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Self-dual fields on self-dual backgrounds and the double copy
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We explore the double copy for self-dual gauge and gravitational fields on self-dual background
spacetimes. We consider backgrounds associated with solutions of the second Plebanski equation and
describe results with different gauge-fixing conditions. Finally we discuss the kinematic and w-algebras
and the double copy, identifying modified Poisson structures and kinematic structure constants in the
presence of the self-dual background. The self-dual plane wave and Eguchi-Hanson spacetimes are studied

as examples and their respective w-algebras derived.
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I. INTRODUCTION

The study of self-dual gauge and gravitational fields has
provided a fertile source of ideas and results in physics
and mathematics. Work some time ago showed that self-
dual theories in a light-cone gauge could be described by
equations for scalar fields [1-9] corresponding to the
positive helicity sectors of Yang-Mills Theory and gravity.
The self-dual sector allows for a simplified study of many
features of the full theories. An area of recent interest is
the investigation of self-dual fields in order to learn more
about the structure of the double copy' and kinematic
algebras (see Refs. [12-33] for recent more general work
on the double copy and Color-Kinematics Duality). In
[34] it was shown that self-dual Yang-Mills Theory and
gravity have manifest color-kinematics duality, and the
kinematic algebra was identified as that of area-preserving
diffeomorphisms of the plane. In the context of celestial
holography [35-41] this algebra was shown to appear
through the soft and collinear limit of positive helicity
gravitons as (the wedge subalgebra of) wy ., [42]. This
link between kinematic algebras and operator product
expansions (OPEs) in celestial holography [43-56] was
recently discussed in detail in [57].
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'"The classical double copy for solutions of the equations of
motion was first explored in [10,11].
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A natural generalization of this is to study self-duality
conditions on nonflat spacetimes. Some progress has been
made in understanding how the double copy can be applied
to curved backgrounds [58-66], with the case of AdS
receiving particular attention [67—-82].

In this paper we study self-duality for the case of self-
dual spacetime backgrounds (see Refs. [65,66,83—85] for
some recent work on this topic). We work with the
spacetime metrics defined by solutions of the second
Plebanski equation, and study the conditions for the
existence of self-dual Yang-Mills Theory fields, and
self-dual metric variations, on these backgrounds. In
the flat space case, dealt with in Sec. II, there are two
formulations of the self-duality conditions which are
related by a simple relabeling of coordinates. A general
self-dual background (Yang-Mills Theory backgrounds
are dealt with in Sec. III and gravity backgrounds in
Sec. IV) does not have this symmetry, and we find that
these two formulations generalize quite differently. The
first class of solutions in gravity backgrounds, which we
call a “matched” gauge, can be seen as generalizing the
flat space solution to curved self-dual backgrounds by
linearly perturbing the Plebanski scalar. We also find a
second class of solutions, which we call a “flipped” gauge,
which requires a Kerr-Schild condition on the background
and leads to a modified Poisson structure coming from the
Plebanski equation in this gauge. We then describe aspects
of the double copy, and kinematic and w-algebras revealed
by these results.

This general formulation is discussed in detail in two
examples: the self-dual plane wave spacetime in Sec. V and
the Eguchi-Hanson (EH) metric in Sec. VI. These case
studies connect with some of the results developed recently
in twistor space in [84] and [85]. For the self-dual plane
wave background we find that a natural definition of a
“plane wavelike” solution to the wave/Plebanski equation

Published by the American Physical Society
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in that spacetime leads to a kinematic algebra with modified
structure constants when compared to the flat background.
Nevertheless these structure constants match the flat-space
case in the holomorphic collinear limit of the two plane
wave solutions and so generate the standard flat-space
w-algebra. The soft generators generating the algebra are,
however, altered and correspond to the expansion of the
particular plane wave solutions adapted to the self-dual
plane wave background. The double copy in our formu-
lation replaces the Lie algebra commutators with Poisson
brackets and leads to a so-called double bracket in the
Plebanski equation. When acting on plane wave solutions,
in flipped gauge, we show this procedure replaces color
structure constants with those from the kinematic algebra
Xpw/(ky, ko) and so gives the expected squaring relation of
the single copy, i.e. Xpy(ki,ky)>.

In the Eguchi-Hanson background, we express the more
complicated solutions of the wave equation discussed
in [85] in spacetime coordinates. We then show that the
Poisson bracket of two of these plane waves gives an
expression for the deformed kinematic structure constants
Xgn(ky, ky), which we define in the holomorphic collinear
limit. The double bracket of two plane waves is then shown
to give the square of this expression, but with additional
terms, demonstrating that in the Eguchi-Hanson back-
ground the kinematic algebra squaring relations are modi-
fied by curvature terms. Since even in the holomorphic
collinear limit Xgy(ky, k,) differs from the flat-space and
self-dual plane wave cases, we then expect a completely
different “w-algebra” of soft generators. We derive this
algebra of soft generators following the same method as in
the previous cases, by expanding the plane wave solutions,
giving a spacetime realization of the results of [85] coming
from twistor space.

II. FLAT BACKGROUND

We start by setting notation and briefly recalling the
standard results for self-dual Yang-Mills Theory (YM) and
self-dual gravity in a flat background. In this section, we
will generally follow the discussion in [34]. The spacetime
coordinates are taken to be (u, v, X,Y), with the metric

ds® = 2du dv — 2dXdY. (2.1)

For real coordinates, this implies we are using (2, 2)
signature. The coordinates (u, v, X,Y) are related to the
usual (#,x,y,z) as follows:

_t+z t—z

- 5 V=—"=, X=
V2 V2

X+y X—y

, Y= 2.2
and in terms of the coordinates (t, x,y,z) the metric
signature is (4, —, +, —).

A. Self-dual Yang-Mills theory

A gauge field A, = (A,,A,, Ay, Ay) on flat space with
metric (2.1) is self-dual if its field strength2 satisfies

g

(2.3)
where ¢ is the determinant of the metric (2.1). Imposing the
gauge-fixing condition A, = 0, the self-duality condition
above can be satisfied by setting Ay = 0 and

Au = ¢X’

AY = ¢1;’ (24)

for a (Lie algebra valued) function ¢(u, v, X, Y) satisfying
the self-dual Yang-Mills Theory equation

O = 2[¢p,.. x| = 0. (2.5)

where the scalar Laplacian is O = 2(9,,0, — dxdy). In what
follows, we will be using a notation where subscripts on
scalar fields such as ¢ signify partial derivatives. For
example, ¢, = d,¢, ¢x, = 0x9,¢; this should not be con-
fused with the use of subscripts to denote components of
covectors, for example k, = (ky, ky, kx, ky). If we intro-
duce the Poisson bracket

{f’ g} = avfan - aXfavg9
then the self-dual Yang-Mills Theory equation becomes
D¢ - [{d)’ ¢}] =0,

where we have used a notation suggestive of color-
kinematics duality, as used in [80],

(2.6)

(2.7)

{f g} = [fu 9x] = [fx. 9.]. (2.8)

For the covector k, = (k,, k,, kx, ky) and coordinate vector
X = (u,v,X,Y), with k- x = k,x*, the plane wave e’**
satisfies

Oe** =0 (2.9)

if k, is a null vector. In momentum space, the cubic
coupling arising from the self-dual YM equation (2.7)
involves the kinematic structure constants
X(kyi,ky) = kixky, — ki ko, (2.10)
along with the Lie algebra constants f¢*¢. Explicitly, the

bracket (2.8) of two plane waves and Lie algebra generators
satisfies [34]

’In our conventions F w=0,A, —0,A, +[A, A

026009-2



SELF-DUAL FIELDS ON SELF-DUAL BACKGROUNDS AND THE ...

PHYS. REV. D 109, 026009 (2024)

[{Taeik] X Tbeikyx}] _ X(kl , k2>fabcTcei(kl +ka)-x (21 1)

There is also an alternative gauge-fixing condition
A, = 0, for which the self-duality condition can be satisfied
by setting Ay = 0 and

A, :¢Y7

AX = ¢u’ (212)
for a function ¢(u,v,X,Y) satisfying the self-dual YM
equation (2.5) but with the coordinates u <> v and ¥ < X
exchanged, that is

T = 2lhus ] = 0. (2.13)
The flat metric is invariant under this exchange and so
results obtained in this new gauge are trivially related to the
previous gauge by a simple interchange of coordinates.
This is not the case when we consider self-dual back-
grounds in the sections below, since these backgrounds
have no such symmetry, and we will describe the two
different gauges separately. We note that the choosing of a
gauge is a natural step to highlight the kinematic algebra in
our formalism; however, there are other methodologies
which avoid explicitly fixing to a particular gauge for
example in [86].

B. Self-dual gravity
Now we recall the analogous construction for self-dual
gravity, where the metric is taken to be the following
variation from the flat metric:
ds* = g, (¥)dx"dx*
= 2dudv — 2dXdY + Wyydu?®

+W,,dY? + 2%y, dudy, (2.14)

with some function ¥(u, v, X, Y). Define the expression

PlebO(lP) = 2(‘{’1411 - ‘PXY) - lPXX‘PW + (‘{"1;)()27 (215)

where the subscript O indicates the flat background,
and define the operator Ay(¥) by the variation of this
expression as

Ao(P)(8Y) = 6(Pleby (W)). (2.16)
Explicitly

A0(\P) = 2(0141/ - aXY) - lI,XXavv + 2lP1)XavX - \PMJ()XX-
(2.17)

Then the anti-self-dual part of the Weyl tensor is zero
except for the component Cy,,y (and components related to
this by the symmetries of the tensor), and we find

1
Cryuy = — 1 Ao (W)Pleby(P). (2.18)

The nonvanishing components of the Ricci tensor are
given by

1
Rup = = 50203 Pleby(¥). (2.19)

where a,b = (u,Y) and i = X,Y = v. Thus the metric
9, (P) given by (2.14) is Ricci flat and has self-dual Weyl
tensor if the scalar field W satisfies the gravitational
Plebanski equation

PlebO(lP) = Z(Tuv - TXY) - lIIXX\PL'U + (vaX)Z =0.
(2.20)

Defining the following gravitational bracket {{-,-}}
using (2.6)

1
{{f’ g}} = 5({01/‘][’ an} - {aXf’ avg})’ (221)
the Plebanski equation (2.20) can be written
OvY - {{¥,¥}} =0, (2.22)

revealing the double copy relation [34] ¢ — ¥, [{-,-}] =
{{-,}} compared with (2.7). Furthermore, we can consider
the gravitational bracket acting on a pair of plane wave
solutions in flat space and we find the following double
copy structure:

. . 1 .
{{elkl-x’ elkz.x}} — Eez(kl+k2)~xx<kl’ kz)z, (2_23)
where the color structure constants in (2.11) have been
replaced by additional kinematic ones. Alternatively, from
(2.11) one may strip off the color structure and isolate the
kinematic algebra as the Poisson bracket of two plane
waves
{etkix ethax) = pilkith) X (K, k). (2.24)
As explained in [57], in the context of celestial holog-
raphy the appearance of the “left structure constants”
X(ky,ky) in both YM and gravity implies the chirality
of the operator product expansion in both cases. The second
“right structure constants,” £’ in the YM case and the
second copy of X(ky, k,) in the gravity case, correspond to

026009-3



BROWN, GOWDY, and SPENCE

PHYS. REV. D 109, 026009 (2024)

the structure constants of the OPEs. The soft expansion
of the latter may be explored by noting that the null
vector condition k> = 2(k,k, — kyky) = 0 implies that we
may set

ku kY
Zu Y 2.25
ol et (2.25)

for some p. Thus we can write
k-x=(pY +v)k, + (pu + X)ky. (2.26)

The soft limit of the momentum k then corresponds to
(k,, kx) — 0 at fixed p. Expanding ¢** in this limit gives

eik~x — io: (ikv)a(ikX)b

ab! €ubs (227)

a,b=0

where the “soft mode generators” are given by
e = (pY + v)%(pu+ X)?. To make contact with the
algebras appearing in celestial holography, we now need
to take the collinear limit of the two momentum k,, k,
appearing in the algebra (2.24). To do this we use the
holomorphic collinear limit where (p; —p,) — 0. This
makes k; and k, collinear since

ki ky = (p1 = p2)X (ki ks), (2.28)
and we are able to take such a holomorphic collinear limit
(p1 —p2) = 0 without the structure constant X (ky, k,)
vanishing due to the fact we are in (2, 2) signature. At
leading order in the holomorphic collinear limit (corre-
sponding to the first term in the OPE expansion in the
celestial holography context) we may set p; = p, =p
and substitute the expansion (2.27) into the kinematic
algebra (2.24) to obtain

{ea,b’ ec.d} = (ad - bc)ea+c—l,b+d—l . (229)
Defining the conventional generators wh, :%e p—14m,p—1—m
we then find the wedge subalgebra of the w_, algebra

—n(p—1))whti?,

{win.wi} = (m(q—1) e
The condition that @ and b are integers greater than or equal
to zero translates to the conditions that p, m are half-integers
and satisfy 1l = p<m < p—1and p > 1 (similarly for ¢,
n). This algebra has been studied in the celestial holography
context [42,50,87] where it is generated by the commutation
relations of operators inserting soft gravitons.

As in the YM case, there is another gauge-fixing
condition related to the above by interchanging u < v
and Y < X, with (trivially equivalent) consequent equa-
tions. We reiterate that these different types of gauges will

(2.30)

not be as trivially related once we consider self-dual
backgrounds in the next section.

III. GENERAL SELF-DUAL YM BACKGROUNDS

Our first exploration of self-dual perturbations of self-
dual backgrounds starts with YM backgrounds in flat
space. To begin with we consider a background self-dual
gauge field A(y) in the gauge (2.4)

A) = x:0,0.2,), Dy =[{r.x}] =0

Since the gauge field is linear in the scalar y we can write a
self-dual perturbation on this background as

(3.1)

A()(+l//) = ()(X +V/X7O707Z1; +WL) :A(X) +A(l//)’
(3.2)

where A(y) is the perturbation. The total gauge field
A(y + y) must then satisfy the self-dual YM equation (2.5)

O +w) - +wx +y} =0,0) - {w.y}] =0,
(3.3)

where we have used (3.1) and defined a “deformed” scalar
Laplacian

ﬁ){ =0~ 2[{)(7 }] = DZD)(/A’

(3.4)

which is simply the scalar Laplacian in the background
gauge field A(y). The covariant derivative is given by3
DYy = 0" + [A*(y), ], (3.5)
when acting on an adjoint valued field. Equation (3.3) is the
analog of (2.5) in a self-dual background YM field.

We will see shortly that the discussion above can be
double copied in two ways. First, we can just double copy
the background gauge field to obtain equations of motion
for self-dual YM on a self-dual gravitational background
(Sec. IVA). Second, we can double copy both the back-
ground and the perturbation, to obtain self-dual gravity
perturbations on a self-dual background (Sec. IV B). In
either case, the scalar Laplacian (3.4) will double copy to a
familiar object.

IV. GENERAL SELF-DUAL BACKGROUND
SPACETIMES

We now turn to generalizing the above results in Sec. I
valid for flat backgrounds to the case of self-dual back-
ground metrics. This leads us to the two possible double

3This is consistent with our conventions for the field strength
since [D,, D ]y = [F,.y] for adjoint valued fields y.
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copies of the case considered in Sec. III of self-dual YM
fields on self-dual YM backgrounds; these are summarized
in the diagram in (4.27).
We consider self-dual metrics of the form
ds* = g, (®)dx*dx"
= 2dudv —2dXdY + ®yydu® + ®,,dY?* + 20y, dudY
(4.1)
for a scalar function ®(u, v, X, Y) satisfying the Plebanksi

equation Pleby(®) = 0.
Given a covector k, = (k,. k,., ky, ky) we have

k”kﬂ == 2kuk1) - 2kka - k,QUq)XX - k%(q)m; + Zkka(I)X@

= 2k, k, — 2kyky, (4.2)
where it proves useful to define
ky =k, — % (k,@xx — kx®x,), k, = k,.
/ACX = ky, ]ACY = ky — % (k,®x, — kx®@,,). (4.3)

The hatted momenta are those in the tangent space; if we
write the vierbein

1 1
¢t =(1.3P0x—5®x,.0). et =(0.1.0.0).

1 1
¢4 =(0,0,1,0), %= (05@;@,—5@%, 1), (4.4)
satisfying efe,, = g,, (®), with g, (®) the metric in (4.1),
then k, = euk,.

A. Self-dual Yang-Mills theory
With a gauge field A, = (A,,A,,Ax,Ay) on this space-
time we can choose the gauge-fixing condition n*A, = 0,
with null vector n# = (0, 1,0,0), thus setting

A, =0. (4.5)

Now we require that the field strength F,, is self-dual, i.e.
that the anti-self-dual components F,, vanish. This
imposes three independent conditions. Two of these are
satisfied if we set

AX - 0,
A, = ¢X’
AY = ¢1)9 (46)

for a scalar field ¢(u,v,X,Y), and the final self-duality
condition imposes the equation

Ol — 2[p,. dx] = . (4.7)
where [y is the Laplacian in the metric (4.1). This gauge
matches the choice made for the self-dual background
metric, wherein the components of the metric g,, satisfy
Guw = Gux = gxx = 0; we call this gauge the matched gauge.
Equation (4.7) is thus the generalization of the self-dual Yang-
Mills Theory equation (2.5) to the background (4.1). If we
define the Poisson bracket as in the flat space case

{f’ g} = avfan - avgaXf9 (48)
then the Plebanski equation (4.7) can be written as
Do¢p — {4, ¢}] =0, (4.9)

with [{¢, ¢}] defined in (2.8). The equation above can be
viewed as the double copy of (3.3) where we only double copy
the background gauge field. Explicitly, performing the double
copy on only the background y using [{y, -}] = {{®,-}}, the

scalar Laplacian in gauge theory [J, (3.4) becomes

0, =0-2[{r.}) » O-2{{®.}} =0y (4.10)
where in the last equality we combined —2{{®, -} } with the
flat scalar Laplacian to give us the curved Laplacian on the
background ®.

As we have noted earlier, there is also a different gauge
choice which reduces to the gauge-fixing condition A, = 0
in the flat space case, and which has a quite different
structure. We can find self-dual Yang-Mills Theory fields in
this gauge which satisfy a generalized Plebanski equation,
for background metrics which are of course self-dual
themselves, namely

Pleby(®) = 0, (4.11)
but also are of the Kerr-Schild form and so satisfy

The above conditions imply that the flat Laplacian acting
on @ vanishes i.e. ®,, = ®@yy. The self-dual gauge field in
this case is given by

Au = (¢Yq)XX - ¢ucDXv)’

=
Il
=
=
S
S
1l

1
¢Y - E (¢L®Xﬂ - ¢X(I)m;)’

>

Ax =k (@)(8) = = 3 (6, P — hr®,),

AY = (¢Y¢)Xv - ¢uq)vv)7 (413)

N[ =
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where the previously defined lAcu and IAcY are now regarded as
differential operators defined by replacing the unhatted ’s
in their expression by the corresponding derivatives. The
perturbation field ¢ then satisfies a generalized Plebanski
equation in the background ® given by

Do — 20k, (@)(#). ky(@)(#)] = 0. (4.14)
The gauge field above is not adapted to the background
metric in the same fashion as the previous gauge; instead it
features the nontrivial components of the background
metric. Since in the flat space limit it is related to the
previous gauge by the coordinate exchange u <> v and
Y < X we call it the flipped gauge.
|

1 1
{M, U}cp = _EQXU’

1
{U,X}(D — Z (Cbgﬁ; - (I)XX(I)M/‘)’

The Jacobi identity for the Poisson bracket {, }4, is satisfied
since the self-dual background @ satisfies the Plebanski
equation Pleby(®) = 0. This Poisson bracket automatically
satisfies the Leibniz rule from the action of the partial
derivatives from which it is constructed (4.13). Further-
more, since the Kerr-Schild condition ®@%, — ®yx®,, = 0
is satisfied the bracket {v,X} vanishes. The symplectic
form connected with the Poisson bracket (4.15) is

1 1
W= Etbxv(du ANdv—dX AdY) - Etbm,dv A dY

1

We observe that @> = 0 and is closed, dw = 0 (cf. [89])
when the Kerr-Schild condition and background Plebanski
equation are satisfied.

Using the notation

{f. 9l = k(@) (), ky (@) (9)] = lhy(®)(f). k(@) (9)],
(4.18)

the condition (4.14) on the field ¢ may then be written

Uodp — [{¢. #}o = 0. (4.19)

B. Self-dual gravity

We now consider self-dual gravity perturbations on the
background metric in (4.1). That is we simply consider the
shifted metric g, (® + ¥) given by (4.1) with @ replaced by
® + . We take the metric g, (®) to be the background self-

Xlg=-®
{u’ }‘D 2

The commutator term in (4.14) in this flipped gauge
reveals a different algebraic structure connected with the
fact that one can define a curved space Poisson bracket for
this spacetime [88,89]. We can define this by considering
the expression IAclulAczy - IAcleAc, y and as before replacing the
unhatted k’s in this expression by coordinate derivatives
with respect to the two functions in the Poisson bracket, i.e.

~

{f.9to = k(@) ()ky(®)(9) = ky (@) (k. (@) (9).

(4.15)
or
VU {M, Y}CD = 1’
1 1
v.Y}e = —E‘Dxx X, Y}e = E(I)Xv' (4.16)

|
dual spacetime, with Pleby(®) = 0. This setup corresponds
to the so called “matched gauge” for the gravity perturbation.
We can then define the gravitational Plebanski function
in the background metric g, (®) by
Plebg,(¥) := UV + Y%, — Yxx¥,0s (4.20)
with [y the scalar Laplacian in the background metric.
Once again this can be written in terms of the double
bracket notation (2.21)

Plebg (V) = LoV — {{¥,¥}}, (4.21)
illustrating the double copy structure compared with
Eq. (4.9). Alternatively, (4.21) can be viewed as the double
copy of (3.3), where we double copy both the YM back-
ground and the perturbation. Now one can check that the
Plebanski equation satisfies the following identity:

Pleby(® + W) = Pleby(®) + Plebg, (V). (4.22)
This immediately gives the gravitational Plebanski equa-
tion in the background metric as simply
Plebg (¥) = 0. (4.23)
This follows since the identity (4.22) shows that if ® leads
to a self-dual metric then ® +¥ does as well if the
Plebanski equation for ¥ in a @ metric background (4.23)
is satisfied. The above conclusions can be confirmed
explicitly. The relevant nontrivial component of the anti-
self-dual part of the Weyl tensor for the metric g,, (® + ¥)
is given by

026009-6
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C;YuY(g;w(q) + IP))

= _%Ao(d) + ¥)Pleby (@ + 7))
S % Ay(® + P)(Pleby (®) + Plebg, (P))

__ % Ao(® + W) (Pleby (F))
Y (4.24)

where we have used the self-duality of the background
metric, with Pleby(®) = 0, and imposed the condition
(4.23). It is also immediate that the variations of the
Plebanski function (4.20) are related to variations of the
flat Plebanski function; if we define the variation

Ag (W) (8Y) := 6y(Plebg (VP)), (4.25)
then as differential operators
Ag(P) = Ap(@+ ), (4.26)

as expected. A similar argument, based on (2.19), shows
Ricci flatness of the shifted metric.

In summary, we have shown the following commuting
triangle of double copy relations for equations of motion in
the matched gauge:

Double copy

SDYM on SDYM  Background SDYM on SDG

(3.4) (4.9)
\ [Eettsiz:;zi - (427)
SDG on SDG
(4.23)

The diagonal arrow above is just the usual self-dual flat
space double copy applied to the sum of the background
and perturbation fields y +y in (3.2). The double copy
properties of backgrounds and perturbations have been
studied beyond the self dual context in [60].

We can also consider the flipped gauge for which the
natural double copy of the bracket in (4.18) replaces the
YM commutator with the Poisson brackets {, }4 of (4.15)"

{01 = 5 ((h (@)1 ks (@)(0) o

~ {ky (@) (/). ku(@)(9) }o)- (4.28)

These double brackets have a related curved space
Plebanski equation of the form

*Other double brackets may be defined by dropping the ®
terms inside the brackets in (4.28) and/or using the flat space
Poisson bracket.

Oo¥ — {{¥,¥}}4 =0, (4.29)
which may be regarded as the double copy of (4.19). We
discuss these brackets further in the examples below. It
would be interesting to know if these equations are related
to the conditions required for the self-duality of the
curvature of metrics on self-dual backgrounds. One might
also study self-dual backgrounds satisfying the Kerr-Schild
condition (D}“, = Oy®,, more generally. While we have
not found answers to these questions in the general case, the
study of interesting examples reveals more structure, as we
will see in the following.

V. THE SELF-DUAL PLANE WAVE SPACETIME

Plane wave backgrounds have been the object of some
interest recently in the area of amplitudes, kinematic algebras
and the double copy (see, for example, [58,59,83,84,90-92]
and references therein). Here we study the self-dual plane
wave metric

dsky = 2dudv — 2dXdY + 2F(v)dY?,  (5.1)
where F(v) is a function related to the wave profile.

This metric is an example of the general form (4.1)
considered earlier and is also Kerr-Schild; we simply set
® = ®(v) with ®,, = 2F(v). The self-dual plane wave
metric is Ricci flat and has self-dual Weyl tensor; the only
nonvanishing components of the self-dual part of the Weyl
tensor being C,y,y = —2F"[v] and those related to this by
the symmetries of this tensor.

A. Self-dual Yang-Mills Theory
A self-dual gauge field in the matched gauge on this

spacetime is given by

A;l - (AuvAU’AX’AY) = (¢Xv0v0v ¢1))’ (52)

where, in order to solve the self-duality conditions, the
scalar field ¢(u,v,X,Y) must satisfy the plane wave
background Plebanski equation

Upwep — 2[¢m ¢X] =0, (5-3)
with Upy the Laplacian in the metric (5.1). Using the

Poisson bracket { f, g} = f,9x — fxg, which is the same as
the flat space case, we can write (5.3) as

Upwep — [{¢’ ¢}] =0,

where the double bracket notation (2.8) is defined as usual.

There is also the flipped self-dual gauge field solution in
this background, from (4.13) which can be used to
elucidate the algebraic structure of self-dual perturbations
on the self-dual plane wave background. We find

(5.4)
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A, = (0,¢y + F(v)px, bu. —F(v)¢,),  (5.5)
where the field ¢ satisfies
Opwep — 2|, ¢y + F(v)gx] = 0. (5.6)

This leads us to the modified Poisson bracket in the plane
wave background

1 9ypw = fulgy + F(v)gx) = (fy + F(0)fx)gus  (5.7)
and the rewriting of (5.6) as
DPW¢ - [{457 ¢}]PW =0. (5-8)

We are now tasked with finding the analog of plane wave
solutions to the wave equation in flat space, but for
solutions to the wave equation in the background (5.1).
Such solutions then act as generators of our kinematic
Poisson algebra. We begin by constructing a null vector in
flat space k, satisfying k,k, — kxky = 0 so that (as before)
k, = pkx, ky = pk, for some p. Then for the function G(v)
given by the indefinite integral of F(v), i.e. G' = F, we
may define the quantity

1
04(1t 0. X, ¥) = (Y + 0}k + (pu+ Xk +- G(0)ky

= k~x+%G(v)kX. (5.9)

Then one can show that the vector K, = V,0Qy is null,
K"K, = 0, divergence free, V¥K, = 0 (which is just the
wave equation on Qy), and geodesic, K*V, K, = 0, where

|

V,, is the covariant derivative in the plane wave metric. One
consequence is that any function of Qy, is annihilated by the
Laplacian, in particular

Opy e Qwv-XY) — 0, (5.10)

Whence the function '2(*2X.Y) satisfies the wave equation
in the plane wave background and furthermore reduces to
the usual plane wave e** in the flat space limit. The
Poisson bracket of two of these solutions is

{ein , eiQZ}
— £i(01+0,) <k1Xk21} - k“}kzx + lekZX@;_JF(U)>

1
— ei(Q|+Q2>XPW(k1 N kz),

leading to a modification of the structure constants defining
the kinematic algebra compared to the flat space case. This
modification is however subleading in the holomorphic
collinear limit so we expect it to not alter the w-algebra,
which we confirm in the next section.

This result, and hence also the w-algebra in (5.20), also
holds if one uses the flipped gauge Poisson bracket (5.7),
although in that case it is more natural to write the function
(5.9) in terms of k, and ky as follows:

Oi(u,v,X,Y) = (Y + pv)ky + (u + pX)k, + p*G(v)k,
(5.12)

where p := 1/p. The flipped Poisson bracket of two plane
waves is then

{e01, e} py, = €@+ (kyyky, — kykay + kykau(P1 — P2)F(v))

_ ei(QlJer)(—plpz)XpW(kl s kZ)

B. Self-dual gravity

The gravitational analog of the discussion above in the
matched gauge is based on the metric

dspye = 2dudv —2dXdY + 2F (v)dY* + ¥,,dY?

+ ‘Pxxduz + 2LP1fxdudY. (514)
This metric has vanishing Ricci tensor and self-dual
Weyl tensor if the following Plebanski equation is
satisfied:

Opw® + ¥y = ¥, Pxx = 0, (5.15)

(5.13)

where [lpy is the Laplacian in the self-dual background.
Employing the double bracket notation (2.21) as usual we
have

Opw'¥ — {{¥,¥}} =0, (5.16)

revealing the double copy structure compared with (5.3).
If we apply the double bracket to two of the plane waves
(5.9) we find

. ) : 1
{{e'0,ei}} = (@12 3 <XPW(k1,k2)2

B ikixkox (kixp1 + koxp2)F'(v)
P1P2

) (5.17)
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which is not just the simple square of the relation (5.11).
Despite this, we can still derive a w-algebra as follows.
Similarly to the flat space case, we may expand the above
solutions to the wave equation in powers of soft momenta
variables k,, ky to find

leM1XY

=L (ik,)"(iky)?
Z apl Cab (5.18)

a,b=0

where we have defined e, = (pY + U)“(pu—i—X—k/l)G(v))h

in the self-dual plane wave background. Defining the
modified w generators

'
Wmn :ziep—l-&-m,p—l—m

1 1 p—1-m
zi(pYJrv)P_'*m <pu+X+pG(v)> . (5.19)

in analogy with the flat space case. We recover the standard
Wi, -algebra for these modified generators, working to
leading order in the holomorphic collinear limit
{whowil} = (mg=1) = n(p=D)whis?.  (5.20)
We may also consider the flipped gauge with its modified
Poisson bracket (5.7) which satisfies a double copy relation
analogous to (2.23) acting on two solutions e!Q(.v-X.Y),
First we define a modified double bracket

(9D = 5 (U 0r + F@lacho

—{fy + FO) v gdew),  (521)

then we find the expected double copy of (5.13), that is

) : 1 .
{{e@. e} py = 561(Q1+Q2>(—P1P2XPW(7<1, ka))?.

(5.22)

Interestingly, in contrast to the matched double bracket
(5.17) of plane waves, the above does exhibit a simple
squaring relation when compared to the single bracket
(5.13). As mentioned before, we can also define analogous
soft generators Wy, in the flipped gauge, now as coefficients
of k4 and k%. One can then show that these generators
also satisfy the w,, . algebra (5.20), but now with the
bracket (5.7).

VI. THE EGUCHI-HANSON SPACETIME

We now move on to consider a more complicated
example, the Eguchi-Hanson spacetime. This is self-dual,
and in the form (4.11) has the scalar function

2

Oppy ==~
Y2 (uw — XY)

(6.1)

with m a constant, satisfying the Plebanski equation in flat
space

Pleb0(®EH> =0. (62)
The full metric is then
dsty = G Py )dx*dx
2
— 2dudv - 2dXdY + ———— di?

(uv — XY)

mX? 2mvX
dy? — dudY (6.3
+(MU—XY)3 (uv — XY)3 ! (63)

and satisfies the Kerr-Schild condition.

We now repeat the methods laid out for the general case
and the plane wave example but now with the function
®Dpy. We will encounter a much richer algebraic structure
than was found in the self-dual plane wave background,
reproducing in spacetime some of the results recently
described via twistor space in [85].

A. Self-dual Yang-Mills Theory

Consider firstly self-dual Yang-Mills Theory in an
Eguchi-Hanson background. From the results earlier, a
gauge field A, in the matched gauge A, = 0 has self-dual
field strength if in addition Ay = 0, A, = ¢y and Ay = ¢,,,
with ¢ satisfying the Plebanski equation in the EH back-
ground

Ugnep — 2[¢v’ ¢X] =0, (6-4)

where [gy is the Laplacian in the metric (6.3). In the case
at hand, the EH Plebanski equation can be written in terms
of the flat space Poisson bracket (2.6) as

Ugn¢ — [{(15 4”]’] =0.

The alternative flipped gauge (4.13) in the Eguchi-
Hanson case comes from the null vector m* = (1, 0,0, v/X)
and gauge-fixing condition m*A, = 0 and sets

(6.5)

muv
A, = 2w —X7) (vpy +Xo,),
~ mX
A, = ky(Pen)(¢) = ¢y + 2(uv - XY) (X¢x + ve,)
Ax = h(@en) (9) = b = 300 (K + 1),
X
Ay = —m (vpy + Xp,). (6.6)

This gauge field has self-dual field strength if the scalar field
¢ satisfies
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Ugne — 2[£u(®EH>(¢)’ ]A‘Y((DEH)(@] =0.

Using the notation

(6.7)

S g} en = | fu _2(14+UXY)3(XJCX +vfy) 9y
mX
+ v — X1y (Xgx +vg,)| + (f < 9),
(6.8)
equation (6.7) may be written [cf. (4.9)]
Ugn¢ — [{¢’¢}]EH =0. (6'9)

The deformed Poisson bracket (4.15) in the Eguchi-Hanson
metric is then

{f. 9} = ]%u(q)EH)(f)]}Y(q)EH)(g)

— ky(@gn) (f)k,(Pen)(9).  (6.10)
and we note that the terms quadratic in m in the above
Poisson bracket in fact drop out.

To find the equivalent of plane wave solutions in the EH
background we introduce anull covector k, = (k. k., kx. ky)
whose components satisfy k,k, = kyky so that as before we
may write

ku_kY_
ok

v

(6.11)

=

for some parameter p. As was the case for the self-dual plane
wave, we look for solutions to the EH wave equation which are
of an exponential form and return the usual e’** plane wave in
|

1
Xeu(ky, ko) = R R, (kixka, — kyykox) ((kl
and dot products k-x here mean (pY + v)k,+

(pu + X)ky. The final factor may be compared to the
right-hand side of (6.12). Equation (6.14) may be viewed as
the Eguchi-Hanson background version of the expression
in Eq. (2.11). We note that the kinematic algebra has
modified kinematic structure “constants” compared to the
flat-space case and the modification survives in the hol-
omorphic collinear limit so we expect the w-algebra to also
be modified. As in the plane wave case, the Poisson bracket
relation (6.14) also holds if we use the Eguchi-Hanson
flipped bracket (6.10), up to an overall factor which also
appeared in (5.13).

the flat space limit m — 0. Following [85], we define the
function

,  m(vk, + Xky)?
2(uv — XY)?
= ((pY + )k, + (pu + X)ky)?
_ m(vk, + Xky)?
2(uv — XY)?

Ri(u,v,X,Y) := (k- x)

(6.12)

Then the vector K, = V,R; is null, K*K, = 0, divergence
free, VK, = 0 (which is just the wave equation on Ry), and
geodesic, K*V, K, = 0, where V, is the covariant derivative
in the EH metric. One consequence is that any function of R} is
annihilated by the Laplacian, in particular

Oge! VR XY) — g (6.13)

where ¢!V R(:2:X.Y) gives the standard plane wave e** in the
flat space limit m — 0. Note the qualitative difference between
the Eguchi-Hanson function R, which is quadratic in the null
momenta k,, versus Q; in the self-dual plane wave background
which is linear in k,,.

We can now perform the Poisson bracket of two of the
solutions ¢!VR« to the wave equation with momenta &y, k,,
using the form of R, on the second line of (6.12). We work
in the holomorphic collinear limit p; = p, = p which is all
that is needed to recover a w-algebra. This gives

{eIVRT oV} — oiWRIHVR) X (k) ky) (6.14)
where here
ki, +X k X
%) (ky - %) _m(v 1w+ Xkix) (v 2;+ kax) 7 (6.15)
2(uv — XY)

B. Self-dual gravity

For the case of self-dual gravity, a perturbation of the EH
metric in the matched gauge is given by g, (®gy + ¥) =
9y (Pen) + g, () and has vanishing anti-self-dual com-
ponents of the Weyl tensor except for

1
Thus, the perturbed EH metric has self-dual Weyl tensor if
the EH Plebanski equation is satisfied. The EH Plebanski
equation for self-dual gravity in this case is given by
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Plebd)EH (lP) = |:lEHlP - ‘PXXlPM) + (vaX)2

=Og? - {{¥,¥}} =0, (6.17)
using the double bracket (2.21). Similarly for the Ricci
tensor one finds that its components vanish except for RE!!
with a,b € (u,Y) and for these components

1
RE}){ = — E dadlgPleb@EH (\P) s (618)

where 1 = X, Y = ».

The nontrivial form of the single bracket (6.14) suggests
that the double copy, realized by using a double bracket,
may involve more than just the square of X(ki, k,). This
proves to be the case; the double brackets of two plane
wave solutions ¢/VR: in the EH background in the hol-
omorphic collinear limit give a double copy-type formula

. : I .
{{el\/R_l’el\/R_z}}:Eel(\/R_l+\/R_z>XEH(kl7k2)2+"‘ (619)

[cf. (2.23) in the flat space case] where Xgy (K, k,) is given
in (6.15) and the terms indicated by dots are more
complicated expressions which multiply (R;)~/2, (R,)~!/?
and (R R,)™'/? and are of order m, m*> or m* and hence
vanish in the flat space limit m — 0. These results suggest
that in general the double copy and related kinematic
algebra on curved space backgrounds are not just given by
a simple squaring operation of the relevant curved space
term, as seen in the first term on the right-hand side of
Eq. (6.19), but can involve other curvature corrections.
We now consider the soft expansion of the solution

VR (v X Y) in powers of the soft momentum variables ky,
J

{VZp,2qv V2r.2s} = 4(ps - qr) V2p+2r—l,2q+2s—l )

k, and once again work in the holomorphic collinear limit
where p; = p, = p. We define functions X, Y, Z, which

give the coefficients of k2, k% and k,ky in the function Ry

2

X, = ( Y—l—v)z—L

9=V 2(uv — XY

mX?
Y, = (pu+XP -
g =(put+X) 2(uv — XY)?’
mXv

Z,=(pY X)—-—————, 6.20

g = (Y +v)(pu + X) (v — XY)? (6.20)

which satisfy

m(vk, + Xky)?

X k2+Y k3 +2Z kky = (k-x)*— =R,,
gv+ gX+ gotX ( X) 2(M1J—XY)2 k
(6.21)
and the discriminant constraint
2 mp?
Xng—Zg = —T (622)

The quantities X, Y, Z, correspond to the X, ¥, Z of [85].
The parameter ¢?(4) in that reference is related to ours
by ?(1) = %”2.

One can then expand the plane wave e’VE: in powers of
the variables k,, kX5 and the Poisson bracket of the
coefficients in this expansion generates a w-type algebra.
Due to the constraint (6.22) one can define a new basis of
generators Vs, 5, = X§ Y8, Vs, 10,01 = XyYiZ,, and the
Poisson brackets of these generate the underlying algebra

_ 2
P, 28 - - r, s - r=2, =2
WVapags Varriaser} = 2(p(2s + 1) = q(2r + 1)) Vopiar0g12s + 2mp*(ps — qr)Vapiar2244252
{Vaopringt: Varrineri} = (Qp +1)2s + 1) = g+ 1) (2r + 1))Vapiari 242501 + 2mp*(ps = qr)Vaopio,-1 24251+

(6.23)

The full celestial chiral algebra of self-dual gravity on an Eguchi-Hanson background can then be written in terms of

sums of these generators (see Ref. [85]).

We can also consider the double brackets of the flipped gauge (4.28) in the EH background which are

given by

1 muv
Hf gt en = ) {fu - m

(va +XfX)7gY +

(vg, +ng>} (6.24)

+(f < 9),

m
2(uv — XY)? EH

>The authors of [85] consider the quantity cos(y/Ry) since they also impose the Z, symmetry required by global considerations. This

involves the same basic generators.
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and using these in the holomorphic collinear limit we find a
double copy-type formula like (6.19) with the same leading
term, but with different subleading terms. As in the plane
wave case, we could expand the solution (6.12) in terms of
k2, k% and k,ky instead to define analogous soft generators
X 9 f/g and Z - These then satisfy the same algebra as (6.23)
but with the flipped Poisson bracket (6.10).

VII. CONCLUSIONS

We have studied the self-duality of gauge and gravita-
tional fields on the self-dual background spacetimes
defined by solutions of Plebanski’s second equation. In
light-cone gauges we showed that the conditions for self-
duality could be reduced to second order scalar equations
generalizing the flat space equations. We found two classes
of general solutions. One, which we called a “matched”
gauge, was a direct generalization of the flat space solutions
to the curved self-dual backgrounds under consideration.
The other involves a Kerr-Schild condition on the gravi-
tational background, which we called the “flipped” gauge,
and can be seen as the curved space versions of flipped flat
space solutions. We discussed the double copy and kin-
ematic algebra in these two cases. Finally, we studied two
examples in more detail—the self-dual plane wave space-
time and the Eguchi-Hanson metric—connecting with
some recent results from [84,85], and noting that in the
EH background the kinematic algebra squaring relations
are modified by curvature terms.

There are a number of avenues of research which follow
from this. It would be interesting to explore more examples
in detail, and investigate perturbative solutions to the
equations where direct solutions prove difficult. In order

to gain further insight into possible double copy and
kinematic algebra structures more generally, gravitational
analogs of the flipped gauge self-dual YM solution,
Eq. (4.13), could be studied further, in general and in
particular examples. Specifically, it would be interesting to
try and prove the conjectured double copy relation in
(4.29), which we explored through explicit examples in
Secs. V and VI. Plebanski-type conditions of the generic
form Olp — {{¢, p}} = O for the different double brackets
given above would be expected to feature. In radiative
spacetimes this should connect with the very recent
analysis of self-dual deformations in [84], which relates
these to twistor sigma models and maximal helicity
violating generating functionals. It would also be interest-
ing to explore applications to known deformations of the
Plebanski equations such as those involving Moyal brack-
ets (cf. [12,85] and references therein). The application of
the formalism used recently for self-dual YM in [93] could
also be explored in self-dual backgrounds.

No new data were generated or analyzed during this
study.
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