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Based on the one-boson-exchange framework that the 6 meson serves as an effective parametrization for

the correlated scalar-isoscalar zz interaction, we calculate the coupling constants of the ¢ to the %* ground
state light baryon octet B by matching the amplitude of BB — zz — BB to that of BB — ¢ — BB. The
former is calculated using a dispersion relation, supplemented with chiral perturbation theory results for
the BBzz couplings and the Muskhelishvili-Omnes representation for the 7z rescattering. Explicitly, the

coupling constants are obtained as gyy, = 8.7714, gszs = 3.5713, gzzs = 2.5717, and gyp, = 6.87]3.
These coupling constants can be used in the one-boson-exchange model calculations of the interaction of

light baryons with other hadrons.

DOI: 10.1103/PhysRevD.109.034026

I. INTRODUCTION

In the past few decades, the observation of exotic
hadronic states, which cannot be accounted for by the
conventional quark model, has propelled the study of exotic
states to the forefront of hadron physics; see Refs. [1-14]
for recent reviews on the experimental and theoretical
status. Hadronic molecules [7], one of the most promising
candidates for exotic states, are loosely bound states of
hadrons and a natural extension of the atomic nuclei (such
as the deuteron as a proton-neutron bound state) and offer
an explanation of the many experimentally observed near-
threshold structures, in particular in the heavy-flavor
hadron mass region [15].

As a generalization of the one-pion-exchange potential
[16], the one-boson-exchange (OBE) model has played
a crucial role in studying composite systems of
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hadrons [10,11,17-25]. Taking the deuteron as an example,
it is widely accepted in the OBE model that its formation
involves the long-range interaction from the one-pion
exchange and the middle-range interaction from the
o-meson exchange; see Ref. [18] for a detailed review.
However, unlike narrow width particles that are associated
with clear resonance peaks or dips observed in experi-
ments, the scalar-isoscalar 6 meson, which plays a crucial
role in nuclear and hadron physics, had remained a subject
of considerable debates for several decades until it was
established as the lowest-lying hadronic resonance in
quantum chromodynamics (QCD) in the past 20 years
based on rigorous dispersive analyses of zz scattering
[26-28] (see, e.g., Refs. [29,30] for reviews). The dis-
persive techniques have recently been applied to determine
the nature of the ¢ at unphysical pion masses [31,32].
The ¢ meson in the OBE model can be considered as
approximating the correlated S-wave isoscalar zz exchange
in a few hundred MeV range [18,33-38], and some
modifications to its properties have been made in order
to improve the accuracy of the approximation [18,33].
However, the effective coupling constants between the o
and various hadrons remain highly uncertain. One example
is the widely used nucleon-nucleon-o coupling gy, Which
ranges roughly from 8 to 14 [18,33,36]. For its couplings to
other ground state octet baryons, gss,, g==4, and gaa,, there
are rare systematic discussions and error analyses. Most of
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FIG. 1.
imply that the 7z rescattering is included.

them are estimated either by the quenched quark model or
the SU(3) symmetry model assuming the ¢ to be a certain
member of the light-flavor multiplet [23,24]. The use of the
one-o exchange instead of the correlated zz exchange may
raise some questions: Is this approximation reasonable?
How good is the approximation? In the present work, we
try to address these questions by considering the scattering
of the baryon and antibaryon in the ground state octet,
BB — BB, through the intermediate state of the correlated
1J = 00 7z pair or the ¢ meson and calculate the effective
coupling constants of ggp,. We will make use of dispersion
relations following Ref. [39], and similar methods have
been used in, e.g., Refs. [37,38] to derive the baryon-
baryon-o couplings, and Ref. [40] to derive the ¢ coupling
to heavy mesons. Here, we will match the dispersive
amplitudes of BB — zz at low energies to the chiral
amplitudes up to the next-to-leading order (NLO).

This paper is structured as follows. The formalism is
presented in Sec. II, including the calculation of the OBE
amplitude in Sec. [T A and the amplitude from the dispersion
relation (DR) with a careful treatment of kinematical singu-
larities in Sec. II B. In Sec. III, we conduct an analysis of the
two amplitudes and present the scalar coupling constants
Iem, along with an error analysis. This includes a comparison
of the s-channel processes, as detailed in Sec. III A, and a
comparison of the corresponding ¢/u-channel processes
utilizing the crossing symmetry in Sec. IIIB. A brief
summary is given in Sec. IV. The adopted conventions,
the result of NNo coupling in the SU(2) framework, and
crossing symmetry relations are relegated to the Appendixes.

II. FORMALISM

To determine the scalar coupling, ggp,, between the
baryon B in the %* ground baryon octet and the 6 meson,
we first utilize the DR and chiral perturbation theory (ChPT)
to calculate the amplitude of B(p,,1,) + B(ps, 1) —
B(p3,43) + B(p4, A4) with a correlated 7z intermediate
state, as depicted in Fig. 1(a). Here, p; and A; represent
the four momentum and the helicity of particle B or B,
respectively. Additionally, we restrict the quantum num-
bers of the two-body intermediate state, zz, to be
IJ =00. This S-wave amplitude can be denoted as
ME&)+[EB(/12)—>B(/13)+B(/14).,0(s)’ where the subscript 0 indi-

cates the S-wave, s represents the square of the total energy

E(Pz/ Az)

]B(plr/ll) E(Py AS)

B(ps, A4)
(b)

Feynman diagrams for the s-channel process of BB — BB with the intermediate state of 7z (a) or & (b). In (a), the black dots

of the system in the c.m. frame,' and the superscript DR
indicates the result obtained from the DR. Next, we proceed
to calculate the same amplitude, with the intermediate o
meson, as depicted in Fig. 1(b). In this case, we utilize
the OBE model, and the corresponding amplitude can
be expressed as Mg?f) B (4y)B() +B(/14)(S)' Finally, we
compare the aforementioned amplitudes to extract the
coupling constant ggg, in the phenomenological baryon-
baryon-o coupling Lagrangian.

A. The OBE amplitude

According to the following effective Lagrangian cou-
pling the ¢ meson to the baryons in the SU(3) flavor octet
[18,41],

Lyss = —g5s,(TZ7 + 2020 + £7X7)o,

Lzz, = —g==,(E°E" + E7E7)o,

Lire = =9rreAAo,

Lyne = —Inno(Pp + fin)o, (1)

the OBE amplitude for the Feynman diagram depicted in
Fig. 1(b) reads
OBE
MB(a,)8(12) (284
72 (pa)u (p1) i (pa) v (p3)

(p1+ p2)* —mg -

= CBQ%[EB{T

where Cy is a flavor factor, Cs = 3, Cz = =2, C, = 1, and
Cy = —2. For simplicity, we choose 4; = 1/2 (i = 1, ...,4)
throughout the paper.2 With this choice we have

2
s—4m
OBE _ 2 B
MBB_)BB(S) - CBgBBo’

(3)

7’
s —m2

where mp is the isospin averaged mass of the baryon B.}

'For an s-channel process of B(p;)+B(p,) = B(p3)+B(p4),
as illustrated in Fig. 1, s = (p; + p,)? while t = (p, — p3)?

“Other choices, e. g., physical amplitudes using the orbital-spin
basis are also accessible. The final results do not depend on the
choice.

“Since we are not interested in the isospin symmetry breaking
effects, the isospin averaged mass is used for all particles within
the same isospin multiplet.
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B. The dispersive representation

1. The DR and the kinematical singularity

One can write down a dispersive representation of the
BB scattering amplitude corresponding to Fig. 1(a) as

MD

s — 4m%3 /+°° dlSC[MBS_,BB ()(Z)]
2i Jaz (z=s)(z—4mg)

4)

BB—BB, 0( )

Here a once-subtracted dispersive integral is employed to
facilitate the convergence of the dispersive integral. The
threshold s = 4mg, is chosen as the subtraction point, and
we set the subtraction constant MPR(s =4m) =0 as
Eq. (3) since the two amplitudes will be matched later.

In order to capture the zz rescattering in the ¢ region and
avoid the interference from other resonances, e.g., the
f0(980), the upper limit of the dispersive integral in Eq. (4)
is set to sy = (0.8 GeV)?, as in Ref. [39] (see also
Ref. [42]). We will investigate the impact of varying the
upper limit of the integration on the final result and regard it
as a part of the uncertainty of the coupling constants.

Next, let us discuss the discontinuity. Taking into
account the unitary relation that is fulfilled by the par-
tial-wave 7T-matrix elements, we can express the disconti-
nuity of the S-wave amplitude (here the partial wave refers
to that between the pions) along the cut s € [4M2, +0) in
terms of Ty ., 0(s) and T, _ggo(s). However, it is
crucial to notice that when dealing with systems that
involve spins, particularly those containing fermions,
kinematical singularities arise [43]. These singularities
stem from the definition of the wave functions for the
initial and final states. Following Ref. [43], we introduce
the kinematical-singularity-free amplitudes,

new
Tﬂlr—»[BfEB 0

%%V_”m 0 \/ s = 4m[BTBB—>Jm ols (5)

s = 4mB nn—BB, o(s (6)

Then the unitary relation for the S-wave T-matrix elements
is given by

L - ols )T;ivfms[a o(s)

disc[Mpg_gpo(s)] = 2ip.(s) s — 4m}
X 0(\/5 — 2M,), (7)

1 s4,2r
161 s

factor. Moreover, as we will discuss in detail in Sec. II B 4,
the treatment of kinematical singularity plays a vital role in
guaranteeing the self-consistency of the theory.

Furthermore, with the phase conventions outlined in
Appendix A and considering the isospin scalar zz system,
we obtain the following relations:

where p,(s) = is the two-body phase space

Jm—>ZZ 0 <S)

mz—»AAO(S)7

(s)

Tz nro(s) = Trpzzols),
(s)
(s) = Trreino(s)- (8)

Then, we obtain the following discontinuities,

pae Ol

disc[Mys_s550(s)] = 2ip, < dm2 0(v's —2M,,),
)
©)
T2 o)
dlSC[MEE—»EE,O(S)} = leﬂ _—‘_Te(\/g - 2Mﬂ)’
(10)
. . - r/l\i}\)vﬂmro(s”z
disc[Mxz_an0(s)] = 2lﬂnW‘9<\/— -2M,),
A
(11)
. . ?\?]\Vyaﬂﬂo( )|2
disc[Myy_nno(s)] = 2ip, ? O(V's = 2M,,).
(12)
2. The SU(3) ChPT framework
To obtain the low-energy S-wave amplitudes

Tgizro(s), we need the corresponding chiral baryon-

meson Lagrangian. The leading-order (LO) chiral
Lagrangian is given by [44]
_ D
= (BUD - mg)B) + (Br*ys{u, BY)
F
+ 5 (Br'ys[u,. B]), (13)

which contains three low-energy constants (LECs), m, D,
and F. Here, (-) means trace in the flavor space, the baryon
octet are collected in the matrix,

1504 1 +
\/52 —l—\/éA z p
B = x- — 5+ A [ (14)
== =0 -2
= = \/EA

and the chiral vielbein and covariant derivative are given by

— iutou—
u —maﬂu

p iud,u’, D,B=0,B+[I,.B|

1
T,=3 (u'0,u + uo,u’), (15)

with u> = U, U = exp (iv/2®/F,), where
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FIG. 2. The tree-level Feynman diagrams for the process of BB — z7.

2 + +
Bt 7 K
O = T —\’;—%-y% K (16)
K- K° -2y

Notice that the chiral connection I, containing two pions is
a vector, the two pions from that term cannot be in the S
wave. As a result, only the #- and u-channel exchanges
depicted in Figs. 2(a) and 2(b), which contribute to the
|

Lt = bp(B{r,. BY) + by (Bly.. B]) + bo(BB) (x,) + by (B[u", [u,

+ by (B{u" [u,.B]}) + by (BB
+ ibs (B[, {u*.7,D,B}]) -

+ ib8(<By;4DuB> <BDI/7//4 >><M”ub> +

where y, = uyu" + uy'u, y = 2B, M with B, a constant
related to the quark condensate in the chiral limit and M the
light-quark mass matrix. We will use the values of involved
LECs from fit IT in Ref. [48], which are D = 0.8, F = 0.46,
bp =0.222(20), bp =-0.428(12), by = —-0.714(21),

by =0515(132), b, =0.148(48), by = —0.663(155),
b, =—0.868(105), bs = —0.643(246), bs = —0.268(334),
by = 0.176(72), by = —0.0694(1638).

3. The partial-wave amplitudes

Using the LO and NLO Lagrangians given in Egs. (13)
and (17), we can calculate the tree-level amplitude for the
process of BB — zz as depicted in Fig. 2. However, in
order to determine the final state zzz with 1J = 00, we need
to perform a partial-wave (PW) expansion. The generalized
PW expansion of the helicity amplitude for arbitrary spin
can be found in Ref. [49]. The final PW amplitude for
BB — 7z reads

*Here we use the Lagrangian in [46] while the one in Ref. [45]
has redundant terms. Note also that the ordering of the operators
in Ref. [46] is different from that in Refs. [45,47].

Muu,) + ibs((Blu*, [u”.y,D,B])) -
(BD,{u”. [u*,7,B]})) + ib, ((B{u*, {u*.y,D,B}}) -

LHC part of Tgg_,.0(s), will be present in the LO
calculation. In addition, the LO Lagrangian contains the
YAz coupling terms of the form /_\y"ysaﬂﬂZ and
iy”ysaﬂﬂA. Therefore, it is necessary to consider the
exchange of T in the AA — 7z process and the exchange
of A in the X — 7z process.

The O(p?) chiral Lagrangian contains the BBzz contact
contribution with the S-wave pion pair, as illustrated in
Fig. 2(c). At the NLO, the number of LECs increases, and
the Lagrangian reads [45,46]4

JB]]) + by (B{u", {u,. B}})
(BD, [u*, [, 7,B]]))
(BD,{u”. {u.7,B}}))
(17)

QY5 , (6,
471/ 2L—|—1“1 -(0-9)

elth=h)¢ M),

T[EB[EB—»fm L

(18)

where L is the relative orbital angular momentum of the
pions, 4; and 4, are the third components of the helicities of
B and B. The basis is such that BB is expanded in terms of
|0y, Po; A1, A2), and the BB relative momentum is chosen to
be along the z axis so that 6, = ¢q = 0; (6, ¢) are the polar
and azimuthal angles of the 7z relatlve momentum.

For the tree-level S-wave amplitude for BB — 7z, the
LHC part from the - and u-channel baryon exchange is’

ans 3D+ F2my L(s,my,my, M,)
Ay (s) =— ’

F; /s —4m3,

(19)

Here we consider only the baryon exchanges such that the two
mesons emitted are two pions since we focus on the correlated
S-wave two-pion exchange. That is, although we use an SU(3)
chiral Lagrangian, the exchanged baryon has the same strange-
ness as the external ones. The framework may be understood as
an SU(2) one for each of the baryons, but with the LECs matched
to those in the SU(3) Lagrangian.

034026-4
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42F*my L(s, mg,my, M,) \/2D*(my +my) L(s, mg,mp, M)

F2 /s —4mé 3F; N ’

A 2D*(mp + my) L(s,my, mg, M)
M) = 220 Mo e1)
3 Fz /s —4m%

A5(s) = V3(D = F)’mg L(s, mz, mz, M,) , (22)

F; N

(20)

>
oM
—
=)
~—

where
L(s,my,my,m) = s —2my(m; —my) + Ho(s,my,my,m)H (s, my, my, m),
Ho(s,my,my,m) = 2(m; + my)[=2m*m; + 2m,(m; — m,)? + mys],
_ Hj(s,my,my,m)— H5(s,my,my,m)
24/(s —4m?)(s — 4m?)

HI(S,mhmz,m)

H5 (s,my,my,m) = In {S—Z(m2 +m?—m3) F \/(s —4m?*)(s — 4m? ]

The contact terms, which are from the NLO Lagrangian and contribute to the right-hand cut (RHC) part of Tgg_, ., o(s)
after taking into account the zz rescattering, read

/s — 4m?
AN(s) = S—F’Z’N (8M2(6by — 3(by + by + b + 2bs = bp — br) = 2(bs + b + by + 2bg)my)

43
+4(3(b1 + by + by +2by) + (bs + b + by + 2bg)my)s), (23)
/s —4mé
+ 4(12b1 + 6b2 + 9b4 + 4b5mz + 2b7m2 + 3b8mz)s), (24)
A \/S— 4m3\ 5
AO (S) = _6\/_7 (SM”(gbo - 6[92 - 9b4 + 3bD - 4b7mA - 6bgm/\) + 4(6[92 + 9[94 + 2b7mA + 3bgmA)S), (25)
- \/s —4dmk 5
AE(S) = —W (SM”(6Z’)O — 3(b1 + bz — b3 + 2b4 — bD + bp) — 2(b5 - b6 + b7 + 2b8)m3)
+ 4(3(b1 + b2 - b3 + 2b4) + (bs — b6 + b7 + 2b8)m5)s), (26)

where the parameter F', is the decay constant of the # in the chiral limit. Since we use the LECs determined in Ref. [48], we

adopt the same value F, = 87.1 MeV [50] for consistency. B
Moreover, employing Eq. (5), the tree-level S-wave amplitudes for BB — zz after eliminating the kinematical

singularities read, for the LHC part,

ANmew(g) = —WL(s,mN, my, M), (27)
() = V2L g bt = V2PN L ), (28)
o5 = 2 1 ), (29)
A5 (s) = WL(s,ma,ma,Mﬂ), (30)

034026-5
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and for the contact term part,

s —4m3
ANDPew (g) = N (8M2[6by — 3(by + by + by + 2by — by, — br) — 2(bs + bg + by + 2bg)m
0" (s) 4\/§F,2,( (6D (by 2 3 4 —bp — br) (bs 6 7 g)my]
+ 4[3(b1 + b2 + b3 + 2b4) + (bs + b6 + b7 + 2bg)mN]S>, (31)
AZnew(g) = 2= 4ms (8M2[9by — 12b, — 6by — 9by + 9bpy — 2(4bs + 2b7 + 3bg)my)
6v/2F2
+4(12b1 +6b2 +9b4 +4b5m2 +2b7m2 —|—3b8mz)s), (32)
—4m?
Aé\neW(s) J— s6\/6:l2/\ (SM%(gbo - 6b2 - 9b4 + 3bD - 4b7mA — 6b8m/\) + 4(6b2 + 9b4 —|— 2b7mA + 3b8mA)s), (33)
AE“CW(s)——s_4m%(8M2[6b —3(by + by — by + 2by — bpy + by) — 2(bs — bg + by + 2bg)ms]
0 4/3F2 71000 1 203 4= bp F 5 6 7 )Mz

+ 4[3(b1 + bz - b3 + 2[74) + (bs - b6 + b7 + Zbg)mE]S). (34)

4. The Muskhelishvili-Omnes representation
We now incorporate the zz rescattering based on the
tree-level amplitude, into the Muskhelishvili-Omnes rep-
resentation. For the BB — zz process, we partition the total

S-wave kinematical-singularity-free amplitude into the
LHC and the RHC parts,

Tga-ro(s) = REG (s) + L5 (5)- (35)

Utilizing the zz amplitude in the scalar-isoscalar channel
T anornno(s) = €0 sin§y(s)/p,(s), where y(s) is the
S-wave isoscalar phase shift, and since there is no overlap
between the LHC and RHC for kinematic-singularity-free
zalmplitudes,6 the unitary relation implies,

disc[Rg (s)] = 2i(Rgy (s) + Lgg (5))
x e~00) sin §,(s)0(v/s —2M ). (36)

To solve this equation, we first define the Omnes
function [51],

Q)(s) =exp Flw %(2) dz} (37)

7 Janz 2(z2—5)

By using Q) (s + ie) = |Qq(s)|e**), we further derive

RIS L)
mw[é&ﬂ}-—2q£&ﬂ|

sin 6y (s)0(v/s —2M,).  (38)

®The RHC is chosen to be along the positive s axis in
the interval s>4M2. The LHC is in the interval
(=00, (4mgM7 — (m§ — mg — M7)?) /mg] for the 1- or u-channel
process of BB — zzw, where m, represents the mass of
the exchanged particle. It can be easily proven that

(43 M2 — (3 — i — M2)2) /3 < 4.

Therefore, we can derive a DR with n subtractions,

new _ ﬁ Foo LEB?(‘SJ(Z) sin 60 (Z>
REY(6) = (o) (P )+ [ "SR,
(39)

where P,_;(s) is an arbitrary polynomial of order n — 1.

Finally, we obtain a DR for 732" (s) as

T%%Wezﬂ,o(s) = L%eg<s> + QO(S) (Pn—l (S)

s" [+ Ly (z)sindy(z)
+?lm&@—mmmm) (40)

For the phase shift 6y(s), we take the parametrization in
Ref. [52]. For the ©(s) Omneés function, we take the
Q,(s) matrix element of the coupled-channel Omnes
matrix for the zz — KK S-wave interaction obtained in
Ref. [53].

The above equation provides a reasonable form that
incorporates the 7z rescattering. The LHC part L) (s) and
the polynomial P,_,(s) may be determined by matching
at low energies to the chiral amplitudes as done in
Refs. [54-58]. We perform the matching when the zz
rescattering is switched off, i.e., y(s) = 0, which leads to
Q(s)=1. Consequently, for the BB — zz process, we can
approximate LY (s) ~A§™"(s) and P,_;(s) ~AF"™¥(s).

Moreover, there is a polynomial ambiguity as discussed
in Refs. [59,60]. If the asymptotic value of the phase shift
8o(s) is not 0 but nz as s — oo, the corresponding Omneés
function will approach 1/s" asymptotically. In our case, the
phase shift §,(s) = z implies Qy(s) = 1/s, thus the
general solution of the unitarity condition (36) contains

034026-6
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three free parameters [59,60] (assuming that T%%v—»m,o is

asymptotically bounded by s). However, although the
standard twice subtracted DR via Eq. (40) indeed grows
like s (notice that n = 2), it contains only two free
parameters in the polynomial, i.e., one parameter less than
the general solution. Hence we propose an oversubtracted
DR (twice subtracted DR with an order-2 polynomial
matching to the ChPT amplitudes) that can be solved
uniquely. In summary, the final DR is given as

T%%’V_)M'O(s) = AgneW(s) 4 Qo(s) (Ag%new(s)

52 e ABrew(7) sin&o(z)>

z EEREETNE M

T Jamz

From the above derivation, it is important to note that
Eq. (41) can only be applied when the singularity of the
LHC is exclusively included in AZ™"(s), and there is no
overlap between the LHC and RHC. The original #- and

u-channel exchange amplitudes Egs. (19)-(22) do not
satisfy this condition due to the factor /s — 4m2,. Let us
take XX — 7z as an example. From Fig. 3, it becomes
apparent that the amplitude in Eq. (20) includes the LHC
(=00, 4M?% — M?*/m%] derived from the particle exchanging
in the crossed channel, as well as a kinematical cut in the
physical region. Therefore, directly substituting Eq. (20)
into Eq. (41) is invalid and disrupts the self-consistency
of the theory. By employing the method described in
Sec. IIB 1 to eliminate the kinematical singularities, the
kinematical-singularity-free S-wave amplitude A3™"(s) in
Eq. (28) has only the LHC and satisfies the condition for
Eq. (41), as demonstrated in Fig. 4.

At this stage, we can substitute the amplitude given by
Egs. (27)-(34) into Eq. (41) to obtain the amplitude

denoted as Tp2"  (s). It includes the S-wave 7z rescat-

tering and does not exhibit any kinematical singularities.
Then, utilizing Eqgs. (9)-(12), we get the discontinuity in
Eq. (4), and finally, the DR amplitude for BB — BB from
exchanging correlated S-wave 7z is obtained by perform-
ing the dispersive integral.

FIG. 3.

Real (left panel) and imaginary (right panel) parts of the tree-level - and u-channel exchange amplitude for the process of

¥¥ — 7z projected to the 7z S-wave as given in Eq. (20). The branch cut of the square root function is chosen to be along the positive

real s axis.

FIG. 4. Real (left panel) and imaginary (right panel) parts of the tree-level - and u-channel exchange amplitude as given in Eq. (28) for
the process of £X — 77 projected to the 7z S-wave. The amplitude is free of kinematical singularities and has only the desired LHC.
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III. DETERMINATION OF COUPLING A. Matching s-channel amplitudes

CONSTANTS Let us first compare the two amplitudes in Egs. (3)
Now we compare the two amplitudes, M©BE inEq.(3)and ~ and (4) in the s-channel physical region, specifically
MPR and Eq. (4), to determine the coupling constant ggg,. ~ § = 4mj. Since the amplitudes from exchanging ¢ and

gl =18

10

Toos six(8)
oo

I DR DR
1 MLHC 5 MTotal
4t S AqOBE 4  t i S MoBE L MOBE
0 s = 4mZ s =4mk
0 0
6 7 8 9 10 6 7 B 9 10
5(CeV?) 5(GeV?)
0 0
0.000
! DR
MT()ml
_______ MOBE

= s =A4m2
1] =
s 2
‘[jt] —0.010
: Total __
g0 B L {gmzs =25
—0.015 ’
—4 —4
—0.020 7 8 9 10
5(GeV?)
25
20 20
Total _
O gaal = 6.8
= 15 151 ¢
T
?
i 10 10
| DR
g MToml
5 s S MOBE
s =4m}
0 0
5 6 7 8 9 10
5(GeV?)
0
0
DR 0 DR DR
Mgic Migc Mgl
] O e S e T IS MOBE _______ MOBE _______ M()BE
—25
© s =4m¥ s =4m3 s =4m%

—40

—60

gMIC =88 LHC

IxNe = 29 gl = 8.7

Ty i x> inls)

—80

—100 —100
4 5 6 7 8 9 10 4 5 6 8 9 10 4 5 6 7 8 9 10

7
5(CeV?) 5(GeV?) 5(CeV?)

FIG. 5. Comparison of the OBE amplitudes with different coupling constants obtained from s-channel ¢ exchange and the DR
amplitudes for different cases by using the central values of the LECs provided in Ref. [48] and setting /5, to 0.8 GeV as in Ref. [39].

The subscripts RHC, LHC, and Total in MPR represent that the corresponding amplitudes consider only the RHC part shown in
Fig. 2(c), only the LHC part shown in Figs. 2(a) and 2(b), and both contributions combined, respectively.
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TABLEIL The coupling constants ggg, as given by the sum rule in Eq. (43).” The second, third and fourth columns list the results when
only the LHC part shown in Figs. 2(a) and 2(b), only the RHC part shown in Fig. 2(c) and both of them are considered, respectively. The
fifth to eleventh columns list the coupling constants from other references. For the seventh column, the values outside and inside the

brackets represent the results calculated using different models in Ref. [34]. The last column lists the mass (in MeV) of the ¢ determined

in the 7/ u-channel amplitude matching, as detailed in Sec. III B. The last row for gSNL,i,(? lists the results obtained in the SU(2) framework,

as detailed in Appendix B.

LHC RHC Total 331 [18] [34] 371  [36]  [24]  [23] My,
550 1.8503 3.5 708 35018 e <+ 10.85(8.92)  4.65 . cos 519750
g=z, 0.2:())'.11 2.6:1.'2:?5 2'5:1:35—%).‘65 .. . . . e 3.4 e 614:;516
IAAe 121904 6.75 011 6.811 01 e e 8.18(6.54) 437 e o659 596+
Ivne 29107 8.8 141 g7H3IL 1278 846 8.46 858 1385 102 986  558'3
e s o B E 863

“The numerical results show that the total coupling ¢! does not align with the mere addition of the LHC and RHC couplings,
LHC  gRHC This difference stems from the fact that both the LHC and RHC terms in Eq. (41) share the same phase factor, specifically

() Consequently, we anticipate the emergence of constructive and destructive interference effects in the subsequent computations
involving the squared amplitude, as detailed in Egs. (9)—(12), as well as during the integration procedures outlined in Eq. (43).

from exchanging the correlated S-wave 7z have the same  one, given by Eq. (4), is integrated over [(2M,, + €)2, 5,).}
Lorentz structure, we can compare the two amplitudes at ~ Note that the range of the second integral is completely
large s values so that the pion masses and the 6 mass in  covered by that of the first one to avoid unphysical
the OBE amplitude play little role. A comparison of M©BE singularities.

and MPR in the physical region of s > 4m2 is shown in The central values in Table I are obtained by setting /5o
Fig. 5, where gpp, has been adjusted so that the two  t0 0.8 GeV asin Ref. [39] and utilizing the central values of
amplitudes coincide in the physical region and m, =  the NLO LECs provided in Ref. [48]. The uncertainties of
0.5 GeV is taken. In fact, matching Egs. (3) and (4) at  the NLO LECs as determined in Ref. [48] are propagated to
5> 4mé, one gets the coupling constants by using the bootstrap method. The
resulting average values and corresponding standard devi-

. so disc] ME%_}BBO(Z)] s —m2 ations introduce the first source of errors in the third and
—27iCpyig, A . a2 : P dz.  (42) fourth columns in Table I (the b; LECs appear only in the

z B

RHC contributions, and we have fixed the pion decay
Si . hol than both m2 <o o  Constant thus the second column does not have errors from
mnee 8 12s muce ?lrger an ,0 Mg OF 2= Sp= LECs). Furthermore, we vary /s from 0.7 to 0.9 GeV,

(0.8 GeV)?, one obtains the following sum rule: . . :
which constitute the errors in the second column and the

discI MDR second source of errors in the third and fourth columns.
[ —— 1 / s disc| B[E%—»[ES[B,O(Z)] dz. (43) Results from other studies on these scalar couplings are
B 27iCy Jam z—4m} also listed in Table I. For gyy, that has been estimated in

many works, we find a good agreement with existing
The numerical results of the scalar coupling constants are results, which supports the validity of our framework. Here
presented in Table I, where the uncertainties in the second  we briefly discuss the methods used in the literature. In
to fourth columns arise from the error propagated from  Ref. [33], the authors investigated the S-wave NN — 7z
those of the NLO LECs and the choice of the upper limitfor  amplitudes with the 77 rescattering and the results revealed
the dispersive integral (see below), corresponding to  that the intertwined contribution from the 7z S-wave can be
Egs. (4) and (41). In addition to the results obtained  elegantly described as a broad ¢ meson with a mass of
in the SU@3) framework, we also investigate gyy, in  approximately m, ~4.8M, and a coupling strength of
the SU(2) framework. The details are presented in g, ~1278. In Ref. [18], displaying the outcomes
Appendix B, and the results are listed in the last row  derived from the Bonn meson-exchange model, they found
in Table I, labeled as gls\,llj\,(?.Moreover, remarks are made on  that the correlated S-wave zz exchange can be further
the difference in gyy, under the SU(2) and SU(3) frame-

Woiks in Appendix B. he calculati fth di . *Here, ¢ represents a small positive quantity that is relatively
et us comment on the calculation of the two dispersive insignificant when compared to /sy and 2M . As long as it is

integrals. The first one, given by Eq. (41), is computed over  mych smaller than M, the specific value has negligible impact on
the integration range of [4MZ, (/5o + €)?]. The second  the results.
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B(p1, A1)

]B(PZ; AZ) (a)

\\./'/ B(ps, A3)  B(p1, A1)

B(ps, As)

]B(p3/ A3)

IB(PZI AZ) (b) ]B(P4/ A4)

FIG. 6. The Feynman diagram for the 7-channel process of BB — BB with the intermediate state of zz (a) or ¢ (b). In (a), the black

dots imply 7z interaction.

approximated by a zero width scalar exchange, with the
corresponding mass and coupling constant readjusted to
550 MeV and 8.46, respectively. In Ref. [34], the authors
also considered the ¢ exchange as an effective parameter-
ization for the correlated S-wave 7z exchange contribution.
They utilized the result from the full Bonn meson-exchange
model [18] for the nucleon, i.e., the value in the sixth
column of Table I, and g, and g5y, are determined by a fit
to the empirical hyperon-nucleon data using two different
models, with the distinction lying in whether higher-order
processes involving a spin-% baryon in the intermediate
state were considered in the hyperon-nucleon interaction.
In Ref. [37], the authors calculated the BB’ — zz and
BB — KK amplitudes in the light of hadron-exchange
picture. Based on an ansatz for Lagrangian, various
symmetries and assumptions, they reduced the number
of free parameters as many as possible, and then the
parameters were fixed by adjusting the NN — zz ampli-
tudes to the quasiempirical data. With these parameters and
the existing 7z scattering phase shifts they got the BB’ —
ax and BB’ — KK amplitudes in the pseudophysical
region after solving the Blankenbecler-Sugar equation.
Then employing the DR they got the spectral function
that denotes the strength of a hadron-exchange process,
namely the coupling constants. The eighth column in
Table I represents their results, which are also similar to
those reported in Ref. [38]. In later development of the
Jiilich meson-exchange model in Ref. [36], the authors
conducted an analysis of the coupled-channel dynamics
and performed a simultaneous fit to the experimental data
of various reactions, including zN — zN, nN, KA, and
K%, with the zzN intermediate state parameterized as the
oN, nA, and pN channels. In their fitting, the coupling
constant is determined to be gy, = 13.85. In Ref. [23], the
authors used gy, = %gNN{, from SU(3) consideration and
took gyn, from Ref. [18]. In Ref. [24], gyno = my/F, Was
determined using the linear ¢ model [61]. Then under the
assumption that the 6 meson only couples to the u and d
quarks, the authors got gzz, = % gnne based on the quark
model consideration. Additionally, in Ref. [62], the authors
calculated the NN potential arising from the exchange of a
correlated S-wave isoscalar pion pair, i.e., the ¢ channel,
utilizing a unitary approach based on the lowest order chiral

Lagrangian and the Bethe-Salpeter equation for the analysis
of zx scattering. A qualitative estimate for gyy, ~5 was
obtained, at the right order of the values quoted in Table I.

B. Matching #/u-channel amplitudes

In the preceding subsection, it becomes evident that for
the s-channel process of BB — BB, the selection of an apt
coupling constant ggp, allows for the o exchange to mimic
the correlated zz intermediate state with /J =00 in
physical region, s > 4m%. However, when employing the
OBE model to estimate the interaction between hadrons,
the o is exchanged in the ¢ or u channel, as illustrated in
Fig. 6(b) rather than in the s-channel, as demonstrated in
Fig. 1(b). Therefore, to derive the parameters for the o
exchange that can be used in the OBE model, one needs to
conduct an analysis of the #- and wu-channel meson-
exchange processes. As elaborated in Appendix C, the
crossing symmetry relations provide a means to relate the
t(u)-channel process to the s-channel one. It becomes
evident that, should we manage to align the two amplitudes
within the nonphysical region of the s-channel process,
specifically s € [4m3 — ,0], we can subsequently match
the corresponding pair of amplitudes within the physical
region of the 7(u)-channel process, i.e., r > 4’"@23’ relevant
for the low-energy BB scattering.

In order for the o exchange to approximate the S-wave
correlated two pions in the few hundred MeV region,
we also need to adjust the o mass in addition to the
couplings derived above.” As an example, in Fig. 7, we
show the comparison of the OBE amplitude and the DR
amplitude for the Z= case at the 7-channel threshold. One
finds from Fig. 7(b) that by adjusting the o mass to about
614J_r§16 MeV, the DR amplitude using the central values of
the LECs can be very well reproduced. The matching point
has been chosen to be s = 0 GeV?, corresponding to the
t-channel BB threshold. To see the dependence on the o
mass, we also show the comparison for m, = 500 MeV in
Fig. 7(a).

%Since in the BB scattering physical region, the exchanged two
pions cannot go on shell, a real mass, instead of the complex pole,
for the ¢ meson in the OBE model should be used.
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(b)
50}
Total — 95
—100} —
m> = 614 MeV
—150}
- DR
MTotal
_______ OBE
—200} M
.......... t = 4m25
—30 g ~1 -5 - 1 0
5(GeV?)

FIG.7. Comparison of the OBE amplitude, with the coupling constant taking the central value listed in Table I and different mZ values
in the process of 22 — EZ, and the DR amplitude using the central values of the LECs provided in Ref. [48] and setting /5010 0.8 GeV

as in Ref. [39].

800

AR _ ADR
Mgtal 600 MTgtal =300
_______ MOBE e AMOBE
. . } = =600 Total _
O t = dm? = 40 t=4m? < 9N No 8.7
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’ t= 47an
=5 o1 =3 ~2 -1 0 =5 - =3 =) -1 0 —1800%=¢ - =3 ) -1 0
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FIG. 8. Matching at BB threshold the OBE amplitudes, with the coupling constant taking the central value listed in Table I, to the DR
amplitudes using the central values of the LECs provided in Ref. [48] and setting /5o to 0.8 GeV as in Ref. [39].

The aforementioned analysis can be readily extended to
the other ground state octet baryons, yielding the results
shown in Fig. 8. From Figs. 5, 7(b), and 8, it is apparent
that if our aim is to use a simple ¢ exchange in the OBE
model to concurrently match a complex correlated 7z
exchange with 1J = 00 in the s-, #- and u-channel physi-
cal region, the m, values required by different processes
differ. Specifically, we find mZ = 519730 MeV, mE=
61413 MeV, m) =596 MeV, and m) = 55875 MeV,
where the uncertainties correspond to those of the cou-
plings added in quadrature.lo These values are listed in the
last column of Table I. This echoes previous attempts to
modify the mass of ¢, a broad resonance with a mass
approximately equal to 4.8M, [33], to a mass of 550 MeV
with a zero width [18], which is within all the above ranges.
The goal of such modification was to allow a single o
exchange to more accurately replicate the results of a
correlated zz exchange with 1J = 00.

"The superscript of m® is utilized to represent the mass of this
o which is derived from the process of BB — BB.

IV. SUMMARY

In this work, we evaluate the couplings of the & meson to
the %* ground state light baryons, which are essential inputs
of the OBE models, by matching the baryon-baryon
scattering amplitudes through correlated S-wave isoscalar
zw intermediate state to the OBE ones. Using the LO and
NLO SU(3) chiral baryon-meson Lagrangians, we carefully
handle the kinematical singularities and utilize DR and
incorporate the 7z rescattering by Muskhelishvili-Omnes
representation to obtain the DR amplitude. Considering the
phenomenological ¢ exchange as an effective parametriza-
tion for the correlated zz exchange contribution in the
IJ = 00 channel, we determine the scalar coupling con-
stants gpp, from the s-channel matching, as listed in
Table 1. Specifically, gyy, =3.571%, ge=, =2.57]7,
Iane = 6.8713, and gyy, = 8.77]J, where the errors are
obtained by adding the corresponding ones in Table I in
quadrature. This is achieved by comparing the DR ampli-
tude and OBE amplitude in the physical region of the
s-channel process, specifically, s > 4m?. Concurrently, we
estimate the uncertainties of the scalar coupling constants
arising from the NLO LECs [48] and variation of the upper
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limit for the dispersive integral. Moreover, by extending
the analysis to the physical region of the corresponding
t/u-channel process via the crossing relation, we obtain the
o mass to be used together with the determined BBo coupling
constant. The value depends on the process but is always
around 550 MeV. We also compute the NNo coupling by
matching to the SU(2) ChPT amplitude with the LECs

determined in Refs. [63,64], and the result is glsv[}]\,(? = 12.23;2 .
The effective coupling constants obtained here can be
used to describe the interaction between light hadrons and
other hadrons through the ¢ exchange. The same method
can be applied to the determination of the coupling
constants of ¢ and other hadrons, such as heavy mesons
and baryons, the interactions between which are crucial to
understand the abundance of exotic hadron candidates
observed at various experiments in last two decades.
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APPENDIX A: ISOSPIN CONVENTIONS

In this work, we use the following isospin conventions [65]:

=D, ) =110,
=, =,
=l =l
£ =-Ln, =10,
=) =l-n =[5
|1 |11

E7) = 5’—§>7 = >—‘5,§>,
= =|5-5) W=,

11 I 1
=35 W=|5-5)
_ 11 _ 1 1
) = §5>7 |P>:—’§’—§>‘

Therefore, we can readily obtain the isoscalar state
|I = 0,15 = 0) composed of 7z, BB, and BB in the particle
basis.

APPENDIX B: gyy, FROM SU(2) AND ChPT

It is worth mentioning that in the context of zN
interaction, it is more common to utilize the Lagrangian
within the SU(2) framework, the LO Lagrangian is
given by

££m), —‘f‘(lD mN+ 2 (B1)

where g, represents the nucleon axial-vector coupling
constant in the chiral limit and is related to the SU(3)
LECs via g4 = D + F. At the NLO,

[IJ(TA), = Tr(y,)PY - —Tr(uﬂub)(‘i’D"D”‘P +H.c.)
4m?,
C3 — Cq = b
+ 7Tr(uﬂuﬂ)‘I"P - Z‘Py"y [y u,|¥
= 1
+estly, - Ewg} v

(B2)

vl ]

which contains seven LECs ¢; [66-69], the first four of
which are determined in Refs. [63,64] as (in units of
GeV7h,

¢, = —0.74 £ 0.02,
3 = —3.61 £0.05,

¢, = 1.81 £0.03,

¢y =2.17£0.03. (B3)
By utilizing the Eqgs. (B1) and (B2) and the above LECs, we

obtain the following results through the s-channel matching
as detailed in Sec. IIT A:

Wve = 27103 9}3%‘3; = 1255353,
NN = 1225313 (B4)

Notice that here for consistency with the c; values, we take
F, =922 MeV and g4, = 1.2723 used in Refs. [63,64],
larger than the value used in the main text. Meanwhile,
from matching the ¢/u-channel amplitudes, we find
mpy>U? = 586138 MeV. The gfo@ value given above is
close to the real part of the coupling defined as the residue
of the zz — NN amplitude at the f,(500) pole obtained in
Ref. [70], which is 12.1 + 1.4.

As per Table I, the ¢gRHC central value calculated
using the ChPT NLO Lagrangian within the SU(2) frame-
work deviates from its value within the SU(3) framework.
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FIG. 9. The contact term amplitudes of the NN — 7z process
derived from the SU(2) and SU(3) chiral Lagrangians using
the central values of LECs determined in Refs. [48,63,64],
respectively.

In Fig. 9, we show a comparison of the S-wave tree-level
amplitudes of the contact terms for the NN — 7z process
from the SU(3) chiral Lagrangian with that from the SU(2)
chiral Lagrangian, the LECs of which are taken from
Refs. [48] and [63,64], respectively. One sees a clear
deviation. We have checked that the deviation from the
SU(2) result would be larger if we use the central values of
the SU(3) LECs determined by other groups [47,71-73].

Nevertheless, the values of gyy, and gNN( ) from RHC

B(A4) B(A2)

contributions agree within uncertainties. One notices that
Refs. [48,63,64] considered different experimental and
lattice datasets.

APPENDIX C: THE CROSSING RELATION

Based on the crossing symmetry, we can establish a
relation between the s-channel helicity amplitude of
BB — BB and the t-channel helicity amplitude of BB —
BB or the u-channel helicity amplitude of BB — BB.
Using crossing symmetry relations for systems with spin
[43,74,75],ll the amplitude for the #-channel process of
BB — BB via the correlated zz intermediate state with
IJ = 00 can be expressed as

Mtchanne/lm_)B(%) (/1) (Z,S)
1

1 1
Z /1,1/ C(] ,1,1/ az)di ( )didg(ad

S- h nnel
M @) a’)eB(/l’)[B(/lg),O(s)’

(C1)
where a; represents the Wigner rotation angles correspond-
ing to the Lorentz transformation from the s-channel c.m.
frame to the f-channel c.m. frame, and the subscript O
signifies that the zz of either the #-channel process or the
s-channel process forms an isoscalar S-wave. Considering
that the crossing relation, Eq. (C1), is solely dependent on
the particles of the external lines, the same relation is
applicable regardless of whether there is a o exchange or a
correlated zz exchange, namely,

B(A}) B(A5)
ot oo, 1 1 1 1 L
J=00mi imo = Zdilxl (1)d3, \, (a2)d3 , (@3)d, , (a) :r L ’ (C2)
R il Y 7
/'/.\ ‘ _ -t
B(A;) B(A,) Bz =9 By
B(A,) B(1,) B B
1 3
1
o > d; (a1)d3, y, (a2)d3 , (a3)d3 , (o) o (3)
X,
B(ls) B(L) ) B

We then obtain

"In the context of crossing relation, for a t-channel process of B(p;) + B(p,) — B(p3) + B(p,), as illustrated in Fig. 6, s refers to

(p1 — p3)?* while t refers to (p; + p,)>.
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B(A;) B(1,) B(h) B(4,)
=00 :-n-:f- ; ?7_1. - o
/'/‘."\\
B(ts) Bt By) B(14)

1 1
A VA (a2)d>2\3Ag (O‘?’)di,\g(o“l)

- Z d)\l)\’

B(11) B(A5)  B(AY) B(/5)

Bz =9 By By B(1%)

Since our goal is to ensure that the amplitude of the correlated zz exchange with /J = 00 and that of the o exchange are
approximately the same for the #-channel process of BB — BB within the z-channel physical region, i.e., t > 4m%, we
require the corresponding s-channel amplitudes of BB — BB to approximate each other as well as possible, i.e.,

MOBE [B[H;(s)

when s € [4m3 —

MDR

(C5)

BB—BB, o(s)

t,0]. The u-channel process mirrors this exactly.
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