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Using a sample of 10 billion J=ψ events collected with the BESIII detector, the decays η0 → πþπ−πþπ−,
η0 → πþπ−π0π0 and η0 → 4π0 are studied via the process J=ψ → γη0. The branching fractions of η0 →
πþπ−πþπ− and η0 → πþπ−π0 π0 are measured to be ð8.56� 0.25ðstatÞ � 0.23ðsystÞÞ × 10−5 and
ð2.12� 0.12ðstatÞ � 0.10ðsystÞÞ × 10−4, respectively, which are consistent with previous measurements
but with improved precision. No significant η0 → 4π0 signal is observed, and the upper limit on the
branching fraction of this decay is determined to be less than 1.24 × 10−5 at the 90% confidence level. In
addition, an amplitude analysis of η0 → πþπ−πþπ− is performed to extract the doubly virtual isovector
form factor α for the first time. The measured value of α ¼ 1.22� 0.33ðstatÞ � 0.04ðsystÞ, is in agreement
with the prediction of the vector meson dominance model.

DOI: 10.1103/PhysRevD.109.032006

I. INTRODUCTION

The η0 meson, interpreted as a flavor singlet state arising
from the axial U(1) anomaly, has attracted both theoretical
and experimental attention due to its special role in helping to
understand low-energy quantum chromodynamics (QCD).

Its dominant radiative and hadronic decays have been
observed and well-measured, however the study of its rare
decays is still an open field, and is of value for investigating
the symmetry-breaking mechanisms and testing chiral per-
turbation theory (ChPT). In addition, η0 decays also play an
important role in the evaluation of the hadronic light-by-light
contribution to the muon anomalous magnetic moment (see
Refs. [1,2] for details).
The hadronic decays η0 → πþπ−πþð0Þπ−ð0Þ, where the

pion pairs are formed by internal conversion of two inter-
mediate virtual photons, are of special interest. Within the
framework of the vector meson dominance (VMD) model,
one can expect that each virtual photon converts mainly
into a virtual ρ meson, which decays with large probability
into two pions, despite the smaller available phase space.
Therefore, the η0 → πþπ−πþð0Þπ−ð0Þ channel can provide
valuable information about the meson-γ�γ� coupling, which
is of importance for the calculation of the hadronic
contribution to the anomalous magnetic moment of the
muon. However, the information on such decays is scarce.
In 2014, the BESIII Collaboration reported the first
observation of η0 → πþπ−πþð0Þπ−ð0Þ decays [3]. The mea-
sured branching fractions are in agreement with theoretical
predictions [4], but an amplitude analysis of these decays
was not performed due to the limited sample sizes.
Interest in the very rare decay η0 → 4π0 stems from the

S-wave CP-violation. As a result, this decay is highly
suppressed and the S-wave CP-violating effect that con-
tributes to this decay is at a level of 10−23 [5,6], which is
beyond experimental accessibility. However, within the
ChPT and VMD model, the branching fraction may reach a
level of 10−8 through the presence of a D-wave contribu-
tion [4]. Several attempts have been made to search for this
decay [7–9]. The most stringent upper limit of the branch-
ing fraction Bðη0 → 4π0Þ < 4.94 × 10−5 at the 90% con-
fidence level was set by the BESIII Collaboration, from an
analysis based on a sample of 1.31 × 109 J=ψ events [9].
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BESIII has now collected a dataset of ð10087� 44Þ ×
106 J=ψ events [10], which allows for improved analyses
of η0 decaying into four pions and also the extraction of
the timelike double virtual transition form factor (TFF)
information of the η0 meson. In this paper, we present
studies of η0 → πþπ−πþð0Þπ−ð0Þ and η0 → 4π0 via the
process J=ψ → γη0. In addition, an amplitude analysis of
η0 → πþπ−πþπ− is performed to extract the doubly virtual
timelike form factor of η0 within the framework of the
combination of the ChPT and VMD model [4].

II. DETECTOR AND MONTE
CARLO SAMPLES

The BESIII detector [11] records symmetric eþe−
collisions provided by the BEPCII storage ring [12] in
the center-of-mass energy range from 2.0 to 4.95 GeV,
with a peak luminosity of 1.1 × 1033 cm−2 s−1 achieved atffiffiffi
s

p ¼ 3.77 GeV. The BESIII detector has collected large
data samples in this energy region [13]. The cylindrical
core of the BESIII detector covers 93% of the full solid
angle and comprises a helium-based multilayer drift
chamber (MDC), a plastic scintillator time-of-flight system
(TOF), and a CsI (TI) electromagnetic calorimeter (EMC),
which are all enclosed in a superconducting solenoidal
magnet providing a 1.0 T magnetic field. The solenoid is
supported by an octagonal flux-return yoke with resistive
plate counter muon identification modules interleaved
with steel. The charged-particle momentum resolution at
1 GeV=c is 0.5%, and the dE=dx resolution is 6% for
electrons from Bhabha scattering. The EMC measures
photon energies with a resolution of 2.5% (5%) at 1 GeV
in the barrel (end-cap) region. The time resolution in the TOF
barrel region is 68 ps, while that in the end-cap region was
110 ps. The end capTOF systemwas upgraded in 2015 using
multigap resistive plate chamber technology, providing a
time resolution of 60 ps.
Simulated data samples produced with a Geant4-based

[14] Monte Carlo (MC) package, which includes the
geometric description of the BESIII detector and the
detector response, are used to determine the detection
efficiencies and estimate backgrounds. The simulation
models the beam-energy spread and initial-state radiation
in the eþe− annihilations with the generator KKMC [15].
The inclusive MC sample of 10 billion J=ψ events consists
of the production of J=ψ resonance, and the continuum
processes incorporation in KKMC [15]. All particle decays
are modeled with EvtGen [16] using branching fractions
either taken from the Particle Data Group (PDG) [17],
when available, or otherwise estimated with LUNDCHARM

[18]. Final-state radiation from charged final-state particles
is incorporated using the PHOTOS package [19]. Specific
generators are employed for the three signal channels: η0 →
πþπ−πþð0Þπ−ð0Þ and η0 → 4π0, which are based on the
ChPT and VMD model [4].

III. EVENT SELECTION
AND BACKGROUND ANALYSIS

Each charged track, reconstructed in the MDC, is
required to originate from a region within 10 cm of the
interaction point (IP) along the beam direction and 1 cm in
the plane perpendicular to the beam. The polar angle θ
of the tracks must be within the fiducial volume of the
MDC j cos θj < 0.93. Particle identification is not used for
the charged tracks in this analysis. Neutral clusters are
identified using showers in the EMC. The deposited
energy of each shower must be more than 25 MeV in
the barrel region ðj cos θj < 0.8Þ and more than 50 MeV in
the end cap region ð0.86 < j cos θj < 0.92Þ. The difference
between the EMC time and the event start time [20] is
required to be within (0, 700) ns for the decay modes
η0 → πþπ−πþð0Þπ−ð0Þ, while the timing of the shower with
respect to the most energetic photon must lie within (−500,
500) ns for the decay η0 → 4π0 to suppress electronic noise
and showers unrelated to the event.
For J=ψ → γη0 with η0 → πþπ−πþπ− (Mode I), candi-

date events are required to have four charged tracks with net
zero charge and at least one photon. The candidate events
are required to successfully pass a vertex fit to the
interaction point (IP). Then a four-constraint (4C) kin-
ematic fit to the initial eþe− four momentum is performed
under the γπþπ−πþπ− hypothesis. In events with more than
one photon, all combinations are considered under this
hypothesis and the combination with the smallest χ24C is
retained for further analysis. To reject possible background
events with one more photon, we further require that the
probability of the 4C fit for the γπþπ−πþπ− assignment is
greater than that for the γγπþπ−πþπ− hypothesis. With the
requirement of χ24C < 35, the πþπ−πþπ− mass spectrum is
displayed in Fig. 1(a), where a clear η0 peak is observed. To
ensure that the η0 peak originates from the signal process
rather than background, the same analysis selection is
performed with the inclusive MC sample of 10 billion J=ψ
events. Detailed event-type analysis [21] over the surviving
MC candidates indicates that the broad enhancement below
the η0 peak is from the background channel η0 → πþπ−η
with η → γπþπ− and the region around 0.98 GeV=c2

receives contamination from η0 → πþπ−μþμ− decays.
The backgrounds in the mass region above 1 GeV=c2

are mainly from η0 → πþπ−eþe− and η0 → γπþπ− events.
The remaining nonresonant background events are from
J=ψ → γπþπ−πþπ− events. However, none of these back-
ground sources peak close to the η0 signal in the πþπ−πþπ−
mass spectrum.
For J=ψ → γη0 with η0 → πþπ−π0π0 (Mode II), candi-

date events must have two charged tracks with zero net
charge and at least five photons. The charged tracks also
need to successfully pass the IP vertex fit. To reconstruct
the π0 candidate, a one-constraint (1C) kinematic fit is
performed on each photon pair with the invariant mass
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constrained to the known π0 mass, and χ21CðγγÞ < 50 is
required. Then a six-constraint (6C) kinematic fit to the
initial eþe− four momentum and the nominal π0 masses for
two γγ pairs is performed under the hypothesis of J=ψ →
γπþπ−π0π0 in which the two π0 masses are constrained. For
events with more than two π0 candidates, the combination
with the smallest χ26C is retained, and χ26C < 35 is required
to exclude events kinematically incompatible with the
signal hypothesis. To reject backgrounds with six photons
in the final state, a 6C kinematic fit under the hypothesis of
J=ψ → γγπþπ−π0π0 is also made and the χ26C is required to

be greater than that of the signal hypothesis γπþπ−π0π0.
Figures 2(a) and 2(b) show the invariant-mass spectra of the
πþπ−π0 combination passing this selection and lying
closest to the known η (ω) mass (denoted as mη=mω),
respectively, where the η and ω peaks are evident. To reject
background events with η (ω) in the final states, the
combination closest to mη (mω) is required to satisfy
jMðπþπ−π0Þ−mηj>0.007GeV=c2 (jMðπþπ−π0Þ−mωj>
0.02GeV=c2).
Figure 1(b) shows the πþπ−π0π0 invariant mass for

events satisfying the above requirements, in which a clean
η0 peak is evident. The same selection is performed on the
inclusive MC sample of 10 billion J=ψ events to investigate
possible sources of contamination. The dominant back-
grounds are found to arise from η0 → πþπ−η; η → π0π0π0,
η0 → π0π0η; η → γπþπ−, η0 → γω;ω → πþπ−π0 and non-
resonant J=ψ → γπþπ−π0π0 events. None of these back-
ground channels peak in the η0 signal region.
When selecting J=ψ → γη0 with η0 → 4π0 (Mode III)

events, a one-constraint (1C) kinematic fit is performed on
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FIG. 1. The fit results of the mass spectra of πþπ−πþπ− (a) and
πþπ−π0π0 (b).
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the π0 candidates reconstructed from photon pairs with the
invariant mass of the two photons constrained to the π0

mass, with the requirement χ21CðγγÞ < 10. A further
eight-constraint (8C) kinematic fit to the initial eþe− four
momentum and the nominal π0 masses for four γγ pairs
is performed to the γπ0π0π0π0 hypothesis by enforcing
energy-momentum conservation and constraining the
invariant mass of each of the four photon pairs to the
known π0 mass. If more than one candidate combination is
found, that one with the smallest χ28C is retained. Candidate
events with χ28C > 40 are rejected to exclude events that
are kinematically incompatible with the signal hypo-
thesis. An additional requirement of jMðπ0π0π0Þ −mηj >
0.02 GeV=c2 is used to remove the η background events,
where Mðπ0π0π0Þ is the combination of the π0π0π0

invariant mass closest to the known mass of the η meson.
To reject background with 10 or 11 photons in the final

states, the χ24C of the 4C kinematic fit to signal hypothesis is
required to be less than those of the 4C kinematic fits to
both the 10 and 11 photon hypotheses. To investigate
possible sources of contamination, we apply these selec-
tions to the inclusive MC sample of 10 billion J=ψ
events and find that the only significant backgrounds come
from η0 → π0π0η; η → π0π0π0 and nonresonant J=ψ →
γπ0π0π0π0 events.

IV. MEASUREMENT OF Bðη0 → π +π − π + ð0Þπ − ð0ÞÞ
The signal yields of the exclusive channels are obtained

by performing unbinned maximum likelihood fits to the
mass spectra of the selected η0 → πþπ−πþπ− and η0 →
πþπ−π0π0 candidates, respectively. In the fits, the signal
components are modeled by the MC-simulated shape
convolved with a Gaussian function to account for the
difference in the mass resolution between data and MC
simulation. The background components considered are
subdivided into two classes: (i) the shapes of those back-
ground events that contribute to a structure in
Mðπþπ−πþπ−Þ (e.g. η0 → πþπ−η with η → γπþπ− and
η0 → πþπ−eþe−) or Mðπþπ−π0π0Þ (e.g. η0 → πþπ−η with
η → π0π0π0 and η0 → π0π0η with η → γπþπ−, as well as
η0 → γω with ω → πþπ−π0) are taken from the dedicated
MC simulations; and (ii) J=ψ → γπþπ−πþπ− and J=ψ →
γπþπ−π0π0 nonresonant decays are described with the MC-
simulated shape in uniform phase-space model. The mag-
nitudes of the different components are left free in the fit to

account for the uncertainties of the branching fractions of
J=ψ → γη0 and other intermediate decays (e.g. η0 →
πþπ−η, η0 → π0π0η, and η → γπþπ−). The fits, as shown
in Fig. 1, yield 1650� 48 events for η0 → πþπ−πþπ− and
865� 49 events for η0 → πþπ−π0π0, where the goodness-
of-fit is 1.256 and 2.387, respectively.
The branching fraction of each channel is calculated as

BðXÞ ¼ NsignalðXÞ
NJ=ψ ·

Q
Bi · ϵðXÞ

; ð1Þ

where X represents Mode I or Mode II. NsignalðXÞ is the
number of signal events. NJ=ψ is the number of J=ψ events.Q

Bi is the product branching fractions of all the inter-
mediate states quoted from the PDG [17] in each channel,
which is BðJ=ψ → γη0Þ for Mode I and BðJ=ψ → γη0Þ ·
B2ðπ0 → γγÞ for Mode II. ϵðXÞ is the detection efficiency
obtained from the MC simulation with the ChPT and VMD
model [4]. The measured branching fractions of these two
decay modes, as summarized in Table I, are consistent with
previous results [3] obtained from a dataset of 1.3 billion
J=ψ events, which is a subset of the sample used in the
current analysis.

V. AMPLITUDE ANALYSIS OF η0 → π +π −π +π −

To investigate the doubly virtual isovector contribution,
an amplitude analysis of η0 → πþπ−πþð0Þπ−ð0Þ is necessary.
Given the limited sample size and high background level
for η0 → πþπ−π0π0 decays, we only perform an amplitude
analysis of η0 → πþðp1Þπ−ðp2Þπþðp3Þπ−ðp4Þ. The decay
amplitude is constructed with a combination of the ChPT
and VMD model [4], as described by

Aðη0 → πþπ−πþπ−Þ ¼ ϵμναβp
μ
1p

ν
2p

α
3p

β
4

×

��
s12

Dρðs12Þ
þ s34
Dρðs34Þ

−
s14

Dρðs14Þ
−

s23
Dρðs23Þ

�

þ α

�
M2

ρðs12 þ s34Þ
Dρðs12ÞDρðs34Þ

−
M2

ρðs14 þ s23Þ
Dρðs14ÞDρðs23Þ

��
; ð2Þ

where

DρðsÞ ¼ M2
ρ − s − iMρΓρðsÞ; ð3Þ

ΓρðsÞ ¼
Mρffiffiffi
s

p
�

s − 4M2
π

M2
ρ − 4M2

π

�
3=2

Γρ; ð4Þ

TABLE I. The fitted signal yields (or 90% confidence level upper limit), the detection efficiencies and the measured branching
fractions (or 90% confidence level upper limit). Also shown are the previous BESIII results.

Mode N εð%Þ Bðη0 → XÞ Previous BESIII result [3,9]

η0 → πþπ−πþπ− 1650� 48 36.4 ð8.56� 0.25ðstatÞ � 0.23ðsystÞÞ × 10−5 ð8.53� 0.69ðstatÞ � 0.64ðsystÞÞ × 10−5

η0 → πþπ−π0π0 865� 49 7.8 ð2.12� 0.12ðstatÞ � 0.10ðsystÞÞ × 10−4 ð1.82� 0.35ðstatÞ � 0.18ðsystÞÞ × 10−4

η0 → π0π0π0π0 <10 1.6 <1.24 × 10−5 <4.94 × 10−5
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is the inverse ρ propagator (Mρ and Γρ are the mass
and width of ρ meson), and s12 ¼ ðp1 þp2Þ2 and s34 ¼
ðp3 þp4Þ2 are the invariant-masses squared of two inde-
pendent πþπ− pairs; α corresponds to c3

c1−c2
in Ref. [4] since

the fit is only sensitive to this ratio rather than the individual
parameters, where ci represent the relative contributions of
distinct decay mechanisms.
The free parameters of the probability-density function

(PDF) to observe the ith event characterized by the
measured four-momenta ξi of the particles in the final
state is

PðξiÞ ¼
jAðξiÞj2ϵðξiÞR jAðξÞj2ϵðξÞdξ ; ð5Þ

where A is the amplitude as shown in Eq. (2), and ϵðξiÞ is
the detection efficiency. The parameters are optimized
with an unbinned maximum likelihood fit using the
sample of selected η0 → πþπ−πþπ− events, a total of 2047
events found in the η0 mass region of 0.94 GeV=c2 <
Mðπþπ−πþπ−Þ < 0.97 GeV=c2. The fit minimizes the
negative log-likelihood value

− lnL ¼ −ω0
�XNdata

i¼1

lnPðξiÞ − ωbkg1

XNbkg1

j¼1

lnPðξjÞ

− ωbkg2

XNbkg2

k¼1

lnPðξkÞ
�
; ð6Þ

where P is the PDF, i, j and k run over all accepted data,
the continuous background J=ψ → γπþπ−πþπ− and the
peaking background J=ψ → γη0; η0 → πþπ−η; η → γπþπ−
events, respectively, and their corresponding number of
events are denoted by Ndata, Nbkg1 and Nbkg2, with
the backgrounds modeled by MC simulation. Here,

ωbkg1 ¼ N0
bkg1

Nbkg1
and ωbkg2 ¼ N0

bkg2

Nbkg2
are the weights of the

backgrounds, where N0
bkg1 and N

0
bkg2 are their contributions

in the signal region according to the above fit results as
displayed in Fig. 1(a). To obtain an unbiased uncertainty

estimation, the normalization factor derived from Ref. [22]
is considered, described as

ω0 ¼ Ndata − Nbkg1ωbkg1 − Nbkg2ωbkg2

Ndata þ Nbkg1ω
2
bkg1 þ Nbkg2ω

2
bkg2

: ð7Þ

To simplify the fit, the mass and width of the ρ are fixed
at the world-average values [17], Mρ ¼ 775.11 MeV=c2

and Γρ ¼ 149.1 MeV=c2. The amplitude analysis fit gives
α ¼ 1.22� 0.33, where the uncertainty is statistical only.
Projections of the data and fit results to the mass spectra
of different πþπ− combinations are displayed in Fig. 3,
which indicates that the amplitude fit provides a good
description of the data. An alternative fit with free resonant
parameters of ρ is also performed, which returns a fitted
massMρ ¼ 671.9� 13.4 MeV=c2 and width Γρ ¼ 233.7�
16.7 MeV=c2 that deviate significantly from the world-
average values. In this case, we also find that the fit result
for α is not stable. The notable deviations of resonant
parameters and unstable value of alpha stem from the
similar lineshape of the terms with and without α in Eq. (2),
which leads to a strong correlation between them. Thus, the
fit with the fixed ρ parameters is taken as the baseline. This
measurement is in good agreement with the prediction
of unity from the combined ChPT and VMD model in
Ref. [4], where c3 ¼ 1 and c1 − c2 ¼ 1.

VI. SEARCH FOR η0 → 4π0

No significant signal contribution is evident for the
decay η0 → 4π0 in the Mð4π0Þ distribution shown in
Fig. 4(a). To quantify this conclusion, an unbinned maxi-
mum-likelihood fit is performed on the 4 π0 mass spec-
trum, allowing for background contributions and a possible
signal component. The total PDF consists of a signal
component, the peaking and nonpeaking background con-
tributions. The signal component is modeled as the MC
simulated shape. Both the peaking and nonpeaking back-
ground contributions from J=ψ → γη0; η0 → π0π0η; η →
π0π0π0 and J=ψ → γπ0π0π0π0 are also described with
shapes obtained from the dedicated MC simulation.
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A Bayesian approach [23] is used to determine an upper
limit on the branching fraction of η0 → 4π0. A series of fits
are performed for different assumed values N of the signal
yield shown in Fig. 4(b), and the negative log-likelihood S
is determined for each fit.
The distribution of normalized likelihood values, defined

as LðNÞ ¼ expð−½SðNÞ − Smin�Þ, where Smin is the nor-
malized minimum negative log-likelihood obtained from
the ensemble of fits at N ¼ 0,” is taken as the PDF for the
likelihood functionLðNÞ. The upper limit on the number of
signal events, NUL, is determined at 90% of the integral of
the PDF RNUL

0 LðNÞdNR∞
0 LðNÞdN ¼ 0.9; ð8Þ

where N is the fitted number of signal events. To account
for the additive systematic uncertainties related to the fits,
several alternative fits are performed. These alternative
fits involve different fit ranges, continuum background
shapes and peaking background shapes. Among the results
of these fits, the largest number of signal events 9.9 is
chosen. With this upper limit of NUL ¼ 9.9, the upper limit
on the branching fraction is calculated with

Bðη0 → 4π0Þ < NUL

NJ=ψ · BðJ=ψ → γη0Þ · B4ðπ0 → γγÞ · ϵ ;

ð9Þ

where ϵ is the detection efficiency obtained by MC simu-
lation. Then the upper limit for the branching fraction at the
90% confidence level is determined to beBUL¼1.22×10−5.

VII. SYSTEMATIC UNCERTAINTY

Sources of systematic uncertainties and their correspond-
ing contributions to the measurements of the branching
fractions for the different decay modes are summarized in
Table II. The total systematic uncertainties are obtained by
adding all the contributions in quadrature under the
assumption that they are independent.
The MDC tracking efficiency is studied using a clean

control sample of J=ψ → πþπ−π0 decays. It is found that
the MC simulation agrees with data within 0.5% for each
charged track. The systematic uncertainties on the tracking
efficiency are taken as 2% and 1%, for Mode I andMode II,
respectively.
The photon-detection efficiency is studied with a dedi-

cated sample of the eþe− → γμþμ− events. The difference
in efficiencies between data and MC simulation, 0.5%, is
taken as the corresponding systematic uncertainty.
Uncertainties associated with the kinematic fits for

the charged decay Mode I and Mode II come from the
inconsistency of the track helix parameters between data
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FIG. 4. The fit result to the 4 π0 invariant mass (a) and the
normalized likelihood distribution (b). In (b), the blue dots and
red triangles are the likelihood distributions before and after
convolution with a Gaussian function with resolution equal to the
total systematic uncertainty, respectively. The red arrow indicates
the upper limit at the 90% confidence level.

TABLE II. The systematic uncertainties on the branching-
fraction measurements (in %).

Source Mode I Mode II Mode III

MDC tracking 2 1 � � �
Photon detection 0.5 2.5 4.5
Kinematic fit 0.6 0.2 5.6
Peaking background 0.4 0.1 � � �
Continuous background 0.2 1.6 � � �
Veto ηðωÞ signal � � � 2.8 � � �
Veto η → 3π0 � � � � � � 3.0
BðJ=ψ → γη0Þ 1.3 1.3 1.3
Bðπ0 → γγÞ � � � 0.06 0.12
NJ=ψ 0.44 0.44 0.44
Generator model 0.8 0.6 0.1

Total 2.7 4.5 8.0
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and MC simulation. The helix parameters for the charged
tracks of the MC samples are corrected to eliminate this
inconsistency, as described in Ref. [24], and the agreement
of χ2 distributions between data and MC simulation is
much improved. We take half of the differences on the
selection efficiencies with and without the correction as
the systematic uncertainties, which are 0.6% and 0.2% for
Mode I and Mode II, respectively. The uncertainty for
Mode III associated with the kinematic fit is estimated by
adjusting the components of the photon-energy error matrix
in the signal MC sample to reflect the known difference in
resolution between data and MC simulation [25] and the
difference is estimated to be 5.6%.
Uncertainties arise from the understanding of the back-

ground associated with the estimation of the resonant
and nonresonant background events. For the background
contributions from the phase-space events, e.g., J=ψ →
γπþπ−πþπ− and J=ψ → γπþπ−π0π0, alternative fits are
performed by replacing phase-space MC shapes with a
third-order Chebychev function. The deviations in signal
yields after implementing these modifications are found to
be 0.2% and 1.6% for Mode I and Mode II, respectively.
The uncertainties due to peaking background events below
or just above the η0 peak are considered by fixing these
contributions according to the branching fractions of
J=ψ → γη0 and the cascade decays, and lead to uncertain-
ties of 0.4% and 0.1%, respectively.
The uncertainty associated with the η and ω veto is

studied by varying the η and ω mass requirements, and is
assigned to be 2.8% for mode II. The uncertainty from
the MCmodel is estimated by varying the parameters in the
ChPT and VMD model, and the largest difference in the
detection efficiencies is assigned as the systematic uncer-
tainty, which is 0.8% for mode I, 0.6% for Mode II and
0.1% for Mode III. Similarly, the systematic uncertainty
associated with vetoing η signal in Mode III is estimated to
be 3.0%. The uncertainties in the branching fractions of
J=ψ → γη0 and π0 → γγ are 1.3% and 0.06%, respectively.
The uncertainty due to the total number of J=ψ events
(NJ=ψ ) is 0.44% [10].
The systematic uncertainties on the doubly virtual

isovector contribution α from the amplitude analysis of
η0 → πþπ−πþπ− are summarized in Table III. The uncer-
tainty in the pion tracking efficiency is studied using a
control sample of J=ψ → πþπ−π0 decays. The data-MC
difference is extracted as a function of the particle
momentum and the cosine of the polar angle, and then a
reweighting procedure is applied on the charged pions for
each event to calculate the MC integral cross section.
Following this, an alternative amplitude analysis is con-
ducted and the difference between the results with and
without correction, 0.1%, is assigned as the systematic
uncertainty. For the continuum background from J=ψ →
γπþπ−πþπ−, by replacing with a third-order Chebychev
polynomial function in the fit, the normalized background

events is found to be 273� 17. An alternative amplitude
fit is performed and the change in α with respect to the
nominal result, 2.0%, is taken as the systematic uncertainty.
The uncertainty from peaking background associated
with the background events (J=ψ → γη0; η0 → πþπ−η; η →
γπþπ−) is estimated by normalizing the number of back-
ground events to be 178� 13 in the amplitude analysis in
accordance with the branching fractions of J=ψ → γη0 and
the cascade decays [17]. The change of result, 2.9%, is
taken as the systematic uncertainty. The systematic uncer-
tainties associated with the mass and width of ρ, are
estimated by varying the range by �1σ instead of fixing
to theworld averagevalues, which are determined to be 0.7%
and 0.2%, respectively. The total systematic uncertainty of
3.6% is obtained by adding all systematic uncertainties in
quadrature assuming that they are independent.

VIII. BRANCHING-FRACTION RESULTS

After taking into account the systematic uncertainties, the
branching fractions of η0 → πþπ−πþπ− and η0 → πþπ−π0π0

are measured to be ð8.56� 0.25ðstatÞ � 0.23ðsystÞÞ × 10−5

and ð2.12� 0.12ðstatÞ � 0.10ðsystÞÞ × 10−4, respectively,
where the first uncertainties are statistical and the second
systematic. No η0 → 4π0 signal is observed and the upper
limit on its decay branching fraction, considering only
additive systematic uncertainties is found to be BUL ¼
1.22 × 10−5 at the 90% confidence level. The final upper
limit on the branching fraction also considers the multipli-
cative systematic uncertainty, which is accounted for by
convolving the likelihood distribution LðNÞ to obtain the
smeared likelihood L0ðNÞ,

L0ðNÞ ¼
Z

1

0

L

�
S

Ŝ
N

�
exp

�
−
ðS − ŜÞ
2σ2S

�
dS: ð10Þ

In this expression Ŝ is the nominal efficiency, σS is its
systematical uncertainty (8%) coming from Table II andN is
the number of signal events for η0 → 4π0. Following this
procedure, the upper limit on the number of signal events at
the 90% confidence level is set to be 10 as shown in Fig. 4(b),

TABLE III. The systematic uncertainties on the doubly virtual
isovector contribution α to η0 → πþπ−πþπ− (in %).

Source η0 → πþπ−πþπ−

MDC tracking 0.1
4C kinematic fit 0.5
Continuum background 2.0
Peaking background 2.9
Mass of ρ 0.7
Width of ρ 0.2

Total 3.6
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and the corresponding upper limit of the branching fraction
is Bðη0 → 4π0Þ < 1.24 × 10−5.

IX. SUMMARY

In summary, using a sample of ð10087� 44Þ × 106 J=ψ
events, we perform improved measurements of the branch-
ing fractions of η0 → πþπ−πþπ− and η0 → πþπ−π0π0
decays with J=ψ → γη0. The measured branching fractions
of these two decays are in good agreement with the
previous works [3], with a three-times improvement in
precision. In addition, within the framework of the ChPT
and VMDmodel, an amplitude analysis of η0 → πþπ−πþπ−
is performed for the first time to investigate the doubly
virtual isovector contribution. The parameter α, corre-
sponding to c1−c2

c3
in Ref. [4], is determined to be

1.22� 0.33ðstatÞ � 0.04ðsystÞ, which is consistent with
the prediction of theoretical calculations [4].
We have also searched for the rare decay η0 → 4π0, and

no evidence is found. The upper limit of Bðη0 → 4π0Þ at the
90% confidence level is determined to be 1.24 × 10−5,
thereby improving on the previous limit [9] by a factor
of four.
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