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We study the small-x asymptotics of the leading-twist quark transverse momentum dependent parton
distribution functions (TMDs) which encode couplings between the polarization of the quarks and that of
their parent hadron, with at least one of the two polarizations in the transverse direction: the two worm-gear
TMDs g1T and h⊥1L, and the pretzelosity h⊥1T. We apply the light cone operator treatment which has been
developed in recent years to rewrite the TMD operator definitions at small-x in terms of polarized dipole
amplitudes, finding that in the flavor nonsinglet sector all three TMDs reduce in the small-x limit to
previously known polarized dipole amplitudes, and thus the large-Nc, linearized, double logarithmic
approximation (DLA) asymptotics have all been solved for previously. We have compiled these
asymptotics together with those of the other five flavor nonsinglet, leading-twist quark TMDs into a
single unified table.
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I. INTRODUCTION

The intersection of quantum chromodynamics (QCD)
at small Bjorken x and spin physics has been the topic
of a surge of recent research activity [1–48]. In particular,
the inclusion of subeikonal and sub-subeikonal corrections
[6,9,12,16–20,23–27,30–33,36–40,43,48] to the saturation/
Color Glass Condensate (CGC) framework [49–57] has been
explored in detail, both in the study of transverse momen-
tum dependent parton distribution functions (TMDs) at
small-x as well as in the direct study of quark and gluon
propagators through the strong gluon field background of
the CGC. This extension of the saturation framework allows
one to go beyond the Collins-Soper-Sterman evolution
equations [58–62] which resum logarithms of the hard scale
Q2, and instead resum logarithms of 1=x to predict the
small-x behavior of TMDs. Using the light cone operator
treatment (LCOT) originally developed in [9,20,23,24,36],
the evolution of several leading-twist quark and gluon TMDs
has been studied by constructing polarized dipole amplitudes
containing spin-dependent subeikonal and sub-subeikonal
corrections to the usual eikonal, small-x dipole amplitudes.
Including the unpolarized quark TMD, which has small-x
behavior determined by the evolution equation for the
Reggeon [63–68], five of the eight leading-twist quark
TMDs have known small-x asymptotics. In this work, we

will study the small-x asymptotics of the remaining three
leading-twist quark TMDs, the two worm-gear TMDs, g1T
and h⊥1L, and the pretzelosity h⊥1T. These three TMDs vanish
upon integration over the quark transverse momentum kT ,
and encode various couplings between the polarization of the
quarks with the polarization of their parent hadron [69].
Studying their small-x asymptotics will give us a window
into this spin-spin coupling structure in the gluon domi-
nated, high energy regime of QCD. We will apply the
LCOT to all three TMD operator definitions, then find the
asymptotics of the flavor nonsinglet TMDs in the large-Nc
limit, further taking the linearized double logarithmic
approximation (DLA).
The structure of the remainder of this paper is as follows:

we will start in Sec. II with the worm-gear g1T function,
finding that in the small-x limit it reduces to the same
polarized dipole amplitudes which are present in the sub-
eikonal contribution to the Sivers function [44], but with a
crucial change from the real part of a correlator to the
imaginary part. This alters the initial conditions for the
evolution of the polarized dipole amplitudes, and leads to
the same evolution equations as for the sub-subeikonal
Boer-Mulders function [44], yielding x-independent,
exactly subeikonal asymptotics

gNS1T ðx ≪ 1; k2TÞ ∼
�
1

x

�
0

: ð1Þ

Next in Sec. III we will study the worm-gear h⊥1L function.
It will turn out to share analogous polarized dipole ampli-
tudes to the sub-subeikonal Boer-Mulders function [44],
leading to exactly sub-subeikonal scaling
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h⊥NS
1L ðx ≪ 1; k2TÞ ∼

�
1

x

�
−1
; ð2Þ

giving with g1T two examples of time reversal even
(T-even) TMDs which receive essentially no corrections
to their naive scaling with x in the linearized evolution
regime. We continue on to Sec. IV where we study the
pretzelosity TMD, finding that it shares polarized dipole
amplitudes with the transversity TMD [23] and has the
same asymptotic scaling as

h⊥NS
1T ðx ≪ 1; k2TÞ ∼

�
1

x

�
−1þ2

ffiffiffiffiffiffi
αsNc
2π

p
; ð3Þ

coming from the evolution equation for the Reggeon [63–68].
Finally, in Sec. V we summarize our results and point out
some directions for future work. We have collected these
asymptotics together with those for the other leading-twist
quark TMDs in Table I.
Throughout this paper we will make use of light-cone

coordinates u ¼ ðuþ ¼ u0 þ u3; u− ¼ u0 − u3; uÞ, label-
ing the transverse part of a four-vector u as u except in
the case of an integral measure, where it will be denoted as
u⊥, and in the case of the quark transverse momentum
argument of a TMD, where we will use the conventional
label kT . We will also make use of Brodsky-Lepage (BL)
spinors [73], specifically in the plus-minus reversed form
defined as [23,24]

uσðpÞ ¼
1ffiffiffiffiffiffi
p−p �

p− þmγ0 þ γ0γ · p
�
ρðσÞ;

vσðpÞ ¼
1ffiffiffiffiffiffi
p−p �

p− −mγ0 þ γ0γ · p
�
ρð−σÞ; ð4Þ

with pμ ¼ ðp
2þm2

p− ; p−; pÞ and

ρðþ1Þ ¼ 1ffiffiffi
2

p

0
BBB@

1

0

−1
0

1
CCCA; ρð−1Þ ¼ 1ffiffiffi

2
p

0
BBB@

0

1

0

1

1
CCCA: ð5Þ

We will refer to these as anti BL spinors.

II. WORM-GEAR g1T

We begin with the worm-gear TMD g1T , which can be
interpreted as the number density of longitudinally polar-
ized quarks within a transversely polarized proton. It is
defined as [74]

kT · SP
MP

g1Tðx; k2TÞ ¼
Z

dr− d2r⊥
2ð2πÞ3 hP; SPjψ̄ð0ÞU½0; r�

×
γþγ5
2

ψðrÞjP; SPi; ð6Þ

where the proton spin SP is in the transverse plane and we
take the future pointing semi-inclusive deep inelastic scatter-
ing (SIDIS) staple gauge link U½0; r� ¼ V0½0;∞�Vr½∞; r−�
with fundamental light-cone Wilson lines defined as

Vx

�
x−f ; x

−
i

� ¼ P exp

2
64ig
2

Zx−f

x−i

dx−Aþð0þ; x−; xÞ

3
75: ð7Þ

We have dropped the transverse pieces of the gauge link out
at infinity, so we must work in a nonsingular gauge. Here we
will take the proton “target” to be moving along the xþ
direction, and will work in A− ¼ 0 gauge for our calcu-
lations. We apply the LCOT [23,24], rewriting the matrix
element as a small-x quasi-classical average in the target
proton state [27,75–80]

TABLE I. The collected leading small-x asymptotics for the leading-twist flavor nonsinglet quark TMDs. The
intercept of the unpolarized quark TMD f1 was found from the evolution equation for the Reggeon [63–68] and also
with the infrared evolution equation (IREE) [70], while the remaining seven intercepts have been calculated using
the LCOT in [9,20,23,24,44] and this work. The intercept for the flavor nonsinglet helicity TMD was also found
in [71] using the IREE and agrees with the result found using the LCOT. Finally, the intercept of the flavor
nonsinglet transversity TMD found in the LCOT matches that found in [72].

Leading twist quark TMDs

Quark polarization

U L T

Nucleon polarization U fNS1 ∼ x−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2αsCF=π

p
h⊥NS
1 ∼ x

L gNS1 ∼ x−
ffiffiffiffiffiffiffiffiffiffiffi
αsNc=π

p
h⊥NS
1L ∼ x

T f⊥NS
1T ∼ COx−1 þ C1x

−3.4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
αsNc=4π

p
gNS1T ∼ x0 hNS1 ∼ h⊥NS

1T ∼ x1−2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
αsNc=2π

p
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kT · SP
MP

g1Tðx; k2TÞ ⊂
2pþ

1

2ð2πÞ3
X
X

Z
dξ−d2ξ⊥dζ−d2ζ⊥eik·ðξ−ζÞ

×

�
γþγ5
2

�
αβ

hψ̄αðξÞVξ½ξ−;∞�jXi

× hXjVζ½∞; ζ−�ψβðζÞi: ð8Þ

Here we have inserted a sum over the complete set of
states jXi, and the outer angular brackets indicate the quasi-
classical averaging over the proton wave function.
One can show that the eikonal contribution to this TMD

vanishes, just as for the other quark spin dependent leading-
twist quark TMDs. The leading contribution then comes
from diagrams of the class shown in Fig. 1, where we have
taken jXi to be an antiquark state and added a subeikonal
spin-dependent exchange (the white box) onto the Wilson
line which encodes the interactions between the antiquark
and the target as it passes through the shock wave [the blue
(gray) rectangle]. Evaluating these diagrams (cf. [23,24])
yields the subeikonal contribution to the worm-gear
function as

kT · SP
MP

g1Tðx; k2TÞjsubeik

⊂
−2pþ

1

2ð2πÞ3
Z

d2ζ⊥d2w⊥d2z⊥
dk−1 d

2k1⊥
ð2πÞ3

×
eik1·ðw−ζÞþik·ðz−ζÞθðk−1 Þ

ðxpþ
1 k

−
1 þ k21Þðxpþ

1 k
−
1 þ k2Þ

×
X
σ1;σ2

v̄σ2ðk2Þ
γþγ5
2

vσ1ðk1ÞhTVij
ζ v̄σ1ðk1ÞV̂†ji

z;w

× vσ2ðk2Þi
			
k−
1
¼k−

2
;k2

1
¼k2

2
¼0;k2¼−k

þ c:c: ð9Þ

We now need the anti BL spinor product

v̄σ2ðk2Þ
γþγ5
2

vσ1ðk1Þ ¼
1

2

σ2δσ2;σ1ðk2 · k1Þ− iδσ2;σ1ðk2 × k1Þffiffiffiffiffiffiffiffiffiffi
k−2 k

−
1

p ;

ð10Þ

as well as the replacement [43,44]

Z
d2z⊥v̄σ1ðk1Þ



V̂†
z;w

�
jivσ2ðk2Þ

→ 2
ffiffiffiffiffiffiffiffiffiffi
k−1 k

−
2

p Z
d2z⊥



Vpol†
z;w;σ2;σ1

�ji; ð11Þ

where we have the polarized Wilson line

Vpol
x;y;σ0;σ ¼ δσ;σ0V

phase
x;y − σδσ;σ0V

mag
x;y ð12Þ

with

Vphase
x;y ¼ −

ipþ
1

2s

Z
∞

−∞
dz−d2z⊥Vx½∞; z−�δ2ðx − zÞD⃖i

zD⃗
i
zVy½z−;−∞�δ2ðy − zÞ

−
g2pþ

1

4s
δ2ðx − yÞ

Z
∞

−∞
dz−1

Z
∞

z−
1

dz−2Vx½∞; z−2 �tb ψβðz−2 ; xÞUba
x ½z−2 ; z−1 �

�
γþ

2

�
αβ

ψ̄αðz−1 ; xÞtaVx½z−1 ;−∞�; ð13aÞ

Vmag
x;y ¼ igpþ

1

2s
δ2ðx − yÞ

Z
∞

−∞
dz−Vx½∞; z−�F12Vx½z−;−∞�

−
g2pþ

1

4s
δ2ðx − yÞ

Z
∞

−∞
dz−1

Z
∞

z−
1

dz−2Vx½∞; z−2 �tbψβðz−2 ; xÞUba
x ½z−2 ; z−1 �

�
γþγ5

2

�
αβ

ψ̄αðz−1 ; xÞtaVx½z−1 ;−∞�: ð13bÞ

FIG. 1. Example of the class of diagrams which give the leading
subeikonal and sub-subeikonal corrections for the TMDs con-
sidered here. The antiquark propagates from the position ζ to w
with momentum k1, undergoes a subeikonal interaction with the
proton which changes its transverse position from w on the left of
the shock wave to z on the right of the shock wave. The antiquark
then propagates from z to the position ξ with momentum k2.
The shock wave is denoted by the blue (gray) rectangle, while the
sub-(sub) eikonal interaction with the shock wave is denoted by
the white box. The double line represents the eikonal Wilson line
encoding the interactions of the quark in the dipole.
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neglecting terms proportional to the quark masses. Here ψ and ψ̄ are the background quark and antiquark fields of the target
hadron, F12 is a component of the background gluon field strength tensor, and D⃗i ¼ ∂⃗i − igAi; D⃖i ¼ ∂⃖i þ igAi are the left
and right acting fundamental representation covariant derivatives. We have also introduced the adjoint representation
Wilson line

Ux½x−f ; x−i � ¼ P exp

�
ig
2

Z
x−f

x−i

dx−Aþð0þ; x−; xÞ
�

ð14Þ

with Ux ≡Ux½∞;−∞�. Plugging Eqs. (10) and (11) into Eq. (9) yields

kT · SP
MP

g1Tðx; k2TÞjsubeik ⊂
2pþ

1

ð2πÞ3
Z

d2ζ⊥d2w⊥d2z⊥
dk−1 d

2k1⊥
ð2πÞ3 θðk−1 Þ

1

ðxpþ
1 k

−
1 þ k21Þðxpþ

1 k
−
1 þ k2Þ

×
�
ik1 × k



eik1·ðw−ζÞþik·ðz−ζÞTtr

�
VζV

phase†
z;w

�
− e−ik1·ðw−ζÞ−ik·ðz−ζÞT̄ tr

�
Vphase
z;w V†

ζ

��
þ eiðk1þkÞ·ðw−ζÞk1 · k



T tr

�
VζV

mag†
z;w

�þ T̄ tr
�
Vmag
z;ζ V†

w
��

; ð15Þ

where we have interchanged w and ζ in the last trace. We
can recognize in Eq. (15) the exact same Wilson line
correlators which are present in the subeikonal contribution
to the Sivers function [44]. There the left-hand side (lhs)
contained a cross product kT × SP and the right-hand
side (rhs) had k1 · k multiplying the Vphase†

z;w correlator and

ik1 × k multiplying the Vmag†
z;w correlator. The equation

above changes the lhs cross product in the Sivers case to
a dot product kT · SP here, and exchanges the k1; k
structures on the rhs. Thus, as in the case of the Sivers
function, the polarized dipole amplitude containing Vphase†

z;w

must bring in a factor of ϵij and be linear in SP once
integrated over impact parameter, while the polarized
dipole amplitude containing Vmag†

z;w must have no factor
of ϵij and be linear in SP once integrated over impact
parameter. Having the same tensor structures in front of the
impact parameter integrated polarized dipole amplitudes
allows us to apply the results for the subeikonal contribu-
tion to the Sivers function to g1T , taking the flavor non-
singlet TMD, defined as the difference between the quark
and antiquark TMDs

gNS1T ¼ gq1T − gq̄1T; ð16Þ

to obtain

kT · SP
MP

gNS1T ðx; k2TÞjsubeik

¼ 8Ncp
þ
1

ð2πÞ3
Z

d2ζ⊥d2w⊥
d2k1⊥
ð2πÞ3 e

iðkþk1Þ·ðw−ζÞ 1

k21k
2

×
Z

1

Λ=s

dz
z

h
ik1 × kðk − k1ÞiGi

w ζ þ ik1 × kG½2�
w ζ

þ k1 · kG
mag
w ζ

i
; ð17Þ

with

Gi
w ζ ¼

1

2Nc
Im⟪Ttr

�
VζV

i†
w
�
− Ttr

�
Vi
wV

†
ζ

�
⟫1; ð18aÞ

G½2�
w ζ ¼

1

2Nc
Re⟪Ttr

�
VζV

½2�†
w

�
− Ttr

�
V ½2�
w V†

ζ

�
⟫1; ð18bÞ

Gmag
w ζ ¼ 1

2Nc
Im⟪Ttr

�
VζV

mag†
w

�
− Ttr

�
Vmag
w V†

ζ

�
⟫1 ð18cÞ

where the double angle brackets scale out powers of energy,
⟪…⟫n ¼ ðzsÞnh…i. Here we have introduced the polarized
Wilson lines

Vi
x ¼

pþ
1

4s

Z
∞

−∞
dz−Vx½∞; z−��D⃗i

x − D⃖i
x

�
Vx½z−;−∞�;

ð19aÞ

V ½2�
x;k;k1

¼ ipþ
1

8s

Z
∞

−∞
dz−Vx½∞; z−�

×
�ðD⃗i

x − D⃖i
xÞ2 − ðki1 − kiÞ2�Vx½z−;−∞�

−
g2pþ

1

4s

Z
∞

−∞
dz−1

Z
∞

z−
1

dz−2Vx½∞; z−2 �tbψβðz−2 ; xÞ

×Uba
x ½z−2 ; z−1 �

�
γþ

2

�
αβ

ψ̄αðz−1 ; xÞtaVx½z−1 ;−∞�

ð19bÞ

which were contained in Eq. (13).
The only difference between the dipole amplitudes in

Eq. (18) and those in the subeikonal contribution to the
flavor nonsinglet Sivers function [44] is the “Im” operator
acting on the correlators containing Vi

x and Vmag
x in

Eqs. (18a) and (18c), rather than a “Re” operator as in
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the Sivers case, and vice versa for the correlator containing

V ½2�
x in Eq. (18b). This change does not affect any of the

evolution calculations at the level of the polarized Wilson
line correlators, but it significantly changes the initial
conditions for the polarized dipole amplitudes. We will
argue below that the only polarized dipole amplitude which
contributes to the linearized, DLA small-x asymptotics

of the worm-gear g1T is G½2�
w ζ, with all other amplitudes

dropping out due to having initial conditions equal to zero

and having no mixing with G½2�
w ζ under evolution. This

means we can simplify the worm-gear TMD further as

kT · SP
MP

gNS1T ðx; k2TÞjsubeik

¼ 8Ncp
þ
1

ð2πÞ3
Z

d2ζ⊥d2w⊥
d2k1⊥
ð2πÞ3 e

iðkþk1Þ·ðw−ζÞ

×
ik1 × k
k21k

2

Z
1

Λ=s

dz
z
G½2�

w ζ

¼ 8Ncp
þ
1

ð2πÞ3
Z

d2x10
d2k1⊥
ð2πÞ3 e

iðkþk1Þ·x10 ik1 × k
k21k

2

×
Z

1

Λ=s

dz
z
ðx10 × SPÞG½2�ðx210; zÞ; ð20Þ

where we have introduced x10 ¼ w − ζ and integrated over
impact parameter, using the kT · SP term on the lhs to
deduce the factor of x10 × SP on the rhs in the last line.
In order to argue that this simplification is valid, it will be

helpful to separately consider the quark exchange and gluon
exchange terms within the polarized dipole amplitudes. For
Gi

w ζ this is trivial, as the only subeikonal operator entering

this dipole amplitude through the Wilson line Vi
x is a gluon

exchange operator. For G½2�
w ζ, we can write

G½2�
w ζ ¼ G½2�g

w ζ þG½2�q
w ζ ; ð21Þ

with G½2�g
w ζ containing the operators in the first line of

Eq. (19b) and G½2�q
w ζ containing those in the second line.

For Gmag
w ζ we can make a similar decomposition as

Gmag
w ζ ¼ Gmag g

w ζ þGmag q
w ζ ; ð22Þ

with Gmagg
w ζ containing the operators in the first line of

Eq. (13b), and Gmagq
w ζ containing those in the second line.

Now we consider the gluon exchange component of the
operator for the three polarized dipole amplitudes defined in
Eq. (18). From [36,44] we know that, for a transversely

polarized target, the gluon exchange dipole amplitudes G½2�g
w ζ

andGmag g
w ζ have zero initial conditions. ForGi

w ζ, we consider

the correlator

�
T tr

�
VζV

i†
w
�
− T tr

�
Vi
wV

†
ζ

�
: ð23Þ

From [36,44] we know that for a transversely polarized
target this correlator has a nonzero real term in its initial
value. This real contribution comes from a triple gluon
exchange between the dipole and the target, taking the
gluons to be in the symmetric dabc ¼ 2tr½fta; tbgtc� color
representation, similar to how the Odderon (at leading order)
comes from an eikonal triple gluon exchange in the color
symmetric representation [3,81–84]. While the Odderon
gives the imaginary part of the eikonal dipole amplitude
(proportional to the eikonal Wilson line correlator
htr½VxV

†
y�i), the similar initial condition for Eq. (23) is real

due to an extra factor of i entering the subeikonal operator in
Eq. (19a). In order to avoid a cancellation between a gluon
exchange amplitude and the same amplitude with quark and
antiquark interchanged as in Eq. (23), the correlator must be
Odderon-like, and the extra i will make this a pure real
contribution. Thus we find that Gi

w ζ has an initial condition

of zero due to the “Im” operator in Eq. (18a).
As all of the initial conditions for polarized gluon

exchange dipole amplitudes are zero, and we are studying
the flavor nonsinglet worm-gear TMD, resumming polar-
ized gluon emissions will not contribute to evolution
because no flavor information would be communicated
between the dipole and the target. One can consider a
combination of polarized gluon and polarized quark emis-
sions, but these terms would be suppressed by factors of
Nc, so we will not include polarized gluon emissions in the
linearized, large-Nc, DLA evolution equations which we
consider here (cf. [17,23]). As we will see, the quark

exchange dipole amplitudes do not contribute to Gi
w ζ, G

½2�g
w ζ

and Gmagg
w ζ through evolution, so these dipole amplitudes

fully drop out of g1T .
Now we turn to the quark exchange terms Gmagq

w ζ and

G½2� q
w ζ . One can show that the Wilson line correlators in each

of these polarized dipole amplitudes has pure real initial
conditions (see Sec. III of [17] or Appendix B of [24]), so

Gmagq
w ζ will have an initial condition of zero while G½2�q

w ζ can

be nonzero. We will find that these two dipole amplitudes
do not mix under evolution, soGmagq

w ζ drops out of the TMD

and we are indeed left with only G½2�q
w ζ entering in Eq. (20).

Having obtained the relevant polarized dipole amplitude
for the small-x asymptotics of gNS1T , we now turn to its
evolution. The only emissions which we need to consider
for linearized, large-Nc, DLA evolution are unpolarized
soft gluon (eikonal) emissions and polarized quark
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emissions, as shown in Fig. 2. From [44] we know that the
contributions from diagrams of class α vanish due to the
tensor structure (the x10 × SP factor) of the impact param-
eter integrated polarized dipole amplitude. Thus, we only
have the eikonal, unpolarized soft gluon emissions to
contend with. These emissions do not carry polarization
information, and thus do not allow mixing between differ-
ent polarized dipole amplitudes. We can see this diagram-
matically by looking at the diagrams in classes β, γ, and δ in
Fig. 2. In each diagram, the white box which symbolizes
the polarization dependent subeikonal interaction is on the
same antiquark line as it is in the diagram on the lhs of the
figure, so the polarized Wilson line entering the dipole
amplitude is the same on both sides.
Since there is no mixing of polarized dipole amplitudes

through these emissions, a nonzero initial condition for

G½2�
w ζ cannot generate a nonzero value for any of the other

dipole amplitudes. Therefore, G½2�
w ζ is the only contributing

dipole amplitude for the linearized small-x asymptotics. In
the strict DLA, where one only allows for the polarization
dependent quark exchange without any eikonal gluons
exchanged in the initial condition of the polarized dipole
amplitude, it can be shown that the real and virtual eikonal
gluon emissions cancel for the leading-Nc initial conditions
and evolution [17]. This would give a trivial evolution
equation of the form

G½2�
w ζðzsÞ ¼ G½2�ð0Þ

w ζ ðzsÞ; ð24Þ

with the dipole amplitude being given exactly by its initial

condition G½2�ð0Þ
w ζ . Such a cancellation of the class α

diagrams also occurred for the sub-subeikonal contribution
to the Boer-Mulders function [44]. In that case the fact that
the TMD was T-odd required a higher order initial con-
dition, including an extra gluon exchange beyond the strict
DLA. With this extra exchange, the sum over real and
virtual eikonal gluon emissions is nonzero and allows for
nontrivial small-x evolution. Here we can relax the DLA in
the same way for the worm-gear TMD, summing over the
eikonal gluon emissions to construct the evolution of the

dipole amplitudeG½2�
w ζ. The resulting equation is identical to

those obtained in Sec. III of [44], and yields the linearized,
large-Nc asymptotics as

G½2�ðx210; ζ ≪ 1Þ ∼ 1

ζ
J1ð2ζÞ; ð25Þ

where we have introduced the dimensionless variable

ζ ¼
ffiffiffiffiffiffiffiffi
αsNc
2π

q
lnðz sx210Þ. This is an oscillating solution with

a decreasing amplitude, so the integral over z in the worm-
gear TMD definition Eq. (20) will be dominated by the
lower limit of the integral and the oscillations will have a
negligible effect on the TMD. The resulting asymptotic
scaling in x is

gNS1T ðx ≪ 1; k2TÞ ∼ x0: ð26Þ

We find that the flavor nonsinglet worm-gear TMD gNS1T at
small-x maintains its naive subeikonal scaling at DLA,
having no dependence on the center of mass energy.

FIG. 2. The classes of diagrams contributing to the evolution of the amplitudes G½2�
10ðzÞ from Eq. (18b). The diagram α on the right

contains a sub-subeikonal soft-quark emission, while the remaining diagrams β, γ, δ, etc. are a sample of the eikonal emission
diagrams [80,85–90].
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III. WORM-GEAR h⊥1L
Now we turn to the worm-gear h⊥1L, which can be

interpreted as the number density of transversely polarized
quarks within a longitudinally polarized proton. Its operator
definition is [74]

kxT
MP

h⊥1Lðx; k2TÞ ¼
1

2

X
SP

SP

Z
dr−d2r⊥
2ð2πÞ3 hP; SPjψ̄ð0ÞU½0; r�

×
iσ1þγ5

2
ψðrÞjP; SPi

¼ 1

2

X
SP

SP

Z
dr−d2r⊥
2ð2πÞ3 hP; SPjψ̄ð0ÞU½0; r�

×
γ5γ

þγ1

2
ψðrÞjP; SPi; ð27Þ

where the proton spin SP is now in the longitudinal
direction. We will again apply the LCOT, leading to an
expression analogous to Eq. (9), but with γ5γ

þγ1 now
projecting out the spinor structure. We need the anti BL
spinor product

v̄χ2ðk2Þ
γ5γ

þγ1

2
vχ1ðk1Þ

¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
k−1 k

−
2

p ½imδχ1;χ2S × ðk1 − k2Þ −mδχ1;−χ2S · ðk1 þ k2Þ

− χ1δχ1;χ2ð2S · k1S · k2 − k1 · k2 −m2Þ
− iχ1δχ1;−χ2ðS × k1S · k2 þ S × k2S · k1Þ�; ð28Þ

where S ¼ x̂ is the direction of spin quantization for the
quarks, and the spinors are now in the transverse spin basis
which is related to the ordinary anti BL spinors by [3]

uχ ≡ 1ffiffiffi
2

p ½uþ þ χu−�; vχ ≡ 1ffiffiffi
2

p ½vþ þ χv−�; ð29Þ

where χ ¼ �1. We also need the Wilson line replacement

v̄χ1ðk1ÞðV̂†
wÞjivχ2ðk2Þ → 2

ffiffiffiffiffiffiffiffiffiffi
k−1 k

−
2

p 

VpolT†
w;χ2;χ1

�ji; ð30Þ

with

VpolT
x;χ2;χ1 ¼ χδχ;χ0VT

x þ χδχ;−χ0VT⊥
x ; ð31Þ

containing polarized Wilson lines defined as

VT
x ≡ g2ðpþ

1 Þ2
16s2

Z
∞

−∞
dz−1

Z
∞

z−
1

dz−2Vx½∞; z−2 �tbψβðz−2 ; xÞ

×Uba
x ½z−2 ; z−1 �

h�
iγ5S · D⃖x − S × D⃖x

�
γþγ−

þ �
iγ5S ·Dx − S ×Dx

�
γ−γþ

i
αβ

× ψ̄αðz−1 ; xÞtaVx½z−1 ;−∞�; ð32aÞ

VT⊥
x ≡ −

g2ðpþ
1 Þ2

16s2

Z
∞

−∞
dz−1

Z
∞

z−
1

dz−2Vx½∞; z−2 �tbψβ

× ðz−2 ; xÞUba
x ½z−2 ; z−1 �

h�
iS · D⃖x − γ5S × D⃖x

�
γþγ−

þ �
iS ·Dx − γ5S ×Dx

�
γ−γþ

i
αβ

× ψ̄αðz−1 ; z1ÞtaVx½z−1 ;−∞�: ð32bÞ

Taking the limit of massless quarks and performing the
same simplifications as in Sec. III of [44] yields the leading,
sub-subeikonal contribution to the worm-gear function as

kxT
MP

h⊥1Lðx; k2TÞ ⊂
2xðpþ

1 Þ2
ð2πÞ3

Z
d2ζ⊥d2w⊥

d2k1⊥dk−1
ð2πÞ3

eiðk1þkÞ·ðw−ζÞθðk−1 Þ
k21k

2
k−1

�
1

k21
þ 1

k2

�h
ðS · k1S · k − k1 · kÞ

×
�
Ttr

�
VζV

T†
w
�þ T̄ tr

�
VT
wV

†
ζ

�þ iðS × k1S · kþ S · k1S × kÞ�Ttr�VζV
T⊥†
w

�
− T̄ tr

�
VT⊥
w V†

ζ

�i
: ð33Þ

We find the same polarized Wilson line correlators as in the case of the Boer-Mulders TMD, but with different tensor
structures multiplying them. Subtracting the antiquark TMD contribution yields the flavor nonsinglet worm-gear TMD as

kxT
MP

h⊥NS
1L ðx; k2TÞ ¼

ixNc

π3

Z
d2x10

d2k1⊥
ð2πÞ3 e

iðk1þkÞ·x10 1

k21k
2

�
1

k21
þ 1

k2

�Z
1

Λ2
s

dz
z

×
�ð2S · k1S · k − k1 · kÞH1

10ðzÞ þ ðS × k1S · kþ S · k1S × kÞH2
10ðzÞ

�
; ð34Þ

where we have the polarized dipole amplitudes

H1
10ðzÞ≡ 1

2Nc
Im⟪Ttr

�
V0V

T†
1

�
− Ttr

�
V†
0V

T
1

�
⟫2; ð35aÞ

H2
10ðzÞ≡ 1

2Nc
Re⟪Ttr

�
V0V

T⊥†
1

�
− Ttr

�
V†
0V

T⊥
1

�
⟫2; ð35bÞ
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with the double angle brackets now scaling out two powers
of energy and where again x10 ¼ x1 − x0 ¼ w − ζ. Noting
that there is no ϵij tensor structure on the lhs, we can see
that the H2

10 term on the rhs needs to come in with an extra
ϵij after impact parameter integration, while the H1

10 term
should only pick up a dot product term. We conclude that
the impact parameter integrals of these two dipole ampli-
tudes must have the structure

Z
d2b⊥H1

10ðzÞ ¼ x10 × SH1ðx210; zÞ; ð36aÞ
Z

d2b⊥H2
10ðzÞ ¼ x10 · SH2ðx210; zÞ; ð36bÞ

exactly as in the Boer-Mulders case [44].
The evolution of these dipole amplitudes is again given

the diagrams in Fig. 2, and the same arguments as we
applied above and as were applied for the Boer-Mulders
TMD in [44] lead us to consider subleading Nc initial
conditions which will be driven to small-x by eikonal gluon
emissions. The resulting small-x asymptotics are

H1ðx210; ζ ≪ 1Þ ¼ H2ðx210; ζ ≪ 1Þ ∼ 1

ζ
J1ð2ζÞ; ð37Þ

which gives the TMD scaling as

h⊥NS
1L ðx ≪ 1; k2TÞ ∼

�
1

x

�
−1
: ð38Þ

We find that, as with the Boer-Mulders TMD and the g1T
worm-gear TMD above, the flavor nonsinglet worm-gear
h⊥1L TMD at small-x maintains its naive sub-subeikonal
scaling at DLA, falling off linearly with x.

IV. PRETZELOSITY h⊥1T
Finally we turn to the pretzelosity distribution, which has

an operator definition as

kT · SPkT × SP
M2

P
h⊥q
1T ðx; k2TÞ ¼ ϵijSiP

Z
dr−d2r⊥
2ð2πÞ3 hP; SPjψ̄ð0Þ

× U½0; r� iσ
jþγ5
2

ψðrÞjP; SPi;
ð39Þ

where we can explicitly take the proton spin along the
y-direction, SP ¼ ŷ, to simplify to

−
kxTk

y
T

M2
P
h⊥q
1T ðx; k2TÞ ¼

Z
dr−d2r⊥
2ð2πÞ3 hP; SPjψ̄ð0ÞU½0; r�

×
γ5γ

þγ1

2
ψðrÞjP; SPi: ð40Þ

Once again the Dirac structure is projected out by γ5γ
þγ1,

so we have the leading small-x contribution coming from
the same sub-subeikonal structure as above in the worm-
gear h⊥1L [Eq. (33)]. Going straight to the flavor nonsinglet
TMD, we have

−
kxTk

y
T

M2
P
h⊥qNS
1T ðx; k2TÞjsub-subeik ⊂

ixNc

π3

Z
d2x10

d2k1⊥
ð2πÞ3 e

iðk1þkÞ·x10 1

k21k
2

�
1

k21
þ 1

k2

�Z
1

Λ2
s

dz
z

×
�ð2S · k1S · k − k1 · kÞH1Tðx10; zÞ þ ðS × k1S · kþ S · k1S × kÞH2Tðx10; zÞ

�
: ð41Þ

The dipole amplitudes entering here are defined again as

H1Tðx10; zÞ≡ 1

2Nc
Im⟪Ttr

�
V0V

T†
1

�
− Ttr

�
V†
0V

T
1

�
⟫2; ð42aÞ

H2Tðx10; zÞ≡ 1

2Nc
Re⟪Ttr

�
V0V

T⊥†
1

�
− Ttr

�
V†
0V

T⊥
1

�
⟫2;

ð42bÞ

with double angle brackets again scaling out two powers of
energy. The lhs of Eq. (41) is even under kT → −kT, so
integrating the dipole amplitudes over impact parameter
cannot generate terms linear in x10 coupling to the spin
vectors. This means that the diagrams in class α from Fig. 2
do not vanish. In the strict DLA limit the eikonal diagrams
vanish, and we have the same contribution to evolution as
for the polarized dipole amplitude contributing to the

transversity TMD in [23], with the class α diagrams
yielding the linearized, large-Nc, DLA evolution for the
dipole amplitudes as

H1T
10 ðzsÞ ¼ H1Tð0Þ

10 ðzsÞ þ αsNc

2π

Z
z

Λ2=s

dz0

z0

Z
x2
10
z=z0

1=z0s

dx221
x221

×H1T
21 ðz0sÞ; ð43aÞ

H2T
10 ðzsÞ ¼ H2Tð0Þ

10 ðzsÞ þ αsNc

2π

Z
z

Λ2=s

dz0

z0

Z
x2
10
z=z0

1=z0s

dx221
x221

×H2T
21 ðz0sÞ; ð43bÞ

where we have introduced the impact parameter integrated
dipole amplitudes as
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H1T
10 ðzsÞ ¼

Z
d2b⊥H1Tðx10; zsÞ; ð44aÞ

H2T
10 ðzsÞ ¼

Z
d2b⊥H2Tðx10; zsÞ: ð44bÞ

This equation can be solved analytically (cf. [23]), yielding
the asymptotics for the flavor nonsinglet pretzelosity
TMD as

h⊥NS
1T ðx ≪ 1; k2TÞ ∼

�
1

x

�
−1þ2

ffiffiffiffiffiffi
αsNc
2π

p
; ð45Þ

exactly matching the scaling of the corresponding trans-
versity TMD.

V. CONCLUSIONS

In this paper we studied the small-x asymptotics of the
flavor nonsinglet, leading-twist spin-spin coupling TMDs:
the two worm-gear functions g1T and h⊥1L, and the pretze-
losity h⊥1T. We applied the LCOT, rewriting the operator
definition of each TMD in the small-x limit in terms of
polarized dipole amplitudes, and found that all three TMDs
reduced essentially to polarized dipole amplitudes which
are known from previous studies of other leading-twist
TMDs. The close similarity of the contributing polarized
dipole amplitudes means that the DLA, large-Nc, linearized
small-x evolution for all three TMDs are known equations
with known solutions, either through exact solutions or
numerical calculations. We began with the flavor non-
singlet worm-gear TMD gNS1T , showing that it reduces to
almost the same dipole amplitudes as the subeikonal
contribution to the quark Sivers function [44], given in
Eq. (18). The differences between the dipole amplitudes
contributing to this worm-gear TMD and the Sivers
function yield a substantial change by forcing most of
the dipole amplitudes to have zero initial conditions, and
the small-x asymptotics are controlled by polarized quark
exchange operators. The tensor structure of the impact
parameter integrated dipole amplitude makes the strict
DLA small-x evolution trivial. Thus, we were led to
consider the same eikonal gluon emission driven evolution
as studied for the Boer-Mulders function [44], where going
beyond the strict DLA limit was required by the T-odd
nature of the TMD. This evolution yields an oscillating
solution, where the oscillations of the dipole ultimately are
washed out upon integrating over the internal momentum
fraction variable z as in Eq. (20). Thus, the scaling of the
TMD is unchanged from its naive subeikonal scaling, and
we find

gNS1T ðx ≪ 1; k2TÞ ¼ CTðx; k2TÞ
�
1

x

�
0

þ � � � ; ð46Þ

where the ellipses represent corrections which would come
in at sub-subeikonal order.
Next we considered the flavor nonsinglet worm-gear

TMD h⊥NS
1L , which we found reduces to sub-subeikonal

polarized dipole amplitudes Eq. (35) analogous to those
which appear in the Boer-Mulders function. As with gNS1T ,
the tensor structure of the impact integrated dipole ampli-
tudes [as shown in Eq. (36)] suggested that we consider the
eikonal gluon emission driven evolution as studied for the
Boer-Mulders function [44], yielding the same oscillating
with decreasing amplitude behavior. Thus, the scaling of
the TMD is unchanged from its naive sub-subeikonal
scaling, and we find

h⊥NS
1L ðx ≪ 1; k2TÞ ¼ CLðx; k2TÞ

�
1

x

�
−1

þ � � � ð47Þ

It is important to note that there is a potential finite light
quark mass correction proportional to m=kT entering in at
subeikonal order. The dipole amplitudes entering are
again the same as in the case of the Boer-Mulders function,
so the contributions would likely not evolve and yield an
additive correction from the initial conditions. We leave a
detailed investigation of the finite quark mass corrections
for future work. The scaling of the evolved worm-gear
TMDs gNS1T and h⊥NS

1L as x0 and x respectively even after
evolution is a very interesting feature. Based on the spin-
dependent Odderon contribution to the eikonal quark
Sivers function [11,21,36,44] and several gluon TMDs [7],
which is known to maintain eikonal (1=x) scaling under
the effects of linear evolution [81,91–96], as well as the
evolution of the sub-subeikonal Boer-Mulders TMD which
maintains linear x scaling under linearized evolution, one
might conjecture that there is some protection against
evolution corrections coming from the T-odd property of
all of these TMDs. With the two worm-gear functions we
have examples of where the evolution effects again do not
alter the naive sub-(sub)eikonal scaling as x for T-even
TMDs, so if there is an underlying symmetry protecting
these TMDs from evolution it is likely not determined by
T-parity alone.
Finally, we studied the flavor nonsinglet pretzelosity

TMD, where the small-x asymptotics came from polarized
dipole amplitudes [Eq. (42)] analogous to the one entering
the evolution of the quark transversity TMD. The evolution
equations once again are already known, yielding the DLA,
large-Nc, linearized asymptotics as

h⊥NS
1T ðx ≪ 1; k2TÞ ¼ CT⊥ðx; k2TÞ

�
1

x

�
−1þ2

ffiffiffiffiffiffi
αsNc
2π

p
þ � � � ð48Þ

This is the same scaling as found in [23] for the flavor
nonsinglet quark transversity TMD, which is a linear
combination of hNS1T and h⊥NS

1T , so indeed one would
anticipate a match between the dipole amplitudes and
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consequently the asymptotics. Again, there is a potential
finite light quark mass correction to these results.
Combining the results in this study with those obtained

for the quark helicity TMD [9,20,24,43,47], the quark
transversity TMD [23], the quark Sivers and Boer-Mulders
TMDs [7,11,21,36,44], as well as the asymptotics describ-
ing the unpolarized quark TMD [68,70], we have known
small-x asymptotics for each of the leading twist quark
TMDs, collected in Table I. Let us note a few interesting
features of the table: first, the diagonal entries all have
small-x scaling nearly equal to that of the Reggeon up to a
factor of x. There appears to be some universality among
the TMDs which survive kT integration to yield the three
flavor nonsinglet parton distribution functions (PDFs),
although the pretzelosity TMD does not precisely fit in
with this characterization. For the off diagonal entries, the
leading terms are all exactly their naive scaling based on the
quark spin content. The Sivers function is an unpolarized
quark density and thus is eikonal, while the worm-gear g1T
is subeikonal due to probing the quarks’ helicity, and the
Boer-Mulders TMD and the worm-gear h⊥1L are both sub-
subeikonal due to probing the quarks’ transversity. It may
be that there is a symmetry protecting these off-diagonal
TMDs from evolution effects based on the coupling
between different directions of spin, as the quarks in these
TMDs are all polarized in a different direction than their
parent hadron (for example quark helicity with hadron
transversity for g1T).
Several of the leading-twist quark TMDs only have their

small-x asymptotics calculated for the flavor nonsinglet
functions, the flavor singlet functions which can mix with
the gluon TMDs under evolution are a topic for future work.
We note that the LCOT can be readily applied to gluon
TMDs as in the case of the gluon helicity TMD [24,43], as
the gluon TMDs are given by the adjoint representation
versions of the polarized dipole amplitudes which enter into
the flavor singlet quark TMDs. The flavor nonsinglet
asymptotics which we have focused on here provide con-
straints on the valence quark distributions, giving crucial
input for future TMD studies at the EIC [97–105]. These

constraints can also be used in the global analysis of the
available data for TMDs, as was done for the quark and
gluon helicity using explicit small-x evolution in [106] and
for the quark transversity using upper bounds from the
small-x intercept in [107,108]. The use of explicit small-x
evolution to constrain the global analysis in the small-x
region and extrapolate beyond available data can in principle
be applied to all eight leading-twist TMDs once the flavor
singlet evolution equations have been obtained, allowing the
current global analysis efforts [106–110] to extend further
into the high energy regime of QCD. Having transversely
and longitudinally polarized beams at the EIC will in
principle allow for direct access to all of the TMDs listed
in Table I in the small-x regime through various spin
asymmetry measurements in SIDIS [69]. In order to fully
probe the flavor nonsinglet TMDsmultiple species of hadron
beams will be required to achieve flavor separation.
We also note that the operator equations for the

polarized dipole amplitudes have been constructed in
the large-Nc limit, so one could go beyond the linearized
DLA approximation used here to obtain precise phenom-
enological results. Going beyond the large-Nc limit,
one could consider the large-Nc and Nf limit to restore
quark contributions [24,31,43,106] where they have been
neglected (for example in the subeikonal contribution to the
Sivers function [44]). Obtaining evolution equations for all
Nc values requires a generalization of the Jalilian-Marian-
Iancu-McLerran-Weigert-Leodinov-Kovner (JIMWLK)
equations [111–115] to include the subeikonal and sub-
subeikonal operators needed for quark helicity dependent
and quark transversity dependent insertions within the
Wilson lines, as has been studied in [30,32].
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