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Based on the one-boson-exchange framework that the σ meson serves as an effective parametrization for
the correlated scalar-isoscalar ππ interaction, we calculate the coupling constants of the σ to the 1

2
þ ground

state light baryon octet B by matching the amplitude of BB̄ → ππ → B̄B to that of BB̄ → σ → B̄B. The
former is calculated using a dispersion relation, supplemented with chiral perturbation theory results for
the BBππ couplings and the Muskhelishvili-Omnès representation for the ππ rescattering. Explicitly, the
coupling constants are obtained as gNNσ ¼ 8.7þ1.7

−1.9 , gΣΣσ ¼ 3.5þ1.8
−1.3 , gΞΞσ ¼ 2.5þ1.5

−1.4 , and gΛΛσ ¼ 6.8þ1.5
−1.7 .

These coupling constants can be used in the one-boson-exchange model calculations of the interaction of
light baryons with other hadrons.

DOI: 10.1103/PhysRevD.109.034026

I. INTRODUCTION

In the past few decades, the observation of exotic
hadronic states, which cannot be accounted for by the
conventional quark model, has propelled the study of exotic
states to the forefront of hadron physics; see Refs. [1–14]
for recent reviews on the experimental and theoretical
status. Hadronic molecules [7], one of the most promising
candidates for exotic states, are loosely bound states of
hadrons and a natural extension of the atomic nuclei (such
as the deuteron as a proton-neutron bound state) and offer
an explanation of the many experimentally observed near-
threshold structures, in particular in the heavy-flavor
hadron mass region [15].
As a generalization of the one-pion-exchange potential

[16], the one-boson-exchange (OBE) model has played
a crucial role in studying composite systems of

hadrons [10,11,17–25]. Taking the deuteron as an example,
it is widely accepted in the OBE model that its formation
involves the long-range interaction from the one-pion
exchange and the middle-range interaction from the
σ-meson exchange; see Ref. [18] for a detailed review.
However, unlike narrow width particles that are associated
with clear resonance peaks or dips observed in experi-
ments, the scalar-isoscalar σ meson, which plays a crucial
role in nuclear and hadron physics, had remained a subject
of considerable debates for several decades until it was
established as the lowest-lying hadronic resonance in
quantum chromodynamics (QCD) in the past 20 years
based on rigorous dispersive analyses of ππ scattering
[26–28] (see, e.g., Refs. [29,30] for reviews). The dis-
persive techniques have recently been applied to determine
the nature of the σ at unphysical pion masses [31,32].
The σ meson in the OBE model can be considered as

approximating the correlated S-wave isoscalar ππ exchange
in a few hundred MeV range [18,33–38], and some
modifications to its properties have been made in order
to improve the accuracy of the approximation [18,33].
However, the effective coupling constants between the σ
and various hadrons remain highly uncertain. One example
is the widely used nucleon-nucleon-σ coupling gNNσ, which
ranges roughly from 8 to 14 [18,33,36]. For its couplings to
other ground state octet baryons, gΣΣσ , gΞΞσ , and gΛΛσ , there
are rare systematic discussions and error analyses. Most of
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them are estimated either by the quenched quark model or
the SU(3) symmetry model assuming the σ to be a certain
member of the light-flavor multiplet [23,24]. The use of the
one-σ exchange instead of the correlated ππ exchange may
raise some questions: Is this approximation reasonable?
How good is the approximation? In the present work, we
try to address these questions by considering the scattering
of the baryon and antibaryon in the ground state octet,
BB̄ → B̄B, through the intermediate state of the correlated
IJ ¼ 00 ππ pair or the σ meson and calculate the effective
coupling constants of gBBσ. We will make use of dispersion
relations following Ref. [39], and similar methods have
been used in, e.g., Refs. [37,38] to derive the baryon-
baryon-σ couplings, and Ref. [40] to derive the σ coupling
to heavy mesons. Here, we will match the dispersive
amplitudes of BB̄ → ππ at low energies to the chiral
amplitudes up to the next-to-leading order (NLO).
This paper is structured as follows. The formalism is

presented in Sec. II, including the calculation of the OBE
amplitude in Sec. II A and the amplitude from the dispersion
relation (DR) with a careful treatment of kinematical singu-
larities in Sec. II B. In Sec. III, we conduct an analysis of the
two amplitudes and present the scalar coupling constants
gBBσ alongwith an error analysis. This includes a comparison
of the s-channel processes, as detailed in Sec. III A, and a
comparison of the corresponding t=u-channel processes
utilizing the crossing symmetry in Sec. III B. A brief
summary is given in Sec. IV. The adopted conventions,
the result of NNσ coupling in the SU(2) framework, and
crossing symmetry relations are relegated to the Appendixes.

II. FORMALISM

To determine the scalar coupling, gBBσ , between the
baryon B in the 1

2
þ ground baryon octet and the σ meson,

we first utilize the DR and chiral perturbation theory (ChPT)
to calculate the amplitude of Bðp1; λ1Þ þ B̄ðp2; λ2Þ →
B̄ðp3; λ3Þ þ Bðp4; λ4Þ with a correlated ππ intermediate
state, as depicted in Fig. 1(a). Here, pi and λi represent
the four momentum and the helicity of particle B or B̄,
respectively. Additionally, we restrict the quantum num-
bers of the two-body intermediate state, ππ, to be
IJ ¼ 00. This S-wave amplitude can be denoted as
MDR

Bðλ1ÞþB̄ðλ2Þ→B̄ðλ3ÞþBðλ4Þ;0ðsÞ, where the subscript 0 indi-

cates the S-wave, s represents the square of the total energy

of the system in the c.m. frame,1 and the superscript DR
indicates the result obtained from the DR. Next, we proceed
to calculate the same amplitude, with the intermediate σ
meson, as depicted in Fig. 1(b). In this case, we utilize
the OBE model, and the corresponding amplitude can
be expressed as MOBE

Bðλ1ÞþB̄ðλ2Þ→B̄ðλ3ÞþBðλ4ÞðsÞ. Finally, we

compare the aforementioned amplitudes to extract the
coupling constant gBBσ in the phenomenological baryon-
baryon-σ coupling Lagrangian.

A. The OBE amplitude

According to the following effective Lagrangian cou-
pling the σ meson to the baryons in the SU(3) flavor octet
[18,41],

LΣΣσ ¼ −gΣΣσðΣ̄þΣ− þ Σ̄0Σ0 þ Σ̄−ΣþÞσ;
LΞΞσ ¼ −gΞΞσðΞ̄0Ξ0 þ Ξ̄þΞ−Þσ;
LΛΛσ ¼ −gΛΛσΛ̄Λσ;

LNNσ ¼ −gNNσðp̄pþ n̄nÞσ; ð1Þ
the OBE amplitude for the Feynman diagram depicted in
Fig. 1(b) reads

MOBE
Bðλ1ÞþB̄ðλ2Þ→B̄ðλ3ÞþBðλ4Þ

¼ CBg2BBσ
v̄λ2ðp2Þuλ1ðp1Þūλ4ðp4Þvλ3ðp3Þ

ðp1 þ p2Þ2 −m2
σ

; ð2Þ

where CB is a flavor factor, CΣ ¼ 3, CΞ ¼ −2, CΛ ¼ 1, and
CN ¼ −2. For simplicity, we choose λi ¼ 1=2 (i ¼ 1;…; 4)
throughout the paper.2 With this choice we have

MOBE
BB̄→B̄BðsÞ ¼ CBg2BBσ

s − 4m2
B

s −m2
σ
; ð3Þ

where mB is the isospin averaged mass of the baryon B.3

FIG. 1. Feynman diagrams for the s-channel process of BB̄ → B̄B with the intermediate state of ππ (a) or σ (b). In (a), the black dots
imply that the ππ rescattering is included.

1For an s-channel process of Bðp1ÞþB̄ðp2Þ→ B̄ðp3ÞþBðp4Þ,
as illustrated in Fig. 1, s ¼ ðp1 þ p2Þ2 while t ¼ ðp1 − p3Þ2.

2Other choices, e.g., physical amplitudes using the orbital-spin
basis are also accessible. The final results do not depend on the
choice.

3Since we are not interested in the isospin symmetry breaking
effects, the isospin averaged mass is used for all particles within
the same isospin multiplet.
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B. The dispersive representation

1. The DR and the kinematical singularity

One can write down a dispersive representation of the
BB̄ scattering amplitude corresponding to Fig. 1(a) as

MDR
BB̄→B̄B;0ðsÞ¼

s−4m2
B

2πi

Z þ∞

4M2
π

disc½MDR
BB̄→B̄B;0ðzÞ�

ðz− sÞðz−4m2
BÞ

dz: ð4Þ

Here a once-subtracted dispersive integral is employed to
facilitate the convergence of the dispersive integral. The
threshold s ¼ 4m2

B is chosen as the subtraction point, and
we set the subtraction constant MDRðs ¼ 4m2

BÞ ¼ 0 as
Eq. (3) since the two amplitudes will be matched later.
In order to capture the ππ rescattering in the σ region and

avoid the interference from other resonances, e.g., the
f0ð980Þ, the upper limit of the dispersive integral in Eq. (4)
is set to s0 ¼ ð0.8 GeVÞ2, as in Ref. [39] (see also
Ref. [42]). We will investigate the impact of varying the
upper limit of the integration on the final result and regard it
as a part of the uncertainty of the coupling constants.
Next, let us discuss the discontinuity. Taking into

account the unitary relation that is fulfilled by the par-
tial-wave T-matrix elements, we can express the disconti-
nuity of the S-wave amplitude (here the partial wave refers
to that between the pions) along the cut s∈ ½4M2

π;þ∞Þ in
terms of TBB̄→ππ;0ðsÞ and Tππ→B̄B;0ðsÞ. However, it is
crucial to notice that when dealing with systems that
involve spins, particularly those containing fermions,
kinematical singularities arise [43]. These singularities
stem from the definition of the wave functions for the
initial and final states. Following Ref. [43], we introduce
the kinematical-singularity-free amplitudes,

Tnew
BB̄→ππ;0ðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

B

q
TBB̄→ππ;0ðsÞ; ð5Þ

Tnew
ππ→B̄B;0ðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

B

q
Tππ→B̄B;0ðsÞ: ð6Þ

Then the unitary relation for the S-wave T-matrix elements
is given by

disc½MBB̄→B̄B;0ðsÞ� ¼ 2iρπðsÞ
Tnew
BB̄→ππ;0ðsÞTnew�

ππ→B̄B;0ðsÞ
s − 4m2

B

× θð ffiffiffi
s

p
− 2MπÞ; ð7Þ

where ρπðsÞ ¼ 1
16π

ffiffiffiffiffiffiffiffiffiffi
s−4M2

π
s

q
is the two-body phase space

factor. Moreover, as we will discuss in detail in Sec. II B 4,
the treatment of kinematical singularity plays a vital role in
guaranteeing the self-consistency of the theory.
Furthermore, with the phase conventions outlined in

Appendix A and considering the isospin scalar ππ system,
we obtain the following relations:

TΣΣ̄→ππ;0ðsÞ ¼ −Tππ→Σ̄Σ;0ðsÞ;
TΞΞ̄→ππ;0ðsÞ ¼ Tππ→Ξ̄Ξ;0ðsÞ;
TΛΛ̄→ππ;0ðsÞ ¼ −Tππ→Λ̄Λ;0ðsÞ;
TNN̄→ππ;0ðsÞ ¼ Tππ→N̄N;0ðsÞ: ð8Þ

Then, we obtain the following discontinuities,

disc½MΣΣ̄→Σ̄Σ;0ðsÞ� ¼ 2iρπ
−jTnew

ΣΣ̄→ππ;0ðsÞj2
s − 4m2

Σ
θð ffiffiffi

s
p

− 2MπÞ;

ð9Þ

disc½MΞΞ̄→Ξ̄Ξ;0ðsÞ� ¼ 2iρπ
jTnew

ΞΞ̄→ππ;0ðsÞj2
s − 4m2

Ξ
θð ffiffiffi

s
p

− 2MπÞ;

ð10Þ

disc½MΛΛ̄→Λ̄Λ;0ðsÞ� ¼ 2iρπ
−jTnew

ΛΛ̄→ππ;0
ðsÞj2

s − 4m2
Λ

θð ffiffiffi
s

p
− 2MπÞ;

ð11Þ

disc½MNN̄→N̄N;0ðsÞ� ¼ 2iρπ
jTnew

NN̄→ππ;0ðsÞj2
s − 4m2

N
θð ffiffiffi

s
p

− 2MπÞ:

ð12Þ
2. The SU(3) ChPT framework

To obtain the low-energy S-wave amplitudes
TBB̄→ππ;0ðsÞ, we need the corresponding chiral baryon-
meson Lagrangian. The leading-order (LO) chiral
Lagrangian is given by [44]

Lð1Þ
MB ¼ hB̄ðiD −m0ÞBi þ

D
2
hB̄γμγ5fuμ;Bgi

þ F
2
hB̄γμγ5½uμ;B�i; ð13Þ

which contains three low-energy constants (LECs), m0, D,
and F. Here, h·i means trace in the flavor space, the baryon
octet are collected in the matrix,

B ¼

0
BBB@

1ffiffi
2

p Σ0 þ 1ffiffi
6

p Λ Σþ p

Σ− − 1ffiffi
2

p Σ0 þ 1ffiffi
6

p Λ n

Ξ− Ξ0 − 2ffiffi
6

p Λ

1
CCCA; ð14Þ

and the chiral vielbein and covariant derivative are given by

uμ ¼ iu†∂μu − iu∂μu†; DμB ¼ ∂μBþ ½Γμ; B�;

Γμ ¼
1

2
ðu†∂μuþ u∂μu†Þ; ð15Þ

with u2 ¼ U, U ¼ exp ði ffiffiffi
2

p
Φ=FπÞ, where
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Φ ¼

0
BBB@

π0ffiffi
2

p þ ηffiffi
6

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
6

p K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA: ð16Þ

Notice that the chiral connection Γμ containing two pions is
a vector, the two pions from that term cannot be in the S
wave. As a result, only the t- and u-channel exchanges
depicted in Figs. 2(a) and 2(b), which contribute to the

LHC part of TBB̄→ππ;0ðsÞ, will be present in the LO
calculation. In addition, the LO Lagrangian contains the
ΣΛπ coupling terms of the form Λ̄γμγ5∂μπΣ and
Σ̄γμγ5∂μπΛ. Therefore, it is necessary to consider the
exchange of Σ in the ΛΛ̄ → ππ process and the exchange
of Λ in the ΣΣ̄ → ππ process.
The Oðp2Þ chiral Lagrangian contains the B̄Bππ contact

contribution with the S-wave pion pair, as illustrated in
Fig. 2(c). At the NLO, the number of LECs increases, and
the Lagrangian reads [45,46]4

Lð2Þ
MB ¼ bDhB̄fχþ;Bgi þ bFhB̄½χþ;B�i þ b0hB̄Bihχþi þ b1hB̄½uμ; ½uμ;B��i þ b2hB̄fuμ; fuμ;Bggi

þ b3hB̄fuμ; ½uμ;B�gi þ b4hB̄Bihuμuμi þ ib5ðhB̄½uμ; ½uν; γμDνB��i − hB̄D⃖ν½uν; ½uμ; γμB��iÞ
þ ib6ðhB̄½uμ; fuν; γμDνBg�i − hB̄D⃖νfuν; ½uμ; γμB�giÞ þ ib7ðhB̄fuμ; fuν; γμDνBggi − hB̄D⃖νfuν; fuμ; γμBggiÞ
þ ib8ðhB̄γμDνBi − hB̄D⃖νγμBiÞhuμuνi þ � � � ; ð17Þ

where χ� ¼ u†χu† � uχ†u; χ ¼ 2B0M with B0 a constant
related to the quark condensate in the chiral limit andM the
light-quark mass matrix. We will use the values of involved
LECs from fit II in Ref. [48], which areD ¼ 0.8, F ¼ 0.46,
bD ¼ 0.222ð20Þ, bF ¼ −0.428ð12Þ, b0 ¼ −0.714ð21Þ,
b1 ¼ 0.515ð132Þ, b2 ¼ 0.148ð48Þ, b3 ¼ −0.663ð155Þ,
b4¼−0.868ð105Þ, b5 ¼ −0.643ð246Þ, b6 ¼ −0.268ð334Þ,
b7 ¼ 0.176ð72Þ, b8 ¼ −0.0694ð1638Þ.

3. The partial-wave amplitudes

Using the LO and NLO Lagrangians given in Eqs. (13)
and (17), we can calculate the tree-level amplitude for the
process of BB̄ → ππ as depicted in Fig. 2. However, in
order to determine the final state ππ with IJ ¼ 00, we need
to perform a partial-wave (PW) expansion. The generalized
PW expansion of the helicity amplitude for arbitrary spin
can be found in Ref. [49]. The final PW amplitude for
BB̄ → ππ reads

TBB̄→ππ;LðsÞ ¼
1

4π

Z
dΩ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2Lþ 1

r
Y�
L;λ1−λ2ðθ;ϕÞ

× eiðλ1−λ2Þϕhθ; 0; 0; 0jT̂j0; 0; λ1; λ2i; ð18Þ

where L is the relative orbital angular momentum of the
pions, λ1 and λ2 are the third components of the helicities of
B and B̄. The basis is such that BB̄ is expanded in terms of
jθ0;ϕ0; λ1; λ2i, and the BB̄ relative momentum is chosen to
be along the z axis so that θ0 ¼ ϕ0 ¼ 0; ðθ;ϕÞ are the polar
and azimuthal angles of the ππ relative momentum.
For the tree-level S-wave amplitude for BB̄ → ππ, the

LHC part from the t- and u-channel baryon exchange is5

ÂN
0 ðsÞ ¼ −

ffiffiffi
3

p ðDþ FÞ2mN

F2
π

Lðs;mN;mN;MπÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

N

p ; ð19Þ

FIG. 2. The tree-level Feynman diagrams for the process of BB̄ → ππ.

4Here we use the Lagrangian in [46] while the one in Ref. [45]
has redundant terms. Note also that the ordering of the operators
in Ref. [46] is different from that in Refs. [45,47].

5Here we consider only the baryon exchanges such that the two
mesons emitted are two pions since we focus on the correlated
S-wave two-pion exchange. That is, although we use an SU(3)
chiral Lagrangian, the exchanged baryon has the same strange-
ness as the external ones. The framework may be understood as
an SU(2) one for each of the baryons, but with the LECs matched
to those in the SU(3) Lagrangian.

WU, CAO, DONG, and GUO PHYS. REV. D 109, 034026 (2024)

034026-4



ÂΣ
0 ðsÞ ¼ −

4
ffiffiffi
2

p
F2mΣ

F2
π

Lðs;mΣ; mΣ;MπÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Σ

p −
ffiffiffi
2

p
D2ðmΣ þmΛÞ

3F2
π

Lðs;mΣ; mΛ;MπÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Σ

p ; ð20Þ

ÂΛ
0 ðsÞ ¼

ffiffiffi
2

3

r
D2ðmΛ þmΣÞ

F2
π

Lðs;mΛ; mΣ;MπÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Λ

p ; ð21Þ

ÂΞ
0 ðsÞ ¼

ffiffiffi
3

p ðD − FÞ2mΞ

F2
π

Lðs;mΞ; mΞ;MπÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Ξ

p ; ð22Þ

where

Lðs;m1; m2; mÞ ¼ s − 2m1ðm1 −m2Þ þH0ðs;m1; m2; mÞH1ðs;m1; m2; mÞ;
H0ðs;m1; m2; mÞ ¼ 2ðm1 þm2Þ½−2m2m1 þ 2m1ðm1 −m2Þ2 þm2s�;

H1ðs;m1; m2; mÞ ¼ Hþ
2 ðs;m1; m2; mÞ −H−

2 ðs;m1; m2; mÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − 4m2Þðs − 4m2

1Þ
p ;

H�
2 ðs;m1; m2; mÞ ¼ ln

h
s − 2ðm2 þm2

1 −m2
2Þ ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − 4m2Þðs − 4m2

1Þ
q i

:

The contact terms, which are from the NLO Lagrangian and contribute to the right-hand cut (RHC) part of TBB̄→ππ;0ðsÞ
after taking into account the ππ rescattering, read

AN
0 ðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

N

p
4

ffiffiffi
3

p
F2
π

ð8M2
πð6b0 − 3ðb1 þ b2 þ b3 þ 2b4 − bD − bFÞ − 2ðb5 þ b6 þ b7 þ 2b8ÞmNÞ

þ 4ð3ðb1 þ b2 þ b3 þ 2b4Þ þ ðb5 þ b6 þ b7 þ 2b8ÞmNÞsÞ; ð23Þ

AΣ
0 ðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Σ

p
6

ffiffiffi
2

p
F2
π

ð8M2
πð9b0 − 12b1 − 6b2 − 9b4 þ 9bD − 2ð4b5 þ 2b7 þ 3b8ÞmΣÞ

þ 4ð12b1 þ 6b2 þ 9b4 þ 4b5mΣ þ 2b7mΣ þ 3b8mΣÞsÞ; ð24Þ

AΛ
0 ðsÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Λ

p
6

ffiffiffi
6

p
F2
π

ð8M2
πð9b0 − 6b2 − 9b4 þ 3bD − 4b7mΛ − 6b8mΛÞ þ 4ð6b2 þ 9b4 þ 2b7mΛ þ 3b8mΛÞsÞ; ð25Þ

AΞ
0 ðsÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Ξ

p
4

ffiffiffi
3

p
F2
π

ð8M2
πð6b0 − 3ðb1 þ b2 − b3 þ 2b4 − bD þ bFÞ − 2ðb5 − b6 þ b7 þ 2b8ÞmΞÞ

þ 4ð3ðb1 þ b2 − b3 þ 2b4Þ þ ðb5 − b6 þ b7 þ 2b8ÞmΞÞsÞ; ð26Þ
where the parameter Fπ is the decay constant of the π in the chiral limit. Since we use the LECs determined in Ref. [48], we
adopt the same value Fπ ¼ 87.1 MeV [50] for consistency.
Moreover, employing Eq. (5), the tree-level S-wave amplitudes for BB̄ → ππ after eliminating the kinematical

singularities read, for the LHC part,

ÂN new
0 ðsÞ ¼ −

ffiffiffi
3

p ðDþ FÞ2mN

F2
π

Lðs;mN;mN;MπÞ; ð27Þ

ÂΣ new
0 ðsÞ ¼ −

4
ffiffiffi
2

p
F2mΣ

F2
π

Lðs;mΣ; mΣ;MπÞ −
ffiffiffi
2

p
D2ðmΣ þmΛÞ

3F2
π

Lðs;mΣ; mΛ;MπÞ; ð28Þ

ÂΛ new
0 ðsÞ ¼

ffiffiffi
2

3

r
D2ðmΛ þmΣÞ

F2
π

Lðs;mΛ; mΣ;MπÞ; ð29Þ

ÂΞ new
0 ðsÞ ¼

ffiffiffi
3

p ðD − FÞ2mΞ

F2
π

Lðs;mΞ; mΞ;MπÞ; ð30Þ
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and for the contact term part,

AN new
0 ðsÞ ¼ s − 4m2

N

4
ffiffiffi
3

p
F2
π

ð8M2
π½6b0 − 3ðb1 þ b2 þ b3 þ 2b4 − bD − bFÞ − 2ðb5 þ b6 þ b7 þ 2b8ÞmN �

þ 4½3ðb1 þ b2 þ b3 þ 2b4Þ þ ðb5 þ b6 þ b7 þ 2b8ÞmN �sÞ; ð31Þ

AΣ new
0 ðsÞ ¼ s − 4m2

Σ

6
ffiffiffi
2

p
F2
π

ð8M2
π½9b0 − 12b1 − 6b2 − 9b4 þ 9bD − 2ð4b5 þ 2b7 þ 3b8ÞmΣ�

þ 4ð12b1 þ 6b2 þ 9b4 þ 4b5mΣ þ 2b7mΣ þ 3b8mΣÞsÞ; ð32Þ

AΛ new
0 ðsÞ ¼ −

s − 4m2
Λ

6
ffiffiffi
6

p
F2
π

ð8M2
πð9b0 − 6b2 − 9b4 þ 3bD − 4b7mΛ − 6b8mΛÞ þ 4ð6b2 þ 9b4 þ 2b7mΛ þ 3b8mΛÞsÞ; ð33Þ

AΞ new
0 ðsÞ ¼ −

s − 4m2
Ξ

4
ffiffiffi
3

p
F2
π

ð8M2
π½6b0 − 3ðb1 þ b2 − b3 þ 2b4 − bD þ bFÞ − 2ðb5 − b6 þ b7 þ 2b8ÞmΞ�

þ 4½3ðb1 þ b2 − b3 þ 2b4Þ þ ðb5 − b6 þ b7 þ 2b8ÞmΞ�sÞ: ð34Þ

4. The Muskhelishvili-Omnès representation

We now incorporate the ππ rescattering based on the
tree-level amplitude, into the Muskhelishvili-Omnès rep-
resentation. For the BB̄ → ππ process, we partition the total
S-wave kinematical-singularity-free amplitude into the
LHC and the RHC parts,

Tnew
BB̄→ππ;0ðsÞ ¼ Rnew

B;0 ðsÞ þ Lnew
B;0 ðsÞ: ð35Þ

Utilizing the ππ amplitude in the scalar-isoscalar channel
Tππ→ππ;0ðsÞ ¼ eiδ0ðsÞ sin δ0ðsÞ=ρπðsÞ, where δ0ðsÞ is the
S-wave isoscalar phase shift, and since there is no overlap
between the LHC and RHC for kinematic-singularity-free
amplitudes,6 the unitary relation implies,

disc½Rnew
B;0 ðsÞ� ¼ 2iðRnew

B;0 ðsÞ þ Lnew
B;0 ðsÞÞ

× e−iδ0ðsÞ sin δ0ðsÞθð
ffiffiffi
s

p
− 2MπÞ: ð36Þ

To solve this equation, we first define the Omnès
function [51],

Ω0ðsÞ≡ exp

�
s
π

Z þ∞

4M2
π

δ0ðzÞ
zðz − sÞ dz

�
: ð37Þ

By using Ω0ðs� iϵÞ ¼ jΩ0ðsÞje�iδ0ðsÞ, we further derive

disc

�
Rnew
B;0 ðsÞ
Ω0ðsÞ

�
¼ 2i

Lnew
B;0 ðsÞ

jΩ0ðsÞj
sin δ0ðsÞθð

ffiffiffi
s

p
− 2MπÞ: ð38Þ

Therefore, we can derive a DR with n subtractions,

Rnew
B;0 ðsÞ¼Ω0ðsÞ

�
Pn−1ðsÞþ

sn

π

Z þ∞

4M2
π

dz
Lnew
B;0 ðzÞsinδ0ðzÞ

ðz− sÞznjΩ0ðzÞj
�
;

ð39Þ

where Pn−1ðsÞ is an arbitrary polynomial of order n − 1.
Finally, we obtain a DR for Tnew

BB̄→ππ;0ðsÞ as

Tnew
BB̄→ππ;0ðsÞ ¼ Lnew

B;0 ðsÞ þ Ω0ðsÞ
�
Pn−1ðsÞ

þ sn

π

Z þ∞

4M2
π

dz
Lnew
B;0 ðzÞ sin δ0ðzÞ

ðz − sÞznjΩ0ðzÞj
�
: ð40Þ

For the phase shift δ0ðsÞ, we take the parametrization in
Ref. [52]. For the Ω0ðsÞ Omnès function, we take the
Ω11ðsÞ matrix element of the coupled-channel Omnès
matrix for the ππ − KK̄ S-wave interaction obtained in
Ref. [53].
The above equation provides a reasonable form that

incorporates the ππ rescattering. The LHC part Lnew
B;0 ðsÞ and

the polynomial Pn−1ðsÞ may be determined by matching
at low energies to the chiral amplitudes as done in
Refs. [54–58]. We perform the matching when the ππ
rescattering is switched off, i.e., δ0ðsÞ ¼ 0, which leads to
Ω0ðsÞ¼1. Consequently, for the BB̄ → ππ process, we can
approximate Lnew

B;0 ðsÞ∼ÂBnew
0 ðsÞ and Pn−1ðsÞ∼ABnew

0 ðsÞ.
Moreover, there is a polynomial ambiguity as discussed

in Refs. [59,60]. If the asymptotic value of the phase shift
δ0ðsÞ is not 0 but nπ as s → ∞, the corresponding Omnès
function will approach 1=sn asymptotically. In our case, the

phase shift δ0ðsÞ !s→∞
π implies Ω0ðsÞ !s→∞

1=s, thus the
general solution of the unitarity condition (36) contains

6The RHC is chosen to be along the positive s axis in
the interval s ≥ 4M2

π . The LHC is in the interval
ð−∞; ð4m2

BM
2
π − ðm2

0 −m2
B −M2

πÞ2Þ=m2
0� for the t- or u-channel

process of BB̄ → ππ, where m0 represents the mass of
the exchanged particle. It can be easily proven that
ð4m2

BM
2
π − ðm2

0 −m2
B −M2

πÞ2Þ=m2
0 ≤ 4M2

π .
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three free parameters [59,60] (assuming that Tnew
BB̄→ππ;0 is

asymptotically bounded by s). However, although the
standard twice subtracted DR via Eq. (40) indeed grows
like s (notice that n ¼ 2), it contains only two free
parameters in the polynomial, i.e., one parameter less than
the general solution. Hence we propose an oversubtracted
DR (twice subtracted DR with an order-2 polynomial
matching to the ChPT amplitudes) that can be solved
uniquely. In summary, the final DR is given as

Tnew
BB̄→ππ;0ðsÞ ¼ ÂB new

0 ðsÞ þ Ω0ðsÞ
�
AB new
0 ðsÞ

þ s2

π

Z þ∞

4M2
π

dz
ÂB new
0 ðzÞ sin δ0ðzÞ
ðz − sÞz2jΩ0ðzÞj

�
: ð41Þ

From the above derivation, it is important to note that
Eq. (41) can only be applied when the singularity of the
LHC is exclusively included in ÂB new

0 ðsÞ, and there is no
overlap between the LHC and RHC. The original t- and

u-channel exchange amplitudes Eqs. (19)–(22) do not
satisfy this condition due to the factor

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

B

p
. Let us

take ΣΣ̄ → ππ as an example. From Fig. 3, it becomes
apparent that the amplitude in Eq. (20) includes the LHC
ð−∞; 4M2

π −M4
π=m2

Σ� derived from the particle exchanging
in the crossed channel, as well as a kinematical cut in the
physical region. Therefore, directly substituting Eq. (20)
into Eq. (41) is invalid and disrupts the self-consistency
of the theory. By employing the method described in
Sec. II B 1 to eliminate the kinematical singularities, the
kinematical-singularity-free S-wave amplitude ÂΣ new

0 ðsÞ in
Eq. (28) has only the LHC and satisfies the condition for
Eq. (41), as demonstrated in Fig. 4.
At this stage, we can substitute the amplitude given by

Eqs. (27)–(34) into Eq. (41) to obtain the amplitude
denoted as Tnew

BB̄→ππ;0ðsÞ. It includes the S-wave ππ rescat-
tering and does not exhibit any kinematical singularities.
Then, utilizing Eqs. (9)–(12), we get the discontinuity in
Eq. (4), and finally, the DR amplitude for BB̄ → B̄B from
exchanging correlated S-wave ππ is obtained by perform-
ing the dispersive integral.

FIG. 4. Real (left panel) and imaginary (right panel) parts of the tree-level t- and u-channel exchange amplitude as given in Eq. (28) for
the process of ΣΣ̄ → ππ projected to the ππ S-wave. The amplitude is free of kinematical singularities and has only the desired LHC.

FIG. 3. Real (left panel) and imaginary (right panel) parts of the tree-level t- and u-channel exchange amplitude for the process of
ΣΣ̄ → ππ projected to the ππ S-wave as given in Eq. (20). The branch cut of the square root function is chosen to be along the positive
real s axis.
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III. DETERMINATION OF COUPLING
CONSTANTS

Nowwecompare the two amplitudes,MOBE inEq. (3) and
MDR and Eq. (4), to determine the coupling constant gBBσ.

A. Matching s-channel amplitudes

Let us first compare the two amplitudes in Eqs. (3)
and (4) in the s-channel physical region, specifically
s ≥ 4m2

B. Since the amplitudes from exchanging σ and

FIG. 5. Comparison of the OBE amplitudes with different coupling constants obtained from s-channel σ exchange and the DR
amplitudes for different cases by using the central values of the LECs provided in Ref. [48] and setting

ffiffiffiffiffi
s0

p
to 0.8 GeVas in Ref. [39].

The subscripts RHC, LHC, and Total in MDR represent that the corresponding amplitudes consider only the RHC part shown in
Fig. 2(c), only the LHC part shown in Figs. 2(a) and 2(b), and both contributions combined, respectively.

WU, CAO, DONG, and GUO PHYS. REV. D 109, 034026 (2024)

034026-8



from exchanging the correlated S-wave ππ have the same
Lorentz structure, we can compare the two amplitudes at
large s values so that the pion masses and the σ mass in
the OBE amplitude play little role. A comparison ofMOBE

and MDR in the physical region of s ≥ 4m2
B is shown in

Fig. 5, where gBBσ has been adjusted so that the two
amplitudes coincide in the physical region and mσ ¼
0.5 GeV is taken. In fact, matching Eqs. (3) and (4) at
s ≥ 4m2

B, one gets

−2πiCBg2BBσ ≈
Z

s0

4M2
π

disc½MDR
BB̄→B̄B;0ðzÞ�

z − 4m2
B

s −m2
σ

s − z
dz: ð42Þ

Since s is much larger than both m2
σ or z ≤ s0 ≃

ð0.8 GeVÞ2, one obtains the following sum rule:

g2BBσ ¼ −
1

2πiCB

Z
s0

4M2
π

disc½MDR
BB̄→B̄B;0ðzÞ�

z − 4m2
B

dz: ð43Þ

The numerical results of the scalar coupling constants are
presented in Table I, where the uncertainties in the second
to fourth columns arise from the error propagated from
those of the NLO LECs and the choice of the upper limit for
the dispersive integral (see below), corresponding to
Eqs. (4) and (41). In addition to the results obtained
in the SU(3) framework, we also investigate gNNσ in
the SU(2) framework. The details are presented in
Appendix B, and the results are listed in the last row

in Table I, labeled as gSUð2ÞNNσ . Moreover, remarks are made on
the difference in gNNσ under the SU(2) and SU(3) frame-
works in Appendix B.
Let us comment on the calculation of the two dispersive

integrals. The first one, given by Eq. (41), is computed over
the integration range of ½4M2

π; ð ffiffiffiffiffi
s0

p þ ϵÞ2�. The second

one, given by Eq. (4), is integrated over ½ð2Mπ þ ϵÞ2; s0�.8
Note that the range of the second integral is completely
covered by that of the first one to avoid unphysical
singularities.
The central values in Table I are obtained by setting

ffiffiffiffiffi
s0

p
to 0.8 GeVas in Ref. [39] and utilizing the central values of
the NLO LECs provided in Ref. [48]. The uncertainties of
the NLO LECs as determined in Ref. [48] are propagated to
the coupling constants by using the bootstrap method. The
resulting average values and corresponding standard devi-
ations introduce the first source of errors in the third and
fourth columns in Table I (the bi LECs appear only in the
RHC contributions, and we have fixed the pion decay
constant; thus the second column does not have errors from
LECs). Furthermore, we vary

ffiffiffiffiffi
s0

p
from 0.7 to 0.9 GeV,

which constitute the errors in the second column and the
second source of errors in the third and fourth columns.
Results from other studies on these scalar couplings are

also listed in Table I. For gNNσ that has been estimated in
many works, we find a good agreement with existing
results, which supports the validity of our framework. Here
we briefly discuss the methods used in the literature. In
Ref. [33], the authors investigated the S-wave NN̄ → ππ
amplitudes with the ππ rescattering and the results revealed
that the intertwined contribution from the ππ S-wave can be
elegantly described as a broad σ meson with a mass of
approximately mσ ∼ 4.8Mπ and a coupling strength of
gNNσ ∼ 12.78. In Ref. [18], displaying the outcomes
derived from the Bonn meson-exchange model, they found
that the correlated S-wave ππ exchange can be further

TABLE I. The coupling constants gBBσ as given by the sum rule in Eq. (43).a The second, third and fourth columns list the results when
only the LHC part shown in Figs. 2(a) and 2(b), only the RHC part shown in Fig. 2(c) and both of them are considered, respectively. The
fifth to eleventh columns list the coupling constants from other references. For the seventh column, the values outside and inside the
brackets represent the results calculated using different models in Ref. [34]. The last column lists the mass (in MeV) of the σ determined

in the t=u-channel amplitude matching, as detailed in Sec. III B. The last row for gSUð2ÞNNσ lists the results obtained in the SU(2) framework,
as detailed in Appendix B.

LHC RHC Total [33] [18] [34] [37] [36] [24] [23] mσ

gΣΣσ 1.8þ0.5
−0.5 3.5þ2.0þ0.8

−1.8−0.9 3.5þ1.8þ0.4
−1.3−0.4 � � � � � � 10.85(8.92) 4.65 � � � � � � � � � 519þ50

−48

gΞΞσ 0.2þ0.1
−0.1 2.6þ1.5þ0.5

−1.4−0.6 2.5þ1.5þ0.5
−1.3−0.6 � � � � � � � � � � � � � � � 3.4 � � � 614þ56

−81

gΛΛσ 1.2þ0.4
−0.3 6.7þ1.0þ1.4

−1.1−1.7 6.8þ1.0þ1.1
−1.0−1.4 � � � � � � 8.18(6.54) 4.37 � � � � � � 6.59 596þ41

−51
gNNσ 2.9þ0.9

−0.8 8.8þ1.4þ1.9
−1.4−2.3 8.7þ1.3þ1.1

−1.3−1.4 12.78 8.46 8.46 8.58 13.85 10.2 9.86 558þ33
−42

gSUð2ÞNNσ
2.7þ0.8

−0.8 12.5þ0.2þ2.6
−0.2−3.2 12.2þ0.2þ1.9

−0.2−2.3 586þ38
−48

aThe numerical results show that the total coupling gtotalBBσ does not align with the mere addition of the LHC and RHC couplings,
gLHCBBσ þ gRHCBBσ . This difference stems from the fact that both the LHC and RHC terms in Eq. (41) share the same phase factor, specifically
eiδ0ðsÞ. Consequently, we anticipate the emergence of constructive and destructive interference effects in the subsequent computations
involving the squared amplitude, as detailed in Eqs. (9)–(12), as well as during the integration procedures outlined in Eq. (43).

8Here, ϵ represents a small positive quantity that is relatively
insignificant when compared to

ffiffiffiffiffi
s0

p
and 2Mπ . As long as it is

much smaller thanMπ , the specific value has negligible impact on
the results.
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approximated by a zero width scalar exchange, with the
corresponding mass and coupling constant readjusted to
550 MeV and 8.46, respectively. In Ref. [34], the authors
also considered the σ exchange as an effective parameter-
ization for the correlated S-wave ππ exchange contribution.
They utilized the result from the full Bonn meson-exchange
model [18] for the nucleon, i.e., the value in the sixth
column of Table I, and gΛΛσ and gΣΣσ are determined by a fit
to the empirical hyperon-nucleon data using two different
models, with the distinction lying in whether higher-order
processes involving a spin-3

2
baryon in the intermediate

state were considered in the hyperon-nucleon interaction.
In Ref. [37], the authors calculated the BB̄0 → ππ and
BB̄0 → KK̄ amplitudes in the light of hadron-exchange
picture. Based on an ansatz for Lagrangian, various
symmetries and assumptions, they reduced the number
of free parameters as many as possible, and then the
parameters were fixed by adjusting the NN̄ → ππ ampli-
tudes to the quasiempirical data. With these parameters and
the existing ππ scattering phase shifts they got the BB̄0 →
ππ and BB̄0 → KK̄ amplitudes in the pseudophysical
region after solving the Blankenbecler-Sugar equation.
Then employing the DR they got the spectral function
that denotes the strength of a hadron-exchange process,
namely the coupling constants. The eighth column in
Table I represents their results, which are also similar to
those reported in Ref. [38]. In later development of the
Jülich meson-exchange model in Ref. [36], the authors
conducted an analysis of the coupled-channel dynamics
and performed a simultaneous fit to the experimental data
of various reactions, including πN → πN, ηN, KΛ, and
KΣ, with the ππN intermediate state parameterized as the
σN, πΔ, and ρN channels. In their fitting, the coupling
constant is determined to be gNNσ ¼ 13.85. In Ref. [23], the
authors used gΛΛσ ¼ 2

3
gNNσ from SU(3) consideration and

took gNNσ from Ref. [18]. In Ref. [24], gNNσ ¼ mN=Fπ was
determined using the linear σ model [61]. Then under the
assumption that the σ meson only couples to the u and d
quarks, the authors got gΞΞσ ¼ 1

3
gNNσ based on the quark

model consideration. Additionally, in Ref. [62], the authors
calculated the NN potential arising from the exchange of a
correlated S-wave isoscalar pion pair, i.e., the σ channel,
utilizing a unitary approach based on the lowest order chiral

Lagrangian and the Bethe-Salpeter equation for the analysis
of ππ scattering. A qualitative estimate for gNNσ ∼ 5 was
obtained, at the right order of the values quoted in Table I.

B. Matching t=u-channel amplitudes

In the preceding subsection, it becomes evident that for
the s-channel process of BB̄ → B̄B, the selection of an apt
coupling constant gBBσ allows for the σ exchange to mimic
the correlated ππ intermediate state with IJ ¼ 00 in
physical region, s ≥ 4m2

B. However, when employing the
OBE model to estimate the interaction between hadrons,
the σ is exchanged in the t or u channel, as illustrated in
Fig. 6(b) rather than in the s-channel, as demonstrated in
Fig. 1(b). Therefore, to derive the parameters for the σ
exchange that can be used in the OBE model, one needs to
conduct an analysis of the t- and u-channel meson-
exchange processes. As elaborated in Appendix C, the
crossing symmetry relations provide a means to relate the
tðuÞ-channel process to the s-channel one. It becomes
evident that, should we manage to align the two amplitudes
within the nonphysical region of the s-channel process,
specifically s∈ ½4m2

B − t; 0�, we can subsequently match
the corresponding pair of amplitudes within the physical
region of the tðuÞ-channel process, i.e., t ≥ 4m2

B, relevant
for the low-energy BB scattering.
In order for the σ exchange to approximate the S-wave

correlated two pions in the few hundred MeV region,
we also need to adjust the σ mass in addition to the
couplings derived above.9 As an example, in Fig. 7, we
show the comparison of the OBE amplitude and the DR
amplitude for the ΞΞ case at the t-channel threshold. One
finds from Fig. 7(b) that by adjusting the σ mass to about
614þ56

−81 MeV, the DR amplitude using the central values of
the LECs can be very well reproduced. The matching point
has been chosen to be s ¼ 0 GeV2, corresponding to the
t-channel BB threshold. To see the dependence on the σ
mass, we also show the comparison for mσ ¼ 500 MeV in
Fig. 7(a).

FIG. 6. The Feynman diagram for the t-channel process of BB → BB with the intermediate state of ππ (a) or σ (b). In (a), the black
dots imply ππ interaction.

9Since in the BB scattering physical region, the exchanged two
pions cannot go on shell, a real mass, instead of the complex pole,
for the σ meson in the OBE model should be used.
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The aforementioned analysis can be readily extended to
the other ground state octet baryons, yielding the results
shown in Fig. 8. From Figs. 5, 7(b), and 8, it is apparent
that if our aim is to use a simple σ exchange in the OBE
model to concurrently match a complex correlated ππ
exchange with IJ ¼ 00 in the s-, t- and u-channel physi-
cal region, the mσ values required by different processes
differ. Specifically, we find mΣ

σ ¼ 519þ50
−48 MeV, mΞ

σ ¼
614þ56

−81 MeV, mΛ
σ ¼596þ41

−51 MeV, and mN
σ ¼ 558þ33

−42 MeV,
where the uncertainties correspond to those of the cou-
plings added in quadrature.10 These values are listed in the
last column of Table I. This echoes previous attempts to
modify the mass of σ, a broad resonance with a mass
approximately equal to 4.8Mπ [33], to a mass of 550 MeV
with a zero width [18], which is within all the above ranges.
The goal of such modification was to allow a single σ
exchange to more accurately replicate the results of a
correlated ππ exchange with IJ ¼ 00.

IV. SUMMARY

In this work, we evaluate the couplings of the σ meson to
the 1

2
þ ground state light baryons, which are essential inputs

of the OBE models, by matching the baryon-baryon
scattering amplitudes through correlated S-wave isoscalar
ππ intermediate state to the OBE ones. Using the LO and
NLO SU(3) chiral baryon-meson Lagrangians, we carefully
handle the kinematical singularities and utilize DR and
incorporate the ππ rescattering by Muskhelishvili-Omnès
representation to obtain the DR amplitude. Considering the
phenomenological σ exchange as an effective parametriza-
tion for the correlated ππ exchange contribution in the
IJ ¼ 00 channel, we determine the scalar coupling con-
stants gBBσ from the s-channel matching, as listed in
Table I. Specifically, gΣΣσ ¼ 3.5þ1.8

−1.3 , gΞΞσ ¼ 2.5þ1.5
−1.4 ,

gΛΛσ ¼ 6.8þ1.5
−1.7 , and gNNσ ¼ 8.7þ1.7

−1.9 , where the errors are
obtained by adding the corresponding ones in Table I in
quadrature. This is achieved by comparing the DR ampli-
tude and OBE amplitude in the physical region of the
s-channel process, specifically, s ≥ 4m2

B. Concurrently, we
estimate the uncertainties of the scalar coupling constants
arising from the NLO LECs [48] and variation of the upper

FIG. 7. Comparison of the OBE amplitude, with the coupling constant taking the central value listed in Table I and differentmΞ
σ values

in the process of ΞΞ̄ → Ξ̄Ξ, and the DR amplitude using the central values of the LECs provided in Ref. [48] and setting
ffiffiffiffiffi
s0

p
to 0.8 GeV

as in Ref. [39].

FIG. 8. Matching at BB threshold the OBE amplitudes, with the coupling constant taking the central value listed in Table I, to the DR
amplitudes using the central values of the LECs provided in Ref. [48] and setting

ffiffiffiffiffi
s0

p
to 0.8 GeV as in Ref. [39].

10The superscript of mB
σ is utilized to represent the mass of this

σ which is derived from the process of BB̄ → B̄B.
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limit for the dispersive integral. Moreover, by extending
the analysis to the physical region of the corresponding
t=u-channel process via the crossing relation, we obtain the
σmass to be used together with the determinedBBσ coupling
constant. The value depends on the process but is always
around 550 MeV. We also compute the NNσ coupling by
matching to the SU(2) ChPT amplitude with the LECs

determined inRefs. [63,64], and the result isgSUð2ÞNNσ ¼12.2þ1.9
−2.3 .

The effective coupling constants obtained here can be
used to describe the interaction between light hadrons and
other hadrons through the σ exchange. The same method
can be applied to the determination of the coupling
constants of σ and other hadrons, such as heavy mesons
and baryons, the interactions between which are crucial to
understand the abundance of exotic hadron candidates
observed at various experiments in last two decades.
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APPENDIX A: ISOSPIN CONVENTIONS

In thiswork,we use the following isospin conventions [65]:

jπþi ¼ −j1; 1i; jπ0i ¼ j1; 0i;
jπ−i ¼ j1;−1i; jΣþi ¼ −j1; 1i;
jΣ0i ¼ j1; 0i; jΣ−i ¼ j1;−1i;
jΣ̄þi ¼ −j1; 1i; jΣ̄0i ¼ j1; 0i;

jΣ̄−i ¼ j1;−1i; jΞ0i ¼
���� 12 ;

1

2

�
;

jΞ−i ¼
���� 12 ;−

1

2

�
; jΞ̄þi ¼ −

���� 12 ;
1

2

�
;

jΞ̄0i ¼
���� 12 ;−

1

2

�
; jΛ0i ¼ j0; 0i;

jpi ¼
���� 12 ;

1

2

�
; jni ¼

���� 12 ;−
1

2

�
;

jn̄i ¼
���� 12 ;

1

2

�
; jp̄i ¼ −

���� 12 ;−
1

2

�
:

Therefore, we can readily obtain the isoscalar state
jI ¼ 0; I3 ¼ 0i composed of ππ, BB̄; and B̄B in the particle
basis.

APPENDIX B: gNNσ FROM SU(2) AND ChPT

It is worth mentioning that in the context of πN
interaction, it is more common to utilize the Lagrangian
within the SU(2) framework, the LO Lagrangian is
given by

Lð1Þ
πN ¼ Ψ̄

�
iD −mN þ gA

2
γμγ5uμ

�
Ψ; ðB1Þ

where gA represents the nucleon axial-vector coupling
constant in the chiral limit and is related to the SU(3)
LECs via gA ¼ Dþ F. At the NLO,

Lð2Þ
πN ¼ c1TrðχþÞΨ̄Ψ −

c2
4m2

N
TrðuμuνÞðΨ̄DμDνΨþ H:c:Þ

þ c3
2
TrðuμuμÞΨ̄Ψ −

c4
4
Ψ̄γμγν½uμ; uν�Ψ

þ c5Ψ̄
�
χþ −

1

2
TrðχþÞ

�
Ψ

þ Ψ̄σμν
�
c6
2
fþμν þ

c7
2
vðsÞμν

�
Ψ; ðB2Þ

which contains seven LECs ci [66–69], the first four of
which are determined in Refs. [63,64] as (in units of
GeV−1),

c1 ¼ −0.74� 0.02; c2 ¼ 1.81� 0.03;

c3 ¼ −3.61� 0.05; c4 ¼ 2.17� 0.03: ðB3Þ

By utilizing the Eqs. (B1) and (B2) and the above LECs, we
obtain the following results through the s-channel matching
as detailed in Sec. III A:

gLHCNNσ ¼ 2.7þ0.8
−0.8 ; gRHCNNσ ¼ 12.5þ0.2þ2.6

−0.2−3.2 ;

gTotalNNσ ¼ 12.2þ0.2þ1.9
−0.2−2.3 : ðB4Þ

Notice that here for consistency with the ci values, we take
Fπ ¼ 92.2 MeV and gA ¼ 1.2723 used in Refs. [63,64],
larger than the value used in the main text. Meanwhile,
from matching the t=u-channel amplitudes, we find

mNSUð2Þ
σ ¼ 586þ38

−48 MeV. The gTotalNNσ value given above is
close to the real part of the coupling defined as the residue
of the ππ → NN̄ amplitude at the f0ð500Þ pole obtained in
Ref. [70], which is 12.1� 1.4.
As per Table I, the gRHCNNσ central value calculated

using the ChPT NLO Lagrangian within the SU(2) frame-
work deviates from its value within the SU(3) framework.
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In Fig. 9, we show a comparison of the S-wave tree-level
amplitudes of the contact terms for the NN̄ → ππ process
from the SU(3) chiral Lagrangian with that from the SU(2)
chiral Lagrangian, the LECs of which are taken from
Refs. [48] and [63,64], respectively. One sees a clear
deviation. We have checked that the deviation from the
SU(2) result would be larger if we use the central values of
the SU(3) LECs determined by other groups [47,71–73].
Nevertheless, the values of gNNσ and gSUð2ÞNNσ from RHC

contributions agree within uncertainties. One notices that
Refs. [48,63,64] considered different experimental and
lattice datasets.

APPENDIX C: THE CROSSING RELATION

Based on the crossing symmetry, we can establish a
relation between the s-channel helicity amplitude of
BB̄ → B̄B and the t-channel helicity amplitude of BB →
BB or the u-channel helicity amplitude of BB̄ → B̄B.
Using crossing symmetry relations for systems with spin
[43,74,75],11 the amplitude for the t-channel process of
BB → BB via the correlated ππ intermediate state with
IJ ¼ 00 can be expressed as

Mt-channel
Bðλ1ÞBðλ3Þ→Bðλ2ÞBðλ4Þ;0ðt; sÞ

¼
X
λ0i

d
1
2

λ1λ
0
1
ðα1Þd

1
2

λ2λ
0
2
ðα2Þd

1
2

λ3λ
0
3
ðα3Þd

1
2

λ4λ
0
4
ðα4Þ

×Ms-channel
Bðλ0

1
ÞB̄ðλ0

2
Þ→B̄ðλ0

3
ÞBðλ0

4
Þ;0ðsÞ; ðC1Þ

where αi represents the Wigner rotation angles correspond-
ing to the Lorentz transformation from the s-channel c.m.
frame to the t-channel c.m. frame, and the subscript 0
signifies that the ππ of either the t-channel process or the
s-channel process forms an isoscalar S-wave. Considering
that the crossing relation, Eq. (C1), is solely dependent on
the particles of the external lines, the same relation is
applicable regardless of whether there is a σ exchange or a
correlated ππ exchange, namely,

ðC2Þ

ðC3Þ

We then obtain

FIG. 9. The contact term amplitudes of the NN̄ → ππ process
derived from the SU(2) and SU(3) chiral Lagrangians using
the central values of LECs determined in Refs. [48,63,64],
respectively.

11In the context of crossing relation, for a t-channel process of Bðp1Þ þ Bðp2Þ → Bðp3Þ þ Bðp4Þ, as illustrated in Fig. 6, s refers to
ðp1 − p3Þ2 while t refers to ðp1 þ p2Þ2.
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ðC4Þ

Since our goal is to ensure that the amplitude of the correlated ππ exchange with IJ ¼ 00 and that of the σ exchange are
approximately the same for the t-channel process of BB → BB within the t-channel physical region, i.e., t ≥ 4m2

B, we
require the corresponding s-channel amplitudes of BB̄ → B̄B to approximate each other as well as possible, i.e.,

MOBE
BB̄→B̄BðsÞ ≃MDR

BB̄→B̄B;0ðsÞ; ðC5Þ

when s∈ ½4m2
B − t; 0�. The u-channel process mirrors this exactly.
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