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We revisit the evolution of generalized parton distributions at the leading order in the strong coupling
constant αs for all of the twist-2 quark and gluon operators. We rederive the relevant one-loop evolution
kernels, expressing them in a form suitable for implementation, and check analytically that some basic
properties, such as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi/Efremov-Radyushkin-Brodsky-Lepage limits
and polynomiality conservation, are fulfilled. We also present a number of numerical results obtained with a
public implementation of the evolution in the library APFEL++ and available within the PARTONS framework.
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I. INTRODUCTION

Generalized parton distributions (GPDs) were intro-
duced more than two decades ago as a natural generaliza-
tion of parton distribution functions (PDFs) [1–6] (see also
Refs. [7–12] for comprehensive reviews). While PDFs are
typically accessed through inclusive processes, such as
deep-inelastic lepton-hadron scattering, GPDs emerge from
the factorization of deeply virtual exclusive processes, with
deeply virtual Compton scattering (DVCS) being the
golden channel [2,3,5]. In the DVCS amplitudes, GPDs
are encoded in Compton form factors (CFFs) through their
convolution over the longitudinal partonic momentum
fraction x with known perturbative kernels [13–17].
GPDs provide a 1þ 2-dimensional picture of the

partonic structure of hadrons related to both the
longitudinal-momentum and the transverse-spatial distri-
bution of partons [18]. Furthermore, the second Mellin
moments of unpolarized GPDs give access to the so-called
Ji spin sum rule [2] and the D-term, which encode
information on the mechanical properties of hadrons

[19–23]. In general, GPDs contain a wealth of information
on hadron structure that has led the upcoming Electron-Ion
Collider (EIC) [24] and the JLab22 upgrade [25] to make
the study of GPDs a cornerstone of their research programs.
However, the phenomenological study of GPDs

presents us with many challenges. One of the primary
hurdles in extracting meaningful information from
experimental data lies in the intricate structure of the
factorization theorems, which renders the analysis of
GPDs considerably more difficult than that of PDFs. A
pivotal aspect in the exploration of GPDs concerns the
ability to disentangle their dependence on both the partonic
longitudinal-momentum fraction x and the skewness ξ.
This task proved exceptionally challenging in that the
convolution of GPDs with the partonic cross sections
involved in the computation of CFFs intertwines these
variables, preventing a straightforward separation. The
longstanding belief that evolution effects may help achieve
this separation was finally disproven in Ref. [26], where the
concept of “shadow” GPDs, i.e., GPDs having an arbitrary
small imprint on CFFs, was introduced. However, more
recently, Ref. [27] revived this debate. Nonetheless, it is
broadly accepted that a solid extraction of GPDs should not
only rely on DVCS data but rather on a simultaneous
analysis of different processes, as routinely done for PDFs.
This underscores the rationale behind the substantial

efforts invested in recent years to derive the perturbative
structure of both the CFFs and the evolution kernels
governing the evolution of GPDs [13–17,28,29–36].
This pursuit has driven extensive investigations into the
computation of higher-order results, primarily employing
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conformal-space techniques. This approach not only
enhances computational efficiency, but also offers an
independent alternative to the more traditional Feynman-
diagram-based methods.
On the phenomenological side, comparatively much

less effort has been devoted to developing GPD evolution
codes. The first leading-order (LO) momentum-space
evolution code was developed by Vinnikov and presented
in Ref. [37]. However, the only surviving public version of
this code is available only through PARTONS [38]. Freund
and McDermott [39] implemented a version of GPD
evolution specifically tailored for DVCS at next-to-LO
(NLO) accuracy. However, the code is not fully open source
and cannot be easily obtained. On the other hand, a public
open-source implementation of GPD evolution in con-
formal space at NLO also exists [28,40,41].
All codes mentioned above are typically able to evolve

only specific models or class of parametrizations and can
thus hardly be used out of the box with arbitrary input
GPDs. This is a significant shortcoming in view of a
possible extraction of GPDs from experimental data based
on flexible parametrizations. Another disadvantage of these
codes is that none of them includes heavy-flavor threshold
crossing. This is a limitation because much of the current
experimental data lie significantly above the charm thresh-
old and, all the more so, the future EIC will deliver data that
will require charm and bottom to be treated as active
flavors. It is therefore clear that the lack of open-source
public codes to perform GPD evolution in momentum
space without any assumption on the initial-scale model is
now becoming a bottleneck.
With this work, we aim to provide a fully open-source

implementation for all of the twist-2 GPD evolution
equations in momentum space with no a priori assumptions
on the input models and allowing for heavy-flavor thresh-
old crossing. We extend the work of Ref. [42], devoted to
the one-loop evolution of unpolarized GPDs, recomputing
and implementing the evolution kernels for longitudinally
polarized quarks and gluons and for transversely polarized
quarks and circularly polarized gluons. These quantities
had already been computed (see, e.g., Refs. [7,43]), but a
numerical implementation only exists for longitudinally
polarized partons [37] (with the limitations discussed
above) and was absent so far for transversely polarized
quarks and circularly polarized gluons. The implementa-
tion of the full set of twist-2 evolution equations is made
public through the code APFEL++ [44,45] and available
within the numerical framework PARTONS [38].
The paper is organized as follows. In Sec. II, we give a

brief overview of definitions and conventions on both the
structure of GPDs and their evolution equations. The
explicit form of the leading-order kernels is given in
Sec. III and presented in a form that is well suited for
numerical implementation. In the same section, we also
discuss some relevant properties of the kernels. In Sec. IV,

we present some numerical results of our implementation,
and finally in Sec. V, we draw some conclusions.

II. DEFINITIONS

Let us first start with a summary of our notation. We will
denote scalar products as aμbμ ≡ ðabÞ. We introduce two
light-cone vectors, n and n̄, such that n2 ¼ n̄2 ¼ 0 and
ðn̄nÞ ¼ 1. We parametrize the transverse space to n and n̄ in
terms of two vectors R and L that satisfy the normalization
conditions1

ðRRÞ ¼ ðLLÞ ¼ ðRnÞ ¼ ðLnÞ ¼ ðRn̄Þ ¼ ðLn̄Þ ¼ 0;

ðRLÞ ¼ −1: ð2Þ

In addition, we will use the shorthand notation: vþ ¼ ðvnÞ,
v− ¼ ðvn̄Þ, vR ¼ ðvRÞ, and vL ¼ ðvLÞ throughout.
The bare quark and gluon GPD correlators associated

with the hadron H are defined in terms of off-forward
matrix elements of the collinear operators as follows (see,
e.g., Ref. [8] for basic definitions):

F̂ij
q←Hðx;ξ; tÞ¼

Z
dz
2π

e−ixPþz
�
PþΔ

2
;Λ0

����q̄j
�
zn
2

�

×W
�
zn
2
;−

zn
2

�
qi
�
−
zn
2

�����P−
Δ
2
;Λ

�
;

F̂μν
g←Hðx;ξ; tÞ¼

Z
dz
2π

e−ixPþz

xPþ

�
PþΔ

2
;Λ0

����Fμþ
a

�
zn
2

�

×Wab

�
zn
2
;−

zn
2

�
Fνþ
b

�
−
zn
2

�����P−
Δ
2
;Λ

�
;

ð3Þ

where ξ ¼ −Δþ=ð2PþÞ, t ¼ Δ2, and W is the Wilson line
defined as

W½yn;wn�

¼Pexp

	
−igðw−yÞnνTc

Z
1

0

dsAc
νðswnþð1− sÞynÞ



;

ð4Þ

where P denotes the path ordering. The representation of
the color-group generators Tc is the fundamental one in the
quark case and the adjoint one in the gluon case. In the
hadronic states, Λ and Λ0 denote the helicity states
of the incoming and outgoing hadron H, respectively.

1An explicit parametrization of all these vectors is

nμ ¼ 1ffiffiffi
2

p ð1; 0; 0;−1Þ; n̄μ ¼ 1ffiffiffi
2

p ð1; 0; 0; 1Þ;

Rμ ¼ −
1ffiffiffi
2

p ð0; 1; i; 0Þ; Lμ ¼ −
1ffiffiffi
2

p ð0; 1;−i; 0Þ: ð1Þ

VALERIO BERTONE et al. PHYS. REV. D 109, 034023 (2024)

034023-2



The relation between the spin vector S and the helicityΛ for
a state of momentum p and mass M is given by

Sμ ¼ Λ
pþn̄μ − p−nμ

M
− SRLμ − SLRμ: ð5Þ

At twist-2, three relevant projections are to be considered
for both quarks and gluons: unpolarized, longitudinally
polarized, and transversely (quark)/circularly (gluon) polar-
ized. For the quark operator, the three cases are projected
out as follows:

F̂½Γ�
q←Hðx; ξ; tÞ ¼

1

2
Tr

�
F̂q←Hðx; ξ; tÞΓ

�
; ð6Þ

with

Γ∈ fn; nγ5; inβσαβγ5g: ð7Þ

In the gluon case, the projection is instead defined as

F̂½Γ�
g←Hðx; ξ; tÞ ¼ ΓμνF̂

μν
g←Hðx; ξ; tÞ; ð8Þ

where the tensor Γμν is to be selected among the following
structures:

Γμν ∈ f−gμνT ≡ −ðgμν − nμn̄ν − n̄μnνÞ;
−iεμνT ≡ −iεαβμνn̄αnβ;−RμRν − LμLνg; ð9Þ

where we use the convention ε12T ≡ n̄αnβεαβ12 ¼ þ1.
The evolution kernels do not depend on the specific

external states and therefore they are independent of how
the correlators F̂f←H are parametrized in terms of the single
scalar GPDs. In principle, one could study the evolution
equations in position space [46], where the independence of
the external states is made transparent. This observation
also implies that evolution equations for transition GPDs
[9,47] are identical to those for standard (flavor diago-
nal) GPDs.
The goal of this work is the evaluation of the one-loop

(leading-order) evolution kernels in momentum space for
all of the three twist-2 GPD correlators introduced above.
Although these quantities are already known in the liter-
ature,2 we aim to achieve an efficient numerical imple-
mentation and to lay the foundations for a systematic
Feynman-graph approach to the computation. For this
reason, we choose to work in light-cone gauge, which
allows us to consider a significantly smaller number of
diagrams. The light-cone gauge is obtained by enforcing
the following condition on the gluon field:

Acþ ¼ 0: ð10Þ

It is well known that in light-cone gauges the condition
above is not enough to completely fix the gauge [48].
Indeed, the transverse components of the gauge field at
light-cone infinity are left unconstrained by Eq. (10).
However, in the context of GPDs, the specific boundary
condition on these transverse components is irrelevant.
Indeed, the gauge link (Wilson line) runs along the light-
cone direction and all operators are compact, thus shielding
the GPDs from being sensitive to the boundary conditions
at light-cone infinity.
A complication of working in light-cone gauges is that

the gluon propagator has a more convoluted structure
that reads

DμνðkÞ¼ idμνðkÞ
k2þ i0

; dμνðkÞ¼−gμνþkμnνþkνnμ

ðnkÞreg
: ð11Þ

The subscript “reg.” indicates that the linear propagator
ðnkÞ−1, which gives rise to the so-called rapidity diver-
gences, has to be regularized. These spurious divergences,
which are present in single diagrams, cancel out when
summing over all diagrams, so that the regulator can
eventually be safely removed. However, at one loop the
cancellation of the rapidity divergences is apparent and we
find it unnecessary to specify a particular regularization
procedure.
The GPD correlators defined in Eq. (3) require UV

renormalization. Using dimensional regularization in d ¼
4 − 2ε dimensions and the modified minimal subtraction
(MS) renormalization scheme, GPDs are renormalized in a
multiplicative fashion by means of a set of renormalization
constants Z as follows:

F½Γ�
f←Hðx; ξ; t; μÞ

¼
X
f0

Z
1

−1

dy
jyjZ

½Γ�
f=f0

�
x
y
;
ξ

x
; ε; αs

�
F̂½Γ�
f0←Hðx; ξ; t; εÞ;

Γ ¼ U;L; T; ð12Þ

where U, L, and T stand for unpolarized, longitudinally
polarized, and transversely/circularly polarized projections,
respectively.3 In addition, the sums over f0 and/or f00 run
over active partons. The corresponding evolution equations
for the renormalized GPDs take the general form [42]

2For example, a list of all relevant one-loop kernels in position
space and their transformation in momentum space can be found
in Ref. [46].

3Here and in the following we refer to transversely/circularly
polarized GPDs with the index T, implicitly understanding
transversely polarized quark GPDs and circularly polarized gluon
GPDs.
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∂F½Γ�
f←Hðx; ξ; t; μÞ
∂ ln μ2

¼
X
f0

Z
1

−1

dz
jzjP

½Γ�
f=f0

�
x
z
;
ξ

x
; αsðμÞ

�
F½Γ�
f0←Hðz; ξ; t; μÞ: ð13Þ

The evolution kernel P is related to the renormalization constants as

P½Γ�
f=f0

�
x
z
;
ξ

x
; αsðμÞ

�
¼ lim

ε→0

X
f00

Z
1

−1

dy
jyj

�
∂

∂ ln μ2
Z½Γ�
f=f00

�
x
y
;
ξ

x
; αs; ε

���
Z½Γ�
f00=f0

�
−1
�
y
z
;
ξ

y
; αs; ε

�
: ð14Þ

The MS renormalization constants Z can depend on the renormalization scale μ only through the strong coupling αs.
Therefore, defining as ¼ αs=ð4πÞ, we have that

∂

∂ ln μ2
Z½Γ�
f=f00

�
x
y
;
ξ

x
; αs; ε

�
¼ ∂as

∂ ln μ2
∂

∂as
Z½Γ�
f=f00

�
x
y
;
ξ

x
; αs; ε

�

¼ ð−εas þ βðasÞÞ
∂

∂as

X
n¼1

Xn
p¼1

ans
εp

Z½Γ�;½n;p�
f=f00

�
x
y
;
ξ

x

�

¼
�
−εþ βðasÞ

as

�X
n¼1

Xn
p¼1

nans
εp

Z½Γ�;½n;p�
f=f00

�
x
y
;
ξ

x

�
: ð15Þ

Expanding the evolution kernel in powers of as,

P½Γ�
f=f0

�
x
y
;
ξ

x
;αs

�
¼ as

X
n¼0

ansP
½Γ�;½n�
f=f0

�
x
y
;
ξ

x

�
; ð16Þ

at LO we immediately obtain

P½Γ�;½0�
f=f0

�
x
y
;
ξ

x

�
¼ −Z½Γ�;½1;1�

f=f0

�
x
y
;
ξ

x

�
: ð17Þ

Since the renormalization constants are universal and
independent of the external states, we can compute them
perturbatively using the parton-in-parton GPDs, which are
defined from the hadronic GPDs by replacing the external

hadronic states with on shell free partonic states [42].
Expanding the bare and renormalized parton-in-parton
GPDs in powers of as,

F̂½Γ�
f←f0 ðx; ξ; εÞ ¼

X
n¼0

ans F̂
½Γ�;½n�
f←f0 ðx; ξ; εÞ;

F½Γ�
f←f0 ðx; ξ; μÞ ¼

X
n¼0

ansF
½Γ�;½n�
f←f0 ðx; ξ; μÞ; ð18Þ

we can derive the renormalization constants by plugging
these expansions into Eq. (12) and requiring that the
renormalized GPDs be finite order by order in as. This
eventually produces the iterative set of equations

F½Γ�;½n�
f←f0 ðx; ξ; μÞ ¼ lim

ε→0

X
f00

Z
1

−1

dy
jyj

Xn
q¼0

Xq
k¼1

1

εk
Z½Γ�;½q;k�
f=f00

�
x
y
;
ξ

x

�
F̂½Γ�;½n−q�
f00←f0 ðy; ξ; εÞ: ð19Þ

The coefficients Z½Γ�;½q;k�
f=f00 are obtained by matching the UV

divergences produced by the diagrammatic calculation of

F̂½Γ�;½n−q�
f00←f0 in a way that F½Γ�;½n�

f←f0 are all finite.

III. ANALYTIC RESULTS

As discussed above, the evolution kernels derive
from the renormalization of the parton-in-parton GPDs
and only depend on the operator involved in their

definition. As a consequence, the unpolarized GPDs
H and E share the same evolution kernels and so do

the longitudinally polarized GPDs H̃ and Ẽ and the full
set of transversely/circularly polarized GPDs HT , ET ,

H̃T , and ẼT .
The general form of the one-loop evolution kernels for

each of these three classes of GPDs can be presented as
follows:
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P½Γ�;½0�
i=k

�
x;
ξ

x

�
¼ θð1 − xÞ

�
θðxþ ξÞpΓ

i=k

�
x;
ξ

x

�
þ θðx − ξÞpΓ

i=k

�
x;−

ξ

x

��

þ 2δikδð1 − xÞCi

�
Ki þ ln

����1 − ξ2

x2

���� − 2

Z
1

0

dz
1 − z

�
; ð20Þ

where the θ function is normalized such that θð0Þ ¼ 1.
The constants Ki and Ci are the same for all polarizations Γ
and read

Kq ¼
3

2
; Kg ¼

11

6
−
2nf
3

TR

CA
; ð21Þ

with Cq ¼ CF and Cg ¼ CA. Conversely, the functions
pΓ
i=k are different for each polarization. Those associated

with the unpolarized GPDs H and E have already been
presented in Ref. [42], but we report them here for
completeness,

pU
q=q

�
x;
ξ

x

�
¼ CF

ðxþ ξÞð1 − xþ 2ξÞ
ξð1þ ξÞð1 − xÞ ; ð22Þ

pU
q=g

�
x;
ξ

x

�
¼ TR

ðxþ ξÞð1 − 2xþ ξÞ
ξð1þ ξÞð1 − ξ2Þ ; ð23Þ

pU
g=q

�
x;
ξ

x

�
¼ CF

ðxþ ξÞð2 − xþ ξÞ
xξð1þ ξÞ ; ð24Þ

pU
g=g

�
x;
ξ

x

�
¼−CA

x2−ξ2

xξð1−ξ2Þ
�
1−

2ξ

1−x
−

2ð1þx2Þ
ðx−ξÞð1þξÞ

�
:

ð25Þ

In the longitudinally polarized case, instead, they read

pL
q=q

�
x;
ξ

x

�
¼ CF

ðxþ ξÞð1 − xþ 2ξÞ
ξð1þ ξÞð1 − xÞ ; ð26Þ

pL
q=g

�
x;
ξ

x

�
¼ −TR

xþ ξ

ξð1þ ξÞ2 ; ð27Þ

pL
g=q

�
x;
ξ

x

�
¼ CF

ðxþ ξÞ2
xξð1þ ξÞ ; ð28Þ

pL
g=g

�
x;
ξ

x

�
¼ CAðξþ xÞð−ξ2ð2ξþ 1Þ þ ξþ ðξ − 3Þx2 þ ðξ2 þ 3ÞxÞ

ð1 − ξ2Þξð1þ ξÞð1 − xÞx ; ð29Þ

while in the transversely/circularly polarized case, they
read

pT
q=q

�
x;
ξ

x

�
¼ 2CF

xþ ξ

ð1þ ξÞð1 − xÞ ; ð30Þ

pT
q=g

�
x;
ξ

x

�
¼ pT

g=q

�
x;
ξ

x

�
¼ 0; ð31Þ

pT
g=g

�
x;
ξ

x

�
¼ 2CA

ðxþ ξÞ2
ð1þ ξÞ2ð1 − xÞx : ð32Þ

It is interesting to observe that in the transversely/circularly
polarized case, due to the fact that the off-diagonal
functions pT

q=g and pT
g=q are identically zero, transversely

polarized quark GPDs and circularly polarized gluon GPDs
do not couple under evolution. More details on the
computation of the functions above can be found in the
Appendix.

Defining appropriate GPD combinations allows for a
partial diagonalization of the splitting matrix that is best
suited for numerical implementations. At LO, these com-
binations are the nonsinglet

F½Γ�;− ¼
Xnf
q¼1

F½Γ�
q←H − F½Γ�

q̄←H ð33Þ

and the singlet

F½Γ�;þ ¼
�Pnf

q¼1 F
½Γ�
q←H þ F½Γ�

q̄←H

F½Γ�
g←H

�
; ð34Þ

where nf is the number of active quark flavors

and F½U�
i←H ¼ Hi←H; Ei←H, F½L�

i←H ¼ H̃i←H; Ẽi←H, F½T�
i←H ¼

HT;i←H; ET;i←H; H̃T;i←H; ẼT;i←H with i ¼ q, g. In addition,
we have defined antiquark GPDs using the charge-
conjugation symmetry relations,
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F½Γ�
q̄←Hðx; ξ; t; μÞ ¼∓ F½Γ�

q←Hð−x; ξ; t; μÞ; F½Γ�
g←Hðx; ξ; t; μÞ ¼∓ F½Γ�

g←Hð−x; ξ; t; μÞ; ð35Þ
where the upper sign applies to the unpolarized and transversely/circularly polarized cases (Γ ¼ U, T), while the lower sign
applies to the longitudinally polarized case (Γ ¼ L). Nonsinglet and singlet GPD combinations obey their own decoupled
evolution equations that at one loop read

∂F½Γ�;�ðx; ξ; t; μÞ
∂ ln μ2

¼ αsðμÞ
4π

Z
∞

x

dy
y
P½Γ�;�;½0�ðy; κÞF½Γ�;�

�
x
y
; ξ; t; μ

�
; ð36Þ

with κ ¼ ξ=x. The evolution kernels P can be decomposed as

P½Γ�;�;½0�ðy; κÞ ¼ θð1 − yÞP½Γ�;�;½0�
1 ðy; κÞ þ θðκ − 1ÞP½Γ�;�;½0�

2 ðy; κÞ; ð37Þ

with the nonsinglet combinations given by

P½Γ�;−;½0�
1 ðy; κÞ ¼ pΓ

q=qðy; κÞ þ pΓ
q=qðy;−κÞ þ δð1 − yÞ2Cq

�
Kq − 2

Z
1

0

dz
1 − z

− ln j1 − κ2j
�
;

P½Γ�;−;½0�
2 ðy; κÞ ¼ −pΓ

q=qðy;−κÞ � pΓ
q=qð−y;−κÞ; ð38Þ

and the singlet combinations given by

P½Γ�;þ;½0�
1;ik ðy; κÞ ¼ pΓ

i=kðy; κÞ þ pΓ
i=kðy;−κÞ þ δikδð1 − yÞ2Ci

�
Ki − 2

Z
1

0

dz
1 − z

− ln j1 − κ2j
�
;

P½Γ�;þ;½0�
2;ik ðy; κÞ ¼ −pΓ

i=kðy;−κÞ ∓ pΓ
i=kð−y;−κÞ; ð39Þ

where again the upper sign refers to unpolarized and transversely/circularly polarized distributions (Γ ¼ U, T), while the
lower sign refers to the longitudinally polarized ones (Γ ¼ L). Explicit expressions for the one-loop unpolarized splitting
kernels in this notation can be found in Ref. [42], but we report them here for completeness,

8>><
>>:

P½U�;−;½0�
1 ðy; κÞ ¼ 2CF

n�
2

1−y


þ
− 1þy

1−κ2y2 þ δð1 − yÞ½Kq − lnðj1 − κ2jÞ�
o
;

P½U�;−;½0�
2 ðy; κÞ ¼ 2CF

�
1þð1þκÞyþð1þκ−κ2Þy2

ð1þyÞð1−κ2y2Þ −
�

1
1−y


þþ

�
;

8>><
>>:

P½U�;þ;½0�
1;qq ðy; κÞ ¼ P−;½0�

1 ðy; κÞ;

P½U�;þ;½0�
2;qq ðy; κÞ ¼ 2CF

�
1þyþκyþκ3y2

κð1þyÞð1−κ2y2Þ −
�

1
1−y


þþ

�
;

8>><
>>:

P½U�;þ;½0�
1;qg ðy; κÞ ¼ 4nfTR

�
y2þð1−yÞ2−κ2y2

ð1−κ2y2Þ2

�
;

P½U�;þ;½0�
2;qg ðy; κÞ ¼ 4nfTRð1 − κÞ

�
1−κðκþ2Þy2
κð1−κ2y2Þ2

�
;

8>><
>>:

P½U�;þ;½0�
1;gq ðy; κÞ ¼ 2CF

�
1þð1−yÞ2−κ2y2

yð1−κ2y2Þ

�
;

P½U�;þ;½0�
2;gq ðy; κÞ ¼ −2CF

ð1−κÞ2
κð1−κ2y2Þ ;8>><

>>:
P½U�;þ;½0�

1;gg ðy; κÞ ¼ 4CA

��
1

1−y


þ
− 1þκ2y

1−κ2y2 þ 1
ð1−κ2y2Þ2

�
1−y
y þ yð1 − yÞ


þ δð1 − yÞ Kg−lnðj1−κ2jÞ

2

�
;

P½U�;þ;½0�
2;gg ðy; κÞ ¼ 2CA

�
2ð1−κÞð1þy2Þ
ð1−κ2y2Þ2 þ κ2ð1þyÞ

1−κ2y2 þ 1−κ2
1−κ2y2

�
2 − 1

κ −
1

1þy


−
�

1
1−y


þþ

�
:

ð40Þ
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The longitudinally polarized ones read

8>><
>>:

P½L�;−;½0�
1 ðy; κÞ ¼ 2CF

��
2

1−y


þ
− 1þy

1−κ2y2 þ δð1 − yÞ½Kq − ln ðj1 − κ2jÞ�
�
;

P½L�;−;½0�
2 ðy; κÞ ¼ 2CF

�
1þyþκyþκ3y2

κð1þyÞð1−κ2y2Þ −
�

1
1−y


þþ

�
;

8>><
>>:

P½L�;þ;½0�
1;qq ðy; κÞ ¼ P½L�;−;½0�

1 ðy; κÞ;

P½L�;þ;½0�
2;qq ðy; κÞ ¼ 2CF

�
1þð1þκÞyþð1þκ−κ2Þy2

ð1þyÞð1−κ2y2Þ −
�

1
1−y


þþ

�
;

8>><
>>:

P½L�;þ;½0�
1;qg ðy; κÞ ¼ 4nfTR

�
2y−1−κ2y2
ð1−κ2y2Þ2

�
;

P½L�;þ;½0�
2;qg ðy; κÞ ¼ −8nfTRð1 − κÞ

�
y

ð1−κ2y2Þ2

�
;

8>><
>>:

P½L�;þ;½0�
1;gq ðy; κÞ ¼ 2CF

�
2−y−κ2y
1−κ2y2

�
;

P½L�;þ;½0�
2;gq ðy; κÞ ¼ 2CFð1 − κÞ2 y

1−κ2y2 ;8>><
>>:

P½L�;þ;½0�
1;gg ðy; κÞ ¼ 4CA

��
1

1−y


þ
þ ð1−κ2yÞð1−2y−κ2y2Þ

ð1−κ2y2Þ2 þ δð1 − yÞ Kg−lnðj1−κ2jÞ
2

�
;

P½L�;þ;½0�
2;gg ðy; κÞ ¼ 2CA

�
ð2yþ1Þ2−4κyðyþ1Þþ2κ2y−κ4y3ðyþ2Þ

ð1þyÞð1−κ2y2Þ2 −
�

1
1−y


þþ

�
;

ð41Þ

while the (nonzero) transversely polarized ones read

8>><
>>:

P½T�;−;½0�
1 ðy; κÞ ¼ 2CF

��
2

1−y


þ
− 2

1−κ2y2 þ δð1 − yÞ½Kq − lnðj1 − κ2jÞ�
�
;

P½T�;−;½0�
2 ðy; κÞ ¼ 2CF

�
1þ2κyþκð2−κÞy2
ð1þyÞð1−κ2y2Þ −

�
1

1−y


þþ

�
;

8>><
>>:

P½T�;þ;½0�
1;qq ðy; κÞ ¼ P½T�;−;½0�

1 ðy; κÞ;

P½T�;þ;½0�
2;qq ðy; κÞ ¼ 2CF

�
1þ2yþκ2y2

ð1þyÞð1−κ2y2Þ −
�

1
1−y


þþ

�
;

8>><
>>:

P½T�;þ;½0�
1;gg ðy; κÞ ¼ 4CA

��
1

1−y


þ
− ð1−κ2yÞð1þκ2y2Þ

ð1−κ2y2Þ2 þ δð1 − yÞ Kg−lnðj1−κ2jÞ
2

�
;

P½T�;þ;½0�
2;gg ðy; κÞ ¼ 2CA

�
1þ2y−4κ2y2ðκ−1Þ−κ3y3ðκyþ4Þþ2κ2y3

ð1þyÞð1−κ2y2Þ2 −
�

1
1−y


þþ

�
:

ð42Þ

The þ distribution (with round brackets) in the expressions above is defined as

Z
1

x
dy

�
1

1 − y

�
þ
fðyÞ ¼

Z
1

x
dy

fðyÞ − fð1Þ
1 − y

þ fð1Þ lnð1 − xÞ; ð43Þ

while the þþ distribution instead is defined as

Z
∞

x
dy

�
1

1 − y

�
þþ

fðyÞ ¼
Z

∞

x

dy
1 − y

�
fðyÞ − fð1Þ

�
1þ θðy − 1Þ 1 − y

y

��
þ fð1Þ lnð1 − xÞ: ð44Þ
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A. DGLAP limit

One of the fundamental requirements of the GPD
evolution kernels is that, in the limit of vanishing ξ, the
well-known Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) splitting functions have to be recovered. This
limit amounts to taking κ → 0 and, given the decom-

position in Eq. (37), it is such that P½Γ�;�;½0�
2 drops, leaving

only the term proportional to P½Γ�;�;½0�
1 . The presence of

θð1 − yÞ in this term reduces the integral in the rhs of
Eq. (36) to a “standard” Mellin convolution, which is
precisely what enters the DGLAP evolution equations.

What is left to verify is that P½Γ�;�;½0�
1 in the limit κ → 0 tend

to the known one-loop DGLAP splitting functions. This
has already been verified in Ref. [42] in the unpolarized
case. Using Eq. (41), for the longitudinally polarized
evolution kernels we find

lim
κ→0

P½L�;−;½0�
1 ðy; κÞ ¼ lim

κ→0
P½L�;þ;½0�

1;qq ðy; κÞ ¼ 2CF

��
2

1 − y

�
þ
− ð1þ yÞ þ δð1 − yÞKq

�
;

lim
κ→0

P½L�;þ;½0�
1;qg ðy; κÞ ¼ 4nfTRð2y − 1Þ;

lim
κ→0

P½L�;þ;½0�
1;gq ðy; κÞ ¼ 2CFð2 − yÞ;

lim
κ→0

P½L�;þ;½0�
1;gg ðy; κÞ ¼ 4CA

��
1

1 − y

�
þ
þ 1 − 2yþ δð1 − yÞKg

2

�
; ð45Þ

which indeed coincide with the corresponding DGLAP splitting functions [49]. For the transversely polarized evolution
kernels, we take the limit for κ → 0 of Eq. (42) and find

lim
κ→0

P½T�;−;½0�
1 ðy; κÞ ¼ lim

κ→0
P½T�;þ;½0�

1;qq ðy; κÞ ¼ 4CF

��
1

1 − y

�
þ
− 1þ δð1 − yÞKq

2

�
;

lim
κ→0

P½T�;þ;½0�
1;gg ðy; κÞ ¼ 4CA

��
1

1 − y

�
þ
− 1þ δð1 − yÞKg

2

�
: ð46Þ

These expressions coincide with those from Refs. [50–52].4

B. ERBL limit

The evolution equations in Eq. (36) can be alternatively written in a form that resembles the Efremov-Radyushkin-
Brodsky-Lepage (ERBL) equation [42,53],

∂F½Γ�;�ðx; ξ; t; μÞ
∂ ln μ2

¼ αsðμÞ
4π

Z
1

−1

dy
jξj V

½Γ�;�;½0�
�
x
ξ
;
y
ξ

�
F½Γ�;�ðy; ξ; t; μÞ; ð47Þ

with

1

jξjV
½Γ�;þ;½0�
ik

�
x
ξ
;
y
ξ

�
¼ 1

y

	
½θðx − ξÞθðy − xÞ − θð−x − ξÞθðx − yÞ�

�
pΓ
ik

�
x
y
;
ξ

x

�
þ pΓ

ik

�
x
y
;−

ξ

x

��

þ θðξ − xÞθðxþ ξÞ
�
θðy − xÞpΓ

ik

�
x
y
;
ξ

x

�
− θðx − yÞpΓ

ik

�
x
y
;−

ξ

x

��


þ δ

�
1 −

x
y

�
δik2Ci

�
Ki þ

Z
x

ξ

dz
z − x

þ
Z

x

−ξ

dz
z − x

�
;

1

jξjV
½Γ�;−;½0�

�
x
ξ
;
y
ξ

�
¼ 1

jξjV
½Γ�;þ;½0�
qq

�
x
ξ
;
y
ξ

�
: ð48Þ

4Note that in Eq. (13) of Ref. [52] the term proportional to the δ function is correct for theΔTP
ð0Þ
qq , while it should be equal toKg in the

case of ΔLP
ð0Þ
gg (see Refs. [50,51]).
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Taking the ξ → 1 limit and performing the changes of variable x ¼ 2v − 1 and y ¼ 2u − 1, the GPD evolution equations
turn into ERBL evolution equations [53] for distribution amplitudes (DAs)

∂Φ½Γ�;�ðv; t; μÞ
∂ ln μ2

¼ αsðμÞ
4π

Z
1

0

duV ½Γ�;�;½0�ðv; uÞΦ½Γ�;�ðu; t; μÞ; ð49Þ

where the DAs Φ½Γ�;� are related to the GPDs through the following identity:

Φ½Γ�;�ðv; t; μÞ ¼ lim
ξ→1

F½Γ�;�ð2v − 1; ξ; t; μÞ; ð50Þ

and the corresponding evolution kernels are defined as

V ½Γ�;�;½0�ðv; uÞ ¼ lim
ξ→1

1

jξjV
½Γ�;�;½0�

�
2v − 1

ξ
;
2u − 1

ξ

�
: ð51Þ

Their explicit expressions in the unpolarized case are given by

V ½U�;−;½0�ðv; uÞ ¼ Vþ;½0�
qq ðv; uÞ ¼ −CF

�
θðu − vÞ

�
1 − v
u

−
1

u − v

�
þ θðv − uÞ

�
v

1 − u
−

1

v − u

��
þ
;

V ½U�;þ;½0�
qg ðv; uÞ ¼ −2nfTR

2u − 1

2uð1 − uÞ
�
θðu − vÞ vðu − 2vþ 1Þ

u
− θðv − uÞ ð1 − vÞð2v − uÞ

1 − u

�
;

V ½U�;þ;½0�
gq ðv; uÞ ¼ 2CF

2v − 1

�
θðu − vÞ vð2u − vÞ

u
− θðv − uÞ ð1 − vÞðv − 2uþ 1Þ

1 − u

�
;

V ½U�;þ;½0�
gg ðv; uÞ ¼ CA

�
θðu − vÞ ðt

3ð4u − 2Þ − v2ðuþ 2Þð2u − 1Þ þ vð2uðð2u − 3Þuþ 2Þ − 1Þ þ ðu − 1ÞuÞ
ð2v − 1Þðu − 1Þu2

− θðv − uÞ ðv
3ð2 − 4uÞ þ v2ð2u − 1Þðuþ 3Þ − vð2u − 1Þð2u2 þ 1Þ þ ðð4u − 5Þuþ 2ÞuÞ

ð2v − 1Þðu − 1Þ2u

þ
�
θðu − vÞ
u − v

�
þ
þ
�
θðv − uÞ
v − u

�
þ

�
þ δðv − uÞCAKg: ð52Þ

In Ref. [42], it was verified that, at least in the nonsinglet case, these expressions coincide with those present in the
literature. The longitudinally polarized expressions instead read

V ½L�;−;½0�ðv; uÞ ¼ V ½L�;þ;½0�
qq ðv; uÞ ¼ −CF

�
θðu − vÞ

�
1 − v
u

−
1

u − v

�
þ θðv − uÞ

�
v

1 − u
−

1

v − u

��
þ
;

V ½L�;þ;½0�
qg ðv; uÞ ¼ −2nfTR

2u − 1

2

�
θðu − vÞ v

u2
− θðv − uÞ 1 − v

ð1 − uÞ2
�
;

V ½L�;þ;½0�
gq ðv; uÞ ¼ 2CF

2v − 1

�
θðu − vÞ v

2

u
− θðv − uÞ ð1 − vÞ2

1 − u

�
;

V ½L�;þ;½0�
gg ðv; uÞ ¼ CA

�
θðu − vÞ ðv

2ðð6u − 7Þuþ 2Þ − vð1 − 2uÞ2 þ ðu − 1ÞuÞ
ð2v − 1Þðu − 1Þu2

− θðv − uÞ ðv
2ðð5 − 6uÞu − 1Þ þ vð8u2 − 6uþ 1Þ þ uð2 − 3uÞÞ

ð2v − 1Þðu − 1Þ2u

þ
�
θðu − vÞ
u − v

�
þ
þ
�
θðv − uÞ
v − u

�
þ

�
þ δðv − uÞCAKg; ð53Þ

while the transversely/circularly polarized ones are
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V ½T�;−;½0�ðv; uÞ ¼ V ½T�;þ;½0�
qq ðv; uÞ ¼ CF

�
−
θðu − vÞ

u
−
θðv − uÞ
1 − u

þ
�
θðu − vÞ
u − v

�
þ
þ
�
θðv − uÞ
v − u

�
þ

�
þ δðv − uÞCFKq;

V ½T�;þ;½0�
gg ðv; uÞ ¼ CA

�
−2vuþ vþ u

2v − 1

�
θðu − vÞ

u2
−
θðv − uÞ
ð1 − uÞ2

�
þ
�
θðu − vÞ
u − v

�
þ
þ
�
θðv − uÞ
v − u

�
þ

�
þ δðv − uÞCAKg: ð54Þ

The þ-prescription in the expressions above, this time
with square brackets, is defined differently from Eq. (43)
and reads

½fðv; uÞ�þ ¼ fðv; uÞ − δðu − vÞ
Z

1

0

dv fðv; uÞ: ð55Þ

To the best of our knowledge, the one-loop ERBL
kernels for the full set of twist-2 distributions for both
singlet and nonsinglet combinations have not been pre-
sented anywhere.

C. Continuity at x= ξ and spurious divergences

As it can be verified explicitly, all of the P2 functions in
Eqs. (40)–(42) are such that

P½Γ�;�;½0�
2 ðy; kÞ ∝ ð1 − κÞ: ð56Þ

This property ensures that the rhs of Eq. (36) is continuous
at κ ¼ 1, i.e., at the crossover point x ¼ ξ. This is essential
to ensure the continuity of GPDs at the crossover point.
Of course, GPD continuity also requires that the integral

in the rhs of Eq. (36) converges for all values of κ. However,
as it can be seen from Eqs. (40)–(42), all of the single
expressions for P1 and P2 are affected by a spurious pole at
y ¼ 1=κ. For κ ≤ 1, P2 does not contribute to the evolution,
while the pole of P1, that is to be integrated only up to
y ¼ 1, falls outside the integration region. As a conse-
quence, the integral in this region converges. For κ > 1,
both P1 and P2 contribute. As shown in Ref. [42] in the
unpolarized case, it so happens that the coefficients of the
poles at y ¼ 1=κ of P1 and P2 are equal in absolute value
but opposite in sign, such that the singularity cancels out,
leaving a finite result also for κ > 1.
In the following, we will prove that the same cancellation

takes place also for the longitudinally and transversely/
circularly polarized evolution kernels. Having ascertained
that the cancellation needs to happen only for κ > 1, we
concentrate on this region. For each evolution kernel, we
compute the following quantities:

L½L�=½T�;�¼ lim
y→κ−1

P½L�=½T�;�;½0�
1 ðy;κÞþP½L�=½T�;�;½0�

2 ðy;κÞ ð57Þ

and verify that they are finite. In the longitudinally
polarized case, we find

L½L�;− ¼ CF
1 − 5κ2

κð1 − κ2Þ ;

L½L�;þ
qq ¼ CF

3κ2 þ 1

κ2 − 1
;

L½L�;þ
qg ¼ −nfTR;

L½L�;þ
gq ¼ 2CF;

L½L�;þ
gg ¼ CA

1 − 5κ2

1 − κ2
; ð58Þ

while in the transversely/circularly polarized case, we have

L½T�;− ¼ 2CF
κ2 þ 1

κ2 − 1
;

L½T�;þ
qq ¼ 4CF

κ

κ2 − 1
;

L½T�;þ
gg ¼ CA

κðκ − 1Þ
κ þ 1

; ð59Þ

which are indeed all finite for κ > 1, thus guaranteeing that
the evolution at one loop leaves GPDs continuous at the
crossover point x ¼ ξ.

D. Sum rules

In this section, we discuss the sum rules. Specifically, it
can be shown that polynomiality of GPDs implies some
integral constraints of the evolution kernels. Reference [42]
discusses these constraints in the unpolarized case. In the
longitudinally polarized case, the conservation of the first
moment leads to5

Z
1

0

dz
�
P½L�;þ;½0�

1;ij

�
z;

ξ

yz

�
þ ξ

y
P½L�;þ;½0�

2;ij

�
zξ
y
;
1

z

��

¼ constant in ξ; ð60Þ

where the independence of ξ also implies the independence
of y. Indeed, we find

5Note that these constraints apply to all orders in perturbation
theory and not only to the one-loop contribution.
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Z
1

0

dz

�
P½L�;þ;½0�

1;qq

�
z;

ξ

yz

�
þ ξ

y
P½L�;þ;½0�

2;qq

�
zξ
y
;
1

z

��
¼ 0;

Z
1

0

dz

�
P½L�;þ;½0�

1;qg

�
z;

ξ

yz

�
þ ξ

y
P½L�;þ;½0�

2;qg

�
zξ
y
;
1

z

��
¼ 0;

Z
1

0

dz

�
P½L�;þ;½0�

1;gq

�
z;

ξ

yz

�
þ ξ

y
P½L�;þ;½0�

2;gq

�
zξ
y
;
1

z

��
¼ 3CF;

Z
1

0

dz
�
P½L�;þ;½0�

1;gg

�
z;

ξ

yz

�
þ ξ

y
P½L�;þ;½0�

2;gg

�
zξ
y
;
1

z

��

¼ 11CA − 4nfTR

3
: ð61Þ

It is interesting to observe that, in the cases ij ¼ qq; qg,
the integrals above evaluate to zero. This implies that, at

least at one-loop accuracy, the first moment the longi-
tudinally polarized quark GPDs is independent of the
scale μ and can thus be identified with a physical
observable. This is indeed related to the antisymmetric
part of the energy-momentum tensor. It is known that the
antisymmetric form factor is related to the axial form
factor that at one loop does not need renormalization
(see, e.g., Refs. [21,54,55]). The same does not hold for
the gluon part because at the level of the energy-
momentum tensor no antisymmetric and gauge invariant
operator exists. Therefore, the third and fourth integrals
in Eq. (61) are not forced to vanish.
The conservation of the longitudinally polarized second

moment instead implies

Z
1

0

dz z

�
P½L�;−;½0�

1

�
z;

ξ

yz

�
þ ξ2

y2
P½L�;−;½0�

2

�
zξ
y
;
1

z

��
¼ constant in ξ; ð62Þ

and indeed we find

Z
1

0

dz z

�
P½L�;−;½0�

1

�
z;

ξ

yz

�
þ ξ2

y2
P½L�;−;½0�

2

�
zξ
y
;
1

z

��
¼ −

8

3
CF: ð63Þ

In the transversely/circularly polarized case, and accounting for the fact that the qg and gq splitting kernels are identically
zero, the sum rules imply that

Z
1

0

dz

�
P½T�;−;½0�

1

�
z;

ξ

yz

�
þ ξ

y
P½T�;−;½0�

2

�
zξ
y
;
1

z

��
¼ constant in ξ;

Z
1

0

dz z

�
P½T�;þ;½0�

1;qq

�
z;

ξ

yz

�
þ ξ2

y2
P½T�;þ;½0�

2;qq

�
zξ
y
;
1

z

��
¼ constant in ξ;

Z
1

0

dz z

�
P½T�;þ;½0�

1;gg

�
z;

ξ

yz

�
þ ξ2

y2
P½T�;þ;½0�

2;gg

�
zξ
y
;
1

z

��
¼ constant in ξ; ð64Þ

and indeed we find

Z
1

0

dz

�
P½T�;−;½0�

1

�
z;

ξ

yz

�
þ ξ

y
P½T�;−;½0�

2

�
zξ
y
;
1

z

��
¼ −CF;

Z
1

0

dz z

�
P½T�;þ;½0�

1;qq

�
z;

ξ

yz

�
þ ξ2

y2
P½T�;þ;½0�

2;qq

�
zξ
y
;
1

z

��
¼ −3CF;

Z
1

0

dz z

�
P½T�;þ;½0�

1;gg

�
z;

ξ

yz

�
þ ξ2

y2
P½T�;þ;½0�

2;gg

�
zξ
y
;
1

z

��
¼ −

7CA þ 4nfTR

3
: ð65Þ

The fulfilment of the sum rules provides a strong check of the correctness of the evolution kernels derived here.

E. Conservation of polynomiality

In this section, we prove analytically that GPD polynomiality is conserved by the evolution. The proof presented below is
limited to the unpolarized nonsinglet quark GPD, but a similar demonstration can be given also for the other cases. The
polynomiality property reads

Z
1

−1
dx x2nF½U�;−ðx; ξ; t; μÞ ¼

Xn
k¼0

AðnÞ
k ðt; μÞξ2k: ð66Þ
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Using Eq. (47), one finds

Xn
k¼0

∂AðnÞ
k ðt;μÞ
∂lnμ2

ξ2k

¼αsðμÞ
4π

Z
1

−1
dy

�Z
1

−1

dx
jξjx

2nV ½U�;−;½0�
�
x
ξ
;
y
ξ

��
F½U�;−ðy;ξ;t;μÞ:

ð67Þ

In order for this equality to be fulfilled, the following
identity has to hold:

Z
1

−1

dx
jξj x

2nV ½U�;−;½0�
�
x
ξ
;
y
ξ

�
¼ V ½U�;−;½0�

n y2n; ð68Þ

where V ½U�;−;½0�
n is a constant to be evaluated. The integral in

the lhs of the equation above can be computed using the
results in Appendix C of Ref. [42], thus proving that the
equality in Eq. (68) is indeed true with

V ½U�;−;½0�
n ¼ 2CF

�
3

2
þ 1

ðnþ 1Þðnþ 2Þ − 2
Xnþ1

k¼1

1

k

�
: ð69Þ

Interestingly, this allows us to derive evolution equations

for the coefficients AðnÞ
k that read

∂AðnÞ
k ðt; μÞ
∂ ln μ2

¼ αsðμÞ
4π

V ½U�;−;½0�
n AðnÞ

k ðt; μÞ ð70Þ

and that admit the solution

AðnÞ
k ðt; μÞ ¼ exp

�
V ½U�;−;½0�
n

4π

Z
μ

μ0

d ln μ02αsðμ0Þ
�
AðnÞ
k ðt; μ0Þ:

ð71Þ

IV. NUMERICAL RESULTS

Having presented the expression for the evolution
kernels in Sec. III, we are now in a position to implement
them in the numerical code APFEL++ [44,45].
To showcase the effect of the evolution, we have

used as a set of initial-scale GPDs the realistic model of
Refs. [56–58], referred to as the Goloskokov-Kroll (GK)
model, as implemented in PARTONS [38]. For the unpolar-
ized evolution, we selected the GPDs H, in the longitu-
dinally polarized case we instead used H̃, while in the
transversely/circularly polarized case we used HT . Since
the GK model does not provide a circularly polarized gluon
GPD, we used the unpolarized Hg as a proxy to test the
evolution. Since the evolution of the circularly polarized
gluon GPD is completely decoupled, no spurious effects
are introduced in the evolution of the transversely polarized
quark distributions that also evolve independently. GPDs
are evolved from μ0 ¼ 2 to μ ¼ 10 GeV in the variable-
flavor-number scheme (VFNS), i.e., allowing for heavy-
flavor threshold crossing, with charm and bottom
thresholds set to mc ¼ 2.1 and mb ¼ 4.75 GeV, respec-
tively.6 The strong coupling is consistently evolved at LO in
the VFNS using αsðMZÞ ¼ 0.118 as a boundary condition.
We set the value of the momentum transfer squared, which
does not directly participate in the evolution, to t ¼
−0.1 GeV2 throughout.
Figures 1–3 show the effect on GPDs of unpolarized,

longitudinally polarized, and transversely/circularly polar-
ized evolutions, respectively. GPDs are displayed as func-
tions of x for four different values of ξ, including the
DGLAP (ξ ¼ 0) and ERBL (ξ ¼ 1) limits. The upper
panels display the absolute distributions at the final scale
μ ¼ 10 GeV multiplied by a factor of x for the quark GPDs

(a) (b) (c)

FIG. 1. Evolution from μ0 ¼ 2 to μ ¼ 10 GeV for the unpolarized GPDs H. (a) The nonsinglet up-quark GPD, (b) the singlet up-
quark GPD, and (c) the gluon GPD.

6The unusually large value of the charm threshold is due to the
fact that the lowest available scale accessible to the GK model is
μ0 ¼ 2 GeV [56–58]. However, at this scale, no distribution
associated with the charm quark is provided. Therefore, we
assumed nf ¼ 3 active flavors at μ0, which required setting
mc > μ0.
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and x2 for the gluon GPDs for a better visualization. The
lower panels display their ratio to the corresponding
distributions evolved using the DGLAP equations.
We first note that, for all three cases, setting ξ ¼ 0

exactly reproduces the DGLAP evolution, as expected. For
increasing values of ξ, the evolution gradually deviates
from DGLAP for all considered distributions. The devia-
tions are particularly pronounced for x≲ ξ where GPD
evolution causes a strong slowdown of the evolution as

compared to DGLAP. We also observe that GPDs at the
crossover point x ¼ ξ are continuous, as expected from the
discussion in Sec. III C. However, they develop a cusp
(discontinuity of the derivative in x) that is a consequence
of the fact that the evolution kernels are continuous but not
smooth at x ¼ ξ.
As discussed in Sec. III E, a crucial property of GPDs,

which must be preserved by the evolution, is polynomiality.
Figures 4–6 show the behavior as functions of ξ of the first

(a) (b) (c)

FIG. 2. Same as Fig. 1, but for longitudinally polarized GPDs H̃.

(a) (b) (c)

FIG. 3. Same as Fig. 1, but for transversely/circularly polarized GPDs HT .

(a) (b)

FIG. 4. Effect of the evolution on the Mellin moments of the unpolarized up-quark GPD H. The bullets display the value of the
moments computed numerically as integrals of the distributions, whereas the dashed lines show the fits to the bullets using the expected
polynomial law. (a) The first three even moments related to the nonsinglet combination. (b) The first three odd moments that are instead
related to the singlet combination.
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three even (left plots) and odd (right plots) moments of the
up-quark distributions H, H̃, and HT , respectively. The
bullets correspond to the values obtained by integrating
numerically the evolved GPDs for different values of ξ,
while the dashed lines show the fits using the expected
polynomial laws in ξ. It is clear that, in all cases, the
expected behavior is accurately reproduced. It is also
interesting to observe that both even and odd first moments
(n ¼ 0) for all polarizations are constant in ξ. In fact, this is
the expected behavior in all cases, except for the unpolar-
ized even moment that would, in principle, admit a
quadratic term in ξ. However, this contribution, often
referred to as D-term, evolves independently from the rest
of the GPD. Since the GK model does not include any
D-term, the evolution does not generate it, thus it is absent
at all scales, finally producing a constant first even moment
also for the unpolarized GPD H.
Finally, in Figs. 7 and 8, we present a comparative

analysis of the evolution of unpolarized and longitudinally
polarized distributions between the code developed in

Ref. [37], which we refer to as Vinnikov’s code, and our
implementation in APFEL++.7 To match the capabilities of
Vinnikov’s code, the comparison is performed without
heavy-flavor threshold crossing. All other settings are
consistent with those applied in the numerical results
presented above.
This comparison was already presented in Ref. [42] in

the unpolarized case, where it was observed that, for small
enough values of ξ (ξ≲ 0.6), a generally good agreement
between the two codes was achieved. However, for larger
values of ξ (ξ≳ 0.6) a significant deterioration in the
agreement was noted. Subsequently, we conducted a deeper
investigation of this issue8 that revealed that Vinnikov’s
code was indeed affected by a bug in the region ξ > 2=3.
This issue is due to the way the x-space interpolation grid is

(a) (b)

FIG. 5. Same as Fig. 4, but for longitudinally polarized GPDs.

(a) (b)

FIG. 6. Same as Fig. 4, but for transversely/circularly polarized GPDs.

7Vinnikov’s code does not include the implementation of
transversely/circularly polarized evolution.

8Prompted by the referee’s encouragement, we express our
gratitude for this valuable suggestion.
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constructed [see Eq. (6) of Ref. [37] ]. Specifically, the
definition of the grid parameter γ in Eq. (6) of Ref. [37]
guarantees that the constraints in Eqs. (7) and (9) are
fulfilled only when ξ ≤ 2=3, while they are broken for
ξ > 2=3. Following the resolution of this issue,9 as illus-
trated in Figs. 7 and 8, a better agreement between APFEL++

and Vinnikov’s code is found across a broad range of ξ,
extending beyond ξ ≃ 0.6, for both unpolarized and lon-
gitudinally polarized evolutions.
In the unpolarized case (Fig. 7), the agreement generally

remains at or below the percent level, with the only
exception of the up-quark singlet distribution Hþ

u at
ξ ¼ 1, which displays a larger departure of the order of
10%–20% for small values of x. As far as the longitudinally
polarized evolution is concerned (Fig. 8), the agreement
between the two codes is excellent for H̃þ

u , while it tends to
deteriorate at small x and large ξ for H̃−

u . The disagreement
is more pronounced for H̃g, where differences tend to
increase with growing ξ, reaching the 40% level at ξ ¼ 1
and small x. Unfortunately, we could not identify the origin
of this residual discrepancy.

V. CONCLUSIONS

In this paper, we have revisited the evolution of all twist-
2 GPDs, i.e., unpolarized, longitudinally polarized, and
transversely/circularly polarized, at one-loop accuracy.
Our rederivation of the evolution kernels closely

follows that of Ref. [42], where the unpolarized evolution
kernels were obtained, and extends it to the two remain-
ing twist-2 polarizations. One of our main purposes
is to obtain an efficient numerical implementation of
the evolution of GPDs. This is achieved by recasting the
GPD evolution equations in a form that resembles the
DGLAP equations, which allowed us to exploit well-
established numerical techniques to obtain a solid imple-
mentation in the numerical code APFEL++ [44,45]. The
computation is performed following a Feynman-
graph approach in momentum space using the light-cone
gauge (see the Appendix), paving the way for the
extraction of the two-loop evolution kernels along the
same lines of Ref. [59]. This will eventually allow us to
achieve GPD evolution at next-to-leading-order accuracy
that, with the advent of the Electron-Ion Collider [24],
will soon become a necessary ingredient for accurate
phenomenology.
We have performed a number of analytic checks of the

expressions obtained for the evolution kernels. Specifically,

(a) (b) (c)

FIG. 7. Comparison of the unpolarized evolution performed using the code of Ref. [37] (Vinnikov) and APFEL++. (a)–(c) Correspond
to the nonsinglet up-quark, singlet up-quark, and gluon GPDs, respectively.

(a) (b) (c)

FIG. 8. Same as Fig. 7, but for longitudinally polarized GPDs.

9The fix has been implemented in the current master branch of
PARTONS.
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we have verified the correctness of the DGLAP (ξ → 0) and
ERBL (ξ → 1) limits, ensured that the evolution does not
cause any discontinuity of the GPDs at x ¼ ξ, and proven
that the kernels preserve polynomiality. Finally, we have
thoroughly checked our numerical implementation of the
evolution using as a set of initial-scale GPDs the realistic
GK model [56–58] as provided by PARTONS [38]. We
showed that the DGLAP limit is accurately recovered for
all polarizations and that polynomiality is conserved upon
evolution. Our implementation was also compared against
an independent code (Vinnikov’s code [37]), revealing a
generally good agreement.
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APPENDIX: GPD EVOLUTION KERNEL
INTEGRALS

In this appendix, we give a pedagogical review of the
calculation of the one-loop evolution kernels for all twist-2
polarizations. Specifically, we show how the set of func-
tions pΓ

i=k in Eq. (20) are obtained.

1. Quark-in-quark GPD

Since we are working in the light-cone gauge, we can
avoid considering gluons attaching to the Wilson line. Also,
as the evolution kernels do not depend on Δμ

T , we can
substitute inEq. (3) jP−Δ=2i→ jð1þξÞPii and hPþΔ=2j→
ihð1−ξÞPj, with i ¼ q, g. Hence, we rewrite the bare quark-
in-quark GPD with interacting fields as follows:

F̂½Γ�
q←qðx; ξ; εÞ ¼ 1

2Nc

Z
dz
2π

e−ixPþz

q

�
ð1 − ξÞP

����q̄j
�
z
2

�
Γjiqi

�
−
z
2

�����ð1þ ξÞP
�

q

: ðA1Þ

Before moving to the computation of the one-loop graphs, it is instructive to compute the tree-level graph first (Fig. 9).
In the absence of interactions, the quark fields can directly act on the momentum and spin partonic eigenstates,

so that

F½Γ�;½0�
q←q ðx; ξÞ ¼ 1

4Nc

Z
dz
2π

eið1−xÞPþzδaaūs0;jðð1 − ξÞPÞΓjius;iðð1þ ξÞPÞΛ½Γ�
ss0

¼ 1

4

Z
dz
2π

eið1−xÞPþzTr½Γusðð1þ ξÞPÞΛ½Γ�
ss0 ūs0 ðð1 − ξÞPÞ�

¼ 1

4

Z
dz
2π

eið1−xÞPþz
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
Tr½ΓΛ½Γ��; ðA2Þ

where Λ½Γ�
ss0 is a projector introduced for convenience to select the desired polarization of the external quark state. The three

relevant polarizations (unpolarized, longitudinally polarized, and transversely polarized) produce the following outcome

when summed over the spin states s and s0: Λ½Γ� ¼ usðPÞΛ½Γ�
ss0 ūs0 ðPÞ∈ fP; Pγ5; iσσρPργ5g, respectively. The trace in

Eq. (A2) is easily computed. yielding

F½U�;½0�
q←q ðx; ξÞ ¼ F½L�;½0�

q←q ðx; ξÞ ¼ F½T�;½0�
q←q ðx; ξÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
δð1 − xÞ: ðA3Þ

FIG. 9. Leading-order diagram contributing to the quark-in-
quark GPDs.
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As expected, in the limit ξ → 0, the leading-order
quark-in-quark PDFs are recovered. However, it is also
interesting to observe that in the limit ξ → 1 the leading-
order GPD vanishes. This is indeed the correct behavior
because the limit ξ → 1 corresponds to a distribution
amplitude that encodes the creation of a meson bound
state out of a pair of incoming quark-antiquark. Of course,
this cannot happen without any interaction between the
quark and the antiquark. Therefore, the leading-order
graph has to vanish.
Now, we can use the same procedure to compute the one-

loop correction to the quark-in-quark GPDs whose relevant
diagram is displayed in Fig. 10.
The integral to compute is

asF̂
½Γ�;½1�
q←q ðx; ξ; εÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Z
∞

−∞

dz
2π

eið1−xÞPþzTr½R½Γ�
qqðz; ξ; εÞΛ½Γ��; ðA4Þ

with

R½Γ�
qqðz; ξ; εÞ ¼ iasCF

Z
d4−2ϵk
ð2πÞ2−2ϵ e

−ikþz
γμ½ð1þ ξÞP − k�Γ½ð1 − ξÞP − k�γνDμνðkÞ

½ðð1þ ξÞP − kÞ2 þ iε�½ðð1 − ξÞP − kÞ2 þ iε� : ðA5Þ

This integral will give different results depending on the relative position of x and ξ. In particular, the region x < ξ
corresponds the ERBL region, while x > ξ corresponds to the DGLAP region. The functions pΓ

q=q can then be obtained by

extracting the MS UV pole part of this integral in these regions as shown in the Appendix of Ref. [42].

2. Gluon-in-gluon GPD

We now consider the gluon-in-gluon GPD whose operator definition in the light-cone gauge reduces to

F̂½Γ�
g←gðx; ξ; εÞ ¼ −

Pþðx2 − ξ2Þ
2ðN2

c − 1Þx
Z

dy
2π

e−ixpþy

g

�
ð1 − ξÞP

����Aμ
a

�
z
2

�
ΓμνAν

a

�
−
z
2

�����ð1þ ξÞP
�

g

: ðA6Þ

The leading-order contribution is obtained using free fields and plugging in the Lorentz structures Γμν given in Eq. (9). The
result is

F½U�;½0�
g←g ðx; ξÞ ¼ F½L�;½0�

g←g ðx; ξÞ ¼ F½T�;½0�
g←g ðx; ξÞ ¼ ð1 − ξ2Þδð1 − xÞ: ðA7Þ

The next-to-leading-order correction is obtained considering the diagrams in Fig. 11.

FIG. 10. One-loop diagram contributing to the quark-in-quark
GPD.

FIG. 11. One-loop diagrams contributing to the gluon-in-gluon GPD.
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The integral to compute for the left diagram is

asF̂
½Γ�;½1�
g←g;3gðx; ξ; εÞ ¼ −

Pþðx2 − ξ2Þ
2ðN2

c − 1Þx
Z

∞

−∞

dz
2π

eið1−xÞPþzR½Γ�
3g ðz; ξ; εÞ; ðA8Þ

with

R½Γ�
3g ðz; ξÞ ¼ −4iasfacefeca

Z
d4−2ϵk
ð2πÞ2−2ϵ e

−ikþzVμρηðð1þ ξÞP;−ð1þ ξÞPþ k;−kÞ

×
Λ½Γ�μνdρτðð1þ ξÞP − kÞdηθðkÞdωσðð1 − ξÞP − kÞΓτω

½ðð1þ ξÞP − kÞ2 þ iε�½k2 þ iε�½ðð1 − ξÞP − kÞ2 þ iε�Vθσνðk; ð1 − ξÞP − k;−ð1 − ξÞPÞ; ðA9Þ

where

Vμνρðq; l; rÞ ¼ −½gμνðq − lÞρ þ gνρðl − rÞμ þ gρμðr − qÞν�: ðA10Þ

Similar to the quark-in-quark distribution, the projector Λ½Γ�μν selects the relevant gluon polarization according to

Λ½Γ�μν ¼ e�μs0 ðPÞΛ½Γ�
ss0e

ν
sðPÞ; ðA11Þ

where the tensor Λ½Γ�μν is to be selected among the following Lorentz structures:

−dμνðPÞ; −iεμνT ðPÞ≡ −i
εαβμνPαnβ
ðnPÞ ; −RμRν − LμLν; ðA12Þ

for unpolarized, longitudinally polarized, and circularly polarized gluons, respectively.
The integral corresponding to the four-gluon-vertex diagram on the rhs of Fig. 11 is

asF̂
½Γ�;½1�
g←g;4gðx; ξ; εÞ ¼ −

Pþðx2 − ξ2Þ
2ðN2

c − 1Þx
Z

∞

−∞

dz
2π

eið1−xÞPþzR½Γ�
4g ðz; ξÞ; ðA13Þ

with

R½Γ�
4g ðz; ξÞ ¼ 4ias

Z
d4−2ϵk
ð2πÞ2−2ϵ e

−ikþz
dρτðð1þ ξÞP − kÞ

ðð1þ ξÞP − kÞ2 þ iε
dωσðð1 − ξÞP − kÞ
ðð1 − ξÞP − kÞ2 þ iε

Λ½Γ�μνWbggb
μρσνΓτω; ðA14Þ

where Wbggb
μρσν is the four-gluon-vertex Feynman rule given by

Wabcd
μνρσ ¼ feabfecdðgμρgνσ − gμσgνρÞ þ feacfebdðgμνgρσ − gμσgνρÞ þ feadfebcðgμνgρσ − gμρgνσÞ: ðA15Þ

Extracting the UV pole part of these diagrams for the different polarizations leads to the functions pΓ
g=g given in Eqs. (25),

(29), and (32).

3. Quark-in-gluon and gluon-in-quark GPDs

We now consider the off-diagonal quark-in-gluon and gluon-in-quark GPDs whose operator definitions are

F̂½Γ�
g←qðx; ξ; εÞ ¼ 1

4ðN2
c − 1Þ

Z
dz
2π

e−ixPþz

g

�
ð1 − ξÞP

����q̄j
�
z
2

�
Γjiqi

�
−
z
2

�����ð1þ ξÞP
�

g

;

F̂½Γ�
q←gðx; ξ; εÞ ¼ −

pþðx2 − ξ2Þ
2Ncx

Z
dy
2π

e−ixpþy

q

�
ð1 − ξÞP

����Aμ
a

�
z
2

�
ΓμνAν

a

�
−
z
2

�����ð1þ ξÞP
�

q

: ðA16Þ
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These GPDs have no tree-level contribution and the first nonvanishing contribution appears at OðαsÞ. The corresponding
diagrams are shown in Fig. 12.
The integral to be computed for the quark-in-gluon diagram is

asF̂
½Γ�;½1�
g←q ðx; ξ; εÞ ¼

Z
∞

−∞

dz
2π

eið1−xÞPþzTr½R½Γ�
qg ðz; ξ; εÞ�; ðA17Þ

where

R½Γ�
qg ðz; ξ; εÞ ¼ iasTR

Z
d2−2ϵkT

ð2πÞ2−2ϵ dkþdk−e
−ikþzΛ½Γ�μν k

k2 þ iε
γμ

ðð1þ ξÞP − kÞ
ðð1þ ξÞP − kÞ2 þ iε

Γ
ð1 − ξÞP − k

ðð1 − ξÞP − kÞ2 þ iε
γν: ðA18Þ

While the one-loop gluon-in-quark diagram is computed as

asF̂
½Γ�;½1�
q←g ðx; ξ; εÞ ¼ −

Pþðx2 − ξ2Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
2x

Z
∞

−∞

dz
2π

eið1−xÞPþzTr½R½Γ�
gq ðz; ξ; εÞΛ½Γ��; ðA19Þ

where

R½Γ�
gq ðz; ξ; εÞ ¼ 4iasCF

Z
d2−2ϵkT

ð2πÞ2−2ϵ dkþdk−e
−ikþzγμ

k
k2 þ iε

dμρðð1þ ξÞP − kÞ
ðð1þ ξÞP − kÞ2 þ iε

Γρσ
dσνðð1 − ξÞP − kÞ

ðð1 − ξÞP − kÞ2 þ iε
γν: ðA20Þ

Once again, the UV pole part of these integrals allows us to obtain the functions pΓ
q=g and pΓ

g=q.
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