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Strongly interacting matter in a sphere in a nonzero magnetic field
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We investigate the chiral phase transition within a sphere under a uniform background magnetic field.
The Nambu—Jona-Lasinio (NJL) model is employed and the MIT boundary condition is imposed for the
spherical confinement. Using the wave expansion method, the diagonalizable Hamiltonian and energy
spectrum are derived for the system. By solving the gap equation in the NJL model, the influence of
magnetic field on quark matter in a sphere is studied. It is found that inverse magnetic catalysis occurs at
small radii, while magnetic catalysis occurs at large radii. Additionally, both magnetic catalysis and inverse
magnetic catalysis are observed at the intermediate radii (R ~ 4 fm).
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I. INTRODUCTION

It is found that finite size effects can have significant
impacts on the state of dense matter and phase transi-
tions for systems whose scale ranges between 2 fm and
10 fm [1-5]. This help us better understand the properties
of quantum chromodynamics (QCD) fireball produced
in high energy heavy-ion collision (HIC) experiments.
Furthermore, the magnetic field strength (B) can reach
up to 10°-10'3G in the HIC [6,7], which can influence the
energy of the system and even lead to the breaking or
restoration of chiral symmetry [8].

In most conditions, the presence of an external magnetic
field can lead to the breakdown of U(1), symmetry and
dimensional reduction, resulting in an increase in chiral
condensate as the magnetic field increases, which is known
as magnetic catalysis [9-11]. However, as argued by the
authors of [12,13], it is also possible that the increase of
the magnetic field at the critical temperature (7.) may
lead to a decrease in the chiral condensate, resulting in a
reversal of the magnetic catalysis effect, referred to as the
inverse magnetic catalysis. The underlying reason for
inverse magnetic catalysis is still highly debated [14-17].
In this study, we will further investigate the phenomena of
(inverse) magnetic catalysis in a finite size system. In this
aspect, some authors have recently studied systems con-
fined in a cylindrical geometry [3,18]. Meanwhile, quark
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matter confined within a sphere can sometimes be a
realistic condition. Therefore, we will consider a finite
size system confined in a spherical geometry in this study.

To calculate the effects of magnetic field on quark matter,
QCD-like effective models are commonly used. Here we
will employ the Nambu—Jona-Lasinio (NJL) model, which
has been widely employed to study the chiral phase
transitions [19]. It is also important to consider appropriate
boundary conditions for a finite sphere. There are various
boundary conditions, such as the MIT boundary condi-
tion [20], the periodic boundary condition [21], and the
chiral condition [22]. The MIT boundary condition orig-
inates from the MIT bag model, which is widely used
for describing the strong interaction of quarks. Here we
will enforce the MIT boundary condition to describe an
impenetrable spherical cavity. Meanwhile, as an initial
attempt, we will consider the one-flavor NJL model as
in [3] for simplicity, and set the temperature and baryon
chemical potential to zero. Yet, extending the study to two
flavor case is also straightforward.

The results of this study may contribute to a better
understanding and modeling of the behavior of quark-gluon
matter in heavy-ion collisions, where strong magnetic fields
and finite size effects could play a role.

This paper is organized as follows. In Sec. II, the mode
solutions of free fermions in a finite sphere with the MIT
boundary condition are introduced. The solutions are then
extended to the case with a strong magnetic field by using
the mode expansion method. In Sec. III, by solving the gap
equation in the NJL model with the obtained modes, the
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fermion condensate and the relationship between the mag-
netic field and the effective mass of quark matter is obtained.
The occurrence of magnetic catalysis and inverse magnetic
catalysis at different radii is explored. Possible explanations
for the occurrence of inverse magnetic catalysis are sug-
gested. Finally, we present our conclusions in Sec. I'V.

II. EFFECTS OF MAGNETIC FIELD
ON FERMIONS IN A SPHERE
A. Mode solutions in a sphere

Assuming that the magnetic field is uniform and is along
the z-axis, the Dirac equation of fermions is

[iyoat + iy' (0, + igeBy/2) + iy*(d, — iqeBx/2)
+iy30, — M)y =0, (1)

where e is the charge of electrons (in natural units, e =
1/4/137), q is the charge fraction of the fermions consid-
ered, and ge is the charge of the fermions. Here, we use the
Pauli-Dirac representation of the gamma matrices, i.e.,

() (0 e

where o; are Pauli matrices. When the magnetic field
strength is zero (i.e., B = 0), the above equation has a
normal solution of y(x) = Xu(x)e™"’, where the constant
X can be determined by using the normalization condition.
The free part of the Hamiltonian can be expressed as

Hy = -y, + y’M. (3)

In the presence of a nonzero magnetic field (B # 0), the
total Hamiltonian is given by H = H + H’, where

geB
H' === ("r'y =1"r’). 4)

In our study, H’' is expressed in spherical coordinates as

igeBr (0 A)
H = , 5
2 (A 0 ®)
with
0 o
A= sin9< ¢ ) 6)
_el(/) 0

Following Ref. [22], we first consider the mode solutions
for B = 0. In spherical coordinates, there are four commut-
ing operators: {H, J 2] ., K}, where J? represents the total
angular operator and K is defined as

K=y (L-Z+1). (7)

Here, L represents the orbital angular momentum operator,

and X is defined as
c O
= . 8
(5 2) (s)

The eigenstate can hence be characterized by the
eigenvalues of the four operators, namely {E,j(j + 1),
mj,K}. For convenience, we will use k = (E, j, mj,K) to
denote each eigenstate from now on. The solution of the
Dirac equation in spherical coordinates reads

\/ %jj_%(l”’)ﬂ(fmj

.L E_M . —_
_l|E‘ E .]j—}—%(pr))(jmj

w(r.0.¢) =9 ©)
\/ %]h%(pr))(j_mj

‘E [E-M: +
__lm °F ]j—%(pr))(jmj

, k>0,

, k<O,

with j=1.3,--.m;=—j,—j+1,....j, and k = +(j + ).
The function )(fm/_ in Eq. (9) is the spherical harmonic

function, which is expressed as

JAmjymi=
o7 Vi
+ o 2
ijj - 4_ 1 ’
J ijijr2
2j © -1
J I3
j—ijrIij—%
_ 2(j+1) 7 j+4

_ fiFmd Ymﬂ»%
2(j+1) 7 j+k

In this work, we adopt the MIT boundary condition,
which requires that the quark current vanishes on the
boundary surface. Such a boundary condition can be
equivalently written as [23]

iny(R) = y(R), (11)

where R represents the radius of the boundary surface and
n = y*n,, with n, being the normal to the boundary. Using
the boundary condition of Eq. (11), the allowed modes
should satisfy

. p .
R) = s (pR), 12
i1(PR) = sen() 7 A (PR). (12)
with
; {K‘—l for k >0
=k forx<0’
K for x >0
= . (13)
—k—1 forx<O
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Here j, is the nth spherical Bessel function. According to
Eq. (12), the momentum p gets discretized, and we label
the ith solution of Eq. (12) as pj;. Using the on-shell
condition, the energy E can be calculated from the momen-
tum pj,;, thus the label k can be equivalently written as

k=(i,j.mj k). (14)

Imposing the normalization condition, the normalization
constant of the Dirac wave function in Eq. (9) is

\/E E+M
R‘J/#(PJKI'R)\ 2ER-(2j+ 1)+’ x>0,
X, = 0

V2 E+M
- < V.
R‘J/,l(pjm ) 2ER+<2]+1)+%’ K O

The mode solutions for a fermion under the MIT boundary
condition can be summarized as

Ui(t,r,0,9) = Xeu(r, 0, ¢)eE". (16)
Consequently, the solutions for the antifermion can be
obtained via charge conjugation

Vi(t,r,0,¢) = iy*Ui(t, r,0, ). (17)

B. Mode solutions at nonzero magnetic field

We now extend our analysis to take the magnetic field
into account. Analytical solutions of the Dirac equation in
the presence of a magnetic field are not directly available.

|

m; = <jl,mj,K/,i/|H|j, mj,K, l>

Although perturbation methods can be used in certain
cases, they are less suitable for strong magnetic fields. Here
we go beyond the perturbative method and directly diag-
onalize the Hamiltonian. It can potentially yield a more
accurate result for the system with a strong magnetic field.
Such a method has been adopted in other studies, such as
the electronic structures in a magnetic field of a spherical
quantum dot [24].

In the presence of a magnetic field, only m; and the
energy E remain to be good quantum numbers. We denote
the particle eigenstate as §,, ,, which is now characterized
by m; and a new label n for the energy eigenvalue. It can be
expressed using a complete set of orthonormalized particle
basis functions {U,} as

S jon = Zcijx,nUk' (18)

ijk

Note k = (i,j,m;,k) as defined in Eq. (14). Corres-
pondingly, the antiparticle eigenstate (7', ) is

m n chan (19)

ijx

Replace y in Eq. (1) with Smj,n and Ty, > We can get the
secular equation for a certain m;

} i i = En’898,78| = 0. (20)

. m;
The matrix elements H ; jj( iy can be calculated as

ijK,i'j'K
qur djm; +2m;
= E;6;76, 70 A L5 6w
kQii’Ojj Okk ) |: 12(2]+2) kk
a (YUAm)G=m) o U Am DG =m 4D ”
+ 4 2 -1 T 242 FG+) ) | (1)
where E; = \/p5.; +M?*. Ay and A, are given by
_(Em)p [FR y0n (prdrBcem)p' [ 2y (07 y(pr)dr for k&' > 0
R? U7y (PR 1 (PR) |\/2Ek R—Ey+M\/2ElR-E;+M
A = ,
: Etmp [ Py (97, ypr)dr s Eem) ! [ 25, 157y (pr)dr ,
_ for k,k’ <0
Ry (P'R) (PR \ /2B, R By + My 23R4 Byt M
B Ecm) [F 25, 400 (pndrpy’ [§ 2 0005 (rdr for k < 0.K > 0
RZ‘j/_,%(p R)j;y(PR) \\/ZEkR Ey+My\/2E2R+Ex+M 22)
A, = 22
? (Ejtm) (Etm) [, 1 (/1)1 (pr)dr+p'p [ 25, 1 (p'r)j 1 (pr)dr
- _ - . e fork >0,k <0
R iy 4 (PR Ly (PR)] \/ZEi,RJrEk/ +M+/2E2R—E;+M

Note we utilize the superscript symbol (') to indicate the index of the bra vector.
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In deriving Eq. (21), we have used the following
formulas

. 1- 2—
e sinfY,,, = \/(l T1-m)(+ m)Y’"_1

20+ 1)(21+3)

(+m)(l+m=1)_
_\/ QI+1)(20-1) vl (23)

i+ 1)(20+3) !

(I=m)(l=m=1),
+\/ 21+ 1)(21=1) Yio (24)

Equation (23) can be found in Ref. [25], and Eq. (24) can be
derived by applying complex conjugation to Eq. (23).

Finally, we can obtain the numerical solutions of the
energy eigenvalues and eigenstates by diagonalizing the
Hamiltonian matrix in Eq. (21).

. 1 2
e'¢sin9Y,_,n:—\/(l+m+ Y+ m+2)

III. FERMION CONDENSATE AND CHIRAL
PHASE TRANSITION UNDER
MAGNETIC FILED

We use the NJL model to describe the interaction
between quarks. The Lagrangian density representing the
NJL model is

L= l/_/<l7”a/4 - y”qu/.t - mO)W

+ = [ow)? + (wirw)?]. (25)

2] Q)

where G is the coupling constant, m, is the current quark
mass, and ge is still the charge of the fermions. Here we
take the chiral limit, i.e., my = 0. Although the term of
F, F* in Eq. (25) affects the pressure, it is not relevant to
the chiral phase transition. As a result, it is neglected in our
calculations.

According to the mean-field approximation, the gap
equation can be derived by considering the quark con-
densate as

M = ~Gliy). (26)
In order to calculate the quark condensate, we need to

perform a second quantization. The fermion field operator
can be expressed as

w=> [Sb;+T,d]]. (27)

Here we use 1 = (m;, n) to identify different states. S, and
T, are wave functions given by Eqgs. (18) and (19). The

operators b, and dl' are annihilation and creation operators,
satisfying the canonical anticommutation relations,
{by.bl} =6(4.2),  {d,d,}=6(2). (28)

All other anticommutation relations are zero. The vacuum
state |0) is defined by

b,|0) = d,|0) = 0. (29)

According to Refs. [22,26], we have the following
relations of

1
T _
(biby) = Gy 0% A).

(i) =1-(d}d;) = (1

(bjd}) = (d;b;) =0,
VﬂV,{ - _UﬂUﬂ’ (30)

1 /
_EMEEFIT>“LA%

where E, represents the eigenenergy in the presence of
a magnetic field. Note that in the absence of a magnetic
field, the eigenstate is denoted as k = (i,j,m;,x) and
K= (i j.m;« ), whereas in the presence of a magnetic
field, it is denoted as 1 = (mj, n).

Substituting the above equations into (yy), we have

(pw) = —ZW(EA)ZZ |CijenllcijwanlUUp,  (31)
7 [

where

1 1
PEAN) 11 PE~n) ;1"

w(E,) =1- (32)

U,Uyp can be derived from Egs. (9) and (15), which
depends on the coordinate r inside the sphere. To consider

the magnetic field’s impact on the entire sphere, we can
calculate the average value of U, U, as

= 1 _
UkUkl _—/UkUk/dV. (33)
Vv
In our study, the quark condensate (Yw) ., iS intro-
duced, which is defined as
_ 1
<l//l//>main = _ZW(EA)ZV |Cin.n|2
7 ij
—sgn(k)Ey + (2j + 1)M + 2E.RM (34)

2E3R —sgn(x)(2j+ VE, + M

(WW) main €an be calculated by taking terms in index k and &’
from (py) in Eq. (31). It is found that () is contributed
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mainly by () - With the help of (Yw) . We can
analyze the behavior of () in some simple cases. When
R is large enough and B is very small, () reduces to the
normal quark condensate (in an infinite space): the co-
efficients ¢, , equal 1 and (Yy) = (Yy) i, (for B = 0).
Meanwhile, when R approaches infinity, the fraction term
in (P¥)main approaches Eﬂk Additionally, the summation

in Eq. (34) will be replaced by an integral over the
momentum p. Thus quark condensate is reduced to

_ B—=0 dap M
S e Y0 o e
) 2 - [ SEwE g

(35)

The nonrenormalizability of the NJL. model requires that
a regularization scheme should be applied. Here we use the
three-momentum cutoff scheme. Following [2,3,18], we
take the cutoff momentum and the charge fraction as

A =1000 MeV, qg=1. (36)
In case of a zero temperature, the gap equation (26) can be
written as

1 . _
M =230 =) leeallcirea Dy, (37)
A kK

where ® is the Heaviside function and p is the expected
value of the momentum, (4|p|4). The coefficients c;;, , can
be determined by solving the secular equation Eq. (20).
Since we have adopted a cutoff momentum of A, the
dimension of the Hamiltonian matrix will be reduced from
infinite to a finite number, thus making it numerically
solvable.

The effects of a strong magnetic field on the effective
quark mass for quarks confined in a sphere are illustrated in
Fig. 1. We consider two different coupling constants, G =
24/A?* and G = 32/A? in Fig. 1. In both cases, we see that
the effective mass of quarks increases with the strength of
the magnetic field when R is large. This phenomenon is
exactly the so-called chiral magnetic catalysis. In general,
such a chiral magnetic catalysis is also observed in the
standard NJL model in an infinite space [11,27,28]. More-
over, when R becomes small, the inverse magnetic catalysis
is observed, i.e., the effective mass of quarks decreases with
the increase of the magnetic field.

The influence of the radius, R, on the occurrence of
magnetic catalysis or inverse magnetic catalysis can be
observed more clearly in Fig. 2. Specifically, magnetic
catalysis is observed at R = 5 fm, inverse magnetic cataly-
sis occurs at R = 3 fm, and the case of R =4 fm falls
between these two cases. It is well known that, at 7 = 0, the
standard NJL does not exhibit inverse magnetic catalysis.
To explore the potential causes of the inverse magnetic
catalysis here, we should return to Eq. (34) again. When R

550
5 . /
5951 G=24/A ' )
— R=2fm /
500
— — R=6fm /
_ 475(| - - - R=10fm !
= . /
[}
Z 450t L /
= Tt e e e e e e e e . * 7/
425F - — — e
AN /
400 - ~_ _o
375}
350
0 1000 2000 3000 4000 5000
B(10'°6)
(@)
1000
950 G=32/A*
. /
900 — R=2fm K /
_ — — - R=6fm ; /
T 8507 |- - - R=10fm ‘ -
= /
= 800f ... ... L L /
- J
~ 7
750 ’ o~
_________ ~ _ _ -
700
650 - . : - .
0 1000 2000 3000 4000 5000
B(10'G)
(b)
FIG. 1. Variation of the effective quark mass in a uniform

magnetic field. The quarks are confined in a sphere with a radius
of R =2, 6, 10 fm, respectively. Panels (a) and (b) correspond to
G =24/A? and G = 32/A?, respectively.
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7250 |- - -

M(MeV)

700

675
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625

0 1000 2000 3000 4000 5000
B(10'%G)

FIG. 2. Variation of the effective quark mass in a uniform
magnetic field near the critical radius for G = 32/A2.

is small, the contribution of the lowest orbital level (LOL),
ie., j =4 and k > 0, reduces to

_ R—0 1 —-E,+2M
(WY ) main oL _ZW(EA)Z_ |Ci,n|2k— (38)
A

v 2B + M
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Since E; = 4/ pf,c’ ; + M?, the contribution of these momen-

tum modes to quark condensate will be positive for
Piei < MTZ yielding an anomaly value. With the increase
of the magnetic field, the energy gap between the orbital
levels increases, causing the system to prefer the LOL
and resulting in the inverse magnetic catalysis. Another
factor is the intrinsic truncation caused by the small radius,
which prevents the increase of Landau levels and the
density of states. It further contributes to the inverse
magnetic catalysis.

Some oscillations could be seen in Fig. 1 when R = 6,
10 fm. They are quite similar to the de Haas-van Alphen
oscillations [29]. Such an oscillation behavior could be
caused by the variation of the density of states due to the
Landau quantization, which has also been observed in the
standard NJL model [30,31]. On the other hand, when
the radius is small, the intrinsic truncation imposes a cutoff
on the Landau levels, suppressing the variation of the
density of states. Consequently, the de Haas-van Alphen
oscillations cease at small radii.

IV. SUMMARY AND DISCUSSION

In this study, quark matter confined in a sphere with a
strong uniform magnetic field is studied. The wave func-
tions and energy levels are solved by diagonalizing the
Hamiltonian numerically, using eigen solutions of
Hamiltonian with a zero magnetic field as basis. The
NJL model is employed, and by solving its gap equation,
the inverse magnetic catalysis effect and magnetic catalysis
effect is studied for a confined sphere with various radii.
It is found that when the radius of the sphere is large,

magnetic catalysis occurs, whereas when the radius is
small, inverse magnetic catalysis occurs. At the intermedi-
ate region (R ~ 4 fm), both phenomena are present. It is
argued that the inverse magnetic catalysis could be caused
by the anomalous contribution from the LOL. Additionally,
the intrinsic truncation due to small radius prevents the
increase of Landau levels and density of states, which may
also contribute to the inverse magnetic catalysis.

For simplicity, we mainly adopt the one-flavor NJL
model with ¢ = 1 to investigate the chiral phase transition
in our study. In fact, we have also performed calculations

for the two-flavor NJL model, in which g¢, :% and

qq = — % It is found that the results are generally similar.
In the future, more realistic conditions should be considered.
For example, the study of finite temperature effects and the
impact of nonzero current quark mass in a two-flavor model
might be of special interest, which could provide additional
insights into the behavior of QCD fireballs produced in
heavy-ion collisions under realistic conditions.
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