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We relate the interactions of the D̄ð�ÞK� and Dð�ÞK� systems to those of Dð�ÞDð�Þ and Dð�ÞD̄ð�Þ

respectively, considering the residual strong interactions at the near-threshold energy is too weak to excite
the strange quarks inside the hadrons. We propose an effective model to describe the low-energy S-wave
interactions that are undertaken by the light u, d quarks between two separated heavy hadrons. We find that
the existence of molecules in the heavy-(anti)heavy sectors will naturally lead to the emergence of
molecular states in D̄ð�ÞK� and Dð�ÞK� systems. The recently observed Tcs0ð2900Þ and Ta

cs̄0ð2900Þ can be
well identified as the 0ð0þÞ and 1ð0þÞ partners of Tccð3875Þ and Zcð3900Þ in the charmed strange sector,
respectively. We also predict their members under the heavy (c and s) quark symmetry and SU(2) flavor
symmetry. Most of them are very good molecule candidates, for example, (i) the 0ð1þÞ states in D�D�,
D̄K�, D̄�K�; (ii) the 0ðþÞð2þðþÞÞ states in D�D̄�, D̄�K�, D�K�; (iii) the 1−ð0þþÞ state in D�D̄� and 1ð1þÞ
state in D�K�. The 0þð0þþÞ state in DD̄ and the 0ð1þÞ state in DK� might also exist as virtual states, and
the 0ð1þÞ DK� can serve as a key to infer the existence of 0þð0þþÞ DD̄. The Dsπ invariant mass spectrum
of Ta

cs̄0ð2900Þ is also studied within the coupled-channel approach, and the molecular interpretation of
Ta
cs̄0ð2900Þ is consistent with the experimental data. Searching for the predicted states in experiments is

crucial to discriminate the different pictures for interpreting these near-threshold exotica.

DOI: 10.1103/PhysRevD.109.034027

I. INTRODUCTION

Over the last two decades, experiments have unveiled
numerous near-threshold exotic hadron states, indicating
novel quantum chromodynamics (QCD) structures in the
heavy flavor sector [1]. These states are considered exotic
due to their inability to align with known meson and baryon
configurations in the conventional quark model. Various
interpretations have been proposed to comprehend these
experimental observations. These interpretations encompass
hadronic molecules, compact multiquark states, and kin-
ematic effects, etc. Among these, the hadronic molecular

explanation takes precedence due to their commonly obser-
ved near-threshold features (e.g., see the reviews [2–10]).
The first as well as the most famous exotic state is the

isoscalar Xð3872Þ in the charmonium energy region, which
was observed by the Belle Collaboration in 2003 [11]. Its
mass is extremely close to the D0D̄�0 threshold, e.g.,
mD0D̄�0 −mXð3872Þ ¼ 0.04� 0.12 MeV [1]. The isovector
states Zcð3900Þ and Zcð4020Þwere observed by the BESIII
Collaboration [12,13], and their masses are close to the
DD̄� and D�D̄� thresholds, respectively [1]. The LHCb
Collaboration observed three hidden-charm pentaquark
states, the Pcð4312Þ, Pcð4440Þ, and Pcð4457Þ [14].
They lie below the ΣcD̄ and ΣcD̄� thresholds about several
to tens MeVs, respectively [1]. The LHCb Collaboration
also observed a double-charm tetraquark state Tccð3875Þ.
Its mass is below the D0D�þ threshold about
300 keV [15,16].
Recently, the LHCb Collaboration observed two

charmed strange tetraquarks Tcs0ð2900Þ and Tcs1ð2900Þ
in the D−Kþ invariant mass distributions from the decay
Bþ → DþD−Kþ [17,18] (we will refer to the new naming
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scheme for the exotic hadrons according to their quark
contents, isospins, and spin-parities [19]). Their JP quan-
tum numbers were undetermined yet, but the 0þ and 1− are
preferred for the Tcs0ð2900Þ and Tcs1ð2900Þ, respectively.
The 1− assignment for Tcs1ð2900Þ is necessary because
evident P-wave behavior is observed in the D−Kþ helicity
angle distributions [18]. The closeness of their masses to
the D̄�K� threshold has prompted molecular interpretations
[20–25] (the D̄�K� molecules had been predicted before the
experimental observations [26]). In addition, other pictures
such as the compact c̄ s̄ ud tetraquarks [27–34] and the
kinematic effects from the triangle singularities [35,36] are
also devoted to understanding the mass spectra and the
lineshapes of Tcs0;1ð2900Þ, respectively. The calculations
from the quark model [31,32] showed that the mass of an
isoscalar S-wave compact tetraquark c̄ s̄ ud is lower than
the experimental mass of the Tcs0ð2900Þ. Therefore, the
compact tetraquark explanation appears incompatible with
the current experimental data. In Ref. [25], we studied the
D̄�K� interactions within the spirit of chiral effective field
theory and fitted the D−Kþ invariant mass distributions, in
which the Tcs0ð2900Þ and Tcs1ð2900Þ can be interpreted as
the isoscalar S-wave and P-wave excitation of the D̄�K�
bound states, respectively. Various aspects of the Tcs states
were investigated in literature, such as the strong decays
[37,38], the branching fractions from B decays [39], the
lineshapes [40], the productions through the kaon-induced
reactions [41], and the searching for its 1þ and 2þ partners
[42,43], and so on.
Very recently, the LHCb also observed a doubly charged

tetraquark Ta
cs̄0ð2900Þþþ and its neutral partner Ta

cs̄0ð2900Þ0
within the Dþ

s π
þ and Dþ

s π
− invariant mass distributions in

the B decay processesBþ → D−Dþ
s π

þ andB0 → D̄0Dþ
s π

−,
respectively [44,45]. The spin-parity JP is determined to be
0þ. These states were predicted in Ref. [46]. Given their
comparable masses and widths, these two states should
belong to the same isospin triplet. Like the Tcs0ð2900Þ, the
Ta
cs̄0ð2900Þ is also situated near the D�K� threshold. Thus,

some works interpret it as the D�K� hadronic molecule
[47–50], while Ref. [51] argues against a binding solution in
the isovector D�K� system. The compact cs̄ud̄, cs̄ ū d
tetraquark explanation was proposed in Refs. [52–56].
The authors in Ref. [57] reproduced the experimental peak
in Dþ

s π
þ channel as a threshold cusp arising from the

D�K� −D�
sρ coupled-channel interactions. In Ref. [49], it

was shown that in the molecular picture, the dominant decay
mode of Ta

cs̄0ð2900Þ is DK rather than the experimentally
observed channelDsπ. Thus the authors of Ref. [58] suggest
to search for the Ta

cs̄0ð2900Þþþ also in the Bþ → KþDþD−

process. The discovery of Ta
cs̄0ð2900Þ inspired the studies on

its kaon-induced productions [59], and the charmed strange
pentaquarks as well [60,61].
From the Xð3872Þ to Ta

cs̄0ð2900Þ, we have reviewed
some of the well-established states that have emerged from
experiments over the past two decades. We mainly focused

on the recently observed Tcs and Tcs̄ states. Can we develop
a unified framework to describe these states, considering
their distinctive characteristics that are close to their
corresponding thresholds? In this study, we will combine
symmetry analyses with dynamic calculations to inves-
tigate the aforementioned exotic states. We aim to dem-
onstrate that the presence of Tcs0ð2900Þ and Ta

cs̄0ð2900Þ as
D̄�K� andD�K� molecules, respectively, naturally emerges
due to the SU(2) flavor symmetry and the heavy quark
symmetry at the hadron level.
A hadronic molecule is commonly defined as an entity

composed of two color-neutral hadrons. A well-known
example is the deuteron, a bound state of two nucleons with
a binding energy of approximately 2.2 MeV. This concept
was applied broadly rather than being exclusive to nucleon-
nucleon systems. For instance, two heavy hadrons with
specific quantum numbers can also cluster together, result-
ing in the formation of molecular states due to van der
Waals-like residual strong interactions. This interaction
between color-neutral objects is significantly weaker com-
pared to the quark-gluon couplings within the hadrons.
This characteristic can naturally elucidate why the men-
tioned molecular candidates closely approach the thresh-
olds of paired heavy hadrons. In practice, the observed
molecular candidates are typically located near the nearest
thresholds, often within a few MeVs’ range.
The binding energies Eb of the heavy hadronic mole-

cules is at the order of 1 MeV, e.g., the Xð3872Þ [1]
and Tccð3875Þ [16]. Thus, the typical scale of the
binding momentum is γtyb ¼ ffiffiffiffiffiffiffiffiffiffiffi

2μEb
p ≲ 100 MeV (with μ

the reduced mass of DD�). The typical strange quark mass
in the constitute quark model is about mQM

s ∼ 500 MeV
[62,63]. One sees that the γtyb ≪ mQM

s , i.e., the mQM
s can be

regarded as a hard scale,1 which implies that the near-
threshold interactions are too weak to excite the strange
quarks inside the heavy hadrons. In other words, the strange
quark will behave like an inert source (heavy quark)
from the view of the residual strong interactions at the
near-threshold energy scale. Therefore, we will call
the strange and charm quarks together as the heavy quarks
for the near-threshold interactions in what follows,2 and we
will use the SU(2) flavor symmetry instead of the SU(3) in
the calculations.

1An extra energy scale could arise if we consider the mass
splitting of D and D�, denoted as δ0 ¼ mD� −mD ≈ 140 MeV
[64,65]. This of course is another hard scale with typical
momentum p0ty ¼

ffiffiffiffiffiffiffiffiffi
2μδ0

p
∼ 520 MeV. So the coupled-channel

contributions, e.g., the DD� −D�D� coupling will not be
incorporated into our calculations. We will primarily focus on
the single-channel dynamics.

2The above argument is valid for the heavy vector K� mesons
(mK� ∼mN) rather than the pseudoscalar kaons due to the non-
negligible Goldstone nature of the kaon. So we will not consider
the D�

s0ð2317Þ and Ds1ð2460Þ in this work because of the
entanglement with the DK and D�K correlations, respectively.
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Based on the aforementioned analyses, a direct con-
nection can be established between Dð�ÞK�ðD̄ð�ÞK�Þ and
Dð�ÞD̄�ðD̄ð�ÞD̄�Þ systems. In other words, the recently
observed Ta

cs̄0ð2900Þ and Tcs0ð2900Þ could poten-
tially represent the charmed strange counterparts of
Zcð3900Þ and Tccð3875Þ, respectively, e.g., see the
Fig. 1. Similar to the charm quark, the strange quark
also has limited involvement in the near-threshold inter-
actions. Consequently, the interactions within the paired
Dð�ÞK�, D̄ð�ÞK�, Dð�ÞD̄�, and D̄ð�ÞD̄� systems are primarily
mediated by the interactions between the light u and d
quarks. Once we get Vq̄q and Vqq, we can proceed to
analyze the associated hadronic molecule candidates as
shown in Table I.
This paper is organized as follows. An effective model

for the S-wave near-threshold interactions of two heavy
hadrons is illustrated in Sec. II. The determination of the
low-energy constants, the molecule spectra of considered
systems and related discussions are presented in Sec. III.
The Dsπ invariant mass distributions of Ta

cs̄0ð2900Þ is
studied in Sec. IV. The summary and outlook are given
in Sec. V.

II. NEAR-THRESHOLD EFFECTIVE POTENTIALS
FOR THE S-WAVE INTERACTIONS

As we have elucidated in Sec. I, one can obtain the fol-
lowing correspondence for the near-threshold interactions,

D̄ð�ÞK� ↔ D̄ð�ÞD̄�; Dð�ÞK� ↔ Dð�ÞD̄�; ð1Þ
since the two systems arise from the same qq or q̄q
interactions, respectively. In the following, we will illustrate
the low-energy forms of Vqq and Vq̄q.
The residual strong interactions between two heavy-light

hadrons can be described using the one-boson exchange
model. The theoretically allowed bosons could be the
pseudoscalar (π; η;…), scalar (a0; f0;…), vector (ρ;ω;…),
axial-vector (a1; f1;…), and tensor (a2; f2;…), etc.
Currently, determining the specific couplings of heavy-light
hadrons with these potentially exchanged bosons is a
challenging task. Consequently, our approach in this work
is to consider their cumulative contributions. Here, we will
adopt the concept of the nonrelativistic chiral quark model
[66], assuming that the exchange interactions occur at the
quark level. This allows us to construct effective Lagrangians
and compute nonrelativistic effective potentials between the
light quarks, e.g., see the vector couplings in Ref. [67].
Anyhow, the nonrelativistic effective potentials should have
the following form

Veff ∼
X
e

f1; σ1 · σ2; ðσ1 · qÞðσ2 · qÞ;…g
q2 þM2

e
; ð2Þ

where the q and Me represent the transferred momenta and
the masses of the exchanged mesons, respectively. The
corresponding form of the operators in the numerator
depends on the quantumnumbers of the exchanged particles.
For the near-threshold interactions (q2 ≪ M2

e), one can
reduce the nonlocal interaction to the local form by keeping
the leading term in the following expansion

1

q2 þM2
e
¼ 1

M2
e

�
1 −

q2

M2
e
þ…

�
; ð3Þ

see also the schematic diagrams in Fig. 2. The next-to-
leading order contributions can be safely neglected due to

FIG. 1. The isospin triplet (left column) and singlet
(right column) of the dimeson systems that contain a light qq̄
(first row) or qq (second row) pair in the SU(2) flavor symmetry,
respectively.

TABLE I. The molecule candidates and their corresponding
nearest thresholds, the quark contents, and the interaction types
that govern the formation of the hadronic molecules. The Pcs
denote the three hidden-charm pentaquarks Pcð4312Þ, Pcð4440Þ,
and Pcð4457Þ.
States Nearest thresholds Quark contents V type

Xð3872Þ DD̄� ½cq̄�½c̄q� Vq̄q

Zcð3900Þ DD̄� ½cq̄�½c̄q�
Ta
cs̄0ð2900Þ D�K� ½cq̄�½s̄q�

Pcs ΣcD̄ð�Þ ½cqq�½c̄q� Vqq

T̄ccð3875Þ D̄D̄� ½c̄q�½c̄q�
T̄cs0ð2900Þ D̄�K� ½c̄q�½s̄q�

FIG. 2. The schematic diagrams for the near-threshold inter-
actions that are undertaken by the light quark interplays. The
thick, thin and dashed lines denote the heavy quarks (c and s),
light quarks (u and d) and the exchanged mesons (isospin triplet
plus the singlet), respectively.
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the suppression of q2=M2
e. Thus, only the momentum-

independent central term and spin-spin interaction in
Eq. (2) appear in the leading terms in calculations.
In the light quark (u and d) sector, the exchanged meson

fields contain both the isospin triplet and singlet. We take
the scalar field S as an example and assume it can be
written as

S ¼ Siτi þ
1ffiffiffi
2

p S1; ð4Þ

where τi is the Pauli matrices in the isospin space, and Si
and S1 denote the isospin triplet and singlet, respectively.
Therefore, the net contributions from the exchanged
particles will give rise to the nonrelativistic effective
potentials for the light qq and q̄q with the following forms,
respectively,

Vqq ¼
�
τ1 · τ2 þ

1

2
τ0;1 · τ0;2

�
ðcs þ caσ1 · σ2Þ; ð5Þ

Vq̄q ¼
�
−τ�1 · τ2 þ

1

2
τ0;1 · τ0;2

�
ðc̃s þ c̃aσ1 · σ2Þ; ð6Þ

in which the τ0 denotes the 2 × 2 identity matrix. The terms
cs (c̃s) and ca (c̃a) denote the low-energy constants (LECs),
signifying the magnitude of the central potential and spin-
spin couplings, respectively.
For the later convenience, the operators in Eqs. (5) and

(6) will be decomposed into four parts (e.g., for the qq
case),

O1 ¼
1

2
τ0;1 · τ0;2; O2 ¼ τ1 · τ2;

O3 ¼
1

2
τ0;1 · τ0;2σ1 · σ2; O4 ¼ τ1 · τ2σ1 · σ2; ð7Þ

in which the τ1 will be replaced with −τ�1 for the q̄q case.
The matrix elements of the operators Oi are given as

hOii ¼ h½H1H2�IJjOij½H1H2�IJi; ð8Þ

where the ½H1H2�IJ denotes the flavor and spin wave
function of the dihadron system with the specified total
angular momentum J and total isospin I, and it can be
expressed as the direct product of the flavor and spin wave
functions of the individual H1 and H2. One can see more
details in Refs. [68,69]. The hadron-level potentials of
dihadron systems can be obtained via (e.g., for the qq case)

Vsys ¼ cs½hO1i þ hO2i� þ ca½hO3i þ hO4i�: ð9Þ

Translating the Vq̄q into the hadron-level potentials Ṽsys

takes the similar form as those in Eqs. (8) and (9).

Here, we need to emphasize that deriving the
hadron-level potentials along the line from Eqs. (5)–(9)
is equivalent to using the hadron-level contact effective
Lagrangians, e.g., for the D̄ð�ÞK� systems,

LD̄ð�ÞK� ¼ C1ð ¯̃HH̃ÞðK�μ†K�
μÞ þ C2ð ¯̃HτiH̃ÞðK�μ†τiK�

μÞ
þ iC3ð ¯̃HσμνH̃ÞðK�†

μ K�
νÞ

þ iC4ð ¯̃HσμντiH̃ÞðK�†
μ τiK�

νÞ; ð10Þ

where Ci (i ¼ 1;…; 4) are the LECs, and they can be
related to the cs and ca in Eq. (5). For example, in our case,
C1 ¼ 1

2
C2 ¼ −cs, C3 ¼ 1

2
C4 ¼ −ca. The H̃ denotes the

superfield of the ðD̄; D̄�Þ doublet, and its expression can be
found, e.g., in Ref. [10,70]. The K�

μ ¼ ðK�þ; K�0ÞTμ repre-
sents the isospin doublet of the K� meson.
In this work, wewill stick to the quark-level descriptions,

with which we can easily set up the relations between
different hadron systems, see the classification in Table I.

III. DETERMINING THE LECs AND
CALCULATING THE MASS SPECTRA

A. Determining the LECs cs, ca and c̃s, c̃a
The hadron-level potentials obtained from Eq. (9) will be

inserted into the following Lippmann-Schwinger equation
(LSE) to search for the bound/virtual state poles,

t ¼ vþ vGt; ð11Þ
where t is the scattering T-matrix, and v corresponds to the
Vsys or Ṽsys depending on the interacting form of the
specified systems. G is the nonrelativistic two-body propa-
gator, which reads

G ¼
Z

Λ

0

k2dk
ð2πÞ3

2μ

p2 − k2 þ iϵ

¼ 2μ

ð2πÞ3
�
ptanh−1

�
p
Λ

�
− Λ −

iπ
2
p

�
; ð12Þ

where the sharp cutoff regularization is used. The cutoff Λ
is introduced as a parameter. p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2μðE −mthÞ
p

is the
scattering momentum in which the E, μ and mth are the
center of mass energy, the reduced mass and the threshold
of the dihadron system, respectively.
Because the v is the energy-independent contact poten-

tial, so the integral equation (11) can be expressed as the
algebraic equation,

t−1 ¼ v−1 − G: ð13Þ

The poles of T-matrix correspond to the zeros of t−1. There
are two Riemann sheets in the single-channel case. The
correspondingG functions for these two sheets respectively
read
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Sheet-I ðphysicalÞ∶ GðEþ iϵÞ;
Sheet-II ðunphysicalÞ∶ GðEþ iϵÞ þ i

μ

4π2
p; ð14Þ

where GðEþ iϵÞ is the expression given in Eq. (12). The
analytic continuation of the G function in the second line
has been done to reach the unphysical sheet.
There are two independent LECs, cs, ca and c̃s, c̃a in the

Vqq and Vq̄q, respectively [see Eqs. (5) and (6)]. So we need
at least two inputs for each to determine the values of the
LECs. In order to determine the cs and ca, we will use the
three Pc states and the Tccð3875Þ as inputs. They are
regarded as the ΣcD̄ð�Þ and DD� bound states, respectively
[71–73]. Their potentials and the masses with uncertainties
are given in Tables II and III, respectively. Their masses
will correspond to the poles residing at the real-axis below
the threshold in the Sheet-I. Inserting the potentials of Pcs
and Tccð3875Þ into the LSE (13) we obtain

cs ¼ 146.4� 10.8 GeV−2;

ca ¼ −7.3� 10.5 GeV−2: ð15Þ

In the fit, we use a soft value for the cutoff Λ in Eq. (12),
i.e., Λ ¼ 0.4 GeV. The T-matrix should be cutoff-indepen-
dent, ∂t=∂Λ ¼ 0, which can be achieved via using a cutoff-
dependent potential v that satisfies ∂v−1=∂Λ ¼ ∂G=∂Λ.
However, if the potentials are derived basing on the sprit of
effective field theory, theΛ is restricted in a range instead of
reaching arbitrarily large values in the renormalization
group flow [74]. In Sec. I, we have analyzed that the
typical hard scale is mQM

s ∼ 500 MeV, so the reasonable
choice for Λ is Λ ≲mQM

s . We will use the Λ ¼ 0.4 GeV
throughout this work.
The c̃s and c̃a will be determined using the Xð3872Þ and

Zcð3900Þ as inputs. TheXð3872Þ andZcð3900Þ are still very
disputed although they have been observed for many years:

TABLE II. The IðJPÞ quantum numbers, effective potentials, and possible molecule candidates in the ΣcD̄ð�Þ
systems. The EB denotes the mass (in units of MeV) of the corresponding Pc as a bound state. The masses with
errors are taken from the LHCb data [14].

Systems IðJPÞ hO1i hO2i hO3i hO4i Vsys EB States

ΣcD̄ 1
2
ð1
2
−Þ 1 −4 0 0 −3cs 4311.9� 0.7þ6.8

−0.6 Pcð4312Þ [Input]
ΣcD̄� 1

2
ð1
2
−Þ 1 −4 − 4

3
16
3

−3cs þ 4ca 4440.3� 1.3þ4.1
−4.7 Pcð4440Þ [Input]

1
2
ð3
2
−Þ 1 −4 2

3
− 8

3
−3cs − 2ca 4457.3� 0.6þ4.1

−1.7 Pcð4457Þ [Input]

TABLE III. The IðJPÞ quantum numbers, effective potentials, and possible molecule candidates in the Dð�ÞDð�Þ

and D̄ð�ÞK� systems. The EB=EV denotes the (pole) mass (in units of MeV) of the corresponding state as a bound/
virtual state. The predicted state is marked with bold type, while the symbol ‘� � �’means that no bound/virtual states
can be found in the corresponding systems. The mass of Tccð3875Þ is taken from the LHCb data [16].

Systems IðJPÞ hO1i hO2i hO3i hO4i Vsys EB=EV States

DD 1ð0þÞ 1
2

1 0 0 3
2
cs � � � � � �

DD� 0ð1þÞ 1
2

−3 − 1
2

3 − 5
2
cs þ 5

2
ca ½3874.74� 0.04�B Tccð3875Þ [Input]

1ð1þÞ 1
2

1 1
2

1 3
2
cs þ 3

2
ca � � � � � �

D�D� 0ð1þÞ 1
2

−3 − 1
2

3 − 5
2
cs þ 5

2
ca ½4015.6þ0.8

−2.3 �B Tccð4015Þ
1ð0þÞ 1

2
1 −1 −2 3

2
cs − 3ca � � � � � �

1ð2þÞ 1
2

1 1
2

1 3
2
cs þ 3

2
ca � � � � � �

D̄K� 0ð1þÞ 1
2

−3 0 0 − 5
2
cs ½2752.5þ2.6

−3.6 �V Tf
cs1ð2760Þ

1ð1þÞ 1
2

1 0 0 3
2
cs � � � � � �

D̄�K� 0ð0þÞ 1
2

−3 −1 6 − 5
2
cs þ 5ca ½2897.8þ2.6

−9.1 �V Tf
cs0ð2900Þ

0ð1þÞ 1
2

−3 − 1
2

3 − 5
2
cs þ 5

2
ca ½2896.6þ3.0

−6.3 �V Tf
cs1ð2900Þ

0ð2þÞ 1
2

−3 1
2

−3 − 5
2
cs − 5

2
ca ½2892.8þ5.0

−9.8 �V Tf
cs2ð2900Þ

1ð0þÞ 1
2

1 −1 −2 3
2
cs − 3ca � � � � � �

1ð1þÞ 1
2

1 − 1
2

−1 3
2
cs − 3

2
ca � � � � � �

1ð2þÞ 1
2

1 1
2

1 3
2
cs þ 3

2
ca � � � � � �
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(i) The multifaceted nature of the Xð3872Þ has been
subject to extensive debate, with interpretations
ranging from a DD̄� bound state to a conventional
charmonium χc1ð2PÞ to a hybrid model involving a
mixture of DD̄� with the cc̄ core [2–4,10,75,76].
While Esposito et al.’s analysis of prompt produc-
tions [77–79] suggested the presence of a compact
cc̄ core at short distances [80], a compelling body of
experimental evidence has emerged in favor of a
predominantly molecular character for the Xð3872Þ.
For example, the line-shape analysis of Xð3872Þ by
the LHCb Collaboration revealed that the probability
to find a compact component in the Xð3872Þ wave
function is less than a third [81]. Within an analysis
[82] using the LHCb data but with an improved
formalism, it was concluded that the component
of the hadronic molecule is over 90%. Recently,
the line-shape analysis of Xð3872Þ by the BESIII
Collaborations yields the 82% compositeness [83].
Moreover, theoretical studies within diverse frame-
works have corroborated this molecular dominance,
with the compact component estimated to be excep-
tionally small [76,84]. Regarding the isospin break-
ing decays, Gamermann et al. have demonstrated
that the couplings of the Xð3872Þ to charged and
neutral D mesons exhibit striking similarity, with at
most 1.4% of isospin violation [85]. The isospin
violating decay is attributed to the interplay of the
sizable width of the intermediate ρ meson and the
amplification effects within the two-body propaga-
tors [85]. In light of the above reasonings, and given
our focus on long-range dynamics, we will adopt the
approximation of the Xð3872Þ as an isoscalar DD̄�
molecule for the purposes of this investigation.

(ii) The enigmatic nature of the Zcð3900Þ has sparked
intriguing theoretical debates, with its characteriza-
tion as either a virtual state or a resonance intricately
linked to the energy dependence of the underlying
interaction potential [86–88]. In studies employ-
ing energy-independent potentials, the Zcð3900Þ
emerges as a virtual state, whereas energy-dependent
potentials often favor a resonant interpretation. This
dichotomy is strikingly illustrated by the work of
Albaladejo et al. [86], who performed simultaneous
fits to the J=ψπ and DD̄� invariant mass distribu-
tions using both energy-independent and energy-
dependent potentials. Notably, both approaches
yielded remarkably similar quality in describing
the experimental data, yet resulted in virtual state
and resonance solutions, respectively. We also in-
vestigated the line shapes of Zcð3900Þ [as well as the
Zcð4020Þ and Zbð10610Þ, Zbð10650Þ] in the open-
charm (bottom) channels within the chiral effec-
tive field theory [87], and we noticed that the data
can be fairly described in the single-channel case.

Further insights into this model-dependent duality are
providedby the comprehensive analyses ofChen et al.
[89]. The HAL QCD Collaboration studied the
couplings among three channels, namely DD̄�, ηcρ,
and J=ψπ, employing an unphysical pion mass range
of 410–700MeV [90]. Their calculations showed that
the coupled-channel potentials are primarily influ-
enced by the off-diagonal terms, specifically the
couplings of DD̄� − J=ψπ and DD̄� − ηcρ, leading
to the observation that the Zcð3900Þ signal exhibits
characteristics resembling a cusp effect rather than a
conventional resonance state. However, it is worth
noting that the pion mass employed in the lattice
simulations significantly exceeds the physical pion
mass. Consequently, obtaining reliable conclusions
for the nature of the Zcð3900Þ using current lattice
QCD simulations remains challenging. Therefore, in
the present investigation, we adhere to the framework
of constant potentials, thus positioning the Zcð3900Þ
as an isovector virtual state originating from DD̄�
interactions.

The mass of Xð3872Þ is set to be below theD0D̄�0 threshold
about [50, 500] keV,while the polemass ofZcð3900Þ is set to
be below the DD̄� threshold about [1, 50] MeV at the real-
axis in Sheet-II. Their potentials and (pole) masses are listed
in Table IV. With these two inputs we obtain

184.3 GeV−2 < c̃a þ c̃s < 187.5 GeV−2;

78.1 GeV−2 < c̃a − c̃s < 180.3 GeV−2: ð16Þ

One can notice that the c̃s and c̃a are confined in a rectangle
region, which is plotted in Fig. 3.

B. Molecule spectra of the Dð�ÞDð�Þ, D̄ð�ÞK�,
and Dð�ÞD̄ð�Þ, Dð�ÞK� systems

1. Dð�ÞDð�Þ and D̄ð�ÞK� systems

The numerical results for the Dð�ÞDð�Þ and D̄ð�ÞK�
systems are collected in Table III. One can see that apart
from the Tccð3875Þ, there also exists a bound state
Tccð4015Þ in the D�D� system with the same quantum
numbers as the Tccð3875Þ, whereas no bound or virtual
states can be found in the isovector channels (the similar
behavior was also reported in the double-bottom B̄�B̄�

systems [91]). The possible molecular states in the D�Dð�Þ
systems have been studied in many works [68,92–96].
As analyzed in Sec. I, the interactions of the D̄ð�ÞK�

systems can be related to those of Dð�ÞDð�Þ, e.g., see the
correspondence in Eq. (1). From Table III, one can see that
the potential of D̄�K� equals to that of D�Dð�Þ in the 0ð1þÞ
channel, while the D̄�K� system in the 0ð1þÞ channel
becomes a virtual state rather than the bound state as that of
the D�Dð�Þ. The reason is the reduced mass of D̄�K�
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(∼0.6 GeV) is smaller than that of D�Dð�Þ (∼1 GeV). We
know that the emergence of bound states results from the
attractive potential overwhelms the kinetic energy, recalling
that the term p2=ð2μÞ þ VðrÞ in the Schrödinger equation.
Thus, the effective attraction will be weakened with the
decreasing of the reduced mass μ. With the terminology of
our framework, it amounts to saying that the bound state
pole in Sheet-I will move on to the Sheet-II (virtual state
pole) when the attractive potential reaches a small critical

value, e.g., see the vivid illustration in Fig. 4. One will see
in the following parts that the whole D̄ð�ÞK� and Dð�ÞK�
systems with specific quantum numbers correspond to
virtual states.
In the isoscalar D̄K� and D̄�K� systems, a total of four

virtual states have been identified. These are denoted as
D̄K�½0ð1þÞ� and D̄�K�½0ð0þÞ; 0ð1þÞ; 0ð2þÞ�, respectively.
These pole positions are found to be close to the respective
thresholds. However, much like the Dð�ÞDð�Þ systems, no
bound or virtual states have been observed in the isovector
channels. The scalar-isoscalar state within the D̄�K� system
is presumed to correspond to the LHCb-observed

0 10 20 30 40 50
120

130

140
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160

170

180

190

FIG. 3. The constrained region (denoted as the red rectangle
area) for the LECs c̃s and c̃a when using the Xð3872Þ and
Zcð3900Þ as the inputs.

TABLE IV. The IðGÞðJPðCÞÞ quantum numbers, effective potentials, and possible molecule candidates in the
Dð�ÞD̄ð�Þ andDð�ÞK� systems. The notations are the same as those in Table III, while the superscript ♯means that this
state will vanish when the attraction is too weak.

Systems IðGÞðJPðCÞÞ hO1i hO2i hO3i hO4i Ṽsys EB=EV States

DD̄ 0þð0þþÞ 1
2

−3 0 0 − 5
2
c̃s ½∼3696.5�V Xð3700Þ♯

1−ð0þþÞ 1
2

1 0 0 3
2
c̃s � � � � � �

DD̄� 0þð1þþÞ 1
2

−3 1
2

−3 − 5
2
c̃s − 5

2
c̃a ½3871.2; 3871.6�B Xð3872Þ [Input]

0−ð1þ−Þ 1
2

−3 − 1
2

3 − 5
2
c̃s þ 5

2
c̃a � � � � � �

1þð1þ−Þ 1
2

1 − 1
2

−1 3
2
c̃s − 3

2
c̃a ½3825.8; 3874.8�V Zcð3900Þ [Input]

1−ð1þþÞ 1
2

1 1
2

1 3
2
c̃s þ 3

2
c̃a � � � � � �

D�D̄� 0þð0þþÞ 1
2

−3 −1 6 − 5
2
c̃s þ 5c̃a � � � � � �

0−ð1þ−Þ 1
2

−3 − 1
2

3 − 5
2
c̃s þ 5

2
c̃a � � � � � �

0þð2þþÞ 1
2

−3 1
2

−3 − 5
2
c̃s − 5

2
c̃a ½4011.8; 4012.2�B Xð4012Þ

1−ð0þþÞ 1
2

1 −1 −2 3
2
c̃s − 3c̃a ½4007.2; 4016.7�B Zcð4010Þ

1þð1þ−Þ 1
2

1 − 1
2

−1 3
2
c̃s − 3

2
c̃a ½3973.6; 4014.5�V Zcð4020Þ

1−ð2þþÞ 1
2

1 1
2

1 3
2
c̃s þ 3

2
c̃a � � � � � �

DK� 0ð1þÞ 1
2

−3 0 0 − 5
2
c̃s ½∼2586.0�V Tf

cs̄0ð2760Þ♯
1ð1þÞ 1

2
1 0 0 3

2
c̃s � � � � � �

D�K� 0ð0þÞ 1
2

−3 −1 6 − 5
2
c̃s þ 5c̃a � � � � � �

0ð1þÞ 1
2

−3 − 1
2

3 − 5
2
c̃s þ 5

2
c̃a � � � � � �

0ð2þÞ 1
2

−3 1
2

−3 − 5
2
c̃s − 5

2
c̃a ½2900.2; 2900.3�V Tf

cs̄2ð2900Þ
1ð0þÞ 1

2
1 −1 −2 3

2
c̃s − 3c̃a ½2887.6; 2900.5�V Ta

cs̄0ð2900Þ
1ð1þÞ 1

2
1 − 1

2
−1 3

2
c̃s − 3

2
c̃a ½2676.2; 2876.3�V Ta

cs̄1ð2900Þ
1ð2þÞ 1

2
1 1

2
1 3

2
c̃s þ 3

2
c̃a � � � � � �

FIG. 4. The pole trajectory with decreasing the strength of the
attractive potential. The solid arrows denote the directions of the
movement of poles when the interaction becomes weaker, while
the dashed arrow means that the pole will move on to the Sheet-II
when the attractive potential reaches a small critical value.
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Tcs0ð2900Þ in the D−Kþ channel [17,18]. The 0ð0þÞ state
can easily decay into the D̄K channel through S-wave
transitions, for instance, via the pion exchange. However,
for the 0ð1þÞ states in the D̄K� and D̄�K� systems,
transitions to D̄K are forbidden due to parity constraints.
Thus, the most probable channel for detecting these two
states is D̄�K. For instance, the vector-isoscalar D̄K� and
D̄�K� states can readily decay into D̄�K through pion
exchange. Consequently, it is expected that there should
be a peak at the D̄K� (2.76 GeV) and D̄�K� (2.9 GeV)
thresholds in the D̄�K channel, respectively. As for the
0ð2þÞ state, it can decay into the D̄K channel through
D-wave transitions. Therefore, it is highly plausible that the
invariant mass distribution of D−Kþ [17,18] encompasses
the contributions from the 0ð2þÞ state. The vector and
tensor partners of the Tcs0ð2900Þ have been suggested for
exploration in B decay channels [42,43,97].

2. Dð�ÞD̄ð�Þ and Dð�ÞK� systems

The numerical results for the Dð�ÞD̄ð�Þ and Dð�ÞK�
systems are provided in Table IV, with the Xð3872Þ and
Zcð3900Þ serving as our inputs. It is evident that the
spectrum of Dð�ÞD̄ð�Þ is richer compared to that of
Dð�ÞDð�Þ as shown in Table III. This is primarily due to
the greater diversity of quantum numbers in Dð�ÞD̄ð�Þ, as
there are no symmetry constraints on their wave functions.
However, it is important to note that not all channels within
Dð�ÞD̄ð�Þ have bound or virtual states. For example, the
states with opposite CðGÞ parity to those of Xð3872Þ and
Zcð3900Þ have been proven to be nonexistent. The C parity
odd partner of Xð3872Þ has been searched for by the
BABAR [98], Belle [99] and LHCb [100] Collaborations,
but no signal was observed near the DD̄� threshold in the
J=ψη invariant mass spectrum.
One can see that the 0þð2þþÞ and 1þð1þ−Þ states in the

D�D̄� systems exist as the heavy quark spin symmetry
partners of Xð3872Þ and Zcð3900Þ, respectively. The
former was predicted long ago by Törnqvist [101] with
a mass 4015 MeV, and it received intensive studies after
the observation of Xð3872Þ [102–107]. Recently, the
BESIII Collaboration searched for the 0þð2þþÞ state in
the DD̄ invariant mass spectrum by the process eþe− →
πþπ−DD̄ [108], but no obvious signal was found. Very
recently, the Belle Collaboration studied the γγ → γψð2SÞ
[109], and reported a hint of new state (with global
significance 2.8σ) with mass and width ½m;Γ� ¼
½4014.3� 4.0� 1.5; 4� 11� 6� MeV, which was con-
jectured to be the tensor-isoscalar partner of Xð3872Þ
[110–112]. The 1þð1þ−Þ state in D�D̄� system shall
correspond to the known Zcð4020Þ [13].
It is worth noting that we have also identified a bound

state with quantum numbers 1−ð0þþÞ in the D�D̄� system,
with a mass of approximately 4010 MeV. This state can
decay through open-charm and hidden-charm channels,

including the DD̄ and ηcπ, J=ψρ, and χc1π (via P-wave)
modes. Among these, the ηcπ channel has the highest phase
space. It is important to mention that the LHCb
Collaboration recently reported evidence (with a signifi-
cance of more than three standard deviations) of an exotic
resonance denoted as Zcð4100Þ− in the ηcπ

− invariant
mass distribution from the decay B0 → ηcπ

−Kþ [113]. The
measured mass and width for this state are ½m;Γ� ¼
½4096� 20þ18

−22 ; 152� 58þ60
−35 � MeV. The spin-parity assign-

ment is not definitively determined within the present
statistics, with possibilities including JP ¼ 0þ and 1−.
Consequently, further data is required to ascertain whether
the 1−ð0þþÞ state predicted in our work and the Zcð4100Þ−
observed in Ref. [113] are indeed the same entity.
Another intriguing channel is the DD̄ with 0þð0þþÞ

quantum numbers, where the potential depends solely on
c̃s. From Fig. 3, it is apparent that c̃s spans a range from 2 to
55 GeV−2. For large values of c̃s, a virtual state emerges in
this channel. However, as c̃s decreases (as illustrated in
Fig. 4), the virtual state pole moves away from the DD̄
threshold, eventually vanishing when c̃s falls below a
critical value. Therefore, in Table IV, we use the notation
½∼x�V for this channel, where x represents the pole position
when c̃s reaches its maximum value within the confined
region shown in Fig. 3. The potential existence of a
molecular state in the scalar-isoscalar DD̄ system has been
investigated in previous studies (Refs. [102,103,114–116]).
Various processes, such as ψð3770Þ → γηη0 [117], B0;þ →
D0D̄0K0;þ [118], ψð3770Þ → γD0D̄0 [119], and Λb →
ΛDD̄ [120], have been proposed as potential avenues for
the search of this state. Notably, the BESIII Collaboration
recently conducted searches for this state in the decays
ψð3770Þ → γηη0; γπþπ−J=ψ [121], but no significant sig-
nals were observed. In our calculations, the existence of the
virtual state solution is contingent on the value of c̃s. If c̃s is
fine-tuned to approach zero [equivalent to using a pole mass
very close to threshold for the Zcð3900Þ], this state will no
longer persist. This theoretically proposed state comprises
the two lightest charmmesons, resulting in a limited range of
decay modes. The dominant decay channel has been sug-
gested to be ηη0 viaDD̄ annihilation [117]. The restricted and
narrow-width decay modes make it challenging to directly
measure this state in experiments. However, as wewill see in
the following sections, the 0ð1þÞ channel in theDK� system
can play a crucial role in indirectly inferring the existence of
this state.
We then move onto the Dð�ÞK� systems. It is worth

noting that the 0ð1þÞDK� system shares the same potential
as the 0þð0þþÞ DD̄ system. Consequently, virtual state
solutions also exist in the 0ð1þÞDK� system. However, the
pole position is considerably far from the DK� threshold
due to its relatively smaller reduced mass. Since DK� with
0ð1þÞ quantum numbers can decay into D�K via one-pion
exchange, experimental searches for this state can be
conducted in the D�K channel. If this state indeed exists
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as a virtual state, a peak would emerge at theDK� threshold
(2.76 GeV) in the D�K invariant mass spectrum. The
existence of a 0ð1þÞ DK� molecule would also imply the
presence of a 0þð0þþÞ DD̄ molecule. This is why we
suggest inferring the existence of the 0þð0þþÞ DD̄ state
from the 0ð1þÞ DK� system.
In the D�K� system, there exists a tensor-isoscalar

partner of the Xð3872Þ, corresponding to a virtual state
with the pole located very close to the D�K� threshold.
However, its 0ð0þÞ and 0ð1þÞ partners have been shown to
be nonexistent. This state can be searched for in the DK
channel, with additional angle distribution analysis for the
DK system. For instance, the angle distribution of the DK
system should exhibit evident D-wave behavior, as the
0ð2þÞ D�K� decays into DK via the D-wave transition.
Moreover, experimental efforts to find this state can also be
used to indirectly infer the existence of the 0þð2þþÞ partner
of the Xð3872Þ in the D�D̄� system.
In the isovector D�K� system, there are two charmed

strange partners of the Zcð3900Þ: (i) The first one has
quantum numbers 1ð0þÞ, corresponding to the Ta

cs̄0ð2900Þ
observed by LHCb [44,45]. It is a virtual state with the
pole close to the D�K� threshold. Its primary decay modes
are expected to be Dsπ and DK. Interestingly, this state
is a counterpart of the 1−ð0þþÞ bound state predicted in the
D�D̄� system, i.e., the Zcð4010Þ. Therefore, the observed
channel Dsπ of Ta

cs̄0ð2900Þ corresponds to the reported
channel ηcπ of the Zcð4010Þ. It would be enlighten-
ing to measure the partial width ratio of Ta

cs̄0ð2900Þ in
experiments, denoted as Rcs̄ ¼ Γ½Ta

cs̄0ð2900Þ → DK�=
Γ½Ta

cs̄0ð2900Þ → Dsπ�. The analogous quantity for the
Zcð3900Þ is Rcc̄ ¼ Γ½Zcð3900Þ → DD̄��=Γ½Zcð3900Þ →
J=ψπ� ¼ 6.2� 1.1� 2.7 [122]. Consequently, we con-
servatively estimate Rcs̄ ∼ 10, considering the ample
phase space available for the DK channel. We note that
the calculation in Ref. [49] is consistent with our estima-
tion. (ii) The second one has quantum numbers 1ð1þÞ and it
is the counterpart of Zcð3900Þ. Its pole mass varies from
tens to a few hundred MeV below the D�K� threshold. The
ideal decay channels for this state are D�

sπ and D�K. In
particular, the D�

sπ channel is analogous to the J=ψπ decay
mode of the Zcð3900Þ. Thus, we roughly estimate the
partial width ratio Γ½Ta

cs̄1ð2900Þ → D�K�=Γ½Ta
cs̄1ð2900Þ →

D�
sπ� ∼ 10. Experiments can search for this state either in

the D�
sπ or D�K invariant mass spectrum. This concludes

the discussion on the charmed strange partners of Zcð3900Þ
in the isovector D�K� system.

IV. DISCUSSIONS ON THE LINE SHAPES
OF Ta

cs̄0ð2900Þ
From Table IV, we see that the recently observed

Ta
cs̄0ð2900Þ can be well identified as a near-threshold virtual

state. In contrast to the truly bound state which behaves as a
real particle, the virtual state is usually called the anti-

bound state since its wave function is not localized [123].
But the virtual state can indeed induce observable effects,
such as in the nuclear reactions [124,125] and the exper-
imental line shapes [126,127], etc. One can also find a new
method to probe the virtual state pole using improved
complex scaling method in Ref. [128]. In the following, we
will explore the influence of the virtual state Ta

cs̄0ð2900Þ on
the Dsπ invariant mass spectrum. To this end, we introduce
a virtual state pole within the coupled-channel framework.
We consider a two-channel coupling for Ta

cs̄0ð2900Þ, where
the channels are denoted as j1i≡ jDsπi and j2i ¼ jD�K�i.
The potentials will be parameterized as follows:

v ¼
�
0 vi
vi ve

�
; ð17Þ

where vi and ve represent the inelastic and elastic couplings,
i.e., vi ≡ hDsπjV̂ijD�K�i and ve ≡ hD�K�jV̂ejD�K�i. The
inelastic transitionD�K� → Dsπ can happenvia exchanging
the K, K�, and K1 mesons. A contact term effectively
approximates the contributions from K� and K1 exchange,
while the K exchange presents a unique challenge: it
introduces a three-body (D�Kπ) cut in the inelastic transition
potential since the exchanged K meson can be on its mass
shell. In thiswork, our primary focus is on capturing the gross
features of theDsπ invariant mass spectrum through permit-
ting a virtual state pole, instead of achieving a meticulous
fit to the experimental data. Therefore, for simplicity, we
adopt a contact approximation. However, it is critical to
emphasize that the three-body (D�Kπ) cut emerges in both
theD�K� → Dsπ andD�K� → DK (via one-pion exchange)
decays. Consequently, as the data in theDK channel become
available in experiments, a comprehensive investigation of
the line shapes of Ta

cs̄0ð2900Þ, incorporating the intricate
three-body cut, will be imperative, mirroring similar efforts
undertaken for the Zcð3900Þ [86,87,89].
The coupling between Ds and π are set to be zero for

simplicity considering their weak interactions at low
energy.3 The coupled-channel LSEs takes the similar form
as that in Eq. (11), while the v, t and G will be the 2 × 2
matrices, such as G ¼ diagfG1; G2g. The G1 and G2

represent the two-body propagators of the channel j1i
and j2i, respectively, which read

Gi ¼
Z

Λi

0

q2dq
ð2πÞ2

ωi1 þ ωi2

ωi1ωi2

1

E2 − ðωi1 þ ωi2Þ2 þ iϵ
; ð18Þ

where ωik ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

ik

q
denotes the energy of the kth

particle in the channel jii. We use the relativistic

3The Dsπ is analogous to the ηcπ or J=ψπ channels of the
charmoniumlike states. The low-energy coupling strength
of ηcðJ=ψÞπ is known to be tiny [129]. Thus following the
strategies as those in Refs. [86,87,130], the coupling for the Dsπ
is set to be zero.
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propagators for both the elastic and inelastic channels,
since the Dsπ is far below the D�K� threshold. This
propagator can be reduced to the nonrelativistic from
(12) up to some constant factors. We still adopt the cutoff
scheme to regularize the integral (18). Because the momen-
tum ofDsπ can approximatively reach up to 0.8 GeV when
the center of mass energy E is at theD�K� threshold, so we
use a relatively hard cutoff for this channel, i.e.,
Λ1 ¼ 1.0 GeV. The soft cutoff Λ2 ¼ 0.4 GeV is used
for keeping consistence with our calculations in Sec. III.
There are four Riemann sheets in the two-channel

problem, and they will be denoted as fζ1; ζ2g with the
following replacement for analytic continuation

GiðEþ iϵÞ → GiðEþ iϵÞ þ iζipi

4πE
; ð19Þ

where

pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½E2 − ðmi1 þmi2Þ2�½E2 − ðmi1 −mi2Þ2�

p
2E

: ð20Þ

The ζi in Eq. (19) can be 0 and 1, so the four possible
combinations correspond to four different Riemann sheets.
The physical sheet is given as f0; 0g in our notation.
According to the classification of poles in Ref. [127], the
virtual state pole in two-channel case resides in the
f0; 1g sheet.
Wewill simulate the production ofTa

cs̄0ð2900Þ since it was
observed in the process B → D̄Dsπ [44,45], and the corre-
sponding Feynamn diagrams are shown in Fig. 5. From
Fig. 5, the production amplitude can bewritten as [131–133]

M ¼ P1 þ PΛ
1G

Λ
1 t11 þ PΛ

2G
Λ
2 t21

¼ P1 þ ðPΛ
1G

Λ
1 v

Λ
12 þ PΛ

2 ÞGΛ
2 t21

¼ P1 þ P2t21; ð21Þ

in which we have used t11 ¼ vΛ12G
Λ
2 t21 [note that the term

vΛ11ð1þ GΛ
1 t11Þ vanishes since vΛ11 ¼ 0 in our case]. The vΛij

are the matrix elements of Eq. (17), where the cutoff
dependence is implied, while the GΛ

i correspond to the G
functions in Eq. (18). One sees from the last line of Eq. (21)
that the first term only serves as a background, and the main
contribution will come from the second term if there exists a
near-threshold pole in the t21. Thus, for the near-threshold
invariant mass distribution, we can write it as

dΓ
dMDsπ

∝ jt21j2ksk�π; ð22Þ

where ks is the momentum of the spectator D̄ in the static
frame of B meson, and k�π is the momentum of pion (Ds) in
the center of mass system of Dsπ.
We will produce a virtual state pole in the f0; 1g sheet

with the potential in Eq. (17), and the precondition ve ≫ vi

(a) (b) (c)

FIG. 5. Diagrams for the production process B → D̄Dsπ, in
which (a) denotes the direct production (no rescattering),
while (b) and (c) represent the Dsπ-driving (PΛ

1 ) and D�K�-
driving (PΛ

2 ) productions accompanying the rescattering effect,
respectively.

2.602.652.702.752.802.852.902.953.00 2.602.652.702.752.802.852.902.953.00 2.602.652.702.752.802.852.902.953.00

(a) (b) (c)

FIG. 6. The line shapes of dΓ=dMDsπ in the virtual state cases and comparisons with the experimental events, in which the subfigures
(a), (b), and (c) represents the results with effective width of K� being taken as three typical values 0, 25, and 50 MeV, respectively. The
blue and red curves correspond to the poles that are below the D�K� threshold about 0.1 and 13 MeV, respectively (the upper and lower
limits in Table IV), and the results in this region are denoted as the red band. The vertical dashed line denotes the threshold ofD�K�. The
data are taken from Ref. [44], and the background contributions have been subtracted.
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is imposed. Because the virtual state is dominantly gen-
erated from the D�K� interactions ve, and the Dsπ should
play the same role as the J=ψπ for the Zc states (see the
review [10]). The vi and ve are tuned to produce a virtual
state pole that lies below the D�K� threshold about 0.1–
13 MeV [corresponding to the upper and lower limits of
Tcs̄0ð2900Þ in Table IV] but with a small imaginary part,4

i.e., EV ¼ mV þ iΓV=2, with mV ∈ ½2887.6; 2900.5� MeV
and ΓV ¼ 5 MeV.
We also investigate the effect of K� width considering

ΓK� ≫ ΓD� (e.g., ΓK� ≈ 50 MeV, and ΓD� ≈ 50 keV [1], so
we will set ΓD� ¼ 0 in calculations), which is included in
Eq. (18) via using a complex mass mK� − iΓK�=2. In
principle, the ΓK� is a distribution with respect to its center
of mass energy. Here, we treat it as a constant and consider
its effective contributions. The effective width Γeff

K� is taken
as three typical values, 0, 25, and 50 MeV, respectively.
The invariant mass distributions of Dsπ and compari-

sons with the experimental events are shown in Fig. 6. In
Fig. 6(a), one can see that it sharply peaks at the D�K�
threshold, and this is the generic feature of virtual states
[126]. However, this sharp peak will be smoothed out when
the finite width ofK� is considered. The results in Figs. 6(c)
and (d) both can qualitatively describe experimental data,
which implies that the intrinsic width of K� plays signifi-
cant role in shaping the Dsπ invariant mass spectrum (one
can see Ref. [126] for more general discussions). The
analyses of the line shapes indicate that the molecular
(virtual state) interpretation of Ta

cs̄0ð2900Þ is consistent with
the experimental data.
In Sec. III B, we have predicted the partners of

Tcs0ð2900Þ and Ta
cs̄0ð2900Þ, and some of them can be

searched for in the D̄K, D̄�K andDK,D�K,D�
sπ channels,

respectively. If these states indeed exist, one can expect the
similar line shapes near the D̄ð�ÞK� and Dð�ÞK� thresholds
in the corresponding inelastic channels.

V. SUMMARY AND OUTLOOK

We have proposed an effective potential model to
describe the low-energy residual strong interactions
between heavy hadrons. We notice that the typical strength
of the near-threshold interactions is too weak to excite the
strange quarks inside the hadrons, which implies that the
strange quark will behave as a heavy quark (inactive

source) for the near-threshold interactions. The interactions
are primarily governed by the interplay between the light u
and d quarks in two separate heavy hadrons. This forms the
basis for linking the D̄ð�ÞK� and Dð�ÞK� systems to the
Dð�ÞDð�Þ and Dð�ÞD̄ð�Þ systems, respectively, based on their
interaction types.
In the molecular picture, we use the three Pc states,

Tccð3875Þ, and Xð3872Þ, Zcð3900Þ to determine the LECs
of the qq and q̄q interactions, respectively. The existence of
bound/virtual states in the heavy-(anti)heavy sectors will
naturally lead to the emergence of virtual states in the
D̄ð�ÞK� and Dð�ÞK� systems. The recently observed
Tcs0ð2900Þ and Ta

cs̄0ð2900Þ can be well identified as the
charmed strange partners of the Tccð3875Þ and Zcð3900Þ,
respectively. Besides, we also predict many members as the
good molecule candidates in our systematic studies, such as
the 0ð1þÞD�D�, 0ð1þÞ D̄K�, 0ð1þÞD̄�K�, 0ð2þÞD̄�K�, and
0þð2þþÞD�D̄�, 1−ð0þþÞD�D̄�, 0ð2þÞD�K�, 1ð1þÞD�K�,
while the 0þð0þþÞ DD̄ and 0ð1þÞ DK� might also exist as
the virtual states. We suggest to use the 0ð1þÞDK� as a key
to infer the existence of 0þð0þþÞ DD̄ since they share the
same effective potential.
We have also analyzed the experimental line shapes of

Ta
cs̄0ð2900Þ in a coupled-channel framework, in which we

consider two channels, Dsπ and D�K�. We can qualita-
tively describe the Dsπ invariant mass spectrum in the
molecular setup for Ta

cs̄0ð2900Þ after considering the finite
width ofK�. Thus, themolecular (virtual state) interpretation
of Ta

cs̄0ð2900Þ is consistent with the experimental data.
Similar line shapes in the elastic channels are expected for
the other members in the D̄ð�ÞK� and Dð�ÞK� systems.
Establishing the spectrum of hadronic molecules holds

equal significance to constructing the spectrum of individ-
ual hadrons, as both are outcomes of strong interactions
occurring at distinct energy scales. There shall emerge a
complete molecule spectrum if the mentioned states in this
work are indeed the hadronic molecules. We suggest to
search for the predicted states in experiments.
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4The opening of the Dsπ channel will give the pole an
imaginary part. The decay width of Ta

cs̄0ð2900Þ → Dsπ was
calculated to be in the range 0.55–8.35 MeV [49], so we use
a median 5 MeV to tentatively study the line shapes.
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