonstrated that in case
of a superfluid “He, undergoing a nonrelativistic rectilinear
motion in a capillary with velocity W > u;, there may
appear additional “daughter” condensate of excitations
with k = k,, # 0. Excitations appear owing to a friction
occurring near the walls. Reference [6] generalized con-
sideration to the case of various moving media. Both
uniformly moving and rotating systems were studied.

Reference [7] considered a possibility of the condensa-
tion of the Bose zero-soundlike excitations with ky # 0 in
Fermi liquids moving with W > u; ~ vg, where vg is the
Fermi velocity. In [6,7] explicit results were presented for
pions and for various types of zero sounds in moving
nuclear matter. Reference [8] studied condensation of
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excitations with k; #0 (levons) in cold Bose gases.
Then condensation of excitations with ky # 0 in moving
systems was considered in [9]. The results might be
applicable for description of various bosonic subsystems
such as superfluid “He, ultra-cold atomic Bose gases,
charged pion and kaon condensates in rotating neutron
stars, various superconducting fermionic systems with
the pairing, like proton and color-superconducting compo-
nents in compact stars, metallic superconductors, the
neutron superfluid component in compact stars, and ultra-
cold atomic Fermi gases, cf. also [10]. The photon
Cherenkov radiation and shock waves in supersonic fluxes
(e.g., shock wave appearing when an airplane overcomes
sound velocity) are related phenomena. However in open
systems produced excitations may run away instead of the
formation of the condensate. In case of the single wall
moving with the speed W > u;, in a medium characterized
by appropriate dispersion relation we deal with an open
system. In case of two walls the condensate of excitations
can be formed in the region between the walls. In case of
the rotating bucket filled by the medium, the condensate of
excitations can be formed inside the bucket.

In case of the Bose—Einstein condensation of nonrela-
tivistic bosons in equilibrium matter one deals with fixed
averaged number of bosons determined by the value of their
chemical potential, u, cf. [1-4]. Besides the daughter
condensate of rotonic excitations, in a vessel filled by
the condensed “He rotating with an overcritical frequency
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Q > Q. ~InR/(mR?) there may appear vortices. Here m
is the mass of atoms of He, R is the transverse size of the

vessel. Vortices represent topological defects keeping the
quantum number, the angular momentum. Formation of
vortices in a moving superfluid is in a sense similar to the
mentioned above creation of excitations populating a low-
lying branch of the spectrum. Vortices and antivortices are
produced in pairs. Antivortices can be absorbed at the walls
of the rotating vessel. In this way remaining very massive
vortices select a part of the angular momentum from the
rotating vessel. At least for buckets of a sufficiently large
size R one has Q.; <« Q; , where Q. ~ u; /R is the critical
rotation frequency, cf. [6], at which there appears con-
densate of excitations with ky # 0. The vortex-rings may
also appear at the rectilinear motion of the condensed “He.
In this case for systems of a sufficiently large size the critical
velocity W, for formation of vortex-rings proves to be
smaller than u; . In difference with the daughter condensate
of excitations the occurrence of vortices requires presence of
a mother condensate. Friction in the mother condensate in
presence of vortices and a possibility of formation of a giant
vortex states in rapidly rotating Bose-Einstein condensates
were studied in [11,12] and [13].

Formation of the vortices in the resting systems is
energetically unfavorable [1]. Some works considered ques-
tion about existence of the vortices in a static matter within
various modifications of the linear o model, cf. [14,15]
and references therein. A role of various topological defects,
such as vortex strings in the early Universe, has been
discussed in [16].

At SPS, RHIC and LHC heavy-ion collision energies at
midrapidity a baryon-poor medium is formed [17-21] with
pion number exceeding the baryon/antibaryon number
more than by the order of magnitude. To describe such a
matter authors of the hadron resonance gas model, e.g.,
cf. Ref. [22] and references therein, assume that hadrons are
produced at the hadronization temperature 74,4 after cool-
ing of an expanding quark-gluon fireball. At the temper-
ature of the chemical freeze-out, T pem = Thag, 1nelastic
processes are assumed to be ceased and up to the thermal
freeze out only elastic processes occur. Thus at the stage
Tephem > T(t) > Ty, one may speak about a dynamically
fixed pion number, i.e. approximately not changing at this
time-stage. If the state formed at the chemical freeze-out
was overpopulated, during the cooling there may appear the
Bose-Einstein condensate of pions characterized by the
dynamically fixed pion number, as it was suggested in [23].
On the time interval, at which the particle number remains
almost constant, the Bose-Einstein condensate of pions
behaves similar to a superfluid. The problem was then
studied, e.g., in Refs. [24-31]. In [28,31] the processes
keeping the total number of pions approximately fixed
were separated from the processes including absorption
and production of pions already in the Lagrangian of

the 1(52)2 model. Similarly to the pion Bose-Einstein

condensation, the Bose-Einstein condensation of gluons
may arise [32-36]. A non-equilibrium Bose—Einstein con-
densation has been observed and studied in case of the so-
called exiton-polariton bosonic quasiparticles that exist
inside semiconductor microcavities [37,38]. The ALICE
Collaboration observed a significant suppression of three
and four pion Bose-FEinstein correlations in Pb-Pb colli-
sions at /syy = 2.76 TeV at the LHC [39,40]. This
circumstance can be interpreted as there is a considerable
degree of coherent pion emission in relativistic heavy-ion
collisions [41,42]. Analysis [43] indicated that about 5% of
pions could stem from the Bose-Einstein condensate. A
discussion of a possibility of the Bose-Einstein condensa-
tion in heavy-ion collisions at LHC energies can be found
in the reviews [10,44].

Estimates show presence of angular momenta L ~
V/$Ab/2 < 10°7 in peripheral heavy-ion collisions of Au +
Au at /s =200 GeV, for impact parameter b = 10 fm,
where A is the nucleon number of the ion, cf. [45]. The
global polarization of A(1116) hyperon observed by the
STAR Collaboration in noncentral gold-gold collisions [21]
indicated on existence of a vorticity with rotation fre-
quency Q =~ (9 £ 1) x 10*' Hz ~ 0.05m,.

Besides a rotation, also strong magnetic fields are
expected to occur at heavy-ion collisions and in compact
stars. Already first estimates [46] predicted values of the
magnetic field up to ~(10'7-10'8) G for peripheral heavy-
ion collisions at the energy ~GeV per nucleon. Also fields
with H < (10'9-10'®) G exist at surfaces of magnetars and
with H < 10'® G may be may exist in neutron star interiors.
Inhomogeneous pion condensation, which may appear in a
dense nucleon matter, may survive even in such strong
magnetic fields [46]. Question about condensation of the
noninteracting charged pions in vacuum at a simultaneous
action of the rotation and a sufficiently strong magnetic
field was studied in [47]. Reference [48] included the pion
self-interaction within the A|®|* model and suggested
appearance of a giant pion vortex state (supervortex).
Effects of electric field were disregarded.

The chiral SU(2) x SU(2) symmetry, which is isomor-
phic to the symmetry under rotations in Euclidean 4-space-
time, plays an important role in the nuclear phenomena
involving hadron interactions and in the strong interaction
theory based on quark-gluon degrees of freedom. This
symmetry holds for massless particles and it is broken by
the terms in the Lagrangian associated with particle masses.
The quarks u and d have very small bare masses compared
with the nucleon mass my ~ 938 MeV, namely m,,, m, are
estimated as ~(2-5) MeV. Experimental value of the pion
mass m, ~ 140 MeV is also small compared to my. If one
puts m, =0, my; =0 and m, = 0, the model becomes
SU(2) x SU(2) symmetric. In the vacuum the symmetry is
spontaneously broken and the o field acquires the non-zero
expectation value. Within the hadronic sigma model the
nucleons are introduced as initially massless particles and
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their large experimental value of the mass appears then as
the result of the interaction of the nucleon and the vacuum o
meson field. Small pion mass term can be then added, as a
term explicitly breaking the SU(2) x SU(2) symmetry.

In the given paper within the linear sigma model we
employ two models, one (model 1) describing complex
charged pion field and another one (model 2) describing
neutral complex 7° field. The latter model allows to consider
fluidity in the system of electrically neutral 67° field. First, we
study conditions at which either solutions of the model 1 or of
the model 2 are energetically favorable in the system at rest.
Then we consider rotating systems. First, the question will be
studied whether the chiral-field vortices may appear in the
rotating empty vessel (in the vacuum) in absence and in
presence of the static electric potential. Then we study Bose-
Einstein condensates of the charged pions in model 1 and of
on’ in model 2 in the rotating vessel and in a piece of the
hadron matter. In the case of the rotating gases with a
dynamically fixed particle number the vortices may form
the lattice. We will consider a possibility to seek for various
observational consequences of the formation of chiral-vortex
structures. Recently a GigaHerz-frequency rotation of the
dynamical exciton-polariton Bose-Einstein condensates has
been studied in [49].

The paper is organized as follows. Section II introduces
the Lagrangian of the linear ¢ model. Two specific models
are considered, one corresponding to a possibility of the
formation of the charged pion field and another one to a
possibility of the formation of the neutral 6z° complex field
in the system at rest. Section III studies chiral fields, which
can be formed within mentioned two models in the rotating
systems. First we consider the case of not self-interacting
bosons and then switch on the self-interaction. We study
the possibilities of the formation of the chiral-field vortex
condensates in an empty rotating vessel (vacuum) in
absence and in presence of the static electric potential,
an artificial external vector field and the magnetic field.
Then we consider appearance of a vortex field in a rotating
piece of nuclear matter and in the rotating gases with a
dynamically fixed particle number. Section IV contains
conclusions. In this paper we will use units 2 =c = 1.

II. LINEAR SIGMA MODEL

A. Zero pion mass

The linear sigma model as realization of the chiral
symmetry was introduced by J. Schwinger in 1957 and
Gell-Mann and Levy in 1960, cf. [50]. In this model the
isospin triplet of pseudoscalar pions 7 = (7, 7, 73) is
unified with the scalar meson ¢ in the Euclidean quadruplet
o= (0.7, m2,73), a=1, 2, 3, 4, ¢2=0>+7>. In
absence of nucleons the Lagrangian density is as follows

_ aﬂ¢aaﬂ¢a _ ﬂ(gl)z, - 1)2)2

c
¢ 2 4

(1)

This Lagrangian is symmetric under rotations in 3-isospin
space of fields z; and 4-space of fields ¢,. Comparison of
different terms in (1) shows that the fields o, z; and constant
value » have dimensionality 1/1, where [ is a length scale,
and constant 4 is dimensionless. We assume that A and v?
are positive constants. Positiveness of A is needed for
stability of the vacuum. Positiveness of 2> provides
spontaneous chiral symmetry breaking.

It is convenient to introduce complex chiral fields in the
form

D, = (0 + im3), D, = (1 +im) = V2¢. (2)

From (1) we recover equations of motion
(_atz + A)q)(mr + MUZ - /1(‘¢0|2 + |q)ﬂ|2)]q)(r,ﬂ =0. (3)

In the uniform space this equation has constant solu-
tion |®,|? + |, |* = v”.

In spite of the symmetry, the vacuum is usually described
by 6 = +w (to be specific we further fix 6 = +v > 0) and
z; = 0 because the choice, e.g., 7; = v (or 7, = v, or
73 = v) would spoil isotopic symmetry of strong inter-
actions. Setting ®, = v + @, ®, = 0 in Eq. (3) we arrive
at equation

(=07 + A)@, — 20*(@;, + @) + O(®F) = 0. (4)

From (4) and the corresponding equation for @} it follows
that the neutral ¢/ = (@], + ®}/)/2 excitation acquires the
mass term

my, =\ 2% > 0, (5)

whereas the pion excitations remain massless. Employing
m, ~ 600 MeV we have 1~ 20. With the choice ®, = 0,

®, #0 one would have m, = V2> >0 (or m, =

V22v% > 0) and massless other fields, that is not realistic.
The conserved 4-current densities associated with the @,
and @, fields are as follows

Jo = (Po.jo) = —(@50°®, — ©;0D,)/(2i),
Jb = —(PL* D, — DL D,)/(2i), (6)

and with the stationary field Ansitze @, o e ol
®, o e~ we obtain

Po = Ho @2 pr =t || (7)

Here, the chemical potential ug relates to the conserved
axial current

A? =n;0'c —ocd'x;, (8)
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j=1, 2, 3, and the quantity u, is the electro-chemical
potential associated with conservation of the electromag-
netic current. The Lagrangian- and energy densities render

L — ﬂ<21>|(D6|2 _ ‘V(I)6|2 _/1(|¢0‘|2 + |cDﬂ|2 — UQ)Z

2 2 4
2 2 2
Ha| D7 VD,
- 9
and
E = popo + tapr — L. (10)

The minimum of the energy corresponds to V®, =
V&, =0, and pup = p, = 0, i.e. to the absence of particles
in the vacuum. Then E = 0 and |®,|*> + |®,|> = »%. At a
fixed particle number the particle density, Eq. (7), is found
from (9) as p, ¢ = 0L/0u, ¢. The same is correct in case of
a dynamically fixed particle number provided one consid-
ers the system during the time interval shorter than the
decay time. In the description of ultrarelativistic heavy-ion
collisions at a late collision stage (after the so-called
chemical freeze out till the thermal freeze out) inelastic
pion-pion processes are assumed to be suppressed com-
pared to elastic scatterings and the total pion number can be
considered as approximately fixed, whereas processes
at + 1~ < 27° are allowed [31]. Then the quantities g
and p, are determined from the condition of the fixed
particle number.

To study further effects of rotation we need to deal with
complex fields. For this aim to avoid extra complications
we will consider two models.

Model I: 6 = v,n3 = 0, and 7; # 0 or/and 7, # 0. This
model permits to study fluidity of the z* charged fields.
Note that with @, = 0 the Lagrangian (9) coincides with
the Lagrangian of the ordinary 1|®,[*/4 model.

Model 2: The mean field ¢ # 0 or/and 73 # 0, whereas
m =m =0, 6>+ 3 =% This model allows us to
consider fluidity in the neutral ¢, z° system. In the limiting
case 0 = v, ®, = 0 the Lagrangian density (9) coincides
with the Lagrangian density of the Az /4 model. Previously
the ansatz of the model 2, which allows to describe a
homogeneous condensate of the 67° complex electrically
neutral field, has been considered within the NJL model.

A remark is in order. The z~ and z™ behave differently in
respect to the electromagnetic interactions. For a positively
charged nuclear droplet of a fixed charge density p" the
Coulomb energy grows with the radius of the system
(Z = 472R%p™"/3) as € « Z°/3, whereas the strong inter-
action part of the energy is o Z. Thereby for nuclear
systems of a rather small size R ~ Z'/3 the Coulomb effects
can be neglected, whereas they become efficient at the
increase of Z. For a sufficiently large Z, the 7~ level reaches
zero and the nuclear droplet with approximately the same

number of protons and neutrons via reactions n — p + 7~
produces the 7~ condensate and the interior becomes to be
electro-neutral, cf. [51,52].

B. Nonzero pion mass

As we have mentioned, in order to describe that pions
have a nonzero physical mass m, ~ 140 MeV < my ~
934 MeV, my is the nucleon mass, one introduces the term
in the Lagrangian density (1), which explicitly breaks the
chiral symmetry. One may use the choices:

m;;Zﬁ:Z

Ei}b.:ea or ﬁgiz— 5 (11)

The value € has sense of the constant density of the scalar

charge. As it is explicitly seen, the term Eglzb)i describes the
massive pion. Here we use the value m;, instead of m,, that
may be particularly useful for comparison with the lattice
gauge theory. Also some authors, cf. [53], studying general
properties of the phase diagram in the ¢ model allowed
for a variation of the value m. Then an interesting phase
structure occurs, which results in zero, one, or two critical
points depending on the value of mj. Moreover, the
nucleon-pion interaction in the baryon matter results in
appearance of the pion energy-momentum dependent
effective pion mass. Such an attractive interaction allows
for a p-wave (and s-wave in some models) pion condensa-
tion in a sufficiently dense baryon matter, cf. [54-56].
In case of hypothetical Bose stars [57] the gravitational
potential in the nonrelativistic limit is added to the
value m?2.

To be specific we further employ the symmetry breaking

term in the form Eg_zg_, which explicitly demonstrates

appearance of the pion mass. With the term [,g_lb). at hand
it is still necessary to show that the pion acquired mass.
This case is discussed in Appendix A.

C. Charged and neutral pion-sigma condensates

Taking @, = ®y,e ', 6 = v in model 1 and @, =
®g,e~! in model 2 we rewrite the Lagrangian
density (9) as

_ (Mo = gw0)*|Pos|* _ Vo[>

v
£JT,(D - 2 2
M| @, |* + @, [* — v?)?
B 4
(/’tﬂ -V- gw0)2|®0n’|2 |VCI)071'|2 m;Zﬁ!Z
2 S22
2
+ (VV)Z +n,V. (12)

8re

Here we added a contribution of the static electric field
V =eA, in case of the model 1 describing charged
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particles, n,, is the density of an “external” charge, e is the
electron charge. If n, # 0, the field V appears even in
absence of the field ®,. For instance, the charged density
can be associated with a proton distribution, if we deal with
a piece of the nuclear matter, or with a surface charge
placed on plates of the capacitor, if the system is placed in a
capacitor. In case of a cylindrical coaxial capacitor, in
absence of the charged boson field the electric potential is
constant in the region inside the inner cylinder. In case of
the model 2 we should put V = 0. For generality we also
added an interaction of our scalar complex field with the
zero-component of an external neutral vector field, e.g., the
w, vector-meson field, g is the corresponding coupling
constant, and we will consider the case gw, ~ const < 0.
Unfortunately, the value of the coupling ¢ is not exper-
imentally constrained and ordinary one puts it zero.
Inclusion of the o-pion-nucleon interaction will be per-
formed in Sec. IID.

1. Complex charged pion field

In the model 1 equation of motion for the charged pion
field is

A(I)Ozr—i_ [(/"ﬂ_ V_ng)Z_m;? _)“|¢)07z|2]q)07z =0. (13)

By variation of the action over V we recover the Poisson
equation

AV = 471'62(71,, + (V + gwg _ﬂﬂ>|¢0ﬂ|2)' (14)

In a broad electric potential well, Rm} > 1, the ground-
state 7~ energy level dives into the lower continuum,
U, < —mi, forV<V,=-2m} at gw, = 0. In case of the
plain capacitor, n,, is the charge density distributed on the
plates. The critical value V. = eEl = —2m,, can be reached
at fixed value of the electric strength E ~ 10° v/cm by
pushing the plates of the capacitor apart on the distance
[ ~ 10 m. However z* pairs are produced in the tunneling

process and the probability of their creation at such low

electric fields is negligibly small W ~ e~/ (1)) and

thereby the process needs too long time to be observed,
cf. [58,59].

In case of approximately uniform system for V ~ -V, =
const from Eq. (13) we recover

Do, |* = [(#2 — m3?)/2)0(2 — m3?),

ﬂn:MnJrVo—ng, (15)

where we introduced the value of the shifted chemical
potential, (x) is the step-function.

The case V ~ 0 is relevant for consideration of nuclear
systems of a not too large size, e.g. such as light nuclei.
Indeed in this case the Coulomb effects prove to be much
weaker than the strong-interaction ones and [, ~ R, where

[y is the typical length of the change of the electric field. On
the other hand, for the system of a large size R > [, [y,
where [, is the typical length of the change of the charged
pion condensate field, for the case n, =0 the global
electroneutrality condition [ p(r)rdr = 0 should be sat-
isfied yielding the averaged value of the electric poten-
tial V = p, — gwy.

For n,(r) = const > 0 at r < R and O for > R, we can
put V(r) = =V, = const everywhere at r < R — Iy, i.e.,
except a narrow region near the edge, cf. [51,52,60,61].

As it follows from (10) and (12) for A#0 at V =
—V ~ const the energy density is given by

(fiz = m3?)?
41
Pr = ﬂn(ﬁzzz - mjrz)/l’ (16)

EX = UgPr — + anO’

for ji2 > m:? and for p, < m}3 /1 we obtain

fix = i + pod/ (2m3?),

Aoz

*2
4m}

Ey ~myp, + + (np = p2)Vo + gwops.  (17)

If we deal with a piece of the isospin-symmetric nuclear
matter, the chemical potential x4, may reach zero, as it
follows from the condition of the equilibrium respectively
the nuclear reactions n <> p +z~. For p, =0, n, ~p,,
we have

Ef(Jpe <mp py = 0) = (my + gwg)n,.  (18)
The total energy density renders [51]
E=E/+E,, (19)

where E, is the strong interaction contribution and EY is
given by Eq. (17) and (18). Considering limiting case when
A is very small and gw, = 0, from Eq. (13) we find that
Vo = m} (provided V ~ Ze? /R = m?). For the nucleus of
a large atomic number A and for p, = n, = p,/2, where p,
is the nucleus saturation density, the strong interaction
contribution is £, ~ —-32Z MeV, Z~A/2 is the proton
charge of the nucleus. For 4 — 0 we would have

&~ (m}—32 MeV)Z (20)

and we would deal with stable 7z~ condensate nuclei and
nuclei-stars of arbitrary size (till their atomic number A is

< 107 and effects of the gravity can be neglected), if m:
were smaller than 32 MeV, cf. [52,55,60].
For A # 0, p, > m?> /] we get

e = 30 (1 mi2) (32213p7%))
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and

m;2p721/3
6/11/3

+ (np _pﬂ)VO + ng”p’ (21)

EY (pn>> mi2/2) 3013, /4 +

where the first term is dominant. In case of a piece of the
isospin-symmetric nuclear matter, which we have dis-
cussed, taking 1~20, m; = m,, we may use Eq. (21).
Then we have

Ex(32Pp JA+ my =32 MeV)Zxm,Z > 0.  (22)

Thereby a decrease of the energy due to the charged pion
condensation at ignorance of the pion-nucleon interaction
is not sufficient for existence of stable approximately
1sospin-symmetric nuclei of a large size with the nucleon
density p ~p, in their interiors, at the positive charge
compensated by the negative charge of the pion condensate
field, cf. [52,55,60]. Influence of the pion condensation
with the momentum k # 0, which can be formed at a
density p > pZ > p, owing to a strong p-wave pion-
nucleon interaction, on a possibility of existence of super-
charged superheavy nuclei was studied in [55,58,60,62,63].

2. Neutral complex pion-sigma field
In the model 2 the time averaging of the term —m}*x3 /2
can be presented as —mj>®3_/4, since 3 = Dy, sin(uet),
as it follows from Eq. (2). Equation of motion for @, is then
given by

(B + A)@g, + [A(0* = [@o,|*) — m;?/2]®, =0, (23)

where fig = pep — gy.
In case of approximately uniform system from (23) we
find the mean-field solution

@, = [0 + (g — m;?/2)/2]0(v* + (#d — m3?/2)/4).
@), =0, (24)

where 6(x) is the step-function.
The energy density is as follows

_ (/_42 _ m*2/2)v2
Eo = flopo + gwopo — ®+
_ (pg —m?/2)?

42 (25)

For lpp < m}?, 1< 1 we have jip ~ mi(1 — v*/m> +
)/V2 and Eq(Ape < m) = vt /4 + pemi/V2 + ...

We see that for n,, = 0, gwy = 0 Eq. (17) yields a smaller
energy than (25).

In a physically meaningful case A > 1, for pgp < v°V/4,
as it follows from relations (7) and (24), we obtain

2 *2 .2
pd) mn’ v
Eqnﬁszz ) + gwope + O(1/4),
fio = po/v* (1 + O(1/2)). (26)

For pg > miv? the first term is dominant. For pg, < mv?
the second term is dominant.

For pg > v3+/A one has

31/3 4/3 A0 )2/302 1
Ey ot P _ (4pe)* 0 [IJFO(;)}

4 2
~ 11/302
fip = APp* (1 - —5 ) (27)
304

3. Energetic favorability of various configurations

As we see from the above derived expressions, for
n, =0, gwy =0, ie. in absence of external fields, the
energetically favorable solutions correspond to p, ¢ =0
and solution in the model 2 is energetically unfavorable,
whereas the solution in the model 1 describes the vacuum
state 0 = +v, n; = 0. In case of a pion gas with fixed
particle number, p, 4 # 0, the system energy given by
Egs. (16) and (25) is positive for both models 1 and 2. The
case 1 = 0 is specific. Here we have ji, = m in the model

1 and jip = my/ /2 in the model 2, @, o are expressed
through p, ¢ according to Eq. (7) after performing the
replacements p, — ji, and pgp — fe.

For n, = 0, gwy = 0 in the case of the dynamically fixed
pion number for a system heaving a rather small size, when
we may put Vy — 0, comparing (17) and (26) at fixed
density p, = p,+ +p,- =p in the model 1 and p, =
pPo/2 = p in the model 2 we see that for p, < m}> /1 <
mivt < v3\/1 the value (17) is smaller then (26), i.e.
solution of the model 1 is energetically favorable compared
to that for the model 2. The same statement holds for
Pt = Pr = Pa/2 =pp. In case p > 1>\, for p, +
P = pyo = p again solution of the model 1 is energeti-
cally favorable compared to that for the model 2. However
for p,+ = pr- =p./2 =pp Eq. (27) leads to a smaller
energy than (21), i.e. solution of the model 2 for p > v3v/2
is energetically favorable compared to that for the model 1.
Please notice that Refs. [28,31] demonstrated that initially
isospin-asymmetric pion gas with a dynamically fixed total
particle number at a temperature 7 > Tggc by reactions
27° <> xt 2~ will form the state with p,- = p,/2 = po,
where T'ggc is the critical temperature of the Bose-Einstein
condensation. The possibility of the 67° condensate fields
at T = 0 was not considered there.
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In an artificial case, mj — O (chiral limit), for p, <
v3v/2 we find that Eq. (26) yields a smaller energy than
(21), i.e. solution in the model 2 is energetically favorable
compared to that in the model 1. For p > v3+/4, comparing
(21) and (27) we see that the solution in the model 1 is
energetically favorable compared to that in the model 2 for
Pr=p =po =pPo/2 and the solution in the model 2
becomes to be energetically favorable compared to that
for the model 1 for p+ = p,- = p,/2 = po = pa/2.

In case of the zero Bose particle number and n, =0,
gwy = 0 we should put pg, = p, = 0, Vy = 0. In the model
1 from (13) we have

E,(u, =0)=0, o =+, 7 =0. (28)
In the model 2 from (25) we get
m;<[21j2 m;k[4
Ey(ue =0) = -—>0, (29)

4 164

for |®,|> = 22, ®, = 0, i.e. solution (28) of the model 1 is
energetically favorable in comparison with solution (29)
of model 2. Thus the vacuum in the rest frame is stable
respectively formation of the charged and neutral pion fields.

Finally let us notice that we could consider one more
case: 6 =m3 =0, ®, =7 +inmy #0. In this case we
would have

|@oz|? = [v? + (uz = m3?) /A0 + (uz — m3?)/4).

and o is massless. For a low pion density this possibility is
not realistic. However in presence of a large nucleon
density a developed p-wave pion condensate may appear
resulting in the chiral transition from the ¢ ~ » vacuum to
the |z|*> =~ v? one, cf. [64,65].

D. Nucleon-meson interaction

With inclusion of nucleons the Lagrangian density of the
model is as follows

a aa” a /1 p - 2)? =
Lo = p PP _ Mo = v7) + Nip“o,N
2 4
—gN(o+iz7y")N + L), (30)

i = 1,2, y* are the Dirac matrices, cf. [50]. Interaction with
a static electric field can be introduced similar to that done
in Eq. (12).

In the case 12 <0, £) =0, the model describes
massless nucleons, and the pions and the sigma mesons of
the same mass m2 = m’?> = —Av*> > 0. Such a theory does
not satisfy the data, which show that nucleons are very
massive particles and pions are lightest among hadrons.
Thus, one should take v> > 0 in the second term of Eq. (30),
as we have done it above. Without losing generality we may

chose ¢ = v and introduce fields describing excitations over
the vacuum state (in absence of the rotation) ¢’ = ¢ — v,

7' = 7, N = N. With the symmetry breaking term [,Ezb) we
have my = gv, with L’S& the nucleon mass term is given by
my = g(v +¢/(2Av?)). The value v is found from the
condition of the partial conservation of the axial current,
v=f,~93 MeV, where f, is the pion weak decay

constant. Taking my ~ 934 MeV one recovers the value
of the coupling constant g ~ 10.

III. CHIRAL FIELDS IN ROTATING SYSTEMS

A. Complex oz fields in rotating reference frame

Let us now study behavior of the chiral vacuum
[minimum of energy (10) corresponds to u,q = 0] and
a sigma-pion gas at T = 0 with a dynamically fixed particle
number (for y, # 0 or pg # 0) described within the linear
o-model in the rigidly rotating cylindrical system at the
constant rotation frequency 5.||z We seek the solution
of Eq. (3) in cylindrical system of coordinates (r,#,z),
V = (0,,0y/7,0,), r = \/x* +y*. The coordinate trans-
formation between the laboratory (#,7) frame and the
rotating (7, 7) frame is as follows: ' = ¢, X' = x cos(Q¢) —
ysin(Qt), y' = xsin(Qr) + ycos(Qr), 7/ = z. Employing
it and that (ds')? = §,,dx"dx" = (ds)*, where §,, =
diag(1,—1,-1,—1), we recover expression for the interval
in the rotating frame

(ds)* = (1 — Q2r?)(dt)? + 2Qydxdt — 2Qxdydt — (drs)?,

r3 = V> + z2. As we see from here, a uniformly rotating
system must be finite, otherwise the causality condition
Qr < 1 is not fulfilled. Formally requirement of finiteness
of the system can be satisfied by imposing a boundary
condition at some r = R. The latter condition will be dis-
cussed below. So, the rotating frame is determined as [66]:
eh=ej=ey=e=1, ¢ =yQ, ey = —xQ, e, = €40,
ey = 0, + yQ0, — xQ0,, e; = 9;. Latin index i =1, 2, 3,
Greek index u = 0, 1, 2, 3. Thus in the rotating frame we
should perform the replacement

0, = 0, + yQd, — xQ0, = 9, — iQl, = 9, — Qdy. (31)

In presence of the gauge fields A, and w, in the

laboratory frame, the Lagrangian density in the rotating
frame renders [47,48,66]:

|(Dt erQDx - ngy)q)ﬂ|2 _ |Diq)ﬂ|2
2 2
om0 AP,
2 4 7

ot __
LY =

(32)

J— : rot . 1Ot rot __ v
where D, = 0, + ieA}" + igw}), eAY = Ayej,. In case of

uniform constant magnetic field H|z and electric field
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eAy(r) = V(r), gwo(r) =0 we have eA}" = (V(r)-
eHQr?/2,eHy/2,—eHx/2,0). We continue to employ

the symmetry breaking term in the form ngb)

At Q = 0 we choose as the vacuum state o = +v > 0,
z; =0 in the whole space. Let us now show that for
Q > Q., where Q, is a critical angular velocity, at r < R,
there may appear a phase transition from the state 6 = v
and z; = 0 to a chiral-vortex state either characterized by
the charged pion condensate @, #0 and ¢ = v, 73 =0
within the model 1, or by the mean field ®, # 0 at ®, = 0
in the model 2.

Within the model 1 (®, # 0, 6 = v) we seek solution
of the equation of motion in the form of the individual
vortex [1,2]:

D, = Qo (r)eO etz @y = v, (33)
with @\, = const, p, = const. Below we disregard a trivial
dependence @  e'P:* on z, since we will be interested in
description of the minimal energy configurations corre-
sponding to p, = 0.

Circulation of the &()-field yields

7{ dIVE =27, (34)

at the integer values of the winding number v = 0, £1, ...
and V& =v/r, £ =16, thereby. For the case V = V(r),
A=0, @=0, wy=awy(r) of our main interest the
Lagrangian density with taking into account the rotation
in the model 1 can be presented as

L:V _ |aiq)ﬂ|2 |ﬁq)ﬂ|2 _ /llq)ﬂ|4 _ mjrzlq)n|2 + (vv)2
T 2 2 4 2 8re?
+n,V, =+ Qu=V(r) - gy, (35)

cf. Egs. (12) and (32). Equation of motion for the con-
densate field is simplified as

B+ A, =2/ = m2(r) = Al@u () = 0. (36)

cf. Eq. (13), A, = 0> +0,/r.

Within the model 2 (®, # 0, ®, = 0, V = 0) a complex
field @, is affected by the rotation, in spite of the ¢ and 7°
separately, being described by the one-component fields,
which are not influenced by the rotation. We seek solution
of the equations of motion in the form [1,2]:

@, = Py (r)eO el @, =0, (37)

@, = const. The Lagrangian density renders

L - _ |ai(I)¢7|2 |(/«t¢, + Qu — ng)q)a'z
® 2 2
M@ 2 =022 min3
- - 38
4 2 (38)

Neglecting rapidly oscillating terms we may replace
sin?(18 — ppt) by 1/2, cf. Eq. (23). Then equation of
motion for the stationary field reads
72+ A, =12/ 12 =m2 20y (r) +A[0* = @0, 2> (r) i (r) =0,

(39)
For the model 2 we have ji = jip = e + QU — gwy.

The angular momentum associated with the boson field
@, , is given by

Loo— /d3 X[ x P,

- 1] dL,o 0L, o
P=z|—=x ~® g |,
2 [aazcb,,.ﬁ ot 3oL,
P6‘ = ﬂq);,ﬁv(bﬂ,ﬁ/i‘ (40)

In case of the vortex (index v) placed in the center of the
coordinate system P} = ji|®, ,|’v/r = p,ov/r and L' =
[ d&®X[F x P"]. Thus we obtain

R
LY = 2erz/ rdrvp, ¢, (41)
0

where the charged particle/field density is given by

ac,‘[/,q)

a/"md)

Prd = = ﬁ|©ﬂ,®|2‘ (42)

In case p,, ¢ ~ const we would have L} ~ wrdZRzp,,,q). d, >
R isthe size of the system in z direction. If the vortex is placed
atadistance b from the center, one should replace R in (41) to

VR? — b?, cf. [3]. Note that the same Eq. (41) follows from
Egs. (35) and (38) after usage that the angular momentum is
Lyop=[d roL) o/ 0% For v > 1 we will name the result-
ing vortex field the supervortex. The superfluid as a whole
can either remain at rest or it can participate in a rotation. In
the latter case the superfluid may mimic a rigid body rotation
with the angular velocity @ close to €. The total boson
angular momentum is the sum of the vortex term and the term
related to the rotation of the superfluid with the angular
velocity w. First we will focus on the case when @ = 0. The
case w # 0 is relevant for the rotation of the condensed Bose
gas in some frequency interval when the vortices form a
lattice. It will be discussed in Sec. III D 4 and in Appendix B.

Above we considered the case when the rotation fre-
quency Q of the rotating frame is fixed. The vortex field
arises when its energy in the rotation reference frame
becomes negative.
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B. Rotation- and laboratory frames.
Rigid-body rotation

The question how to treat the rotating reference frame
and the response of the Bose field vacuum and the Bose gas
at zero temperature (i.e. the Bose-Einstein condensate) on
the rotation in this frame is rather subtle owing to necessity
to fulfill the causality condition r < 1/Q. We may associate
the rotation frame with a rotating rigid body of a finite
transversal size. For instance, we may consider either the
vacuum or the pion-sigma gas inside a long empty
cylindrical vessel of a large internal transversal radius R,
external radius R., hight d, > R, mass M and constant
mass-density p,,, rotating in the z direction with constant
cyclic frequency Q at Q < Q.. = 1/R., as the require-
ment of causality. Limiting cases R - 0 and R, - R+ 0
as well as R, > R are allowed. For the Bose gas described
by a complex field there are two possibilities: (1) it
responses on the rotation of the vessel creating the vortices,
and (2) it does not rotate, cf. [1-4]. The latter possibility is
realized for rotation frequencies Q < Q.;, where Q. is a
critical angular velocity. For the vacuum (the ground state
in absence of particles) we also should study two possibil-
ities: (1) in the rotation reference frame it responses on the
rotation of the vessel producing a vortex field and (2) it
does not rotate, remaining the same as in the laboratory
reference frame.

Further, there are two possibilities: (i) conserving rota-
tion frequency ﬁﬁn = ﬁin of the rotating rigid body, and
(ii) conserving angular momentum Ijﬁn = Zin.

In case (i) the kinetic energy of the vessel at the
nonrelativistic rotation measured in the laboratory (resting)
reference frame,

Ein = mpyQ2.d.(RL — RY) /4, (43)

does not change with time. The loss of the energy due to a
radiation is recovered from an external source. We will
consider the situation when in the rest frame the pion field
condensate does not appear from the vacuum even in
presence of external fields. It is so at least provided external
fields are not too strong. However we still should consider a
possibility for formation of the pion condensate from the
vacuum in the rotation reference frame. In presence of
Bose excitations the final energy of the system is &, =
Ein + €2.0[Qn), €,.0[L] is the rotation part of the energy
associated with a Bose condensate in the rotating system.
The condition for the formation of the condensate in the
rotating piece r < R of the vacuum is as follows

Er0lQi] < 0. (44)

The same condition holds, if we deal with the gas with fixed
particle number, with the only difference that for the gas
Hzo # 0, and the latter quantity is determined from the
condition of the fixed particle number.

In case (ii) the vessel is rotated owing to the initially applied
angular momentum L;, = X[ x Pul, P = put[Qin 75,

— -

Zin = 1;,Q;, = ﬂpMQindz(Ri - R4)/2, (45)

which value is conserved and can be redistributed between
the vessel and the condensate of the chiral field, if the
formation of the condensate is energetically favorable. /;, is
the moment of inertia. We have

l—:in - ZM.fm + lea,t&)?
ZM.fin = ”pMinndz(Ri - R4)/2- (46)

A somewhat similar problem has been studied in [6,7,9,10]
in case of rectilinear motion of the wall in the superfluid.
The final energy is

Ein = 1Py, d,(RL — RY) /4 + gl?,%)’ (47)

fin
and for the gas with fixed particle number
£ =Eal.Q=0]. (48)

From the latter equation in case (ii) of the conserving initial
angular momentum we obtain

Efin = Ein — El?,%ﬁm + &b, Q = 0]
+ (L) /[mpyd (RL — R*)). (49)

In case of a weak condensate field (for L%, < L;,), which
we will be interested in, the last term can be neglected and

5E = Egp — Ep = —LIBQ + E L, Q=0 (50)

The vortex-condensate field appears provided o6& < 0.
Below we will show that for the description of the non-
relativistic pion-sigma gas at a fixed particle number
conditions (44) and (50) coincide. On the other hand, the
vacuum at Q = 0 is described by 6> = v* but @, , = 0 and
the condition (50) becomes helpless. The response of the
Bose vacuum on the rotation is manifested in the rotat-
ing frame.

Generalization of the expression for the kinetic energy
given by the first term Eq. (43) to the case of a relativistic
rotation of the vessel is as follows

i R, d.rd
Ehin — ! Zﬂwizrrz—ﬂpMdz(Ri—Rz)

2pM7Td
T (\/1 —QLR -\ /1 - R?)

— npyd,(R: — R?). (51)
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In case R. ¥R+ 0R, SR <K R, 6Q = Q;, — Qg < Qi
we have

ghin _ ghin 2pM7rdZRZZQiI;R§$§226R (52)
(1-Q2R2)Y

Criterion of causality requires that the condition
Q;,R. < 1 should be fulfilled at the rigid-body rotation
of the vessel. However there is still a possibility to further
increase the rotation frequency €;,, provided it is ener-
getically favorable to destroy the supervortex or the lattice
of vortices and redistribute the angular momentum between
the individual separately rotating vortices. This possibility
will be considered in Sec. III D 4.

C. Fields in absence of self-interaction

1. Equation of motion, boundary conditions
and energy in rotation frame

First let us consider the case 4 = 0, which is actually not
specific for the ¢ model. From Egs. (36) and (39) we
recover equation of motion

>, O v = =2
5r+7—p+(/¢ — )| x(r) =0, (53)

where we introduced the quantities m> = m’> in case of
the model 1 and /m? = m}?/2 for model 2 provided we
continue to use the symmetry breaking term in the form
£ jiis determined by Eq. (35). Equation (53) describes a
spin-less relativistic particle of the energy €, , = p, o, Mmass
/m and z projection of the angular momentum L, = v,
placed in the axially symmetric potential well with the zero-
component of the vector potential U(r) = —Qu + V(r) +
gwg for r < R, with V #0 in the model 1. Behavior at
r > R depends on the boundary condition put at r = R. In
case of the o + in5 field (within the model 2) one should
put V=0 at all r.

Now we are interested in the description of the ground
state, then y, ¢ = min{e,,} plays a role of the chemical
potential. The term Qup, ¢|®, o[> in the energy density
can be associated with the Coriolis force and the term
Q1 ®, |*/2, being an attractive relativistic o 1/c?
contribution to the centrifugal force term 1?/r>. The
Schrodinger equation follows from the Klein-Gordon
equation (53) after doing the replacement g, —
i + u, . and subsequent dropping of small quadratic terms
(o, + Qu—V — gwy)?. Then Eq. (53) acquires the form

2
—ﬁ—Qu—l-V(r) + gy +—

W X = En.r.)(v (54)

2inr?

Uef = Qv+ V(}") + gwo + y2/(2ﬁ1r2)’ E\r = pnr- As
we see, the rotation in the cylindrical rotating frame acts

similarly to a constant (and attractive for Qv > 0) electric
potential acting on a nonrelativistic particle with the
angular momentum v. Treating the vessel as the potential
box with infinite walls, we may use the boundary con-
dition y(r = R) = 0.

The Schrodinger equation should not change under
simultaneous replacements 73 — 7 + Wt and t = ', pro-
vided

Y(1,73) = ei)f(’~73)‘P’(t’, 7), (55)
where y is a real function, W is a constant vector. Indeed,

the latter transformation does not modify probability
density, i.e. [¥(z,73)|* = |¥'(7,7;)[>. Then using

0713 = ();3, dy =0, + W0;3 (56)
we find
. -~ mW?*t
x(t,73) =mWir; — m 5 (57)

apart irrelevant constant. Using these expressions we see
that in the nonrelativistic case the rotation can be intro-
duced in the Schrédinger equation with the help of the
replacement, cf. [13],

A (V —im W)?

2in 2

(58)

with W = [Q x 7;] that results in the same Eq. (54). This

equivalence exists only for a nonrelativistic rotation.
Thus we see that uniform rotation can be introduced

in nonrelativistic case similarly to a uniform rather weak

magnetic field described by the vector-potential A=
: [H, 75]. In the general relativistic case the shift of variables

d; = 0, — Q0y in the Klein-Godron equation done in the
rotation frame is not equivalent to the shift of the spatial

variables V — V — i[Q, 73] in the Hamiltonian and sub-

traction of the mTWZ term associated with the motion of the
system as a whole, cf. [66].

Further, dealing with the model 1 let us for simplicity
consider the case V ~ -V = const. This approximately
constant value can be treated as a contribution to the
chemical potential. For example we may assume that an
ideal rotating vessel is placed inside the cylindrical co-axial
capacitor. Then in absence of the classical boson field the
electric potential V(r) = —V,, = const at distances r < R
of our interest. Appearance of the field @, # 0 produces a
dependence of V on r. However, if @, is a rather small, we
can continue to consider V = —V, ~ const. In case of the
model 2 the electric field and the boson field decouple, as
we have mentioned.
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Employing dimensionless variable x = r/ri", with

gt = 1/\/* =i i = pro +Qu+ Vo = gy, (59)
for g > m, V, = const from Eq. (53) we obtain equation
(02 +x71o, —v*/x})y +y=0. (60)

Simplest appropriate boundary conditions are

20)=0.  y(R/rM) =0 (61)
The latter condition is equivalent to the existence of the
infinite wall at r = R in the single-particle quantum
mechanical problem.

Further to be specific let us consider Q,v > 0.
Appropriate solution of Eq. (60) is the Bessel function

x(r) =J,(r/r") (62)

for v > 0, cf. [67]. For x — 0 we have J, ~ x*. The energy
of the n =1 level is determined by the first zero of the
function J,(R/rli") =0, j,— ,—0 ~2.403. Then = L,v =1
zero yields j; | = R/rlin ~3.832, j, , increases with increase
of integer values of v. For x>v we have J,(x)=~
\/2/(zx) cos(x — zv/2 — n/4). From here we find approxi-
mate asymptotic value 3, ~z(v+1/2+2n-1)/2,
where the integer number n > 1 is the corresponding zero
of the function cos(x — zv/2 — z/4), and thereby j{¥ =~
Sn/4~3.927 that only slightly differs from the exact
solution 3.832. For v>1 we have ;{% —-v+
1.855750173, e.g., jy100 2 108.84, j; 1o+ = 10040.

Equation of motion (60) together with the boundary
conditions (61) is satisfied only for discrete values of the
rotation frequency. Employing the boundary condition
y(x=R/rin=j, ) =0 for the energy level with the
quantum numbers 7, v we find

€y = Hpd = —Qu — VO + gy

+ i1+ j, )/ (RPW?), (63)
ji = +/m*+ j2,/R%. It is important to notice that with

increase of the quantity Qv + V — gw, the n, v # 0 levels
become more bound than the level n =1, v = 0. For
example for gwy =0, Rim>1 the level n=1, v=1
crosses the level n=1, v=0 at QR~241/(Rim).
For such heavy nuclei as U the nucleus radius is
R~7fm~5/m,, VoR ~12Ze*> ~0.8 and following our
estimate the crossing of the levels for charged pions may
occur only for QR > 0.5, and for the neutral ¢ — 7
excitations for QR > 0.7. Similar estimates hold for the

nuclear fireball prepared in peripheral the heavy-ion colli-
sions. From (63) we also find that the roots ¢, , for Vj =
gwg = 0 do not reach zero for QR < 1. Thus for Vy =
gwy = A =0 the fields ®,, would not appear at the
rotation of the vacuum.

Using Egs. (35) and (38) and boundary conditions
(PD)),_g = (PD)),_, taking n, = const, n,47R*/3 = Z,
V = -V ~const in case 4 = 0, which we now consider,
we recover the energy:

Era(Q)=E0% + @, d.n [)R rdry(r)pae + VoZ
=& ot HroNzo +VoZ
=& o+ D, d2x [)R rdry*(r)ji?
—L"Q—-Vy(N, = Z) + gogN ; o, (64)

where L' = UN, ¢, Ny o = CI)(Z)”’GdZZn' J& rdry?(r)i,

1.0 2 k
5,;@ = @0”.06127:[) rdry(r)

9, 1* ~
X [—5% —ta- [(Qu+ Vo= gay)* - mz]])((r)7

R
glz,d) = (D%ﬂ,adzﬂ/ rdr;((r)
0

<|-a SILE ) ), (65)

N, ¢ is the number of particles placed on the energy level
€, Por, 1s an arbitrary constant. To get Eq. (64) we
used equation of motion (53) and boundary conditions
(PD)),_ g = (®D}),_,. Within the model 1 due to the
charge neutrality condition inside the system of a suffi-
ciently large size we have N, = Z. To consider general case
V # const one should add to the energy density the term
—(VV)?/(8ne?). After taking into account the Poisson
equation for V it results in that in the first line (64) one
should replace VoZ — — [R(n, + j|®|*)zrdrVd..

We could employ the boundary condition y'(r = R) =0
instead of the condition y(r = R) = 0 that we have used.
In both cases there is no current through the surface r = R.
Thereby such a change of the boundary condition would
not affect our conclusion that at V) = gwy = 0 the energy
level does not cross zero. Also we note that in cases of the
vacuum and the Bose condensate in the vessel usage of one
of mentioned boundary conditions is motivated provided
the typical frequency of atomic transitions in the solid wall,
w,, 18 larger than difference between energies of the first
excited and ground state energy levels, ~(1 + v)?/(R?*#).
The latter condition is well satisfied for R > a, where a is
the typical atomic size.
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Setting solution (63) to the second line of Eq. (64) and
employing that EL@ = 0 on the solutions of equation of
motion (60), we find

R
Era(Q) :¢3mdz2ﬂ/ rdry®(r)e, m/1+j2,/(R*m?).
0

(66)

2. Empty rotating vessel. A “rotating vacuum”

Conditions of vacuum instability in rotating frame in
case (i). In QED in electric potential well for the z~ in
absence of the matter, the 7~ pairs are produced from the
vacuum when the 7z~ ground state level crosses the energy
—m,. The z go off to infinity. In a piece of the nuclear
matter 77z~ pairs can be produced in reactions n <> p + 7z~
when the level energy reaches zero, cf. [51,54].

In case V, = gwy = 0 energetically favorable solution in
the rotating frame corresponds to €,,, > 0 and £, ¢ > O for
®,,#0 and thereby ®,, =0 in the vacuum in both
models 1 and 2. The solutions of Eq. (63) corresponding
to €,, <0, may exist at the condition QR < 1 only for
Vo, gwy # 0. If the chemical potential yu, ¢ crosses zero,
the boson field can be produced from the vacuum. For
attractive V and v > 0, #~ mesons occupy the dangerous
level (1,v), whereas zt can be absorbed on the wall of the
vessel. In case of 4 =0 under consideration now, the
energy gain o @} _ can be made arbitrary large, as it
follows from Eq. (66).

The values of the rotation frequency, at which the
equation of motion (63) could be fulfilled for
Uz = €1, <0, Vi # 0 and/or for gw, < 0 are given by

Q > Qc = Q(el,u = 0)

= (m\J 1+ R,/ (R =V + gay ) [, (67)

Incase | <v=cymR <K mR, ie. for c; <1, mR> 1
from Eq. (63) we have

€1, 2=Vo+gwg—Qu+m+--- (68)

The levels €, reach zero only for Vo — gwg > /(1 — ¢y).
The critical rotation frequency is then given by

QC:Q(S‘L”:O,CI < l)z(m—V0+gwo)/u>0 (69)

As we see, the critical rotation frequency . decreases with
increasing v.

In case of the solution describing a supervortex with v =
cimR > mR > 1 (for ¢; > 1) from (63) we have

€1, ~=Vo+ gwy+ (—QR + 1)v/R + Rin?/(2v)
+1.860'3/R+ - - (70)

Setting in (70) the limiting value Q" = 1/R we see that
€1, = —Vo+gwy+im/(2c;)+.... Thus the level ¢,
may reach zero for QR <1 for Vy— gwy > i/ (2¢y).
So, with increase of the angular momentum of the rotating
vessel the critical value V, — gw,, at which the level ¢,,_; ,
reaches zero, decreases. Formation of the supervortex state

becomes energetically favorable for ¢; > 1 at

Q> Qc = Q(el,u = O,Cl > 1)

1 Vo —gwo—m/(2c)

"R c1mR '

Vo = gwo > Voo — gax. = i/ (2¢y). (71)

The larger is v the smaller is the value V. — gwy,. > 0. In
case (i) the critical value V. — gw,. tends to zero for
Q — 1/R, whereas in case (ii) the value ¢, is fixed by the
conservation of the initial angular momentum. In case of
the charged field (in the model 1) we should still care of the
charge conservation.

Examples of instability of rotated vacuum. Let us give
some examples when the rotated vacuum is unstable to
formation of the vortex pion-sigma field.

(a) Rotating vessel inside a charged capacitor. Let
n, =0. In case when an ideal rotating vessel is placed
inside a cylindrical co-axial charged capacitor (with cylin-
drical plates placed at r =R,, and r = R;, for R, >
R;, > R.)wehave Z;, + 2xd_ [R rdrp,(r) = -Z,,, where
Z;, is the charge placed on the internal surface of the
capacitor and —Z,, is the charge placed on the external
surface. The strength of the electric field between the
plates is E(r > Ry,) = -Z,,/(2zrd,) and V(r = R;,) =
R, E(Riy) In(R,,/R;,). For p,d.zR*> < Z, we have
V(r<R)~V(r=R;,). As we have estimated above,
the conditions |V|> |V.|~m/(2¢c;) and even |V|Z= m,
can be easily fulfilled in both (i) and (ii) cases.

(b) Redistribution of charge inside the rotating vessel.
Let us rise a question whether the vortex field can be
produced in absence of the capacitor. In case of the rotation
of the electrically neutral empty vessel, the charge of the
supervortex, if the latter is formed in the center of the
vessel, should be compensated by the oppositely charged
particles (antiparticles) shifted closer to the inner surface of
the rotating vessel such that [ p,rdr = 0. We recall that
jii=rin/R~0.26 and j| 5, ~ 1/v and thereby ri" < R
in all cases we are interested in. We have 2zrE(r) =~
4rle| |§ po2nrdr. Let for simplicity gw, = 0. Assuming
for a rough estimation for v>1 that JZ(r/ri")~
2rincos?(r/riM — zv/2 — n/4)/(nr), using Eq. (42) we
get E ~4|e|u®@3 ri® and Vo(r ~ R) ~ 4e*i®} ri"R. The
level energy €, reaches zero for 8e*u®3 rinR > fi/c;.
Since here ®}_ is an arbitrary constant, this condition can
be easily satisfied for both cases (i) and (ii). In case V #
const the electric field produces extra positive energy term
J&(E?/8n)2nrdrd, ~ 22 ®3(ri")?R?d,, which proves
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to be smaller than the negative contribution (66) at least for
8e2i®3 ri"R > in/c,. The uniform rotation acting as an
effective electric field provides separation of the electric
charges and formation of an electric potential, which can be
sufficient for production of a supervortex of the charged
pion field. Thereby statement that cold vacuum in absence
of external fields cannot rotate can be questioned.

(¢) Pion-sigma field in peripheral heavy-ion collisions.
In heavy-ion collisions at LHC conditions the typical
parameters of the pion fireball estimated in the resonance
gas model [22] are as follows: the temperature 7T ~
155 MeV, the volume is 5300 fm?, the z* density is p, ~
m? and we estimate the electric potential as V, ~ Ze? /R ~
0.2m, for central collisions. For peripheral collisions
typical values of V| can be even larger. Estimation V >
m,/(2¢;) with Vy ~ 0.2m,, yields ¢; > 2.5 and v = 20. At
these conditions even a not too rapid rotation may result in
the formation of a condensate pion-sigma field in the form
of a supervortex or a more whimsical vortex structure,
provided the vortex field is not destroyed by the temper-
ature effects, which are disregarded in our present study.

(d) Formation of vortices in magnetic field. In Ref. [47]
the rotation of the vacuum of non-interacting charged pions
was considered in presence of a rather strong external
uniform constant magnetic field H. This analysis becomes
not applicable for |e|H < 1/R?, i.e. when the Larmor radius
of the particle becomes larger than the size of the vessel.
The number of permitted states in the uniform magnetic
field is given by N = |e|HS/(2x) = |e|HR?/2 and for
le|lH < 2/R? we have N < 1. Thus the results [47] do not
describe the case H — 0, which we have studied above.

In our case the interaction with the magnetic field can be
introduced within the model 1. Strong magnetic fields with
H <m2, m2/|e| ~3.5 x 10'® G, can be generated in peri-
pheral heavy-ion collisions and central regions of neutron
stars [46]. Uniform magnetic field inside the rotating ideal
vessel can be generated, if the vessel is put inside a solenoid.
A magnetic field can be generated also, if we deal with the
charged rotating cylindrical capacitor. In the latter case a
simple estimate shows that for R = 1 cm it is sufficient to
switch on a tiny external field |¢|H > 107 G in order to get
N > 1 and thereby to overcome the problem with absence of
the solution u, = 0 of Eq. (67) at V) = 0. Now, in presence
of such a magnetic field satisfying condition N > 1 instead
of Eq. (63) we have

€1, =—Qu—Vo+gwy+\/m*+|e|lH  (72)

and instead of Eq. (67) we obtain

QO =1Q(e;, =0) = =Vo + gwy + /> + |e|H

~ —VO + gwo + m. (73)

The latter relation holds for |e|H < m2. Please compare
(69) and (73). We see that dependence on R disappeared
from this relation, as in case studied in Ref. [47]. The
degeneracy factor 0 < v < N. The fields H < (10°-107) G
can be successfully generated at the terrestrial laboratory
conditions. Note that for |e|H ~10° G at R = 1 cm we
have N ~ 10'*. With v = c;/mR we estimate that v < N for
¢; £10 and QF <10° Hz.

(e) Injection of the proton gas in rotating vessel. In
absence of the capacitor, in case of the rotation of the
electrically neutral vessel, in which an amount of heavy
positively charged particles is injected (e.g. protons, which
are 7 times heavier than pions), the positive charge density
n, can be compensated by the produced negatively charged
pion vortex field, i.e. |p,| = p®Z ~ n,,. For u, = 0 the pion
field energy is £, ~ VZ, as it follows from the first line of
Eq. (64). Maximum value of ®2 at eHR> ~ Ze’QR > 1
corresponds to j1 ~ 7, cf. (73), and thus the minimum of the
energy is given by £, = (in — Qu + gw,)Z and it becomes
negative for Q > (i + gw,)/v, where the latter quantity
coincides with Q.(Vy = 0) given by Eq. (69).

Concluding, above we demonstrated that in the model 1
for V.= H = gwy = 0 and in the model 2 for gw, = 0 the
vacuum in the rotating frame remains to be stable respec-
tively production of non-interacting charged and neutral
pions. However within the model 1 instability for produc-
tion of non-interacting charged pions in the rapidly rotating
frame occurs already in presence of a weak external electric
field, cf. (71), and/or magnetic field and charged defects.
Also instability feasibly appears already in absence of
external electric field owing to spatial redistribution of the
charge at formation of the vortex.

Instability of vacuum in laboratory frame. Above we
considered a piece of the rotating vacuum r < R assuming
that the rigidly rotating reference frame rotates with a fixed
angular velocity. Now let us focus attention on the case (ii).
The angular momentum needed for formation of the vortex
is taken from the bucket walls. Employing Eq. (50) for the
energy balance, and Eqgs. (63) and (64) now at Q = 0, we
recover the condition for the appearance of the vortices in
the laboratory frame:

R
o = 27TdZA rdrp, o€, v, Q = 0] — LI O

R
= 27nd, / rdrp, o (—VO + gw,
0

+ 1+ 2,/ (R22) —Qv) <0, (74)

which coincides with that we derived above considering the
rotation frame, cf. Eq. (66).

About dynamics of creation of the vortex field. 1t is
important to notice that in case of the vacuum placed in a
strong static electric field in absence of the rotation, the
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charged bosons are produced non locally by the tunneling
of particles from the lower continuum to the upper
continuum. As we have mentioned, the typical time of

such processes is exponentially large 7 ~ ™/ 1E] /m,, for
|eE| < m,. Another mechanism is a production of pairs
locally near a wall placed in the vacuum (Casimir effect).
The probability of such processes is still smaller than the
mentioned probability of the tunneling.

In case of the rotation of the empty vessel the charged
pion field can be produced in more rapid processes, in
reactions with particles of the rotating wall of the vessel. As
one of the possibilities to create the vortex condensate, one
may inject inside the vessel an admixture of protons, as we
have mentioned. The protons accelerated during the rota-
tion of the system will then produce the radiation of the
charged pion pairs, which further can form the vortex field.

3. Ideal pion gas with fixed particle number
in rotating system

In case of the ideal gas characterized by the dynamically
fixed particle number N,, being put in a resting vessel,
the value ®2__ is found from the normalization condition

Or,0
N, = pp 0P, ,[Q = 0]zR?d. obtained by integration of

Or.0
Eq. (7). In the rotating frame the constant ®F  is found
from the condition
R
N, =@} _ / fiy*2nrdrd.,
0
~ p0G, 7 d-R2T7, (R/rg" (7)), (75)

with 7" and fi given in Eq. (59). Equation (75) yields the
relation between the fixed (on a timescale under consid-
eration) value N, and the constant value ji. The quantity
€,, = Uro depends on Q through the relation (59).

The vortex energy is given by Eq. (66), where now <I>%M
is determined by the condition of the fixed particle number
(75),i.e., €, 0(Q] = N,e;,. To understand will the gas be at
rest or rotating with the angular velocity Q we should
compare £, 4[] and &, o[Q = 0]. The minimal value of
the quantity &,¢[Q = 0] corresponds to v =0 and for
mR > 1 is given by

EralQ = 0] = N [=Vo + gwy + i + ji o/ (2R )], (76)
compare with Egs. (17) and (25). For v <« Rin we find that

ErolQ] = Er0[Q = 0] =N, [-Qu+ (ji, — jio)/ (2R*M)]
<0, (77)

for

Q> Q) = (J1, = jio)/ (QvR* ). (78)

The minimal value Q(v) corresponds to |v|=1.
Comparing (67) and (78) we see that QY < Q.(1=0)
at least for small values Vj — gy, i.e. in the presence of a
pion gas the vortices appear already at much smaller
rotation frequencies than in case of the rotating vacuum.
For the former case at MR > 1 we deal with nonrelati-
vistic rotation for Q ~ Qi4(1). For a single vortex with
v =1 we have

SEW ~ —[Q — Q4 (1)]N,. (79)

In presence of v single vortices, each with v = 1, the energy
gain is 6 = v6EW).

In absence of the external rotation, as well as for
Q < Q.q, production of vortices is energetically not profit-
able. However, if a vortex appeared by some reason, it
would survive due to conservation of the winding number.
In this case presence of a vortex results in a weak self-
rotation of the Bose gas with the rotation velocity @y s ~
—v/(mR?). In our consideration performed above we
assumed that |oyr| < Q.. Also, in case of the ideal
gas under consideration, at the increasing rotation fre-
quency the individual vortices may form the lattice. This
possibility will be considered in the next section on
example of the self-interacting fields.

D. Self-interacting complex scalar fields
in rotating system

1. Equation of motion, boundary conditions and energy

We continue to use the symmetry breaking term in the
form Cfg_ For A # 0, V,, gw, =~ const, employing Eqs. (37)
and (39), in the dimensionless variable x = r/ ré, now with

rh = (40} + §* = m?)72 > 0, (80)

where v; = 0 for the model 1 and v; = »? for the model 2,
we arrive at equation:

(2 +x7'0, —v*/xP)y + y — ADZ

Ozn,0

(r6)% =0. (81)

In case of the model 1 we have r§ = rin. For the pion gas
at a low density and a small Q using (17) and (80) we have
rh e \/m%/(p;A). In case of the model 2, for 1> 1 we
have rj ~ 1/ VA% both in case of the low density pion gas

and for the vacuum.
Similarly to Eq. (24) we may introduce the quantity

Por = /107 + (B = ) /]
x O(v; + (@* = i*)/2), (82)

which is the solution of Eq. (81) at x — oo corresponding to
the boundary condition y(x — o) — 1.
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If we are interested in description of the bulk region far
away from the boundary, we can ignore the influence of the
boundary condition at r = R for R > rj. Thus we may
chose boundary conditions y(x —0) — 0 and y (x — c0) — 1.
Then the asymptotic solution of Eq. (81) for x > 1 gives
x = 1-12/(2x%), and for x — 0 we get y  x*|. Thus the
field ®,, is expelled from the vortex core and the
equilibrium value (82) is recovered at r > r{). An inter-
polation solution satisfying both asymptotics can be pre-
sented for v > 2 as

x =M+ a1+ 02/ (22))). (83)

We still should clarify how the boundary condition at

r = R can be fulfilled on the wall of the vessel. As example,
let us consider the model 1. We can solve Eq. (81)
employing the variable y = (r—R)/r}, x =y +R/r,
|

®2 d 2
gﬂ,@(g) =

r

R 0 a® d. [R
%27:/ rdry {—6% -+ % — (A? + @2 — %) + /ICD%”.G)(Z])( - lﬂ/ rdry* +
0 0

for R > r} at the boundary conditions y(y —» —c0) =1
and y(y=0)=0. The latter condition demonstrates
absence of the normal component of the @, field flux
through the boundary r = R. At r} < R for typical dimen-
sionless distances y ~ 1, the angular momentum term,
~(vr})?/R?, and the curvature term, ~r¢/R < 1, can be
dropped for not too large v, which means that geometry can
be considered as effectively one-dimensional one, cf. a
similar argumentation employed in [51]. Then appropriate
solution gets the form

®, = -y e™th[(r—R)/(V2r})], rb<r<R. (84)

Using Eqgs. (35), (38), and (64), which we derived above
for A =0, now for 1 # 0 we find

vtd.nR?

2 4

R R R
- A n,V2nrdrd, + ¢>(2)ﬂ’0d22ﬂl rdry 2 o + tro(QuU+ Vo — QWO)(Dgn,adZZ”A rdry*

1 Ad, K 21_ @2 224l
:5,,@+Tzzr ; rdr(vi — @, .x°) —I—E(D

For v =0, y =1, Vy = gwyg =0 from (85) we recover
Egs. (16) and (25). For 1 = 0 we recover Eq. (64). Actually
the linearized equation of motion is recovered at a weaker
condition y? < 1.

Employing (85) and equation of motion (81) we find

R M2 = D2 42)2
gﬂ,tb(g) = 2ﬂ'dz/ rdr |:—(’40””)()
0

(@t = )
2

+ ﬂﬂ,@ﬁQ%ﬂ,(yxz - an M

(86)

For Vy ~ const and gw, = const that we assumed, we have

R Av? — D _y*)?
Ero ~2md, / rdr {— —( ! Or.o% )
B . 0 4
(D * —v?
il - N PG o

- LUQ - (VO - ga)o)N,, + V()Z

Employing Eq. (82) we may also rewrite Eq. (86) as

On,0

R R
dZZJt/ rdr)(%mq)ﬁﬂ@—/ n,V2rrdrd,. (85)
0 0

[
R (1= 024 (82— 2
Eﬂ,¢z2ﬂdz/ rdr[ vill =) _vix' (" —m?)
0

4 2

+(i—-Qu-V, +gwo)ﬂv?)(2]
R (ﬁZ —ﬁ12)2)(4
+27sz/0 rdr {—4—/1

i—Qu—V P R A)
LA 0+gj’o)ﬂ(ﬂ m> )y —n,,v]. (87)

In the model 1 there remains only contribution of the
second line. In the model 2 the latter contribution can be
dropped for 4> 1 compared to the contribution of the
first line.

2. Rotating vacuum. Empty rotating vessel
Instability of vacuum in rotating frame, case (i). For
fro =i —Qu— Vi + gwy = 0 from (87) for v + (2 4 —
n?)/A > 0 we have

R Mt =4
5”,¢(Q):27zdz/ rdr[—an-q—M
0
2,4(72 _ 2 22 _ 02,4
_vit(Et—mt) (@ —mt)y (88)
2 42
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For y = 1 we obtain

vH(Qu+ Vo — gwg)* — in?)
2

g,[y(p()( = 1) :ﬂ'dez I’lpVO -

— (('Q‘V + VO _4iw0)2 - rh2)z ) (89)

In the model 1 only the last term in Egs. (88) and (89)
remains for n,, = 0. So production of the vortex condensate
becomes to be energetically favorable, &, () < 0, for
Qu+ Vo — gwy > in, i.e. for

Q> Q’CT = (ﬁ’l — VO + ga)o)/l/. (90)

Note that Qf approximately coincides with Q. given above
by Eq. (69) and (73) but differs from (67). The quantity QF
can be made very small for very large values of the quantum
number v provided m — V + gwy > 0, certainly at the
condition that in case (ii) the maximum value of v is
restricted by the value of the initial rotation angular
momentum.

On the other hand it is important to notice that the
asymptotic solution y = 1—122/(2x?) is valid only for
R > vr}, ie. for Qu+ Vy— gwy > /> + v*/R%. Thus
this asymptotic solution is realized for QR < 1 only for Q
very near the limiting value 1/R for V,— gwy,>
m*R/(2v) at v>> MR, cf. Bq. (71) for nonself-interacting
pions.

In the model 2 the second term in the square brackets in
Eq. (88) produces the contribution to the kinetic energy
given by

Exin = 27d. (202 /2) In(R fur)) 1)

with a logarithmic accuracy. Here we assumed that asymp-
totic solution holds for R/vré > 1 and rb ~1/vv? for
4> 1, ie. for v < Rin\/A Comparing the term (91) with
the third term in square brackets in Eq. (88) we see that the
on® condensate vortex field can appear for

Q>Qf = (\/fnz + 202 In(R/vrk)/R* + ga)o)/v. (92)

As it is seen from this expression, there is no solution for
QR < 1 for gwy = 0. Such a solution could exist only at not
too small values of the attractive interaction gw,. Please
compare Egs. (90) and (92), which we derived here for the
case of the self-interacting fields, with Eq. (67) derived
above for the case of not self-interacting fields.

For Q > Q’Z"D the state 6 = v, 7; = 0 becomes not a
ground state provided conditions (90) or (92) are fulfilled
for QR < 1. Near the walls of the rotating vessel there may
appear numerous vortices and antivortices. Then vortices
migrate into the vessel volume and antivortices are

absorbed by the walls of the vessel. We recall that in case
(i) the constancy of the rotation frequency is recovered
from the external source of the rotation.

Formation of vortices in case (ii). In this case a decrease
of the angular momentum of the vessel can be energetically
preferable. Therefore we should study this possibility
similarly to that we have done in case of nonself-interacting
bosons.

Let us consider a nonrelativistic rotation. Employing
condition (50) and Eq. (41) for p, ¢ = 0 (in case of the
vacuum) we obtain

SE & — L, Q= E, 0V, Q=0]—127d,

R
x / rdr(Qu 4 Vo — gwg) P, ox°Q < 0. (93)
0

Within the model 1 the condition (90) for appearance of the
vortex field, i.e. d%m, >0 at 4> 1, does not change.
Within the model 2 presence of the additional term —L , €2
allows to overcome the causality problem only for suffi-
ciently large negative values of gw,, cf. Eq. (92).

The maximum value of the angular momentum of the
VOItEX, U,y 18 limited by the value of the angular momen-
tum of the rotation of the vessel, L;,, given by Eq. (45).

About dynamics of creation of the vortex field. In the
ground state o = v, 7; = 0 of the static vacuum (at Q = 0)
there is no any friction. Charged #* pairs can be produced,
e.g., in uniform static electric field in the process of the
tunneling of particles from the lower continuum to the
upper continuum, however the probability of the produc-
tion of pairs e~ma/1eEl jg tiny for the strength of the electric
field E < m2/le|~10?! V/cm, as we have discussed
above, cf. [59]. In presence of a moving wall, there arises
a tiny friction force between virtual particles and the wall
(dynamical Casimir effect, cf. [68]). Also there are other
reasons, which may cause creation of vortices near the wall,
e.g., interaction of the virtual charged pions with the
electric charge of the particles of the wall. As in case
A — 0, which we have discussed above, the most efficient
way to produce a vortex field inside the rotating vessel
might be is to put in it a rare rotating gas of protons. The
pions forming the vortex state will be then produced in
radiation reactions. Such processes do not require any
tunneling of particles from the lower to upper continuum

and their production is not suppressed by a e~m+/E factor.

3. Rotating supercharged nucleus

Above we have reminded the idea of a possibility of
existence of stable supercharged pion condensate nuclei.
If we deal with a rotating nucleus of a large atomic number
A ~27 for n, = py/2, there may appear the charged pion
condensate compensating the initial proton charge in
interior of the nucleus. For Z|e3| > 1 the charge is repelled
to a narrow surface layer and screened to a value
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Z,~Z/(Z|e*|)'/3, cf. [51]. In spite of this, the condi-
tion N = |e|H(0)R?>/2> 1 with eH(0)R?> ~ Z,e’QR is
satisfied.

For 1 — 0, gwy = 0, using (72) for €, , = 0 and |e|H <
mj and the second line (64) we have Vj~m; — Qu and

E—Epn~(mi—Qu—32MeV)Z, (94)

cf. Eq. (20). Vortex condensate state appears for £ — &, <0,
i.e., for v/R > Qu = m} — 32 MeV.
In a realistic case, 1 ~ 20, instead of (22) we now have

& = Ein = [Ap7/(4m3) + m, — Qu — 32 MeV]Z
~ (m, —Qu)Z. (95)

At a fixed Q > m, /v a rotating nucleus forming a charged
pion-sigma supervortex is stable.

Let us recall estimates of Ref. [45] done for the values of
the angular momentum, v < 10°, and rotation frequency,
Q ~0.05m,, performed for peripheral heavy-ion collisions
at /s =200 GeV. Thus we may expect occurrence of
metastable rotating states in peripheral heavy-ion colli-
sions. Also in case of rotating cold superheavy nuclei
and nuclearites it might be profitable to form a charged
pion vortex condensate, which will stabilize them in the
rotating frame. The kinetic energy of such a rotating
nuclear systems is then lost on a long timescale via a
surface electromagnetic radiation. For very large number of
baryons, A, such a radiation is strongly suppressed.

4. Nonideal gas with fixed particle number
in rotating system

Now let us consider the case p,q #0 and pu,q >
Qu + Vy — gwy. This case is similar to that takes place
at a nonrelativistic rotation of cold atomic gases and He-II
when i, ¢ ~ my, and Qv + V) — gog <K mye.

In absence of the rotation of the vessel appearance of
vortices is energetically not profitable, since the kinetic
energy of the vortex with v # 0 is positive. Moreover,
at Q =0 the vortices characterized by v > 0 could be
produced only in pairs with anti-vortices characterized by
—v due to the angular momentum conservation. If a vortex
having the integer winding number v was formed by some
reason, it would continue to exist till a collision with the
corresponding antivortex, or with the walls of the vessel
due to conservation of the angular momentum.

In presence of the rotation, in the rotation frame, using
Eq. (86) and the asymptotic solution y = 1 —12/(2x?) of
the equation of motion for x > v we find that the energy
balance is controlled by the kinetic energy of the vortex,
5821 given by the first term in the second line (87) in the
model 1 and by the first term in the first line (87) in the
model 2, and the rotation contribution L extracted from
the last term in squared brackets in first line (87). The same

consideration can be performed in the laboratory frame
employing Eq. (50). In the latter case the kinetic energy
associated with the single vortex line with the logarithmic
accuracy is given by

(1) ~ fd3X|v(Dﬂ,a|2 _ dz”l/zpﬂ,CD

Skin - 2 i

n(R/ry).  (96)

At large distances r we cut integration at r ~ R > r’é, being
the transversal size of the vessel R in case of the single
vortex line with the center at » = 0, and at the distance R
between vortices in case of the lattice of vortices. The latter
possibility will be considered below. At small distances
integration is naturally cut at r ~ rg.

Lower critical angular velocity. Let us consider the
system at approximately constant density p, . Then from

the condition 51((2 —LQ <0 we now find that the first
vortex filament (together with the antivortex) appears for

_ vin(R/rj) _vIn(R/rg)

A
Q> ch(”) Rzﬂ - R2ﬁ1

97)

In the last equality we used that for a low density and for a
slowly rotating gas fi ~u, o ~ m. Please compare this
result with Eq. (78) derived above for the case of the ideal
gas. We should put v = 1 and take R to be equal to the
maximum distance between the vortex and the edge of the
vessel ~R, since it corresponds to the minimum value of
Q=9 (v=1).

Landau critical velocity for formation of vortices. For a
vessel of a large size, R > rg, following (97) we have
Q* R < 1. The quantity u,; = Q* R < 1 can be treated as
the Landau critical velocity for formation of vortices, being
very massive excitations compared to other particle exci-
tations. Due to this circumstance for rotating systems
of a large size u,; is much less than u; necessary for a
production of roton-like excitations with the momentum
k # 0 occurring in some rectilinearly moving and rotating
systems studied in [5-9].

Interaction between vortex lines. With the help of
Eq. (96) one may also recover the energy of the interaction
between two vortex lines, cf. [3],

£? = / BX (VO VD; + Vi VD,)/2,
=~ d v\ V) (pro/H) In(R/ry), (98)

where r, is the distance between two vortices under
consideration having momenta v, and v,, R is here the
distance from the vortex to the edge of the vessel at R >
r12 > r{. This interaction energy is smaller than the energy

of two isolated vortex filaments, 281(5[)1 forv, = v, = v
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Spirals. A slightly deformed vortex line undergos a
precession. Undergoing a long-wave oscillation the
vortex line forms a spiral, cf. [4]. Permitting a shift of
the line in perpendicular direction x = d, cos(kz — wt),
y = d sin(kz — wt) we have

od, = / - \/ 1 + (0x/0z2)* + (dy/0z2)*dz — d.
0

~ d,d2 k*/2. (99)

Using Eq. (96) we have

SENy = d.d K mPp, o/ (27) (1 /kry').  (100)
where we assumed that 1/k > ry*, and
SL, ~ —d.di nvp, o (101)
The precession frequency @y is given by
Wprec = (00€5,/0d.1 )/ (06LL" f0d )
= —vk?>In(1/kro*)/(20), (102)

i.e., the spiral rotates in opposite direction to the direction
of the external angular velocity.

Rings. In the system of a finite size individual vortices
characterized by the minimal angular momentum v = 1
may form rings. Their energy is also given by Eq. (96),
however d, should be replaced by 27R,;,,, Where Ry, is

the radius of the ring provided Ry, > r. As it follows
from Eq. (40), the full momentum of the ring is pg“g —

frlgrmg Lpro /r]zﬂrdr2zering with a logarithmic accuracy,
cf. [4], and thereby

Pring = 4 Rringp”,‘byel’

€, is the unit vector perpendicular to the ring. In the
rotating frame the vortex rings move with the momentum

i dé ; €L /dRying
dpring dpring/dRring

y In (Rn'ng/ "é)
4R :

Pring:

(103)

ring

It is curious to notice that giant classical vortex rings with
v >> 1 can be formed in heavy-ion collisions and in rotating
nuclei, cf. [69-72] and references therein.

Supervortex and vortex lines with v = 1. Minimization
of the quantity

8E(w.Q) = EV(R.v) = L'(R.1)Q

= —L"(R.v)[Q-Q (v)] (104)

in v yields for R > r{:

U = R3Q/[21n(R/1})]. (105)
Here we used Eqgs. (41), (42), and (96). As we see from
Eq. (104), d5€/dQ # 0 for Q — Q,, being in favor of the
first-order phase transition at Q = Q/,. In accordance with
Eq. 97) for Q > 2Q. (v) we have v,, > 1. However
comparison of 6&(v,,, Q) and v, E(v = 1,Q) shows that
at Q> 2Q.(v) the supervortex state becomes to be
unstable respectively the decay on v,, vortices with v = 1
at least for R > r.

At a slow rotation, for an individual vortex the circu-

lation is k = fﬁcﬁ: 2z|v|/rm, cf. [2]. In a general rela-
tivistic case with the help of Eq. (6) we may write

/ Frod = / (@, VD, — B, VD5, )dl/(2i)

— Upra2n/i (106)
thus we recover relativistic generalization of the expression
for the circulation, i.e., k = 2zv/j.

Lattice of vortices. As we have mentioned, the vortices
may form a lattice and the system begins to mimic rotation
of the rigid body characterized by the linear velocity
Vg = QR < 1. In case of a vortex lattice we have [2]:

N3k = n,aR%k = 27R - QR. (107)
Here N ?g is the total number of vortices inside the vessel of
the internal radius R, which should be formed at given Q in
order the interior of the vessel would rotate as a rigid body
together with the walls, and n,, is the corresponding number
of vortices per unit area. We have
NP =RY/R:,  n,=1/(xR}), (108)
and thereby distance between vortices at a rigid-body
rotation,

Ry = v/ /AL,

decreases with increasing €.

The energy gain due to the rigid-body rotation of the
lattice of vortices mimicking the rotation of the vessel is
given by [2,73],

(109)

5E =~ NYE[EW(R,) = L"(R,,1)Q].  (110)

This result is obtained within a simplifying assumption of
a uniform distribution of vortices [11]. A more accurate
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result computed for the triangular lattice [13,74], differs
only by a factor % ~ (.91 from that found for the uniform

approximation. Also, following simplifying consideration
of Ref. [2] we disregarded a difference of the rotation
angular velocity of the vortex lattice @ from that of the
vessel Q. As it is shown in Appendix B, for R/ > 1 this
difference proves to be a tiny quantity.

Minimization of (110) yields

Ny L,(Ry,v) = Nifnp, o1?d./(20Q).  (111)
Setting this expression to (110) and using (108) and (109)
we obtain expression for the equilibrium energy

0E = p,p oV QrR*d [In(R; /rh) — 1/2]. (112)
Minimum of € corresponds to v = 1.

Thus, on this example we demonstrated that at the
rotation frequency Q > Q7 in the rotating vessel filled by
a pion-sigma gas (in our case at 7 = 0) in cases described
by both models 1 and 2 there may appear chiral-vortices,
which at increasing Q may form the lattice mimicking the
rigid-body rotation.

About upper critical angular velocity. With a further
increase of the rotation frequency the lattice is destroyed.
The minimal distance R; ~ r’o1 at a dense packing of
vortices corresponds to the number of vortices per unit
area n, ~ 1/(z(r})?) in Eq. (108) and to the maximum
rotation frequency given by

Q=0 ~ 1/[(4)]. (113)
For a larger rotation frequency, Q > Q,,, the @, , vortex-
state should disappear completely and the initial ¢ = v,
; = 0 vacuum state is restored. Note that for an extended
rotating system the value ., R > 1, however now it does
not contradict to causality, since the system does not
anymore rotate as a rigid body but it is separated on
filaments with typical distance ~ré between them and
Q.,rh < 1. Note that in cold atomic gases the breakup of
the lattice occurs when Q reaches the value Q;, <« Q,,
cf. Ref. [13], Q) ~Q,&/R in our case & = rh, and for
Q > Q, in the center of the bucket there appears a hole.

E. Some estimates

Taking R = 1 cm we have QR < 1 forQ < 3 x 10'° Hz
In case of He-1I, Q.; ~0.01 Hz for R=1cm, Q , ~ 10'2 Hz.
In 8Rb, Q. ~ 10* Hz. For y, ¢ = m, following Eq. (97)
and using that m, ~2.1 x 102 Hz we estimate Q} ~
0.1 Hz at [v| = 1. For Q> Q% we have L'Q > £},

With the help of Eq. (108) and (109) we may estimate
number of vortices in the lattice at the rigid-body rotation

N, = iQR?/v < i(R/R-)*R. /v, (114)
where we used that QR. < 1. For R, =10 m, R =1 cm,
and ji~m,, p,o~m; we estimate N, < 10'°/v. The

distance between vortices is R; = /v/Q[Hz]1072 cm.
Causality condition for the rigid-body rotation is fulfilled
for Q < 1/R. ~ 107 Hz

The initial rotation energy should be larger than the
rotation energy of the condensate, i.e. the condition

VP o QR? < pyQ*RL /4 (115)
should be fulfilled in case if R. — R > R. From here we
get vp,o < py(R-/R)?R., provided QR. < 1. Taking
py~10g/ecm® and R. =10m, R=1cm we obtain
Upro < 10%py. So, the condition (115) is easily satisfied,
since in any case in hadronic systems we deal with
Pro S 10pg. Taking R. ~R =1 cm we get vp, ¢ < py.
For p, ¢ ~ 0.1py with py; ~ 10 g/cm® and R. = 10 m we
have v < 10'° and we estimate v < 10 for R. ~R =1 cm.

Nucleons in pulsars form a superfluid. Then we deal
with the neutron Cooper pairs, which play a role of
the boson excitations, and ji ~2my. Taking v =1 and
using Eqgs. (107) and (114) one gets estimation n, =~
6.3 x 10 (P/sec)~! vortices/cm?>  provided  rotation
period P is measured in seconds, cf. Ref. [75]. Then for
the Vela pulsar having period P ~ 0.083 sec the distance
between vortices is 4 x 1073 cm. For the pion superfluid
(at dynamically fixed particle number), ji ~m, and we
get n, ~5x 10? (P/sec)~! vortices/cm?.

As we have mentioned, rotation with a large circular
frequency (certainly at the constraint QR < 1) is possible
in energetic peripheral heavy ion collisions. Taking
diameter of the overlapping region of colliding nuclei
to be R=10fm we get Q< Q.. =1/R=~0.14m,.
Employing Eq. (97) we estimate Qﬁl ~0.05m,. Taking
Q ~ (10*'-10*2) Hz, R ~ 10 fm we estimate N, ~ 3-30.
So, in a heavy-ion collision a part of the initial angular
momentum could be transferred from the baryon subsystem
to the chiral-vortex structure.

We should notice that, as it is believed, the spin
polarization of particles emitted in heavy-ion collisions
is induced by the coupling of the angular momentum
produced by colliding nuclei at a nonvanishing impact
parameter and the spin of particles distributed in the matter,
cf. the Barnett effect. Baryons in heavy-ion collisions
participate in production of strange particles, e.g., A
hyperons. The polarization of the A hyperon is measured
in its rest frame, cf. [76,77] and references therein. In our
case, the pion vortices, which can be formed provided the
temperature is smaller than the critical temperature for their
production and Q > Q/,, absorb a part of the angular
momentum of the system and even may mimic a rigid-body
rotation of the system. At the freeze out they return part of
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their angular momentum back to baryons contributing to
the baryon polarization and thereby the measurable A
polarization. This possibility was not yet studied. Also,
pion and baryon momentum distributions for particles
involved in the vortex structures participating in the rotation
should be different from the ordinary thermal distributions.
For completeness we should also notice that the particle
vortex rings are inherent in the fluid dynamics. An example
of such vortex rings is the smoke rings. The toroidal baryon
vortex structures can be formed not only in heavy-ion
collisions but also in proton-nucleus collisions, cf. [78].
Vortex rings produced by jets propagating through the
quark-gluon matter were considered in Ref. [79]. In heavy-
ion collisions two baryon vortex rings can be formed at the
periphery of the stronger stopped matter in the central
region, one at forward rapidities and another at backward
rapidities, cf. [71] and references therein. At forward/
backward rapidities signal is expected to be strongest.
The ring A polarization observable is R, = (I3 AT7)y» Where
P, is the polarization of A, 7j = [, x p|/|[¢, x P]|, &, is
the unit vector along the beam, p is the momentum,
averaging runs over all momenta with fixed rapidity y.
Reference [71] argued that the vortex rings can be detected
by measuring the ring observable R, even in rapidity range
0<y<05 (or —=0.5 <y <0) on the level of (0.5—
1.5)% at \/syy = (5-20) GeV. It would be interesting
to study baryon-pion interaction within the vortex struc-
tures. These questions however require a detailed inves-
tigation, that goes beyond the scope of this paper.

F. Nuclear medium effects on chiral vortices

In the nucleon matter the pion mass should be replaced
by the effective pion gap,

m* — @ (ko) = my — pz + kg + M(pr ko), (116)

in the above derived equations, cf. [10,54-56]. Here
ko = Vi, ky(p) corresponds to the minimum of the
squared effective pion gap, I1(u,, k) is the pion polarization
operator. For Q =0 the minimum of @(k) at ky #0
appears for p > p.1, p. = (0.5 =0.8)ng, cf. [10,80]. In-
equality @*(ky) > 0 holds for the nucleon density p < p,.,
where p., ~ (1.5-3)m, is the critical density for the
pion condensation. For a nuclear droplet with p nearby
the critical point the value Q. may become very small,
Qc ~ Cb(ko)

For p > p., one has @?(ko(p)) < 0. In absence of the
rotation within the ¢ model the p-wave pion condensation
in the cold matter was considered in [64] and for nonzero
temperature in [65], cf. also [55]. The nuclear droplet with
p > p., may undergo self-rotation, some rough estimates
for this case were done in [6].

We should also note that in some models, like the
Manohar-Georgi model, cf. [56], the value @*(ky = 0)

may become negative for p > pf_. A rough estimate yields
pir ~2po demonstrating a possibility of the s-wave pion
condensation besides the p-wave one.

IV. CONCLUSION

In this work within the linear ¢ model we studied the
possibilities of the formation of the charged oz® and
neutral 67° condensate complex vortex fields in various
systems: in the rotating cylindrical empty vessel, in the
vessel filled by the pion-sigma gas at the temperature 7 = 0
(Bose-Einstein condensate) with a dynamically fixed (on
the timescale under consideration) particle number, as well
as in case of rotating nuclear systems. In the case of the
vessel filled by a pion-sigma Bose-Einstein condensate an
analogy is elaborated with the Bose-Einstein condensates
in cold gases and the condensed “He. Various applications
of the results were discussed.

In Sec. II two models describing the oz~ condensate
(model 1) and the 67° complex field condensate (model 2)
were formulated. The presence of complex fields is
required to consider then the vortex field configurations
in the rotating charged and neutral systems. In the paper
body we employ the symmetry breaking term in the
Lagrangian density in the form explicitly demonstrating

m*2"2
—75
Eq. (11). The other choice, using ES& = eo, is considered
in Appendix A. In the latter case in the model 2 the neutral
complex field appears at much higher value of the chemical

+

. 2 .
presence of the nonzero pion mass, Ei_b)i = in

potential, 44, than it occurs for the model employing Eizg
In the model 1 both choices lead to the same results in our
consideration. Therefore we further focused our consid-

eration on the choice ££2b> We demonstrated that in the rest
frame the vacuum state proves to be stable respectively
creation of the pion condensate fields. In case of the pion-
sigma gas with a dynamically fixed particle number at
T = 0, comparing the energies in the models 1 and 2 we
found conditions, at which either the solution of the
model 1 or of the model 2 is energetically favorable.
When the density of z* plus density of z~ equals to the
density of z°, the charged field condensate proved to be
energetically favorable compared to the neutral ¢z° con-
densate. However for the case when densities of 7, #~ and
¥ are equal, the solution within the model 2 proved to be
energetically favorable. Moreover, the latter solution
appeared to be energetically favorable in the chiral limit
when the effective pion mass m is artificially put zero.
Also, within the model 1 we found the response of the 7™+
condensate on the presence of charged massive particles
such as protons.

In Sec. III we studied chiral fields, which can be formed
within mentioned two models in the rotating systems. First
we noticed that the rotation at a constant angular velocity is
introduced in the Klein-Gordon equation in the rotating
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reference frame similarly to the constant electric potential,
cf. Eq. (35). In case of the nonrelativistic rotation the
rotation term equivalently can be introduced in the
Schrodinger and Klein-Gordon equations with the help
of the Galilean shift of the spatial variables, cf. Eq. (58). In
case of the relativistic rotation we then discussed a subtle
question about relations between the rotating frame, rigid-
body rotation and the causality condition. Then we con-
sidered a possibility of the formation of the chiral-field
vortex condensates in an empty rotating electrically neutral
vessel. Conditions for the formation of vortices in the
rotating frame and in the laboratory frame were discussed.
Two cases were studied: when the vessel rotates at the fixed
rotation frequency, case (i), and at the conserved initial
angular momentum, case (ii).

In Sec. IIC we considered the case of the nonself-
interacting fields (1 = 0), which is not specific for the o
model. For the charged pions studied within the model 1 we
included interaction with the static electric field V = eA,
and in both models 1 and 2 for a generality we included a
possibility of additional coupling of the complex boson
field with the O-component of a static attractive external
vector field w,. Putting both V and w, fields zero, we
demonstrated that the energy levels €,, in the rotating
vessel do not reach zero at increasing rotation frequency Q
for QR < 1. [Equation (63) has no solution €, , = 0 for
V=goyo=H=0 at QR < 1, where R is the internal
radius of the vessel]. Thereby we concluded that for
A, V,gwy, H equal zero the rotated oz vacuum remains
to be stable relatively formation of the vortex field.
However presence of even a rather small external attractive
V or/and w, fields may allow for the energy levels with
v # 0, where v is the quantum of the angular momentum, to
reach zero at 1/R > Q > Q.. In case of the charged pions
described by the model 1 we demonstrated that the vortex
boson fields can be formed in the rotating vacuum in
presence of external electric and magnetic fields at Q > Q...
Since the uniform rotation acts as an artificial electric field
it may cause a separation of the electric charges and
formation of a charged boson field vortex together with
an electric and magnetic fields. The critical rotation
frequency, Q., was evaluated for the limiting cases of
not too large values of the angular momentum, v < m R,
cf. Eq. (69), and for the supervortex state with v > m_R,
cf. Eq. (71). We discussed various possibilities to observe
supervortex states. One of these possibilities is to place the
rotating vessel inside a charged capacitor in order to
produce an additional electric field potential inside the
vessel. Moreover we discussed influence of the switching
on and off an external magnetic field and injection of
external charged massive particles (e.g. protons) inside the
vessel.

Then we focused attention on a possibility of the
formation of the oz vortices in the rotated ideal pion-
sigma gas at 7 =0 with a dynamically fixed particle

number. Here, the vortices appear for Q > Qi (v = 1) ~
1/(R?m,,) within both models 1 and 2, even in case V =
gy — 0. The latter quantity Qi (v = 1) proved to be very
small for m, R > 1, cf. Eq. (78). Formation of vortex lines,
spirals and rings was considered. With increasing Q the
individual vortices form the lattice mimicking the rigid-
body rotation of the system.

In Sec. IID we studied rotation of the oz vacuum
and the pion-sigma Bose-Einstein condensate with a
dynamically fixed particle number in presence of the self-
interaction. It was shown that in the realistic case of a large
value of the coupling constant, A, the interpolation solution,
cf. Eq. (83), of the equation of motion (81) differs
significantly from the Bessel function, which holds in
the limit 4 — 0, see solution (62) of Eq. (60). The former
solution is constant in a broad region outside a narrow
vortex core. Also, the question about the boundary con-
dition at r = R was discussed. Then we focused attention
on the consideration of the rotation of the vacuum in
absence and in presence of the fields V and gw,. In case of
the model 1 we demonstrated that the value of the critical
rotation velocity, QF, cf. (90), coincides with the value
Q. =Q(e;, =0,¢; < 1) given by Eq. (69) in case of non-
self-interacting fields for v < m,R and with the value Qf
given by Eq. (73) in presence of a magnetic field H (for
2/R? < |e|H < m2 both expressions (69) and (73) approx-
imately coincide). Note that Eq. (90) is easily fulfilled
for any attractive V and gw, at large v. So, a supervortex
state is formed for Q > Q7. The largest possible values
of v allowed by conservation of the angular momentum
are energetically favorable. In case of the model 2,
condition for the appearance of the vortex, cf. (92), proved
to be essentially different from that found for nonself-
interacting fields. The vortex solution for QR < 1 exists
here only at sufficiently large values of the attractive
interaction gaw.

We demonstrated that inside the rotating superheavy
nuclei of a large atomic number consisting of the nuclear
matter at a normal nuclear density at the condition
QR > 1/cy, at v = c;m, R, c; > 1, it may become ener-
getically profitable to form a charged pion supervortex.
Thereby such a rotating nucleus proves to be stable in the
rotating frame [in case (i)]. In case (ii) the kinetic energy of
the rotating nucleus is lost on a long timescale via the
surface electromagnetic radiation. For very large number of
baryons, A, such a radiation is strongly suppressed. So, it is
worthwhile to seek rather long-living relativistically rotat-
ing nuclei in heavy-ion collisions, superheavy nuclei and
nuclearites in cosmic rays.

We also indicated that in difference with the tunneling
mechanism for the creation of the particle pairs in static and
slowly varying electric fields, the boson vortex field can be
produced right inside the rotating vessel. The most efficient
way to produce a vortex field might be is to inject into the
vessel a rare gas of massive charged particles, e.g., protons.
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Charged pions forming the vortex state will be then created
in radiation reactions inside the system.

Then we studied behavior of the rotating nonideal pion-
sigma Bose-Einstein condensate (gas with a dynamically
fixed particle number) at zero temperature. In this case the
chemical potential i, ¢ # 0 is found from the condition of
the conservation of the particle number and we considered
the case when p, ¢ > Qv+ Vj — gw,. Here our consid-
eration is similar to that takes place at nonrelativistic
rotation of the He-II and the cold atomic gases. We note
that expression for the critical angular velocity, cf. Eq. (97),
in this case with a logarithmic accuracy coincides with
Eq. (78) derived above for the ideal gas.

Vortex lines may form spirals. In the system of a finite
size, individual vortices characterized by the minimal
angular momentum v =1 may form rings. Also we
considered a possibility that the external angular momen-
tum is accumulated in the lattice of vortices mimicking
the rigid-body rotation. With increasing rotation frequency
the lattice is destroyed. As the result, either a giant vortex
state can be formed for 1/R > Q > Q,, or the system will
represent a dense packing of individual vortices placed at
distances ~r{ from each other undergoing a very rapid
rotation (with 1/r} > Q > 1/R). For Q > Q,, the vortex
fields should disappear completely.

We discussed various possible applications of the results
to such objects as the rotating empty buckets, buckets filled
by bosons at a fixed particle number, nuclear rotating
metastable objects and fireballs formed in peripheral heavy-
ion collisions. In the latter case the vortices may appear
owing to a friction and viscosity between fluxes of hadrons-
participants and hadrons-spectators. One of the restrictions
for the rapid rotation of the fireball formed in a heavy-ion
collision follows from the causality limit, Q < Q.-
For Q> Q. .~ 1/R, where R now is the transversal
radius of the nuclear fireball, one may expect occurrence
of an instability. This instability may result in the formation
of separately rotating vortices or a fission of the system on
smaller pieces rotating with higher rotation frequencies.
These possibilities should be studied more carefully.

In the given paper we studied vortex solutions for complex
scalar fields in rotating systems. The case of the vector
complex boson fields will be considered -elsewhere.
Instabilities in rotating hot gluon plasma were recently
studied by lattice simulations, cf. [81].
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APPENDIX A: SYMMETRY BREAKING TERM
TAKEN IN FORM ')

In this appendix we study the case when the symmetry
breaking term in the Lagrangian density is taken in the

form L',glb) For a small € > 0 energy minimum corresponds
to o = v+ Ofe).
From (10) we see that the energy density of the state
6 = v + O(e) is now smaller than that for 6 = —v + O(e)
by SE ~ —2ve. Substituting the fields ¢’ = 6 — v, 7’ = 7 in
the expression £, + [Ig_]b)_ and varying it in fields we find
new quantities
c=1v+¢/(20?), mi=2*+3e/v.  (Al)
Replacing these quantities back to the Lagrangian density
we see that there appears the pion mass term 6L =
—en?/(2v) and thereby we find
m? =e/v. (A2)
Within the model employing the charged pion fields
(model 1) we now take 6 =1v+55, @, =m +im,
73 = 0. Including interaction of ®, with static electric
field V and static external field @, after separation of terms
linear in ¢ we arrive to the Lagrangian density

(/"Ir -V- gw0)2|¢)075|2 _ |v¢)07l|2 _ m,*,2|(l)0”|2
2 2 2
A @, |* (Vv)?

4 +ev+ 802

Ly —

+n,V, (A3)

compare with Eq. (12) taken at ®, = 0. Thus all results we
obtain in the paper body employing the model 1 with the
symmetry breaking term Eizg hold also with Eilg
Now let us focus on the model 2. Shift of the vacuum
value ¢ by the linear term « €, which we did in order to
reproduce pion mass term, results in necessity of a
modification of the model 2, where ¢ and 73 meson fields
should be unified in a complex field. So, we take
O, =6+ i, (A4)
m=m =0, V=0, with the field 6 =0-v—-5>
counted from the new vacuum value. Then in the linear
approximation in small ¢ we arrive at

(Mo = 9@0)*|Pos|* _ Vo, > _ my 3

C pu—
® 2 2 2
252 i, |4
_ mso _ | Oo‘| + ev, (AS)
2
. m2r: | om2s? . M2 .
Averaging of the term —5= + =5 yields % with

M? = (m2 + m}?)/2 > m*. Thereby the complex mean-

field solution @, # 0 in the model using Eilg appears at
much higher value of ug than it occurs for the model

employing Egzb)
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APPENDIX B: ANGULAR VELOCITIES
OF VORTEX LATTICE AND VESSEL

The kinetic energy density of the individual vortex in a
rather rare boson sigma-pion gas at its nonrelativistic
rotation with the angular velocity o in the laboratory frame
is given by

(fh[&; X 73] + l/h55>2|®ﬂ,6|2
2

1 eV
El((lr)l >~ 5 mﬁvg = ;, (Bl)
cf. [11], and we used the variable shift V — V — i 7 in the
gradient term of the energy density. The w, 2 dependent
contribution to the Gibbs energy density in the rotation
frame is as follows

M6 X 5] + 85) 1Prl” g0y

SEW[w, Q] ~ 5

Q. (B2)

density of angular momentum is 1= 1.0+ 75,‘),
I, = m?r?|®, .

For the array of vortices we have 1= I, + n,j(vl). Thus
we obtain

Elw, Q] = J,0*/2 — J,wQ — N,L,(Q - w)

N ,E (). (B3)

where

gﬁin(w) = dzﬂyz‘q)ﬂ.6|2 11‘1( V DQCQ/w)’ (B4)

cf. Eq. 91), J, ~ nR*d.in?|®, ,|>/2. We used that the
logarithmic divergence is now cut at r ~ R; (@) given by
Eq. (109) where now Q should be replaced by w. Minimi-
zation of & (w) in @ gives L, =—-0&, (w)/ow =
d.n?|®@, >/ (2w) that for @ = Q coincides with (111).
Minimizing Eq. (B3) in ® we obtain o[Q~Q -
No(L, + /o).

The difference w — Q is proved to be negative showing
that the lattice of vortices rotates with a bit smaller angular
velocity than the vessel. For Q> 1/(mR*) we recover
Eq. (112). For Q. < Q <« Q., we can put @ ~ £, as it has
been done in the paper body.
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