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We evaluate the heavy quark momentum diffusion coefficients in a hot magnetized medium for the most
general scenario of any arbitrary values of the external magnetic field. We choose to work with the
systematic way of incorporating the effect of the magnetic field, by using the effective gluon and quark
propagators, generalized for a hot and magnetized medium. To get gauge independent analytic form factors
valid through all Landau levels, we apply the hard thermal loop technique for the resummed effective gluon
propagator. The derived effective hard thermal loop gluon propagator and the generalized version of
Schwinger quark propagator subsequently allow us to analytically evaluate the longitudinal and transverse
momentum diffusion coefficients for charm and bottom quarks beyond the static limit. Within the static
limit we also explore another way of incorporating the effect of the magnetic field, i.e. through the
magnetized medium modified Debye mass and compare the results to justify the need for structural

changes.
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I. INTRODUCTION

Heavy quarks have been extensively studied within the
heavy-ion community as a significant hard probe for
characterizing the properties of hot and dense quark matter
[1-21]. Considering the noncentrality of the HIC experi-
ments and the subsequent generation of strong magnetic
fields [22-27], studies related to heavy quarks have
recently been extended to magnetized medium [28—40].
Most of the heavy quark (HQ) dynamical studies within
magnetized medium have been restricted to limiting sce-
narios, i.e. adhering to strong or weak field approximations.
In the present work we go beyond those limiting scenarios
to tackle the most general case of arbitrary valued external
magnetic fields, for the first time in literature. In the
following, we further enlarge on our motivation as a
prelude to the proceeding calculation.

HQ momentum diffusion coefficients are the essential
theoretical inputs required to describe the HQ evolution
using Langevin equations [12—15,41]. This widely adopted
approach assumes external HQ receiving random kicks
from the thermal partons in the bulk medium. The HQ
diffusion coefficients, along with the drag coefficient
acutely influence the phenomenology relevant to HQs,
thereby affecting the corresponding theoretical predictions
for the relevant experimental observable [16]. While
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evaluating these parameters, numerous studies typically
consider the nonrelativistic static limit of the HQ, a
reasonable approximation for low-momentum charm and
bottom quarks [7,28]. The need for the more general
relativistic dynamic limit of the HQ comes from the current
HIC experiments for heavy flavor sector spanning well into
the high momentum region [5,12,34].

In absence of the magnetic field and within the static
limit (i.e. p~0, M>T, p, and M being the HQ
momentum and mass, respectively) there is no anisotropy
imposed on the system. Hence we have a single diffusion
coefficient «, resulting in mean squared HQ momentum
transfer per unit time to be 3k. This 3k can be evaluated
considering the scattering processes of thermally populated
light quarks and gluons with the HQ, i.e. 2 <> 2 scattering
of gH <> gH and gH < gH (q — quark, g — gluon, and
H — HQ). Because of the large mass difference and
relatively small energy transfer, the #-channel scatterings
mediated by gluons dominate these processes at leading
order in the strong coupling and the scattering particles can
be considered as quasiparticles within the thermally equili-
brated matter. Several studies have evaluated the diffusion
coefficient x using various techniques producing interesting
results, e.g. perturbative results up to NLO [7], within
Gribov-Zwanziger action [19] and the very recent lattice
QCD evaluation [21].

Going beyond the static limit associates a finite velocity
yo <1 (ie. p=yMv < M) with the HQ, subsequently
introducing an anisotropy in the system generated from the
movement of HQ in a preferred direction. Hence « breaks
down into longitudinal and transverse parts, i.e.
3k — k7, + 2k7. There also have been several beyond the
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static limit perturbative calculations for the HQ diffusion
coefficients which have usually incorporated the hard
thermal loop (HTL) resummation method for the hot
medium [1-3,5,7,12—-15].

The presence of an external magnetic field brings
another new anisotropy into the system along with some
interesting new questions regarding the incorporation of an
extra scale eB. HQ diffusion coefficients in a hot and
magnetized medium are presently being explored both
within and beyond the static limit [28—35], most of which
have been done considering the lowest-Landau-level (LLL)
approximation, i.e. assuming eB > T2 [28,32-34] or the
weak magnetic field approximation [40]. The validity of the
LLL or weak field approximations can be argued assuming
the strength of the magnetic field generated in noncentral
HICs and its time dependence. But extending the approxi-
mated calculations to the most general scenario of arbitrary
external magnetic fields puts an end to all those arguments.
It also unburdens us from extra constraints imposed on the
magnetic field scale eB. The evaluation of the HQ
momentum diffusion coefficients (which are directly de-
pendent on the HQ scattering rate) in presence of arbitrary
valued magnetic fields requires us to compute the effective
gluon propagator generalized for hot magnetized medium
beyond the LLL approximation. On this front we employ
HTL approximations to calculate the form factors of the
effective generalized gluon propagator valid across all
Landau levels. An alternate way of incorporating the effect
of the magnetic field has been utilized recently in the
calculations of HQ potential and HQ energy loss where the
sole medium effect has been assumed to be channeled
through the medium dependent Debye mass [36,37,39].
Within the static limit, we will compare the results
originating from both these methods and discuss the
limitations of using the apparently crude approximation
of medium modified Debye mass.

In this paper, we aim to address an important state of the
art problem, i.e. the calculation of the heavy quark
momentum diffusion coefficients beyond the static limit
in a quark-gluon plasma under the influence of an arbitrary
external magnetic field. To explore the same:

(1) We consider a HQ moving with a velocity ¥ in

presence of an anisotropic B = B% and analytically
derive the full results for the longitudinal and
transverse momentum diffusion coefficients for
charm and bottom quarks.

(2) Though the heavy quark mass M > \/eB,T is
considered to be the largest scale of the system,
unlike LLL or weak field approximations we do not
restrict ourselves with further scale hierarchies with
respect to eB and T.

(3) Similar to Refs. [28,34], here we also work within the
HTL approximation with a further constraint a,e B <
T? (a, being the QCD running coupling), which helps

us neglect the soft self-energy corrections of the
quarks and gluons while evaluating the scattering rate.
The rest of this paper is organized as follows. In the
following section (Sec. II) we provide the formalism and
summarize the calculational steps, to be carried out in this
work. In Sec. III we evaluate the expressions for various
form factors required to construct the most general one-
loop effective gluon propagator in a hot magnetized
medium. Section IV witnesses the computation of the
HQ scattering rate in an arbitrarily magnetized medium
beyond the static limit. In Sec. V we provide the final
expressions for the momentum diffusion coefficients of HQ
in a magnetized medium for both #||B and v_L B. We divide
the results into two sections. Section VI contains special
discussions about the HQ momentum diffusion coefficients
within the static limit of HQ and comparison between two
alternate ways of incorporating the magnetic field induced
effects within them. In Sec. VII we show our estimations of
the HQ momentum diffusion coefficients beyond the HQ
static limit and discuss the results. Finally we summarize
and conclude in Sec. VIII. Novelty of the present work is
well reflected in the explicit calculations presented in the
Appendices A-E.

II. FORMALISM

The present work evaluates the HQ diffusion coefficients
in the general most scenario of hot and magnetized
medium, also assuming the HQ to be relativistic (i.e. going
beyond the static limit). Before going into the details of the
evaluation procedure, in this section we will give an
overview of the same and clarify the notations to be used
throughout the paper.

When a HQ traverses through the medium, it encounters
collisions with other partons. Because the HQ has a much
higher energy scale than the temperature of the medium, i.e.
P = (M, p)=(E,v)> T,itusually takes alarge number of
collisions (around M /T within and p/T beyond the static
limit of HQ) to change the HQ momentum by a substantial
amount. Hence one can approximate the interaction of the
HQ with the medium in a simplified way, such that it
becomes a series of uncorrelated momentum kicks. At
T # 0, these uncorrelated momentum kicks can be compre-
hended as originating from the scatterings faced by the HQ
with the thermally populated light quarks and gluons. As a
result of that, the transport coefficients, i.e. in our case the
momentum diffusion coefficients («) in our case, are directly
related to the corresponding scattering/interaction rate (I'), as
is shown below through explicit expressions.

In the presence of an external magnetic field and
considering that the HQ is moving in a particular direction,
i.e. going beyond the static limit of HQ, the complex
interplay between anisotropies generated from the preferred
directions of HQ momentum/velocity and the magnetic
field leads to nontrivial scenarios. In this situation it is
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useful to work with two simple cases, i.e. 7||B and ¥ L B.

The first case ||B leads to two different diffusion coef-
ficients k; and k7, related to the HQ scattering rate as

kr(p) :% / d3qd;(;> i, x(p) = / d3qd;(;> qz.
(2.1)

On the other hand, ¥ 1B case generates three different
diffusion coefficients ;s j = {x,y,z} = {1,2,3}), i.e.

3 dr(”)

q;. (2.2)

It is straightforward to realize that retracing the static limit
(v — 0) within a magnetized medium would mean there is

only one anisotropy given by the specific direction of B and

would cause the 7.LB case to vanish.

From Egs. (2.1) and (2.2) one can easily deduct that to
evaluate the momentum diffusion coefficients, we first need
to evaluate the scattering rate or interaction rate of the
2 <> 2 scatterings between the light quark/gluon and
the HQ (i.e. ¢H < gH and gH <> gH). The dominant
t-channel scattering processes involving them are diagram-
matically portrayed in the top half of Fig. 1. Now, to
evaluate the corresponding scattering rates, we use an
effective approach, first provided by Weldon [42]. In this
approach we can express the 7-channel 2 <> 2 scatterings
involving HQ as cut/imaginary parts of the HQ self-energy,
demonstrated in Fig. 1. Using this technique the expression
for the scattering rate [I['(P)] comes out to be

1 1
2E1 4 ¢ EIT

I'(P)=- Tr[(P + M)ImZ(p, + i€, p)],

(2.3)

:

000000000
Q

1

|

FIG. 1. The equivalences of the 7-channel scatterings of heavy
quarks due to thermally generated light quarks and gluons, gH —
gqH (left) and gH — gH (right) are shown, as they can also be
expressed as the cut (imaginary) part of the HQ self-energy. An
HTL resummed heavy quark self-energy with effective gluon
propagator takes into account the diagrams for the hard process
among others.

where X(P)s represent the two-loop HQ self-energy dia-
grams involving second-order quark and gluon loops. The
hard contribution of the scattering rate comes from cutting
these X(P)s, depicted by the right-hand side of the
diagrammatic equation shown in the bottom half of
Fig. 1. For the present study we also want to incorporate
the soft contributions, i.e. where the momentum flowing
through the mediating gluon (Q) is considered to be soft. In
this scenario, the HTL corrections to the gluon propagator
contribute at the leading order in the strong coupling
constant, which in turn suggests that resummation must
be taken into account. At this point we will emphasize the
advantage of using Eq. (2.3), which allows us to include all
the necessary resummations by applying the imaginary
time formalism of the thermal field theory. Hence effec-
tively to include the resummation, all we have to do is to
replace the several separate X(P)s by a sole effective HQ
self-energy [which we will also symbolize as X(P) from
this point onward] with an HTL resummed effective gluon
propagator (depicted by the left-hand side of the diagram-
matic equation shown in the bottom half of Fig. 1), which in
a magnetized medium can be expressed as

Sm(P - Q)yu (24)

4
xp) = ig? [ DO,

Here D*(Q) is the effective gluon propagator and
S,.(P — Q) is the heavy fermion propagator in presence of
an external magnetic field.

Next we will discuss the individual components of
Eq. (2.4) in details. First of all, the heavy fermion
propagator S,,(P —Q =K) in presence of an arbitrary
external magnetic field is given by [43—45]

SR
__J-Z lDl qu K)

S 1 2.5
- - ZquB (25)

:0

with [ =0, 1,2, ..., denoting the Landau levels and

Dy(qsB.K) = (K + M)((1 = ir'y*)Li(&p)
= (L+ir'y? )L (&) — 4K Ly (&),

(2.6)

o5 and L9(&F) is the generalized Laguerre

polynomial, defined as

. & L
(- aree(F5) = e @)

where ¢ is the fermionic charge for a particular flavor f.
K* = (K, T k") is the fermionic four momentum with K’ | =

(k°,0,0, k%) and K = (0,k*, k’,0). The metric tensor can

where & =

034013-3



ARITRA BANDYOPADHYAY

PHYS. REV. D 109, 034013 (2024)

also be broken down as ¢ =g"+ ¢\, with g =
diag(1,0,0,—1) and ¢ = diag(0,—-1,-1,0), such that
the individual components satisfy K? = Kﬁ — k%, ie. Kﬁ =
k§ — k2 and k3 = k3 + k2.

Next we focus on the effective gluon propagator. Several
recent advances have been made on the general structures
of the fermion and gauge boson self-energies with propa-
gators at finite temperature and in presence of an external
magnetic field [46-55] as well as thermomagnetic correc-
tion to the quark-gluon vertex [56,57]. Out of these choices
we usually work with the effective gluon propagator in a
hot and magnetized medium from Ref. [53], i.e.,

v 4
D(Q) = % P> gA @8)
i=1

where & is the gauge parameter, A¥“s are the constructed
tensor basis and J;s are the corresponding coefficients.
Various A“s can be expressed as

1
A = S ', (2.9a)
u
e 4
aw =g A9 (2.9b)
1
W Y
A= (2.9¢)
AR+ i
A =2 TR 2.9d
N N 299
with
"
W= — %, (2.10a)
4% = diag(0,~1,-1,0), (2.10b)
10y =01=0"-0f=-q1.  (2.10c)
/4 H
=t — q;g qoggu , (2.104)

where u* = (1,0,0,0) is the heat bath velocity and n, =
(0,0,0,1) is defined uniquely as the projection of the
electromagnetic field tensor F,, along u/.

Subsequently corresponding coefficients J;s are
given as

(Q* —ds)

J1= (0*—d,)(Q* —d3) —d%’

(2.11a)

Computation of various Constructing the effective
————> | Gluon propagator D**((Q)

using different d;s.

l

Evaluation of effective
HQ self-energy %(P)
using D*(Q) and S,,,(K)

Evaluation of one-loop
Gluon self-energy (I1,,,)

—_— form factors (d;s) by

contracting A/ with T1,,,

Final estimations of HQ Computation of the

- scattering rate I'(P)

using HQ self-energy %(P)

momentum diffusion -

coefficients x;s from I'(P)

FIG. 2. A flow chart summarizing the calculational steps to be
followed from Sec. IIL.

1

=T 5 2.11b
T2 (0*—dy) ( )
(Q*—d,)

= , 2.11

Si=tomayo-ay-a A
d,
= , 2.11d
St -a-a MY
where d;s are the form factors defined as
dl(Q) = A}lwn/w(Q)v (2123)
dy(Q) = AYTL,(Q). (2.12b)
d3(Q) = AI;DH/W(Q)’ (212C)
1

d,(Q) = 5 AT (Q), (2.12d)

I1,,(Q) being the one-loop gluon self-energy. The form
factors d;s have previously calculated only in the strong
magnetic field limit within the lowest Landau level
approximation in Ref. [53] and subsequently used in
Ref. [34] to explore the HQ dynamics. For the general
scenario of any arbitrary external magnetic field, explicit
evaluation of the form factors d;s requires the computation
of one loop HTL gluon self-energy including quarks
residing in any arbitrary Landau levels, which we will
discuss in the next section. Before jumping into that,
readers should look at the calculational steps to be followed
to obtain the final expressions for the HQ momentum
diffusion coefficients, in the form of a flow chart (Fig. 2).

III. EVALUATION OF THE FORM FACTORS
FROM THE ONE-LOOP HTL GLUON
SELF-ENERGY

In the previous section, we covered the basic formalism
and summarized the calculational steps to be followed. As
the first step of the same, in this section we will first
compute the one-loop gluon self-energy (I1,,) in a hot and
arbitrarily magnetized medium, which will then help us to
evaluate various form factors (d;s) required to construct the
HTL effective gluon propagator (D).
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One loop gluon self-energy in a hot and magnetized
medium can be written as a combination of the pure glue
Yang-Mills contribution ITj, and the fermionic loop con-
tribution IT},, i.e. IT,, = IT};, 4 IIj},. The pure glue part IT;,
is unaffected in presence of magnetic field and can be
written as

N.@T? [dQ (qoK K,
(o) - -4 [ 2 (

I [ ). 1)

As later we will be using it, at this point we also define the
angular factor as 7, given as

dQ
To= /— l :@m(—qo”).
AmK-Q 29 \q0—4¢
On the other hand the fermionic part of the one-loop
gluon self-energy can be computed as

(3.2)

d*K
H;TU(Q) = Y (K> v m( )}
Zf: 2 / (27)° !
i [ d'K ‘iq 1 & & 1y
I ko T W I

=) (7 77a)
X
(Kﬁ —m; —2lq,B Rﬁ —m}—2I'q;B
X Tr{YﬂDl<QjB’K)}/UDI'(qu’R)}’ (33)

where we have used the form of the fermionic propagator
from Eq. (2.5), replacing the HQ mass M by flavor
dependent light quark mass m;. We can further simplify
the expression by the virtue of the Hard thermal loop
approximation, neglecting the external momenta and the
quark mass m; in the numerator, i.e.

4 2Ai 0
-5 [ L5

7 =0 /'=0

x
<Kﬁ—mf—2quB) R‘ —mj — 2[’qu)

The nontrivial trace part can be computed by progressing
term by term [see Eq. (2.6)],

Tr{yﬂDl(K)val’ (R)} = T/w = Z(Ti>/u/' (35)

We list the explicit expressions for each of the terms in
Appendix A. Evaluation of the trace finally yields the
fermionic part of the one-loop gluon self-energy to be

s . (3.6)

K —20'q,B)

|—mjs —ZIqJB)(

Equation (3.6) along with Eq. (3.1) give the final expres-
sion for the one-loop gluon self-energy in a hot and
arbitrarily magnetized medium.

After having the expression for the one-loop gluon self-
energy I1,,(Q), we can proceed to evaluate the form factors
in Eq. (2.12) one by one. To do that, we need to contract
various tensor basis A;" [explicitly given in Eq. (2.9)] with
I1,,(Q). We provide the expressions for the four form
factors in the next four subsections. For the corresponding
thorough steps of contractions, readers should look into
Appendix B.

A. Form factor d,

We first focus on d;, which can be written as [see
Eq. (2.12a)]

dy = MU +T0) = dPM 4 ap, (37)

where A" is given in Eq. (2.92). d7 ™ is the contribution for
the gluon part, i.e.

N g*T?

4 = s, =S

[1-Tg(q0.9)]. (3.8)

On the other hand df' is the contribution from the quark
loop (see Appendix B), given as

FlarBl :
dy = AT = =) 5 L Z 1)
7 7m =

dk _
X [(51,1' +0-1.0-1) /2—; (2 - a)®, + (243

) ] dk
+ (2 = @f)21|qB|)®2} + &3 (801 + 81-1.1) 2_,:

_ dk
x {® + 2l|q;B|®,} + 4it*|q;B|15, 1 /2—”3(1)2],

(3.9)

o
— ) il = ‘IOQ‘{&, and @ = —¢*/ Q.
In expressing " we have also used the shorthand notations
®;s for the following frequency sums:

where u“ =1- Q2(
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O, = TZ e

1 nF<Ek )
=T = = (3.10)
%:kg -E,  Ey
and
0= 1Y !
2 p—
— (K3 —m3 = 21|q,B|)(R} — m3 =2
=T ’
zko: (kg — Eiz)(r% — E})
_ S1872 (1 —nF(lek3)—nF(52Er3>>
SI,SZZil 4Ek3Er3 C]o - lek3 —_ szEr3 )
(3.11)
where  Ey, = \/k% +m;+2lgB]  and  E, =

VA +m +20q;B].

At this point, we should make some comment about the
LLL approximation. One can see in a straightforward way
that from Eq. (3.9), it is easy to obtain the LLL limit by
putting / =1' =0, i.e.

dLLL

Py D, + 2k3D,).

(3.12)

This is similar to what has been obtained in Ref. [28],
where the authors further exploited HTL approximations
within @, to simplify the expression for d; and express it in
terms of the medium modified Debye mass my,.

B. Form factor d,
Focusing on d,, we have [see Eqgs. (2.12b) and (2.9b)]

dy = A (T, +TI) = d¥™ 4. (3.13)

The pure-glue part d5 yields

dYM A/qu — Ncngz 1 qo Q2
" 3 2

For the quark part, we obtain the final expression as

g |f]fB| ’
dr = Aﬂ”nm _ Z Z( 1) 41
f

LI'=

X [(51,1'—1 +51—1,1’)/2—ﬂ3{‘1’1 + 21|q,B|®,}

dk
+4|qB|15; /2_3q>2} (3.15)

C. Form factor dj

Similar to d; and d,, we can break down d; into two
parts [see Eqgs. (2.12¢) and (2.9¢)], i.e.

dy = A (I, + IT) = d3 M + a7, (3.16)

where the pure glue part yields

y 9 0
ay — pv, = Neg T [—2——7 (o0 q>] (3.17)

< T

For the quark part we can subsequently write down

9'lasB| & :
— AW _ _ S z+1
dy = NPT, = zf:z”n Z

LI'=

X [—flz (Orr + 61-1,0-1) /2—7: {@1 + (23

_ dk
+21|qB|)®,} + 7 (8,p-1 + S1-1.r) 2—;

_ dk
(0 + 2 B0} + 4l Bliny [ 520,

(3.18)

4
where nﬁ Z—i, i = a4

o and 72 -7

D. Form factor d,

Finally for the last form factor d, [see Egs. (2.12d) and
(2.9d)] the Yang-Mills contribution vanishes as

d¥M = AMTIY, = 0, (3.19)

and we are only left with the quark loop contribution, i.e.
dy = dj'. Subsequently dj' comes out to be

d __Aﬂl/nm _ Zzﬁg\/lﬂ\B;L io: l+l’

IRES

dk
X{(51,1’+51—1,1/—1)/ {2k 23 — (i1 i)

_ dk
X (@) +21|qB|®y) } + (7-it) | (8y-1 +1-1.1) 27:
where (7 - it)y = (i - it) :‘1;3—;1;
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Here we have introduced a third frequency sum @5 as

ko
q)3 = T '
kzo<z<ﬁ—m,%—2l|qu|><Rﬁ—m%—Zl’lq.fBD

ko
-T ,
L G-E)R-E)

ko
52 (1_nF(SlEk3)_nF(S2Er3)
4E qo — S1Ex, — $2E,,

S1,8,==+1 3

>. (3.21)

Now that we have all the expressions for the individual
form factors d;s, the construction of the effective HTL
gluon propagator D*(Q) involving quarks residing on any
arbitrary Landau levels seems complete [see Eq. (2.8)]. In
the next section we will proceed with the next steps, i.e. we
will compute the HQ scattering rate T'(P) in a hot
magnetized medium, utilizing the HQ effective self-energy
%(P).

IV. HQ SCATTERING RATE (I') IN A
MAGNETIZED MEDIUM

We start this section with the expression for the HQ
effective self-energy. Using Eqgs. (2.5) and (2.8) in Eq. (2.4),
we can write down the HQ effective self-energy as

o[£t
i (27)* K} = M? = 2l|q,B|

X(P) =g

X
. [3)
M“W

J & y,D(q/B.K)y,. (4.1)

i=1

which also makes it quite evident that we have chosen a
gauge with vanishing gauge parameter, i.e. £ = 0in Eq. (2.8).
Now to evaluate the scattering rate using Eq. (2.3), one
needs to evaluate the imaginary part of £(P) and perform a
trace, i.e. Tr[(P + M)ImX(P)]. These two actions can
commute with each other. Hence we will first perform
the trace and then evaluate the imaginary part to obtain the
final expression for the HQ scattering rate in a magnetized
medium. From Eq. (4.1), one can write the trace as

Tr[(P + M)Z(P)]

— (27)* Kﬁ — M? —2l|q,B|

4
X Z T Te[(P + M)Ay, Di(q¢B,K)y,].

i=1

(4.2)

We can now proceed to evaluate the individual traces
Tr[(P + M)A"y,D,(q;B, K)y,]. To this end, we will break
down each of the traces into two parts, i.e. g independent
A;s and g, dependent B;s, i.e.

Te[(P + M)Ay, Di(qB.K)y,| = A + Bi(qo).  (4.3)
The reason for this arrangement can be understood as
follows:

(1) We are eventually interested in the imaginary part of
%(P). It has been explicitly shown in Ref. [2] for
eB =0 and in Ref. [34] for eB # 0 that g, depen-
dent terms will not contribute in the imaginary part
of Z(P).

(2) We will work on the small energy transfer limit of
HQ scattering, which essentially requires g, — 0.
Within this limit, various form factors d;s undergoes
further simplifications which we eventually use in
our numerical evaluation. These simplifications have
been explicitly discussed in Appendix C.

Hence we can safely neglect the g, dependent pieces B;s to
proceed further into the calculation. Explicit evaluations of
the traces along with the expressions for A;s are given in
Appendix D.

To compute the sum over g, we introduce the spectral
representations for the HQ and effective gluon propagators,
respectively, by using the following relations:

1

K} —M?-2l|q;B|

17
=55 /df’ekof {(l—nF(Ew)e_EHT —nF(Eil)eEHT},
(A
(4.4)

1/T +00

T z—/dfe"”/dwﬂi(w, q)[1 + ng(w)]e™". (4.5)
0 -0

For the spectral representation of the HQ propagator, we have
used the dispersion relation Eﬂ = \/ k3 4+ M?* + 2l|q;B|. On

the other hand for the spectral representation of the effective
gluon propagator we have defined the spectral functions as

1
i) = I0(T g i) (46)

which extract the imaginary parts of the corresponding
coefficients J;. Explicit expressions of these spectral func-
tions are given in Appendix E.

Once we use Egs. (4.3)—(4.5) in Eq. (4.2), the sum over
qo can be evaluated from the combination of the integrals
over 7 and 7/, using’

!Similar formulas have been used in our earlier work [34],
which contain typos of missing a factor of T.
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TZ@"O(T_T/) =6(r—17). (4.7)
qo

This subsequently yields

_kl/quBl

A
M? - 2n|qu|Zj

N d*Q
= IQZZ(_l)l/(z ) Kﬁ

[+ 4
d q _»
==Y (1Y [ et
n=0 i=1
+o0
x/dwu+mmmng)APh (4.8)
Yo I
where
T yT
P, = /df’/dfepof/_“”é(r—r’)
0 0
x [(1 = ne(B)e™ T — np(EeT].
onp(cE))

o==+1

After this we can proceed to compute the discontinuity
by writing down the evaluation for the trace, now incor-
porating the imaginary part as

Tr[(P + M)ImZ(p, + i€, p)]

~

o d3q
2> (1Y [ G
=0 i=1

+o0

pi(w, q)A;
x [ doft -+ nlon) G0

Lo I

X Z onp(cE|)S(E + oE| — ).

o==*1

(4.10)

Finally using Eq. (4.10) in Eq. (2.3), we can obtain the
scattering rate I'(P) (for a particular HQ flavor) as

/dq —kz/\qu\

< / doft +nB<w>}’M

ZEI‘

S(E + oEﬁ - w). (4.11)

We can further simplify the expression for the scattering
rate a bit further using the scale hierarchy M > /eB, T. As
E~ EH ~ M, so the delta function 6(E + E|| — ) cannot

contribute for w < 7. Also, the Fermi-Dirac distribution
nF(Eﬁ) will be exponentially suppressed. These changes

subsequently simplify the expression of the scattering
rate as

F(P)Zz‘j]z2 / dq e~k1/las8
+oo
< [ aol +n3<w>}’%aw B - o)
_ (4.12)

Equation (4.12) is the final expression for the HQ scattering
rate in a hot and arbitrarily magnetized medium that will be
used in the next section to write down the HQ momentum
diffusion coefficients.

V. HQ MOMENTUM DIFFUSION COEFFICIENTS
IN A MAGNETIZED MEDIUM

In this section we write down the final expressions for the
HQ momentum diffusion coefficients x;s within the most
general scenario of a hot magnetized medium from
Egs. (2.1) and (2.2) using the already computed scattering
rate in the previous section. Beyond the static limit of the
HQ we have considered two simple cases, HQ moving
parallel (case 1) or perpendicular (case 2) to the direction of
the magnetic field. Following we provide explicit expres-
sions for various HQ momentum diffusion coefficients
within these two cases, respectively.

A.Case 1: v| B

As the magnetic field is considered to be along the z
direction, for this case we only have a nonzero p; whereas
p1 = p, =0, resulting E = +/p3 + M>. The scattering
rate is same as Eq. (4.12) with A;s replaced by

Agl) = A;(p; = p» =0). Explicit expressions for Agl) S
are given in Appendix D. Subsequently the transverse
momentum diffusion coefficient for this case will be given

using Eq. (2.1) as

034013-8



HEAVY QUARK DIFFUSION COEFFICIENTS IN MAGNETIZED ...

PHYS. REV. D 109, 034013 (2024)

Zoo 124 Pq_ 2 s
= £ / e
i=1

g_
8E
T . gAY
x/d WD e E —0),  (51)
J u

where we replace the factor (1 + ng(w)) with Z, owing to
the small energy transfer limit.

Similarly the longitudinal momentum diffusion coeffi-
cient will be given as

T
K (p3) = ﬂg Z / 2 3q§e‘qi/'qf3'
T o, q)A}"
« / do" O S(E B —w).  (52)
Yo [
B. Case 2: v 1B
For this case we have nonzero p; and/or p,
whereas p; =0. Hence E = ./p? + M’ and E| =

\/ q3 + M? +2I|q;B|. The scattering rate expression in
Eq. (4.12) will again have modifications in A;s, which will
now be replaced by Al(.z) = A;(p3 =0). Hence using
Egs. (4.12) and (2.2), we can straightway write down the
expressions for the momentum diffusion coefficients as

2 o 4
zg T I q 5 /lq/B]
k;(p) = (-1) gje= /1
J 4E ; Z (2x)* 7

+o0
@
pi(@, q)A;
x/dw(a)E,)(S(a)—E—l—E’). (5.3)

Again we have replaced (1 + ng(w)) with Z due to the small

energy transfer limit. Explicit expressions for A§2)

in Appendix D.

are given

VI. RESULTS I: DISCUSSIONS
ON THE STATIC LIMIT

Before going into the estimations of the HQ momentum
diffusion coefficients beyond the static limit of the HQ, in
this section we will discuss the results considering the static
limit of the HQ. From our general expression given in
Sec. V, we can readily revert back to the static limit
considering the HQ momentum p (vis-d-vis velocity 7)
to be vanishing, i.e. E ~ M. Firstly we notice that without
the anisotropy generated by 7, #LB case will have no
contribution in the static limit. There will be only one case

with B providing the anisotropic direction, which is

essentially the ¥||[B case with v — 0. The simplified
expressions for A;s within the static limit are given in
Appendix D, from where we can see that the only non-
vanishing contributions comes from A; and A,. Out of
these two, A4 term eventually does not contribute because
of the vanishing of its associated spectral contribution py
(see Appendix E). The reason for this is explained in
Appendix C which shows d; %0 in the small energy
transfer limit. Hence incorporating all these factors we
can write down the expressions for xy and k; within the
static limit from Egs. (5.1) and (5.2), as

,/M2+21|q B| /

1 (s (s)
- ) A 3
. [wpl (@.9)4

w—0

. T
o) =0

qie_qi/‘q/B‘

(6.1)

(5) _ 7[ng =

K /
. /M2 + 2l|q B|
x lp&”(w, g
[0)
Here AES) and pgs) are the simplified expressions for A,
and p, within the static and small energy transfer limit of
the HQ, given in Appendices D and E, respectively [see

Egs. (D17) and (E13)]. Putting those in Eqgs. (6.1) and (6.2)
we obtain

2 3
( ) ng?TM / d 9 oot/
,/M2+21|q B|

l(am,» +6(g3)5 om3, ) <Ll<f;>—Ll_1<:¢>>]

3 q%e_qi/‘QfB‘

(6.2)

w—0

) 2(g2+ (m)y)?)?
(6.3)
O °° (=1)2zg°TM 2o~ /lasB|
’ ,/M2+2l|q3/ 3%
TP (LiE) = L (&)
[ 24 + (P } (64)

where mj, is the full magnetized medium modified QCD
Debye mass, which consists of the pure glue part m$, and
the magnetic field modified correction émp,, given as

(mpp)? = (m$)? + Y om3, .. (6.5)
f
272
(mpy =4 (66)
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T=0.4 GeV

K(LS)/K(s) — charm
— bottom
----- K1k

5 10 15 20
eB (m?)

FIG. 3.

T=0.6 GeV
4 . )
_____ K(TS) e | T bottom
3k

eB (m?)

The magnetized medium modified exact results (x) has been scaled with respect to the eB = 0 result (), variation of which

with respect to e¢B has been shown for longitudinal (solid lines) and transverse (dashed lines) HQ momentum diffusion coefficients
within the static limit of both charm (red curves) and bottom (blue curves) quarks. Comparison has been done for two different values of
temperatures, i.e. T = 0.4 GeV (left panel) and 7 = 0.6 GeV (right panel). Charm and bottom quark masses M are specified in the text.

2 [
9°|q/B| onp(Ey,)
oy = = 5(2—51,0) dky—3p
= 3
_ 9lasBI>
4”2fT §:2 810) /dkgnF(l—nF) (6.7)

From Egs. (6.3) and (6.4), one can also easily revert back
to the lowest Landau level limit by putting / = 0 and see
that it matches with previous results within the same
limit [28].

Before moving further, let us briefly mention the static
limit result for vanishing magnetic field. In this case, since
there is no spatial anisotropy in the system, there will be a
single momentum diffusion coefficient x*). To provide an
expression for (), we can start with the eB = 0 expression
for the HQ scattering rate explored in Refs. [3,12,34], i.e.

Lo = 208 [ 545 [ dolt + my(w)ol0—7-)

—o0

< [pr(@.q) + pr(@.q)(v* = (7-3)*)].  (6.8)

Considering the static limit of the HQ and small energy
transfer, we further simplify the HQ scattering rate as

Pq 1
') o2ﬂ92T/( { (@ ,61)} ;

2’
=207 [ [ )

(6.9)

where we have used the expression of the HTL longitudinal
spectral function p; [3,12,58,59], according to our defi-
nition of spectral function [i.e. Eq. (4.6)]. Hence the
momentum diffusion coefficient k for eB = 0 and within
the static limit can be straightaway expressed as

2
qmp

=t [l ] e

In Fig. 3 we show our most general static limit results for
with

magnetized medium, by varying the ratio K'<LS/)T/ k()

respect to the external magnetic field, with x(*) being the
zero magnetic field value of the single momentum diffusion
coefficient. Evaluation of x*) has been done using a
temperature dependent UV cutoff ¢, which will be
discussed later. We chose two relatively higher temper-
atures, i.e. T = 0.4 and T = 0.6 GeV, to respect the HTL
approximation applied throughout the calculation. It can be
noticed from the plots that for lower values of eB, the rate
of increase for the values of both longitudinal (solid curves)
and transverse (dashed curves) momentum diffusion coef-
ficients have been relatively larger than that for higher
values of eB. This trend is more visible for charm quarks
(red curves), which also results in a crossover between the
charm and bottom quark (blue) curves. The values of «;
dominate the values of k7 for both static charm and bottom
quarks, throughout the range of magnetic field presented in
the plots of Fig. 3. Finally, with the increase in temperature,
the overall value of the ratio decreases, as expected because
of the competing scales eB and T.

Next we discuss an alternate procedure to incorporate the
effect of the magnetic field in the HQ scattering rate and

034013-10



HEAVY QUARK DIFFUSION COEFFICIENTS IN MAGNETIZED ...

PHYS. REV. D 109, 034013 (2024)

HQ momentum diffusion coefficients. In this method, all
the medium effects are channeled through the medium
modified Debye screening mass. Since we have already
discussed the static limit scattering rate for eB = 0, to
incorporate the magnetic field effect within the HQ
scattering rate, we can straightaway plug the magnetic
field modified Debye mass m},(eB,T) in Eq. (6.9), and
write down the corresponding momentum diffusion coef-

ficients (again considering B = B2), as

) = ng? dq g7 (mp)*
o T/(2ﬂ)3 {2q(q2+ (m;))z)z]’ (6.11)

) _ d’q q3(m})?
W =2t [ o5 {2q<q2+<m;)>2>2} (6.12)

We are finally in a position to both qualitatively and
quantitatively compare these two alternate procedure. One
can immediately notice the structural similarities between
ks and «’s. To make this similarity more prominent to our
readers, let us explicitly write down the LLL case for K(Ls), a
further simplified expression from Eq. (6.4), which reads as

q3(mp)? ]
2q(q* + (mp)*)*]”
(6.13)

; dq _
KE)|LLL = 271'ng/ (27[)3 e qi/%‘3||:

One can immediately notice the striking similarities
between the HQ momentum diffusion coefficients pre-
sented in Eqs. (6.12) and (6.13).

But looks can be deceiving. When one carefully com-
pares between Eqs. (6.11)—(6.12) and (6.3)-(6.4), (6.13),

T=0.4 GeV
1_4."-l ' — charm || — K(LS)'/K(LS)
ot -:I — bottom || K(7§)V/K(7§)
of, |

K'lK

0.0

the significant differences between the two results can be
observed, which we list down below.

(1) First and foremost, the structural anisotropy in
presence of the magnetic field is not captured in
Egs. (6.11)—(6.12), which basically means they
produce similar values for x; and k7 at a particular
value of the temperature and the magnetic field. But
as the exact results [Egs. (6.3)—(6.4)] suggest, this is
not the case. We explain this issue further in the
following point.

(2) From Eq. (6.4) one can see that the quark loop
contributions for k; coming from different Landau
levels eventually vanish within the static limit
because of the factor 5(¢s3), i.e. vanishing longi-
tudinal momentum transfer. This is physically re-
lated to the corresponding kinematics constrained by
the HTL approximation which neglects the quark
mass in leading order. The only non vanishing
contribution to x; comes from the scatterings of
the hard thermal gluons. These physical subtleties
have not been captured in Eq. (6.12), when one just
assumes the modification solely through the De-
bye mass.

(3) Considering the modifications of the HQ propagator
in a magnetized medium provide us with the factor
e~71/14B| because of which we do not require any
hard UV momentum cutoff for the g integration in
the exact procedure. On the other hand, medium
modified Debye mass does not provide such soft UV
momentum cutoff and one has to put an upper limit
Gmax 1o get a finite value out of the mediating gluon
momenta integration. In Ref. [12], the authors have
estimated this value of ¢,,,,, comparing their results
with QCD kinetic calculation. Similar estimations

T=0.6 GeV

140 '.‘ ‘.‘ — charm || ')
Vo — bottom -
(A G alL) | PR PEIRC)

) \

K'lk

0.0

5 10 15 20

eB (m?)

FIG. 4. Variation of the ratio between the Debye mass approximated results (k) and the exact results (x) with respect to eB has been
shown for longitudinal (solid lines) and transverse (dashed lines) HQ momentum diffusion coefficients within the static limit of both
charm (red curves) and bottom (blue curves) quarks. Comparison has been done for two different values of temperatures i.e. T =
0.4 GeV (left panel) and T = 0.6 GeV (right panel). Charm and bottom quark masses M are specified in the text.
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of ¢max can be tried in magnetized medium through a
fitting procedure, comparing the results between x
and «’.

(4) There is no explicit HQ mass dependence in the
expressions of the Debye mass approximated mo-
mentum diffusion coefficients, as opposed to the
exact expressions for arbitrary Landau levels.

In Fig. 4, we have shown further quantitative compar-
isons between the results generated from the exact
procedure « and the Debye mass approximated procedure
k’. For evaluating UV finite values of x/, we have adopted
a similar form of ¢,,,, as in Ref. [12], just replacing the
temperature dependent one-loop running coupling ¢(7)
by the magnetized medium modified g(7, eB) [56,60-62],
i.e. gmax = 3.1Tg(T, eB)'/3. For evaluating the magnetic
field induced correction of the Debye mass also we have
used g(T, eB), instead of g(T') [34]. Figure 4 shows the
variation of the ratio x’/k with respect to magnetic field for
two different values of temperature, 7 = 0.4 and 0.6 GeV.
For both the longitudinal and transverse components of
charm/bottom quark, the basic feature is similar, the
Debye mass approximated results underestimate the
exact results for larger values of e¢B and overestimate
them for smaller values of eB. Both the effects are more
prominent in the case of bottom quarks, because of their
heavier mass (M, = 4.18 GeV) compare to charm quark
(M. = 1.27 GeV). Also one can notice that the values of
the ratio of transverse components (k7./xr) are larger than
that of the longitudinal components (x} /x;) throughout
the range of eB considered, which is compatible with the
observation from Fig. 3 where x; curves dominate over x7.
Even without the quark contribution, this dominance of x;,
over kr is hardly surprising because of the dominant
gluonic contribution in the f-channel scatterings consid-
ered in the present study.

VII. RESULTS II: ESTIMATIONS
BEYOND THE STATIC LIMIT

In the previous section we have thoroughly analyzed our
results within the static limit by scaling them with respect to
the eB = 0 result (Fig. 3) and results from an approximated
alternate procedure (Fig. 4). In this section we show our
estimated results for longitudinal and transverse momen-
tum diffusion coefficients going beyond the static limit, but
keeping ourselves confined within the limit of small energy
transfer. Before discussing the results shown in this section,
let us point out some necessary information about the
parameters chosen for the current study.

(1) The form factors d;s for the gluon two-point
correlation function have been explicitly evaluated
in Sec. III. Within the limit of small energy transfer,
d;s have further simplified expressions, discussed in
Appendix C. Those simplified d;s have been further
used to evaluate the spectral functions depicted in
Appendix E.

(2) The other factors A;s, originating from the Dirac
trace of the scattering rate are already ¢, indepen-
dent, as explained in Sec. IV, do not encounter
further simplifications in the small energy transfer
limit. Although for the two cases considered in the

current study, i.e. 7]|B and 7 LB, A;s obtain specific
forms because of different vanishing components of
HQ momentum p. Such forms of A;s have been
explicitly given in Appendix D.

(3) Asalsomentioned in the previous section for the static
limit results, here also we use two kinds of one-loop
running couplings, i.e. ¢(T) and ¢(T, eB). For the
pure-glue contributions we use the normal temper-
ature dependent coupling ¢(7') whereas for the
magnetized quark contributions we use the magnetic
field modified running coupling ¢(7,eB) from
Refs. [56,60-62].

(4) The values of the charm and bottom quark masses are
taken to be M, = 1.27 GeV and M, = 4.18 GeV,
respectively. Maintaining the scale hierarchy
M > p> T, we have considered the value of the
HQ momentum to be p = 1 GeV and taken temper-
ature values 7 = 0.4 and 0.6 GeV which also respect
the applied HTL approximation. This in turn means

that the 7||B case corresponds to p; = 1 GeV and

LB case correspondsto p, = +/p? + p3 =1 GeV
where for numerical simplicity we have chosen

p2=0and p; =1 GeV. 2

(5) For the 7|| B case, the exponential factor e /" acts as
a natural regulator for cutting off the UV divergences
appearing from the g integration, which also applies

to our static limit results K(S) On the other hand for

L/T
the 7.LB case we have a more general factor
_(/u*u)z
e " which is plagued by the huge value of

the HQ momentum p = 1 GeV. Hence for this case
obtaining UV-finite values require choosing a
medium dependent cutoff similar to ¢, (7, eB) =
3.1Tg(T, eB)'/? chosen for the alternate procedure
in Sec. VL
(6) In the following results we have shown the variation
of the momentum diffusion coefficients with respect
to the external magnetic field. It showcases our
flexibility of choosing any values of the magnetic
field owing to the generality of our calculation. Due
to the restrictions given on the lower values of
temperature by HTL approximation, we refrain from
showing the temperature variation throughout a
certain range and instead opt to show different fixed
values of temperature. Of course the effect of the
magnetic field is more prominently reflected on the
respective observable when varied with respect to eB
instead of 7.
We are now in a position to describe the results. Let us
start with the ¥||B case, within which the variation of the
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T=0.4 GeV

0.8

KL/K? — charm
_____ KrlKS — bottom

0.0

eB (m?)

T=0.6 GeV

0 — charm
_____ K7/KO — bottom
9

0.8

0.0

eB (m?)

FIG.5. ¥ HE case: variation of the longitudinal (solid curves) and transverse (dashed curves) momentum diffusion coefficients for
charm (red curves) and bottom (blue curves) quarks with external magnetic field for two different values of temperatures, i.e.
T = 0.4 GeV (left panel) and T = 0.6 GeV (right panel). The magnetized momentum diffusion coefficients are scaled with respect to
their eB = 0 counterparts. Charm and bottom quark masses M are specified in the text and HQ momentum p is taken to be 1 GeV.

longitudinal and transverse momentum diffusion coeffi-
cients with external magnetic field are shown in Fig. 5 for
two different fixed values of 7, i.e. 0.4 and 0.6 GeV. The
coefficients are scaled with their ¢eB = 0 values separately
evaluated using the eB =0 scattering rate given in
Eq. (6.8). A similar trend like the static limit can be noticed
here, for higher values of eB, the rate of change of x; /T
becomes rather flat, specially for the charm quarks (red
curves). Interestingly for the charm quarks, x; (dashed
curves) dominates over k; (solid curves) throughout the eB

T=0.4 GeV

0.010

0.008

0.006F

0.004

Kj/T3 (charm)

0.002f

0.000

range considered, in accordance with the trend observed in
Ref. [30]. On the other hand for bottom quarks (blue
curves), k;, is larger than k7 until a certain higher value of
eB, after which we can notice a crossover. These crossover
reflects the behaviors of three competing scales M, T, and
eB. A much higher value of M for the bottom quarks
requires a much higher value of eB to have similar
behaviours of k; 7 for the charm quarks. A higher value
of T demands even more e¢B which is evident from the right
panel of Fig. 5, where no crossover is present but one can

T=0.4 GeV
0.0008 T v v v

0.0006

0.0004F

K;/T® (bottom)

0.0002F

0.0000

FIG.6. LB case: variation of the transverse components k; (solid curves), k, (dashed curves) and longitudinal component x5 (dotted
curves) of the momentum diffusion coefficient for charm (left panel) and bottom (right panel) quarks with external magnetic field for a
fixed value of temperature, i.e. T = 0.4 GeV. The magnetized momentum diffusion coefficients are scaled with respect to their eB = 0
counterparts. Charm and bottom quark masses M are specified in the text and HQ momentum p is taken to be 1 GeV.
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notice the converging trend of the bottom quark curves
which predict a crossover at an even higher value of eB,
than the values presented.

Figure 6 describes the results from the other case, i.e.

7LB. At eB =0, no such case can exist and hence we
scaled the values of x; with T3 here. Transverse compo-
nents «; (solid curves) and x, (dashed curves) dominates
over the longitudinal component k5 (dotted curves) for both
charm and bottom quarks, whereas x; is larger than «x,
because of the specific choice of p | considered. Although
in this case, no saturating behaviors can be noticed for any
of the momentum diffusion coefficients at higher values of
eB unlike the previous cases. Instead the rate of change of
the momentum diffusion coefficients evidently increase
with increasing values of e¢B. Also the values of momentum
diffusion coefficients for the bottom quarks (right panel)
are an order of magnitude lower than that for the charm
quakrs (left panel).

Combining the results from the two different cases, one
can observe that for lower values of eB the effect of the
external magnetic field on various momentum diffusion
coefficients is higher when the HQ moves along the
direction of the magnetic field with considerably high
momentum. This effect saturates when we increase the
value of eB. On the other hand when the HQ moves in
the perpendicular direction of the external magnetic field,
the effect of the magnetic field on the momentum diffusion
coefficients increases with increasing values of eB.

VIII. SUMMARY

In the present study we have studied HQ momentum
diffusion coefficients in magnetized medium. We have
considered the most general cases in both the fronts:
(a) arbitrary values of the external magnetic field and
(b) going beyond the static limit of the HQ to consider a
finite HQ velocity. As far as we know, this is the first
calculation which attempts to study the HQ dynamics with
arbitrary values of the external magnetic field, i.e. incor-
porates the contributions from higher Landau levels. Hence
the novelty of this work mainly lies in the calculation part,
summarized in Sec. II and subsequently performed in
Secs. III, IV along with the various appendices.

We have also discussed an alternate procedure, usually
employed in evaluating other HQ observable in a magnet-
ized medium, which assumes the whole medium effect
within the Debye screening mass and accordingly replace it
with the magnetized medium modified one. By comparing
the results from this approximated procedure with our exact
results within the static limit of the HQ, we clearly identify
the shortcomings of this alternate procedure and emphasize
the importance of employing the general structure of the
gluon two-point correlation functions in a hot and arbi-
trarily magnetized medium. Both within and beyond (when
we consider the HQ to be moving along the direction of the

external magnetic field) the static limit we notice similar
pattern in the eB dependence of the momentum diffusion
coefficients, i.e. the e B dependence is rapidly increasing for
lower values of e¢B, whereas it becomes saturated (more so
for charm quarks) for relatively higher values of e¢B. An
opposite trend is observed for the case when the HQ is
moving in a perpendicular direction with respect to the
external magnetic field, where increasing eB dictates more
changes in the momentum diffusion coefficients. Soft gluon
scattering (which are dominant within the ¢ channel at
leading order of strong coupling) governed longitudinal
diffusion coefficient dominates over the transverse diffu-
sion coefficient within the static limit of HQ and an
opposite trend is observed going beyond the static limit.
Competing behaviour of various scales involved, i.e. M, p,
eB, and T, gets well reflected in our results.

At this point we must also mention that the present work is
also not completely free from limitations, most of which are
being carried over from the limitations of HTL approxima-
tion, e.g. assuming the quarks in various Landau levels to be
mass less renders into vanishing quark contribution to the
longitudinal momentum diffusion coefficient. At the cost of
providing completely analytic, gauge independent, simpli-
fied expressions there are further scale restrictions appearing
because of the HTL approximation, as discussed in Sec. L.
But apart from the HTL generated limitations, there is
another important issue of the UV cutoft ¢,,.. For
eB = 0, several studies have shown that the UV cutoff is
notnecessary when one includes the hard contributions along
with the soft contribution in the scattering rate. In most of the

cases with finite e B, the exponential factor e~ 1/14rBl acts as a
natural UV cutoff. But for the case of HQ moving with
sufficiently high transverse momentum the exponential
factor is not enough and we need further assurances in the
form of a medium dependent ¢, (7', eB). In the present
work, this ¢« (T, ¢B) has been chosen by choosing a similar
form as the e B = 0 case evaluated in Ref. [12] by comparing
with the full result. But this choice of g,,,, is not completely
accurate and requires further modifications. One of the way
of modifying this g, 1S also discussed in the present work,
which requires exact comparison between two alternate
procedures within the HQ static limit and extracting the
Gmax DY appropriate fitting procedure. But the ultimate way of
eradicating this ¢,,,, dependence would be proper inclusion
of the hard contributions [2,3], which leaves the door open
for potential future investigations. The present study creates
other avenues to proceed too, e.g. examining the HQ in-
medium evolution using a Langevin transport code (e.g. [63])
and their consequences on the experimental observable such
as directed and elliptic flow of the open heavy flavor mesons.
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APPENDIX A: TRACE FOR ONE-LOOP
GLUON SELF-ENERGY

Here we note down the explicit expressions for the
individual terms (7}),,, given in Eq. (3.5).

Ty = LiLTr[y, K (1 = iyir2)rR (1 = ivir2)].

= 8L,Ly (KAR) + KUR) — gl (K - R))). (A1)
Ty =L Ly Ty, K (1+ irr2)r B (1 + iriy2)].

= 8L, Ly (K\R + KIR) — glu(K - R))), (A2)
Ty = —LiLy Tty K (1 = iviy2)r, R (1 + irir2)],

=—=8L;Ly_, (g,ﬁ + i(QZﬂgll/ - glyQZu))(K : R)\p (A3)
T, = —L1—1L1’Tr[7uKH(1 +iyir2)r R (1 - irira)],

=-=8L;_ Ly (g,ﬁ - i(QZMglL/ - glﬂgzu))(K : R)H, (A4)
Ts=16L]_ L} Tr[y,K y,R.],

= 64L}_]Lll,_] (K,J;Rf; + K,f‘Rf; + g,w(k . r)J_), (AS)

Te = —4L.L} | Tr[yK (1= irir)r.R.].
= —16L,L}_, [KARS + KURY — ir\(Khgs, — K1 gs,)

- i’”z(Kngly - /ll‘glu)]v (A6)

T;=4L, Ly Trly K (1 +iyir)r. K. ].
—16L, L), [KIR: + KIRE + i (Klgs, — K gs,)
+iry(Kgy, — Khgi,)]. (A7)

TS = —4L11_1L[/TI’[]/”KL)/,,RH(1 - 17172)] ’
=—16L} L, [KULR,‘l + KjR) + iky (Ruga, — Rg,)

+ ikz(Rﬂglﬂ - R;‘l‘glu)]’ (A8)

Ty = 4Lll—]Ll’—1Tr|:yﬂKJ_yl/RH(1 + i7172)]7
= 16L}_, Ly [KE Ry + Kif Ry — ik (Ruga, = Riga,)
— ik (Rigy, = Rugn,)]- (A9)
Here for brevity we have written L, (&) and Ly (&) as L,

and L etc. Also the terms (g,,91, — 91,92,) can be written in
terms of the electromagnetic field tensor F,, [64].

APPENDIX B: CONTRACTIONS AND
SIMPLIFICATIONS REQUIRED FOR THE
EVALUATION OF THE FORM FACTORS

1. Form factor df'

For d'', i.e. the contribution from the quark loop, below
we note down the contractions coming from the (7}),, part:

v 8
AT +T,) = P (LiLy +Li_Ly_y)
w it
AV (T3 +T4) = 72 (LiLyoy + L Ly)(K-R),  (B2)
y 64
ATs = ?L}_]L},_l
x[2(a-k) (w-r), +a*(k-r),], (B3)
uv 32 1 1
A (Te +T7) = 7z (LiLy_, —LiL;_,)
x [(@- K)(a-r),], (B4)
uv 32 1 1
A (Tg +To) = 7z (Lj Ly =L Ly_y)
x [(@- k) (&-R)yl. (BS)

Now within the HTL approximation we can neglect the
soft external momenta Q in the numerator and approximate
K ~ R. These approximations further simplify the A’ ”TW as

(LiLy 4 LiyLy_y)(2k§ — afK?)

o
AT~ iKi

s 2
0 (LiLy—y + L Ly)Kj

+64L) L) _ k7. (B6)

HTL approximation also allows us to simplify the
perpendicular momentum integration using the following
identities

dzkj_ 2]{3_ n n |qu|
/ (27[)2 eXp <_ ﬁ) Ll(gk )Ll/ (gk ) — V&l./, (B7)
d’k 212
[ e (i) et
|q,B|*
- 1f6ﬂ (L4 1) 1041 (B3)

Incorporating all these we can finally write down the
expression for d'’, as given in Eq. (3.9).
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2. Form factor d%

For the contribution d5', we again list down the con-
tractions A5"(T),, first:

ATy +Ty+Tg+ T, +Tg+Ty) =0, (B9)
A5 (T3 +Ty4) = —=8(LLy—y + L Ly)(K-R),  (B10)
k .
AR = 64L}_1L},_1{2(q UL T r)l}.
q1
(B11)

So, within the HTL approximation, we can write down
the final contraction as

AT, ~—=8(LiLy_y + Li_ Ly)K? i —64L) L) _K%.

(B12)

Using similar techniques for the perpendicular momen-
tum integration and the frequency sums ®;, ®, we can
readily obtain the final expression for d5', as given
in Eq. (3.15).

3. Form factor d%

For d%', first we note down the contractions coming from
the (7;),, part:

8
AT +T,) = = (LiLy+Li_Ly_y)

X 2+ K) (- R), (K -R) ). (B13)

AT+ Ty) = —;QJ_(LILI’—I + L Ly)(K-R), (Bl4)
AYTs = %L}_lL},_l[z(ﬁ k) (er) 4+ n2(kr),],

(B15)

A5 (Te +T) —L1—1L}/_1)[(71'K)H(’_1'r)ﬂ,

(B16)

32
_ 1
72 (LILZ’—l

) 32 o
A (T +To) = Py (Li\Ly =L Ly_y)[(7-k), (72-R)].

(B17)

Now within the HTL approximation further simplifica-
tions yields

OO

72
% \
A5 T, ~

5 (LiLy + Ly Ly ) (265 + K7)

S

872
+—L(L Ly +L._ 1L,,)K

+ 64Ll 1 l/ k2 (Blg)

Subsequently after performing the perpendicular
momentum integration and in terms of the frequency sums
we can write down the final expression of d4' as Eq. (3.18).

4. Form factor d,

Finally for dJ', again we start with listing the

contractions:
» 16
AT, +T,) = Wﬁ—z(Lle/ + L1 Ly_y)
x (- K)y(-R) + (n-K)(@-R)
— (7~ 1‘4)” (K- R)H}, (B19)
» 16(7 - i),
Ay (T3 +Ty) = NN = (LiLy_1 + LioLy)(K - R)),
(B20)
AYTs = \/—1~23—L11 WLy [(@-k) (7-r),
+@-k)(a-r), +@-a)k-r), ], (B21)

A (Ts+T7) = =~

x [(@-K)y(A-r), + @ K)y(@-r)],

(B22)
. 3
A (Ts +Ty) = NN (Li_ Ly =Lj_Ly_y)
x[(@-k) (a-R) + (n-k) (@ R)
(B23)

Within the HTL approximation, the simplified version of
the contraction can be expressed as

16 _
AZUT/W N (LILI’ —+ Ll—lLl’—l)(2k0k3n2

— (ﬁ~u)HK2) 1\6/@\/”)— (LiLy— +L1—1L1’)Kﬁ-

(B24)

After performing the perpendicular momentum integra-
tion, the final expression of dj' can be written as given
in Eq. (3.20).
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APPENDIX C: SMALL ENERGY TRANSFER
LIMIT AND FURTHER SIMPLIFICATIONS OF
FORM FACTORS

In the limit of small energy transfer, we can assume
qo — 0, which results in further simplifications of the form
factors. In this limit we can assume @’ =i =1 and
il = (i-u); = (i-), =0. Below we write down the
final expressions of d;s within small energy transfer limit,
which has been used further in our computation of spectral

functions. We also absorb the extra sum over Landau levels
using the Kronecker delta functions.

N g’T? g|qB|
dy == [1—7Q]—Z f Z

f
dks ,
x (2 =650) E{‘bl+2(k3+21|‘IfB|)q)2|l’=l} .
(C1)
N g’T? FlarBl &
dy =T+ == |(-1)
f =
dk
x [ 220+ 21 BI(@alpors + ol )
dk
+4|‘1fB|l/2—3‘D2|1'1} (C2)
T

N.g'T? FlasBIR[ .
dy=——To=) 7 L3 | -t(2=3,0)
f =0

dk
« [ SR+ @+ 2lqB) o,

y—1} — (1 =6,9)7

dicy
X /g{z‘bl +21qBl(@a|y—pq +DPoly—yy)}

dks
wartlggBll [ SR (3)

7’lq;B| dk
(=S IES e an [ G|

(C4)

We can further simplify the frequency sum @;s within the
limit of small energy transfer and employing the specific
conditions between the Landau levels / and I’. We deal with

them one by one. First of all, at [ = I, we can approximate

0 (E )
E, ~E, —q; and hence ng(E,,) = np(Ey,) — q3 —55—= nF —

Subsequently we can simplify the frequency sums as

o, = — Z 518y (1= np(s1Ey,) — np(s:E,,)
2=l "'E‘i3 qdo — SlEk3 - SZEr3 ’

S1,8,==+1
nF(Ek3) q3 anF(Ek_z)

2E]  4E] 0Ey

e
X - 9
90— 93 40+ g3

(C5)

(I)3|l/*l = — Z Ap) (1 - nF(SlEk3) - nF(szEr3)>
= vt 4E‘k3 qo _SlEk3 _SZEr3
__ 43 9np(Ey) [ 1 1 ] <o)
4Ek3 al’:k2 9o — 43 qo0 + g5

Moreover one can clearly notice that in the limit of
small energy transfer, i.e. gy — 0, @3|,_; ~ 0, which in turn
suggests d; ~0. Other relevant frequency sums, i.e.
D |y_piy, Poly—;_y, will not go through further simplifica-
tion process and can be expressed by simply replacing
I' =1+ 1, respectively, within E, in Eq. (3.11).

APPENDIX D: EVALUATION OF A;s

In this section we will evaluate the individual traces
posed in Eq. (4.3). First we will obtain the most general
expressions for A;s and then discuss the special cases one
by one. We provide the result for each of the traces as
follows (K = P — Q):

TI‘[(P + M>Al1w7/4Dl(QfB’ K)yu]

= P K)y (i P) = (K - P)y ~ M)
X (L&) = Lia(E) + 15 2@, (@ P)
— (k- p) JLLy (&)
= Ay + Bi(qq). (1)
Tr[(P + M)A%y,D,(q,B. K)7,)]
= 4[M? — (K - P)|J(Ly(&F) = L1 (1))
~16 2%—%1& Li_ (&)
= A; + By(qo), (b2)
Tr[(P + M)A%y,D,(q,B.K)7,]
:’_j 2(7-K) (R - P) = R2((K - P), - M?)]
X (L&) = L&) + 15 23 K), (7 P)
—*(k- p)LJL_ (&),
= A3 + Bs(qo) (D3)
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Tr[(P+ M)Ay v,Di(q,B. K)r.]
(@ K)y (7 P)+ (- K) (@ P)

— M2)](Ly(E) — Loy (E1))

4
VR
—2(a-u)((K-P),

sl K) (0 P)+ (1K) - PLE (6F)
= Ay + B4(qo). (D4)

From Egs. (D1)—~(D4), we can subsequently extract the
qo independent A;s, given as

4
A ﬁ[zp + @ (M? = P} = p3g3)|(Ly = L)
—16(k p) l 1° (DS)
Ay = 4(M2 - Pﬁ - P3(I3)(Lz _Ll—l)
2
q-p
~16(2 P () g2 e o
q1
2k3q5 o .
Az 4[ s 3(P'Q)+M2—Po p3k3](Ll_Ll—l)

S5

#((p-q), m]L} .

A4:%K p3+q (5 )>+k3ﬁ2](Ll—L,_1)

32 pogs
+ == (g k
vavE ¢ Y

(D7)

Ly (D8)

1. Case 1: 7||B

For this case, we have p; = p, = 0 and incorporating
the small energy transfer limit of @ — 0, A;s will have the
following form:

AV = 4[p+ M2 + p3 - psas)(Li = Lis), (DY)
Agl) =4(M? = p§ + p3 = p3g3)(L = L_y),  (D10)
AV = Alksps (272 + 1) + M? = p2)(L, = Li_y)
+32p3qan*Ly_y, (D11)
A =220 (2~ )L - L)
Vi

32 poqs 5
+——""¢g%L D12
Vi2 ¢ (D12)

2. Case 2: LB

For this case, we have p3; =0 and incorporating the
small energy transfer limit of w — 0, A;s will have the
following form:

A (D13)

:4<P(2)+M2)(Ll L 1)_16(k P) 11,

AP —4(M? = p3)(L;— L))

Ry
~16(2 A g g2 )it (D1

2 2(12
AP 4|28 (p-q), 3= 3 L= L)

16 q3(q-k), (p-q), | _
+ﬁz{2 i )qﬁ< >l+n2((p'q)i—pi) Liy,
(D15)

4po |q _

Af) \/n_o[; (p-q). 513'72] (L= Li-y)
32 poC[s

g-k),L! D16
\/? q ( )J_ -1 ( )

3. Static limit

Within the static limit, we have v — 0, hence p; = p, =
p3 =0 and po~ M. So, within static limit A;s take the
following form:

AY = 8M (L~ Ly, (D17)
AV =o, (D18)
AY =o, (D19)
s 4M g4
AY = TEBY L, +8LL,).  (D20)

;712

APPENDIX E: SPECTRAL FUNCTIONS p;s

Here we list down the explicit expressions for the
spectral functions within the limit of small energy transfer.

1
P1 (a)’ q) = ;Im(jl |q0:w+ie>

1
= 5180, (83, + 3+ 04 —20°R, )] (BD)

1
P2 ((1), Q) = ;Im(j2|q0:m+ie)
I S,
_- : E2
AErE T
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1
p3(wv q) = ;Im(j3|q0:w+ie)

1
=D [, (S5, +RG, + 0" -20°R,)], (E3)
1
pa(@.0) = —Im(Talgy i) =0, (EA)
where the denominator D is expressed as
D =[(-S,, 0? - S, 0%+ S4 Ry, + Sy, md3)2
+ (=54, 84, + (07 = Ry)(Q* = Ry,))?) (ES)

Here 3, and R, respectively, depict the imaginary and
real parts of d;s, which we discuss below. The imaginary
parts will contribute primarily from 7 s and the frequency
sum @, and @;. Respective imaginary parts are given by

0]
S(T =" E6
J( Q) domirtic 2q ( a)
S(@ )‘ _ 1 —np(s\Ey,) — np(s:E,,)
2 qo—w+ie 5y s0—t1 4—5‘1S2Ek3E,,3
X 7[5((1) - SIE‘](3 - S2Er3), (E6b)
1—ng(s1E,) —ng(s,E
3(y) = Z F( 14k3)E F(52E,,)
qo—w+tie 51 57—t A\ 3

x w8(w — 51 Ey, — $12E,.), (E6e)

where we have used the identity
) ! = —5(x). (E7)
x+ ie

So, the imaginary parts of d;s can be obtained by
replacing 7 5, ®@,, and @3 in Egs. (C1)~(C4) with their
respective imaginary parts from Eq. (E6). Similarly the real
parts of d; can be obtained by using the respective principal
values.

Let us now specifically discuss the static limit expression
for [ﬁp?)(a),q)]w_)o. First we write down the expression
for 3,

3 2¢

N.¢T? zw gz|qB|
T L S
f —|

x / s 3. (@), (ES)

with

nw onp(Ey,)

S(P)yei = o
4E%3 5Ek3

6(w—-q3),  (E9)

where we have restricted ourselves for w > 0 case only.
Subsequently looking at the expression of p; in Eq. (E1),
we can combine the factor i with ,, to write down

1 N.g°T* 92|qu|
- _ Rl (2-
" om0 3 2¢ i Z 310)
T ong(Ey,)
Zs dky — 7 E10
<Solan) [ i T (E10)

Recalling the expressions for the pure glue part mf, and
magnetic field dependent correction dmp of the QCD
Debye mass, we can readily see that %Sdl l,mo can be
expressed in terms of those Debye mass as

1 g T T 5
PR (mp) Z+§5(Q3) Ef omp . (EL1)
where
(mpyr = o2
D 3 ’
2 0
g’lqB] / ong(Ex,)
Sm3 . = — : E 2-0 dik, ———=~,
mD,f 4712 ( 1,0) 3 0Ek3

2
9’lasB|
= 47[sz E (2- 510)/dk3"F(1—”F)

Next we proceed to evaluate R, in the static limit. From
Egs. (C1), (C5), and using the expressions for the Debye
masses mentioned above, one can arrive in a straightfor-
ward way to the following expression:

Ry, Zéme = (mh)?,

El12
o (E12)
where m/, now denotes the magnetized medium modified
full QCD Debye mass. Looking at the rest of the terms, we
do not explicitly write down ;, here, but it can also be
seen that, at @ — 0 limit, it vanishes. Eventually the

expression of [ A\ (@, q)],,_o can be simplified as

1 (s) _1 isd1|a}—>0
|:Cl)p1 (0)7‘]):| -

(E13)
w—0 T (q2 + mdl

w—0 )
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