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We present a Lagrangian approach to counting degrees of freedom in first-order field theories. The

emphasis is on the systematic attainment of a complete set of constraints. In particular, we provide the first

comprehensive procedure to ensure the functional independence of all constraints and discuss in detail the

possible closures of the constraint algorithm. We argue degrees of freedom can but need not correspond to

physical modes. The appendix comprises fully worked out, physically relevant examples of varying

complexity.
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I. INTRODUCTION

In most Lagrangian field theories, there exists a mis-
match between the number of a priori independent field
variables and the number of degrees of freedom Npgg being
propagated. The determination of Np. is of crucial
importance, as it directly affects the physics. More often
than not, this calls for nontrivial analyses.

Within the realm of modified gravity theories, the
counting of Np,r has been the subject of vivid interest
in recent years. Indeed, there exists a plethora of studies in
this regard around the Dvali-Gabadadze-Porrati (DGP)
model [1], Galileons [2], the de Rham-Gabadadze-Tolley
(dRGT) massive gravity [3], bimetric gravity [4,5], beyond
Horndeski theories [6,7], generalized Proca [8,9], and
degenerate-higher-order-scalar-tensor (DHOST) theories
[10], to mention but a few popular settings. The recently
proposed f(Q) gravity [11] provides an example wherein
settlement of Npyr remains elusive; see Ref. [12] and
references therein.
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All approaches to the degree of freedom count developed
thus far revolve around constraint algorithms, whose
origin dates back to the work of Dirac first and Bergmann
shortly afterwards. These authors considered a coordinate-
dependent approach for autonomous systems within the
Hamiltonian formalism. A nice review of the initial proposal
can be found in [13]. It was only sensibly later that the
geometrization of the procedure was carried out, yielding the
celebrated presymplectic constraint algorithm (PCA) [14].
A different yet equivalent geometric algorithm was put
forward in [15].

The PCA was adapted into the Lagrangian formalism
stepwise [16—18]. The relation between constraints emerg-
ing in the Lagrangian and Hamiltonian algorithms was
studied in a coordinate-dependent manner in [19]. The said
relation is based on the so-called (temporal) evolution
operator, whose geometric definition and properties were
clarified in [20].

As a remark, we note that even more general geometric
constraint algorithms exist. Prominent examples include an
algorithm for nonautonomous systems in the Lagrangian
formalism [21] and algorithms for dynamical systems
described implicitly via differential equations [22-24].
Unfortunately, there does not seem to exist a complete
review of constraint algorithms and relations between them.

In spite of the vast and sophisticated bodywork on
geometric constraint algorithms, such approaches are
intrinsically covariant and thus demanding for application
in physical theories, where time plays a distinct role. The
need to construct multiple auxiliary objects prior to
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implementation adds to the challenge. This is especially true
for elaborate settings, including modified gravity proposals.
The said and kindred hindrances presumably explain
(at least in part) the extensive use of the Dirac-Bergmann
algorithm, often supplemented by the Arnowitt-Deser-
Misner (ADM) foliation [25], by the gravitational physics
community.

In synergy with such fruitful background, few but
noteworthy Lagrangian algorithms have been put forward,
either providing or developed as a coordinate-dependent
prescription [26-29]. Invariably, they aim to facilitate
implementation in exigent theories and abridge the obten-
tion of physically relevant quantities, such as the number of
degrees of freedom Np.g. The present work delves into this
line of research.

A. Organization

In the main section II, we consider first-order Lagrangian
field theories and present a coordinate-dependent constraint
algorithm for them. Supplemented with information on
local (gauge-like) symmetries, the algorithm yields the
significant number Np.p in the theory. Most remarkably,
a thorough procedure for the verification of functional
independence among constraints is given in sections 11 B
and II C. This essential feature had only received modest
attention thus far. Distinct closures of the algorithm are
expounded in section II D. For clarity, appendix consists of
minute implementations of the method in diverse physical
theories. In section III, we reflect on the relation between
Npop and physics. We draw our conclusions in the final
section IV.

B. Conventions

We work on a (d > 2)-dimensional Minkowski mani-
fold M. Spacetime indices are denoted by the Greek
letters (u, v, ...) and raised/lowered with the metric 7, =
diag(—1,1,1,...,1) and its inverse #**. Spacetime coor-
dinates are indicated by x* = (x%,x!, ..., x% 1) = (12, x%),
with Latin indices (i, j,...) labeling spacelike directions.
Dot stands for derivation with respect to time x°. We
employ the shorthand (9. ;) for derivation with respect to
(x#,x'), respectively. Summation over repeated indices
applies throughout.

II. METHOD

Let Q4 = Q4(x*) be a finite set of real field variables.
A=1,2,...,N is a collective index, running over all
a priori independent components of possibly multiple
fields of different types. Consider a first-order classical
field theory, defined by the action

S—/ dxL, L£=L(0%0,0Y. (2.1)
M

Notice we do not consider Lagrangians with explicit
spacetime dependence. The action (2.1) may but need
not be invariant under local field transformations of the
form

04— 0" +5,0%,
P
5(.)QA :Z(_l)p(aﬂlaﬂz.”aﬂpeM)(RMA)ﬂlﬂzu.ﬂﬁ, (22)
p=0

with P€N,. Here, O denotes arbitrary functions of
spacetime labeled by a collective index M, while R,
refers to fixed functions of (Q*,0,0%). All (0", R,*) are
taken to be smooth.

Gauge, Lorentz, and diffeomorphism transformations
comprise the physically most relevant examples of (2.2).
Discrete, global, and conformal (including Weyl) sym-
metries of the action do not affect the degree of freedom
count and hence are not discussed. Typically, Lagrangians
are postulated on the basis of a specific field content Q4
entertaining certain symmetries, if any. Accordingly and
when pertinent, we assume a priori knowledge of (2.2).
Given a Lagrangian whose symmetries of the relevant
form (2.2) are unknown a priori, there exist systematic
procedures to their disclosure [27,30,31]. See also the
earlier studies [32,33].

The number of degrees of freedom propagated in the
theory can be calculated as [26,27]

1
NDOF:N_E(g+e+l)7 (23)

with 1, g, e €N. g is the number of distinct & functions in
(2.2), while e > gis the number of distinct @ functions plus
their successive time derivatives (0¥,6, ...) in (2.2). The
focus henceforth is on the number / of functionally inde-
pendent Lagrangian constraints, iteratively determined as
where [; > [, > ... count primary, secondary, etc. function-
ally independent Lagrangian constraints.

We stress that (2.3) counts degrees of freedom exclu-
sively in terms of Lagrangian parameters. In particular, it
does not require the classification of constraints into first
and second class. Nonetheless, such information is not lost,
as (2.3) follows from the map between Hamiltonian and
Lagragian parameters [26,34,35]

N, =e, N,=1+g—e, (2.5)
where (N, N,) denote the number of first and second class
constraints in Dirac’s canonical formalism, respectively.
Accordingly, (2.3) applies to both point particle systems
and classical field theories, with the latter counting
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degrees of freedom per point in spacetime. An intrinsically
Lagrangian count of degrees of freedom is an important
result that was obtained geometrically in [27]—see
Egs. (2), (3), and (16) therein. We remark that (2.3) was
derived for first-order theories but has also been employed
in higher-order settings [36,37].

A. Initialization

Consider the (primary) equations of motion of the theory,
in the form

oL oL ..
E.:=0 - =W,084+U,=0. (2.6
A =0, (a(a,g‘)) 20" 407 + Uy (2.6)
The (primary) Hessian

captures the linear dependence on the generalized accel-
erations 0“4, while

Up = (0305L + 0304, L)0;,0°

+(0,04,£)00;0° + (9,05L)9, 08 — 0,L.  (2.8)
In the above, we have introduced the shorthand
9 ; 0 0 0
ATo0N M a(0,0Y) Y 69,00 T a0
(2.9)

We further rewrite the (primary) equations of motion as

ED = WHQ + UM =0, (2.10)
where (E(),Q,U) are N-dimensional column vectors
and W) is an N x N square matrix.

B. First iteration

The (primary) equations of motion (2.10) may but need
not encode second order differential equations (SODEs) in
time for all Q*’s. The number of functionally independent
such SODEs is given by the (row) rank of the (primary)
Hessian W(!). The theory may have up to (N — rankW(!)
primary Lagrangian constraints.

1. Step 1. Rank of the Hessian

In full generality, the determination of the (row) rank
of the (primary) Hessian W) is a challenging task. A
conceptually neat and algebraically convenient manner to
do so is as follows. Assume W(!) admits left null vectors

vih.w) =, (2.11)

If no nontrivial solution to (2.11) exists, then the (row)
rank of the (primary) Hessian is N and the theory is said to
be regular. In this case, the theory possesses no (primary)
Lagrangian constraints [ = [; = 0. The constraint deter-
mining algorithm thus terminates.

Else, let V(1) itself denote a maximal set of M, €[1, N)
linearly independent solutions to (2.11), normalized as per
convenience. In this case, the (row) rank of the (primary)
Hessian is N — M, the theory is said to be singular and up
to M, primary Lagrangian constraints may exist, which we
proceed to unveil.

2. Step I1. Lagrangian constraints

Consider the left contraction of the M, null vectors V()
with the (primary) equations of motion (2.10)
oV =V . ED = v . gl =, (2.12)
By definition, ¢!) is a set of M, relations that do not
depend on the generalized accelerations 0. Any maximal
(sub)set of functionally independent relations among (2.12)
can be regarded as the primary Lagrangian constraints in
the theory. Hence, [, € [0, M,].

It may happen that all relations in (2.12) identically
vanish. If so, there exist no (primary) Lagrangian constraints
[ = I = 0 and the constraint algorithm thus terminates.

In the absence of such trivialization, the distillation
of a maximal (sub)set of functionally independent relations
from (2.12) is generally demanding. A systematic way
around the hurdle is similar to the determination of the
(row) rank of the (primary) Hessian before. Assume the set
of relations in (2.12), written as an M-dimensional column
vector ¢(1), admits solutions to

ro.¢l =o. (2.13)

A generic ansatz for such a vector is

r=@r,. .rM), r=rh+ )0+ (I})70;0;.

(2.14)

Notice that every component of I'") includes spatial
derivative operators up to second order. In this manner,
both algebraic and spatial derivative dependences among
the relations in (2.12) can be identified.

If no nontrivial solution to (2.13) exists, then all relations
in (2.12) are functionally independent, implying [; = M.
Moreover, the relations (2.12) themselves can be inter-
preted as the primary Lagrangian constraints in the theory.

Else, let I'V) itself denote a maximal set of m; € [1, M)
linearly independent solutions to (2.13), normalized as per
convenience. In this case, there exist /; = M| — m primary
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Lagrangian constraints in the theory, which can be para-
metrized as

(2.15)

where (I‘él))l stands for a maximal set of linearly inde-
pendent row vectors orthogonal to

r{ = (i, rz2,....t4 c 1), (2.16)
normalized as per convenience.'
To sum up, for [; # 0, let
Win(2.12) if I, = M,,
o) — ¢(1> (2.12) : ! (2.17)
¢ in (2.15) if [y = M| —m,

parametrize the primary Lagrangian constraints in the theory.
For later convenience, let ®!!) denote those same primary
Lagrangian constraints, written as an /;-dimensional column
vector.

3. Step I11. Stability of the Lagrangian constraints

Let R=1,2,...,1; label the primary Lagrangian con-
straints (2.17). Self-consistency of the theory under time
evolution implies

Er=00) = Wp, 04 + Up =0 (2.18)

must hold true, where

Wia = 0;@% + (0,5 )0,
Ug = (0{@4))0,0,04 + (9,®5))9,0% + (9,®}) 0*.
(2.19)

It is convenient to rewrite the above as

E® =d0) .= WOQ +U® =0, (2.20)
where (E?), U®) are [,-dimensional column vectors and
W® is an I, x N rectangular matrix.

The [, conditions (2.18), viewed as the secondary
equations of motion for the system (2.20), may give rise
to up to /; secondary Lagrangian constraints, which are to
be unveiled in a second iteration of the constraint algo-
rithm. Indeed, a conceptually simple repetition of the just
described procedure yields the secondary Lagrangian con-
straints in the theory, if any. The only formal subtlety
amounts to ensuring that only functionally independent
secondary Lagrangian constraints are considered in the
degree of freedom count (2.3). To this aim, let

lToy models for functional dependence detection and char-
acterization by the above procedure are given in Appendix A 1.

EQ = WOLQ + U =0 (2.21)

encompass the primary (2.10) and secondary (2.20) equa-
tions of motion, in the form

1 1 a

el (B wors (WYY pen (VY
E® /)’ we )’ u®

(2.22)

Here, E@' and UV are (N + [;)-dimensional column
vectors, while WV is an (N + 1;) x N rectangular matrix.
The second iteration in the constraint algorithm takes E()
as a starting point, as opposed to merely E(2).

C. Generic iteration n > 2

For m < n, let ®"™)  denote the m-stage Lagrangian
constraints, written as an /,,-dimensional column vector.
Then, let

(2.23)

(I)(n—l)

denote the ordered collection of all Lagrangian constraints

unveiled thus far. We stress that @~ is an (N* — N)-
dimensional column vector whose components have
already been proven functionally independent, where

n—1

N* =N+ 1, (2.24)
p=1
On the other hand, let
E®W =®1 =W .Q+ UMW =0 (2.25)

denote the n-stage equations of motion, written as an (/,,_; )-
dimensional column vector. Notice that the n-stage Hessian

W) is an (1,_; x N) rectangular matrix. Further, let
EML .= Wl .Q + UMWV =0 (2.26)

denote the ordered collection of all equations of motion up to
and including the n-stage, in the form

EM w) vt
E® w®) u®
EMI — . Wl = . , Ul =
E™ w) U
(2.27)
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Here, (E(”N,U(”N) are N'-dimensional column vectors,
while WV is an N* x N rectangular matrix.

1. Step 1. Rank of the Hessian

First, the row rank of W1 is to be determined. To this
aim, assume it admits left null vectors

vVl . Wl = . (2.28)
A generic ansatz for such a null vector is”
vl = (V(l), V@, ._.,V(n))’
VO = Vo 4+ (V)0 .0, . (2.29)
p=1

By construction, there indeed exist solutions to (2.28): they
trivially extend the left null vector(s) V("~U! found in the
immediately previous stage through V() = 0. Such sol-
utions do not carry new information. Consequently, they
are to be dismissed.

If no left null vector to WV exists such that V() # 0,
then

rrank (W) = rrank(WO=D4) 47, (2.30)

where rrank stands for row rank. It follows that [, = 0 and
the algorithm thus terminates. In this case, / = N* — N.

Else, let V™! jtself denote a maximal set of
M, €[1,1,_;] linearly independent left null vectors to
WO such that V() # 0, normalized as per convenience.
In this case,

rrank(WOV) = rrank(W=D4) 41, — M, (2.31)
implying that up to M, n-stage Lagrangian constraints
may exist.

Algebraic ease dictates that the disclosure of the n-stage
Lagrangian constraints, if any, is carried out in two steps.
The first step guarantees functional independence within

the nth iteration. The second step guarantees functional
independence with respect to previous iterations.

) {d)(") in (2.32) if (2.33) does not admit nontrivial solutions,
Q" =

¢ in (2.35)

denote a maximal (sub)set of functionally independent
relations among (2.32). Let M, denote their number, where
Mm,=M, or M,, —m,, as per (2.37). For subsequent

2Examples requiring the postulation and calculation of a
nonobvious vector V& are given in Appendixes A 5 and A 6.

otherwise

2. Step I1. Lagrangian constraints

Substep IIA. Functional independence within the stage.
Consider the set of M, relations
P = VL EML = vyl . gl =0, (2.32)
If the above relations trivially vanish, there exist no n-stage
Lagrangian constraints [, = 0. The constraint algorithm
thus terminates, yielding [ = N* — N.
Else, a maximal (sub)set of functionally independent
relations among (2.32) is to be extracted. To this aim,
let ¢ denote the relations (2.32), written as an M, -

dimensional column vector. Assume ¢ admits solutions
to

re . ¢ =o. (2.33)
A generic ansatz for such a vector is
n—1
=L, t"), =T+ ) ()"0, ...0; .
p=1
(2.34)

If no nontrivial solution to (2.33) exists, then all relations
in (2.32) are functionally independent among themselves.

Else, let '™ itself denote a maximal set of m, €[1,M,)
linearly independent solutions to (2.33), normalized as per
convenience. In this case, a maximal subset of M, —m,,
functionally independent relations among (2.32) is

(2.35)

where (I‘(()"))L stands for a maximal set of linearly inde-
pendent row vectors orthogonal to

" = @2, ) crm, (2.36)
normalized as per convenience.'
In conclusion, let
|
(2.37)

convenience, let qo(") denote those same relations, arranged
in a column vector of dimension I,,.
Substep 1IB. Functional independence with respect to

previous stages. In an n > 2 iteration of the constraint
algorithm, the disclosed maximal (sub)set of functionally
independent relations (2.37) cannot be immediately
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regarded as parametrizing the n-stage Lagrangian con-
straints. This is because (2.37) is not necessarily function-
ally independent from the Lagrangian constraints unveiled
in previous iterations. We proceed to ensure such retroac-
tive functional independence.

Let
(n=1)J
)l = <(D >
q)(”)

denote the ordered collection of all previous stages’
Lagrangian constraints @~V in (2.23) and the relations
@ in (2.37). Recall that, by construction, both distinct
sets @DV and ¢ comprise only functionally indepen-
dent relations. As a result, upon joint consideration,

(2.38)

1, = rrank (W) — rrank(®@*-D4) €0, 9M,].  (2.39)

In order to determine /,,, assume W} admits solutions to

otherwise

dependent with respect to @~ 1In this case, (2.38)
has the minimal row rank

rrank (W) = rrank (@) = N* - N (2.42)

and therefore /, = 0. The constraint algorithm thus termi-
nates, yielding / = N* — N.

Else, start by considering the diametrically opposite
instance. If no nontrivial solution to (2.40) exists, then
the relations (2.37) are functionally independent with
respect to @~V In this case, [, = M,. Moreover, the
relations (2.37) can be regarded as the n-stage Lagrangian
constraints in the theory.

Next, consider all intermediate instances. Let YV itself
denote a maximal set of m, € [1,M,,) linearly independent
solutions to (2.40), normalized as per convenience. In this
case, [, = I, — m, and a maximal subset of functionally
independent relations among (2.37) is

A generic ansatz for such a vector is’ 1
where (Y,"”¥)* stands for a maximal set of linearly
Y — (Y(l)’ Y@, '_.’Y(ﬂ)), independent row vectors orthogonal to
) — ) Ny o ) )
Y0 =y +;(YP )iind; .0, . (2.41) YUy Y@y oyl (2.44)
If a maximal set of 9, linearly independent solutions to ~ normalized as per convenience.
(2.40) exists, then all relations (2.37) are functionally In short, for [, # 0, let
|
@™ in (2.37) if (2.40) does not admit nontrivial solutions,
o= (2.45)
#" in (2.43)

denote the n-stage Lagrangian constraints.

3. Step I11. Stability of the Lagrangian constraints

Self-consistency demands that the n-stage Lagrangian
constraints are preserved under time evolution: ®( = 0,
for all /, relations in (2.45). This condition may yield up to
[, Lagrangian constraints in a subsequent iteration of the
constraint algorithm.

D. Closure

In order to unequivocally establish the number of
degrees of freedom Npr in a given theory, it is imperative
to pursue any constraint algorithm to its closure.

An example requiring the postulation and calculation of a
nonobvious vector YV is given in Appendix A 7.

|

Unfortunately and especially within coordinate-dependent
Lagrangian approaches, persistence to termination is not
always the case, as alerted against in [29,38]. In the method
just advocated, there exist three distinct manners in which
the constraint algorithm may close.

Let n¢ denote the (finite) final iteration, wherein /, = 0. As
per (2.25), let E(%) and W) denote the associated n;-stage
equations of motions and Hessian, respectively. /, = 0 is a
direct consequence of one of the following instances:

(i) W) has maximal row rank (2.30). In this case,
consistency under time evolution of the (n; —1)-
stage Lagrangian constraints is ensured dynamically,
through second-order (in time) differential equations
of the variables Q. Examples of this closure can be
found in Appendixes A2 and A 4-A6.

(i) W) does not have maximal row rank, but all
contractions of its chosen left null vectors with E (")
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identically vanish. Namely, (2.32) is identically
satisfied. This closure is the trivial expression of
the functional dependence of the would-be Lagran-
gian constraints arising at the n; stage on the
previous stages’ Lagrangian constraints. An exam-
ple of this closure is provided in Appendix A 3.
(iii) Equation (2.32) is not identically satisfied, but it
exclusively comprises relations that are functionally
dependent on the previous stages’ Lagrangian con-
straints. Namely, (2.42) is fulfilled. This constitutes
the nontrivial counterpart to the previously described
closure. An example is given in Appendix A 7.
We are not aware of any physical example within the
scope of this work where constraint algorithms fail to close
at a finite number of iterations.

E. Remarks

Lagrangian constraints are not uniquely defined, only the
space they span is. At every iteration, we have advocated
for the most convenient choice. Such choice is model
dependent.

For all iterations in the constraint algorithm, it has been
implicitly assumed that the row rank of the relevant Hessian
remains constant. Presumably, the distinct dynamical
behavior of the field configuration(s) for which there is
a change in the rank of one or more of the Hessians remains
encoded in the final stage’s stack of equations of motion
E(")!—and hence in the later discussed dynamical prob-
lem (3.2).

The method readily applies to higher-order field theories
whose equations of motion are linear in the generalized
accelerations 0, as in (2.10). In this case, the (primary)
Hessian and remaining terms have a more complicated,
order-dependent relation to the Lagrangian than (2.7) and
(2.8), but the algorithm per se remains unaltered.

III. DYNAMICAL VERSUS PHYSICAL MODES

Degrees of freedom are a foundational subject in physics.
As such, they drive sustained investigations on and around
themselves. Prominent questions under survey include
their very definition, the well-posedness and solvability
of their associated dynamical equations, and their relation
to physical observables. In this section, we briefly ponder
on such open-ended problems.

It is customary to view Np.g as counting the (pairs of)
initial conditions needed to define the dynamical problem
of a given theory. We proceed to elucidate the previous
assertion within the scope of Sec. II. This allows us to
confront dynamical and physical modes.

Consider a theory of the form (2.1) for which the
constraint algorithm has been successfully pursued until
closure 7, = 0. As per (2.26) and (2.27), let E®)¥ and
W) denote the exhaustive stack of associated equations
of motions and Hessians, respectively.

By construction and for singular theories, W)V is an
N{ x N matrix with nonmaximal row rank

o=rrank(W V) =N — M < N,

ng

M=) M,
p=1

N{=N+1,

(3.1)

(Recall that M, denotes the maximal number of linearly
independent left null vectors to W)} that necessarily and at
most involve the n-stage Hessian W) It follows that W)
admits a maximal set of M linearly independent left null
vectors V") normalized as per convenience. Let (V)4)+
denote a maximal set of p linearly independent row vectors
orthogonal to V"), normalized as per convenience.

Consider

E:= (V0L gl =0, (3.2)
The above comprises ¢ functionally independent second
order differential equations in time for (some of) the
variables Q4. Supplemented by 2Np.p initial values for
(0%, 0"), (3.2) defines the dynamic problem of the theory
(2.1). Conversely, Npor counts the pairs (Q4, 04) whose
time dependence is encoded in the just described dynamical
problem. In other words, Npgr counts dynamical modes. If
any, variables Q” present in the Lagrangian (2.1) but not
determined by the dynamical problem comprise pure gauge
modes. In this regard, the interested reader is gladly
referred to [39].

The dynamical problem may but need not fall within the
scope of the Cauchy-Kovalevskaya (CK) theorem. When it
does, a unique analytical solution is guaranteed to exist.
When it does not, existence (let alone uniqueness) of
analytical solutions cannot be generically ascertained.
Physics-driven extensions to the CK theorem thus comprise
an enticing line of mathematical research.

Consider a generic Lagrangian field theory, possibly
beyond the subclass in Sec. II. Presume a fortunate case in
which one or more analytical solutions to its dynamical
problem can be found. Even then, the obtained dynamical
modes should not be immediately identified with physical
modes, in the sense that dynamical modes may exhibit a
behavior that is incompatible with well-established physi-
cal principles and/or observation. Reasons are plentiful.

First, consider stability criteria. For instance, solutions
could be perturbatively unstable, in the sense of lacking
robustness against small deviations in the initial data and/or
free parameters. Whenever in conflict with observation,
such solutions are to be disregarded. A lucid introduction to
the most frequent perturbative instabilities in gravitational
settings is [40]. Numerical examples of critical values
for free parameters which dramatically destabilize a theory
can be found in [41]. Moreover, it has been known
for a while that instabilities could also appear only at
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the nonperturbative level [42]. For an enlightening recent
review apropos, see Ref. [43].

Causality is yet another essential requirement for a
dynamical mode to be deemed physical. As a remarkable
example, we note [44], where causality was employed to
constrain dynamical modes for certain massive gravity
theories. Overall, the quest remains for necessary and
sufficient conditions that guarantee physicality of dynami-
cal modes, even within the theoretical realm.

More generally, it is worth considering physicality of a
(classical) field theory as a whole. From a philosophical
perspective, degrees of freedom might help to address the
question of physical equivalence between theories, which
enjoys a long tradition in the philosophy of science, see e.g.
[45-47]. While several notions of equivalence are dis-
cussed in the recent literature [48,49], there exists wide-
spread consensus that dynamical equivalence of two
theories is a necessary condition for their empirical
equivalence [50]. In this context, we regard a match in
the number of degrees of freedom as a prefatory necessary
(but not sufficient) condition for physical equivalence
between two theories.

IV. CONCLUSIONS

We have presented a Lagrangian method to count
degrees of freedom in first-order classical field theories.
The emphasis is two-fold. First, a systematic and algebrai-
cally convenient procedure to establish the functional
independence of the constraints that may be present in
such theories. Second, a detailed discussion on the possible
closures of the associated constraint algorithm. Both are
consequential aspects that are rarely explicitly addressed in
akin Lagrangian approaches. Nonexhaustive counterexam-
ples to the former omission can be found in [27,29]. The
latter was painstakingly discussed in [29] and, for a certain
family of massive electrodynamics theories, in [38].

We stress that functional independence among con-
straints is essential to the postulation of self-consistent
theories. This is particularly relevant when a given con-
straint structure is being pursued, i.e. fixed values for the
number of primary, secondary, etc. (Lagrangian) con-
straints. Against this background, we note that a suitable
(row) rank reduction of an n-stage Hessian does not ensure
the desired number of n-stage constraints are generated.
While such (row) rank reduction is a necessary condition
for the sought constraint structure, it is premature to regard
it as sufficient on its own [38].

Failure to close a constraint algorithm may yield an
incorrect number of degrees of freedom Np.g. It could
happen that Npp is overestimated, via the overlooking of
overconstrained systems. Contrastively, Np,p may be
underestimated, via the misidentification of functionally
dependent relations of the type in (2.32) as (Lagrangian)
constraints.

Last but not least, we have discussed several nontrivial
conditions that propagating degrees of freedom must fulfill
before they can be regarded as physical modes.
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APPENDIX: EXAMPLES

We begin in Sec. A 1 by providing simple yet illuminat-
ing examples for the obtention of functionally independent
constraints from a given out-of-context set. The remainder
of the appendix is devoted to the explicit application of the
method presented in Sec. II to count degrees of freedom in
various examples of physical relevance. The appendix thus
serves to amply illustrate the use of the method, at various
levels of algebraic intricacy.

Notation. Brackets denoting symmetrization and
antisymmetrization of indices are defined as T, =
(Tw+T,)/2 and Ty, = (T, —T,,)/2, respectively.
For the two-dimensional examples in Secs. A1, A2,
and A 6, we use the shorthand 7’ = 0,T. Natural units
are employed throughout.

1. Detection and avoidance of functional dependence
among ad hoc constraints

a. Toy model 1

Consider a theory of the form (2.1) in two-dimensional
Minkowski spacetime. Further consider the set of M,
relations in (2.12) for n = 1 or (2.32) for n > 2. Suppose
M, = 2 has been obtained, with the relations arranged into
a column vector of the form

(A1)

F
¢ = (F,) F=F(0"0,0.

(For simplicity, we omit indices indicating the iteration.) In
view of the spatial derivatives’ order difference between the
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two relations, a generic ansatz to (2.13) for n =1 or to
(2.33) for n > 2 is particularly simple in this case:

L= (I + 19y, To), (A2)
which readily yields a single linearly independent solution
m, = 1 parametrized by I'y = 0 andI";, = —I",. We choose a
convenient normalization for the solution, look into its
algebraic subspace and choose a convenient normalization
forthe M,, — m,, = 1 linearly independent orthogonal vector:
= (-0,1), I'hy=1(0,1), Iy =(1,0). (A3)
The left contraction of the latter with (A1) yields a function-
ally independent relation: ¢, =y -¢p = F. Forn =1, ¢,
can be regarded as the primary Lagrangian constraint. For
n > 2, functional independence of ¢, with respect to
Lagrangian constraints unveiled in previous iterations must
be ensured before regarding ¢, as the n-stage Lagrangian
constraint.

I = (T +I'{o; +T0,. Lo+ 10, +10,.

The above readily yields a single linearly independent
solution m, =1 parametrized by l:’{ =-Iy and
f‘;y =1T/2, with all other free functions set to zero. We
choose a convenient normalization for this solution, look
into its algebraic subspace and choose a convenient
normalization for the M, — m, = 2 linearly independent
orthogonal vectors:

I'=(1,-9,,0(10y)),

I} = (0.1.0), I = ( (A6)
The left contraction of the last two with (A4) yields two
functionally independent relations

For n =1, (A7) can be readily regarded as the primary
Lagrangian constraints. For n > 2, functional independence
of (A7) with respect to Lagrangian constraints unveiled in
previous iterations must be ensured before reaching such a
conclusion.

Notice that the simplest choice of orthogonal vectors
(T, T) does not yield the obviously simplest span of the
constraint space, given by {F,G}. Toy model II thus
illustrates our first remark in Sec. II E.

2. Floreanini-Jackiw chiral boson

The Lagrangian for the two-dimensional theory of a
chiral boson due to Floreanini and Jackiw [51] is

b. Toy model IT

Consider a theory of the form (2.1) in three-dimensional
Minkowski spacetime. Further, consider the following set
of M, = 3 relations in (2.12) for n = 1 or (2.32) for n > 2,
arranged into a column vector

where (F,G) denote obviously functionally indepen-
dent relations; for instance F = F(Q*, 0% 0,0%) and
G = G(Q",0,0"), with the hat denoting a specific coor-
dinate within the set Q4 that is not present. Observation of
the relative difference in the order of spatial derivatives
between the relations leads us to postulate a generic ansatz
to (2.13) for n = 1 or to (2.33) for n > 2 of the form

Lo+ Y0, + 170, + 50,0, +2030,0, +15°0,0,). (AS)

1, .

Ly =54~ 4). (A8)
Here, the scalar field ¢ = ¢(x°, x!) is the only a priori
independent field variable Q4 and so N = 1. As is well
known, this theory possesses no local symmetries—neither
of the relevant form (2.2) nor otherwise—in its original
formulation (A8). Therefore, g, e = 0. It is worth mention-
ing that a manifestly Lorentz invariant action for the
Floreanini-Jackiw chiral boson exists, which has been
further generalized into the so-called 2k-form electro-
dynamics family of higher-dimensional theories [52].

The (primary) equations of motion following from (A8)

are of the form (2.10), with
wih =0, UV =¢-4g¢" (A9)
Obviously, the (row) rank of the (primary) Hessian is zero.
A convenient left null vector for it is simply V() = 1. As
per (2.12) and since no identical vanishing happens,
pV =g/ — ¢/ =0 (A10)
can be readily regarded as the only primary Lagrangian
constraint in the theory /; = 1.

The (primary) equations of motion, together with the
demand for stability under time evolution of the primary
Lagrangian constraint, conform the starting point of the
second iteration (2.21), where
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(A11)

(1)
w<2J¢:<O>, U<2>¢:<U. )
0 _¢//

Clearly, W only admits left null vectors of the form

V¥ = (vD,0). (A12)
According to the discussion below (2.29), there exists no
secondary Lagrangian constraint in the theory /, = 0. The
constraint algorithm thus terminates, by means of closure 1.

Using (2.3) and (2.4), we reproduce the renowned result
that the theory propagates Np,r = 1/2 degrees of freedom.

3. Maxwell electrodynamics

The Lagrangian for standard electrodynamics in d > 2
dimensions is

1
Ly = —ZFWF””,

F,=20,A,, (Al3)
where the components of the vector field A, = A, (x, x")
conform the a priori independent field variables Q4 and
thus N = d. The theory enjoys a manifest U(1) gauge
invariance, under the transformation
A, = A, +9,0, (A14)
which is of the relevant form (2.2). It follows that g = 1
and e = 2.
The (primary) equations of motion for A, following from
(A13) are of the form (2.10), with

W(l)/w — rlﬂu + ],]yO’,IDO =YW,

Uk =2(ny)i0,A, + 't yno,0,A,) = A*.  (ALS)
It is easy to see that the (row) rank of the (primary) Hessian
is d — 1. A convenient left null vector foritis V() = &0. As
per (2.12) and since no identical vanishing happens,

d =0 F,y =0 (A16)
can be identified with the primary Lagrangian constraint in
the theory /; = 1. In fact, this is Gauss’s law for the
electric field.

The (primary) equations of motion, together with the
demand for stability under time evolution of the primary
Lagrangian constraint, conform the starting point of the
second iteration. They can be written as (2.21), where

Wl — < W_’w > U = ( Ap.l > (A17)
_nwai V2A0

It is easy to see that, up to normalization, there exists only
one linearly independent left null vector to W that does

not trivially extend V(. We choose it as V& = (5%0;, 1).
We remark that the above is a particular instance of the
general form prescribed in (2.29). As per (2.32),

p? = 00'F;; =0. (A18)
Hence, no secondary Lagrangian constraint exists /, = 0.
The constraint algorithm thus terminates, by means of
closure 2.

Using (2.3) and (2.4), we obtain the familiar result
NDOF — d - 2

4. Proca electrodynamics

Consider the simplest massive electrodynamics theory in
d > 2 dimensions

1 1
Lp=——F,F" —§m2AﬂAﬂ,

4 v mER>0.

(A19)
As for Maxwell electrodynamics before, the components of
the vector field A, = A, (x°, x') conform the a priori inde-
pendent field variables Q4 and thus N = d. Contrastively,
the mass term explicitly breaks the U(1) gauge invariance
of (A13), leaving no residual symmetry. Hence, g = ¢ = 0.

The (primary) equations of motion for A, following from

(A19) are of the form (2.10), with

WD — WY Uk = A 1 m2AH, (A20)
where (WH, A*) were defined in (A15). The (primary)
Hessian is the same as for Maxwell electrodynamics (A15),
with rank d — 1. We again chose V() = 62 as a convenient
left null vector for it. Using (2.12) and since no identical
vanishing happens,

PV = 0'F,g —m*Ay =0 (A21)
can be identified with the primary Lagrangian constraint in
the theory /; = 1.

Next, consider the (primary) equations of motion,
together with the demand for stability under time evolution
of the primary Lagrangian constraint, in the form (2.21),
where

W = ( w ) U= ( At ) (A22)

—n*9;)’ (V2=m?)A,
The above conforms the starting point of the second
iteration in the constraint algorithm. We note that W+t
for Proca electrodynamics matches that of Maxwell’s
theory (A17) and we repeat our choice VP = (5/0;,1)
for a conveniently normalized left null vector that is linearly
independent from a trivial extension of V(). Using (2.32),
we obtain the relation
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¢?) = m?0"'A, = 0. (A23)
Clearly, the above does not identically vanish. It is also easy
to see that (A21) and (A23) are functionally independent.
Therefore, [, = 1 and (A23) can be taken as the secondary
Lagrangian constraint.

In a third iteration of the constraint algorithm, we consider
the (primary) equations of motion, along with the demand
for stability under time evolution of both the primary and the
secondary Lagrangian constraints, in the form (2.21), where
the tertiary equations of motion are given by

WO = (m2p0), UG = (m?VA). (A24)
It is obvious that W) does not admit left null vectors beyond
trivial extensions of (V) V()) before. Consequently,
there exists no tertiary Lagrangian constraints /3 = 0 and
the algorithm terminates according to closure 1.

Using (2.3) and (2.4), we reproduce the well-known
result that Proca electrodynamics propagates Np,g = d — 1
degrees of freedom.

5. Podolsky electrodynamics

Podolsky’s proposal for a generalized electrodynamics
theory [53]

2

1 a
Loy = =3 FuF*" == 0,F*OF,,

12 Fw (A25)

is arguably the best-known higher-order field theory. So as
to remain within the scope of Sec. II, we consider its first-
order formulation [54] in d > 2 dimensions

2 2

1 a a
‘CPol :—ZFW,F” +?B”BM—?G”DFM s G”D:2OWBD],

a€R_,. (A26)

The components of the vector fields A, = A, (x°,x"), B, =
B, (x°,x") are the a priori independent field variables Q%
and hence N = 2d. The Lagrangian (A26) inherits the
symmetry of Maxwell electrodynamics and is gauge
invariant under the field transformations

VOV = (Vig, Vie, V. V)

such that {

A, — A, +9,0, B, —- B (A27)

H s
which are of the relevant form (2.2). It follows that g = 1
and e = 2, as in the Maxwell case earlier on.

The (primary) equations of motion following from (A26)
are of the form (2.10), with

2 2
wo— (L Yy goo (ATEEN g
a’> 0 a’> A* — a’>B*

where (W, A*) were introduced in (A15) and B* stands
for the same quantity as 4*, but in terms of B* instead of
A#_ Tt is rather obvious that the (row) rank of the (primary)
Hessian is 2(d —1). A convenient choice for the two
linearly independent left null vectors is V! = (8.0)

and Vgl) = (0, 62). Using (2.12), since no identical vanish-
ing happens and taking into consideration the manifest
functional independence,

i 25
(I)(l) — <6F,0+a 6G,O):0 (A29)
azalFio =+ a230

can be identified with the two primary Lagrangian con-
straints in the theory [, = 2.

In order to ensure the stability of the primary Lagrangian
constraints, we calculate the theory’s secondary equations
of motions (2.20). We find

1 2 2 227
W@ = ( I —a )nﬂiai, u® = (V Aoj'—a v ?0)
-a’> 0 a*V?Ay+a’By

(A30)

and consider them together with the (primary) equations of
motion, as described in (2.21) and (2.22). Beyond trivial
extensions of V(l1> and Vgl) before and up to normalization,
there exists another linearly independent left null vector

V@I to W Tt can be found as prescribed around (2.28).
Explicitly, we postulate

(Vi + aZVL)W”" - (V4+ a2V =0,

. o (A31)
Viwe — I = 0.

Our simplified ansatz is a direct consequence of the overall spatial derivatives’ order difference between W!) and W), We
choose as representative of the one-parameter family of linearly independent solutions

VO = (%80,

—8i0, a®. —1).

i (A32)
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Using the above and (2.32), we obtain the relation

$? = a’9"B, = 0. (A33)
It is easy to see that (A33) does neither identically vanish
nor functionally depend on the primary Lagrangian con-
straints (A29). Therefore, [, = 1 and (A33) can be regarded
as the secondary Lagrangian constraint in the theory. Note
it matches the secondary Lagrangian constraint (A23) in
Proca electrodynamics.

In a third iteration of the constraint algorithm, we
consider the (primary) equations of motion, together with
the demand for stability of the primary and secondary
Lagrangian constraints, in the form (2.27). For the tertiary
equations of motion, we obtain

WO = (0, ), UG = (a®VB).  (A34)
It is a matter of conjunct inspection of (W), W2 W)
to deduce that W) admits no other left null vectors
beyond trivial extensions of the left null vectors obtained in
earlier iterations. Consequently, no tertiary Lagrangian
constraints exist /3 =0 and the algorithm terminates
according to closure 1.

Using (2.3) and (2.4), we reproduce the well-known
result Np,gp = 2d — 3. This count supports the inter-
pretation of Podolsky electrodynamics as the theory of
an interacting pair of vector fields, one of which is massive
e.g. [55,56]. It is also instructive to compare the constraint
structures in this and the two previous sections A 3 and A 4.

6. Minimal model in extended Proca-Nuevo

We consider the simplest, two-dimensional case in the
so-called extended Proca-Nuevo (EPN) class of massive
vector field theories, dubbed minimal model. EPN was
originally proposed in [57] as an extension of the Proca-
Nuevo (PN) construction in [58]. A study of the constraint
structure of both PN and EPN, including an explicit
discussion of the minimal model here revisited, can be
found in [59].

The Lagrangian for the minimal model is

'CMM = Az((l + 2N - 4), <A35)
where A is a constant of length dimension (—1), a is a
dimensionless and at least twice differentiable function of
|

W =(Q @),

AT2

2 . . 2N . .
U = == (e + VAT + o (YA = VA -

Y

27 2N oA .
—z ax(yAg + xA;) (xAj + yA7) + TGX(XAO +yA;) + T(XXX(XAO + yAX,

the square of the vector

a=a(X), X = —A} + A3, (A36)
and N # 0 is given by
Al —A A=Al
N=y/x?—y?, x=24-120 L 70 (A37
VY x=2 y=—x (A37)

In (A35), the components of the vector field A, =
A,(x%x") are the a priori independent field variables

0% and so N = 2. By definition, theories within the (E)
PN class(es) do not possess any local symmetry. Therefore,
g, e = 0.

The (primary) equations of motion following from (A35)
are of the form (2.10), with

2
w<1>:_i<y xy)
N3 \xy x2

ul— &xy (245 - A)) - xX*A§ + N?Al ]+ 2A%ax A
[y (247 = AG) = AT+ N?AG ~20%axA, )

(A38)
where we have introduced the shorthand
_ / da(X da(X
N= )C2+y2, (ZX:%, aXX:%, (A39)

and the second (total) derivative of a has been defined for
later convenience. It is easy to see that the (row) rank of the
(primary) Hessian is 1. Following [58,59], we choose a left
null vector to W as

1
V(l) = _(xv _y)

N (A40)

As per (2.12) and since no identical vanishing happens,

2A 2A?
P =5 (xy = y¥) + -ax(xAg +yA) =0 (A41)
N N
can be readily regarded as the only primary Lagrangian
constraint in the theory /; = 1.

Following (2.20), at the second iteration we find

4 . .
2 (v Ay - XA

i i (A42)
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where we have introduced

- 4x 2y 2A 2y
Q =w +m0, = ﬁ(Xy/ —yx') - N2 +N axy(xA; + yA) +N d,
_ 4y 2x 2A 2x
Q) =w, + @0, = N4 (xy" = yx') = N2 + N axx(xA; +yAg) +— N2 ;. (A43)

As per (2.21) and (2.22), we proceed to the joint consideration of the primary and secondary equations of motion. In
particular, we inspect the row rank of W via a conveniently normalized generic left null vector of the form (2.29)

VO = (Vo + V,0,. Vo + V101, 1). (A44)

For the above to fulfill (2.28), four a priori independent equations must be fulfilled. These are
|

~B(Viy+Vx) + @, =0,
—2—’§(V1y + VIX) +Cl)2 = 0,

v ~ A45
%(Voy+Vox) (Vly/+le/) —2(51 %)(Vl)’*'le) +w; =0, (A45)

= B (Vo + Vox) = 2 (Viy' 4+ V1) = 2(01 535 ) (Vi + V1) + 0, = 0.

[
The first (second) equation can be easily seen to be  On the whole, a (unique, up to normalization) linearly
redundant with respect to the second (first) equation.  independent solution is given by
Assuming x, y # 0, either of these equations poses the
same null vector condition on (A44):

1 - _ P - _X
N(V1y+V1x)—1 =0. (Ad6)  Vo=Aaydo. Vo=—3. Vi=Aaxd;. Vi=g.
Additionally and using (A46), the third and fourth equa-
tions can be seen to boil down to the same null vector
condition on (A44):
, , Pursuing the constraint algorithm by means of (2.32), we
Voy-+ V0x+xy —yx < X ‘71> — Aay (xA; +yAy) =0. find that the left contraction of the above null vector with
y

N E®! gives rise to the relation
(A47)
|
2A 2A3 2A?
p? = N (xy' —yx')> + Tax(bc - N?) + Wax(xy/ — yx)(xAg + yA;) = 2N oz X
2A? .
+Taxx[X(xA0 +yA]) —X/(yAU +XA])} =0. (A49)

Close inspection readily reveals that (A41) and (A49) are functionally independent. Complementarily, it can be checked that
there exists no nontrivial solution to (2.40) for the minimal model. As a result, there exists a secondary constraint in the theory
[, = 1, which can be parametrized by (A49) itself. However, it is more convenient to use (A41) so as to simplify (A49) to

2A3 2A? :
p? = Tocx(zx —N?) —2N3a% X + N xx [X(xAg + yA;) — X' (yAy + xA;)] = 0. (A50)
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A posteriori, we streamline the discussion on the third
iteration for the minimal model. In particular, we limit
ourselves to proving that W)V as defined around (2.27),
has maximal row rank equal to 2. As a direct consequence,
there exist no tertiary Lagrangian constraints /3 = 0 and the
constraint algorithm thus terminates, by means of closure 1.

Consider the first and fourth row in W All entries are
scalars and thus it is a matter of easy algebra to verify that
their determinant does not vanish:

2 2y

NN | 4N’
det p?  9p? :Fy{NzaX—zaXX(XA(H-yAI)Z] £0.
0Ay  0A,

(A1)

Moreover, straightforward examination unequivocally indi-
cates that the above determinant is functionally indepen-
dent from both the primary (A41) and the secondary (A50)
Lagrangian constraints. This proves there exists a maximal

|

Q' ={h=h" h' =" h'".G = GGy, G, = GYy). G, = GY,.G' = Gy G; = Gly. G1y =Gy}

row rank minor within WG, Hence, WOV itself has
maximal row rank and does not admit left null vectors that
nontrivially extend V(! and V! above.

Using (2.3) and (2.4), we independently reproduce the
recent result in [59] that the minimal model propagates
Npor = 1 degree of freedom, as a massive electrodynamics
theory in two dimensions must do.

7. Two-dimensional Palatini

Consider Einstein-Hilbert theory of gravity in two
dimensions. A popular first-order reformulation attributed
to Palatini [60] is

Lro = ~(0,0) Gl + (G G3, — GouG3,).  (AS2)
where A" = h* and G}, = G}, denote tensors propor-
tional to the metric and the connection, respectively. Their

independent components conform the a priori independent
field variables

(A53)

where we have introduced multiple renamings for notational simplicity. It readily follows that N = 9. The theory is

invariant under the field transformations [61,62]

h = b+ 2e’W R0,

Glw = Gl + €70,0,, + 26" G/, ).

(A54)

which are of the relevant form (2.2). Here, 6,, = 0,,,, so it has g = 3 independent components. It is easy to see that e = 6.

As a direct consequence of the exclusively linear dependence of the Lagrangian (A52) on the generalized velocities Q*,

the (primary) Hessian vanishes W(!) = 0 and its linearly independent left null vectors can be chosen as
(Vi =5,  I=12,..M =9 (A55)

Then, the components of the U(!) vector coincide with the relations (2.12): UV = ¢(1), where

$1 =[G+ 0,G"' +2(GG} - G,G")] =0, ¢y = =2(G, + 0,G} + GG}, - G;,G') =0,

$3 = =[G + 0,G}, +2(G1G}, — G G1)] =0, ¢s = h=2(hG} +h'G},) =0,

Ps = z(hl +hgl _ hllg%l) =0 b6 = il + 2<h1g1 + hllg%) =0,

¢7 = 61h + Z(hGl + hlGH) - O, (ﬁg = 2(61]/11 - ]’lG + hllGll) = 0,

¢9 = 61h11 - Z(hlG + hllGl) = 0 (A56)

(For simplicity, we omit indices indicating the iteration.) Observe that the first six relations depend on a distinct generalized
velocity each, while the latter three do not depend on generalized velocities. Namely, functional independence is manifest
for {¢,, ..., ¢¢}. Functional (in)dependence among ¢,.q = {7, s, Pho} is nonobvious and so we proceed to test it via
(2.13). Postulating

Lo =(To+T0. Fo+T0., To+1h0), (AS57)
the reduced left null vector condition 'y - ¢h,.q = O yields no nontrivial solution, without much algebraic effort. It follows
that ¢,.q indeed comprises functionally independent relations. Consequently, /; = 9 and the relations (A56) themselves can
be regarded as the primary Lagrangian constraints in the theory.
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We proceed to the second iteration. As per (2.18), the secondary equations of motion are given by

0 —-w
U
W = 0 , w = diag(1,2,1), v® = (45 ) (A58)
0 0 0 red
where the components of U are
Uy =-0,G' —20y(GG} - G,G"). U, = =20,G} —200(GG}, — G, G").
Us = 0161y —200(G 19}, — GuG)), Uy = =20y(hG} +1'Gy,),
Us = 20,(hG' — h''G!)). Ug = 20(h''G' + h'G). (A59)

It is evident that rrank(W®)) = 6. Following (2.28) and
leaving aside trivial extensions of the primary left null
vectors (A52), we find M, = 3 additional linearly inde-
pendent left null vectors, up to normalization. We conven-
iently choose them as

VY =(0,0,...,0.R),
——

15 components

R=123,  (A60)

where R denotes the standard Cartesian unit vector in
Euclidean 3 dimensions. In accordance with (2.32), we find
the relations

% = 0,h +2(hGy + WGy, + hGy + h'Gyy) =0,

@5 = 2(0,h" — hG + 1" Gyy — hG + ' Gyy) =0,

¢\ = 0" =2(0'G + WG, + WG+ h'Gy) = 0.
(A61)

Following the prescription in (2.33), the search for func-
tional (in)dependence within the secondary stage involves
an ansatz for a vector I®) with up to two spatial derivatives.
Nonetheless, due to the relative structure of the first term in
each relation, it is easy to see that T'® .2 =0 only
admits the trivial solution. As a result, all relations in (A61)
are functionally independent among themselves.
Establishing the functional (in)dependence of (A61) with
respect to the primary Lagrangian constraints (A56) is a
more delicate endeavour. Consider the row vector (2.38). In
this case, the first nine components are (A56), while the
|

latter three components are (A61). We search for solutions
to (2.40). A generic ansatz Y' has components given by

(00 =YT+YTo,, (V)™=Y}, T=1,...,12.

(A62)

The simplest implementation of (2.41) consists in imposing
three independent conditions, each involving a single Y7 >°
at a time:

9
(YT +YTo)pr— P =0 ¥V R=1,2,3, (A63)
T=1

where, without loss of generality, we have set Yg >0 — 1.
The advantage of fixing the terms accompanying the
secondary constraints is that we can factor the conditions
Y - ¥ = 0 in a more efficient way. For instance, evaluating

(A63) for 45(12) yields the nontrivial solution

Y, = (0.—h,—2h',2G; + 0,.G,;.0,2G!.G!,.0,~1,0,0).
(A64)

The above implies ¢§2> is functionally dependent on the
primary Lagrangian constraints. The analogous strategy for

qbgz) and qﬁgz) reveals these too are functionally dependent
on the primary Lagrangian constraints. Therefore there are
no secondary Lagrangian constraints /, = 0 and the algo-
rithm terminates according to closure 3.

For completeness, we present the relations (A61) in
terms of exclusively the primary Lagrangian constraints:

¢ = (2G| + 0\) s — hp, — 215 + Gribs + 2G1 by + Gl s,
¢Y) = 01ps + 2(hpy — h"' b3 — Gepy + Grihs — Gy + Gl o).

¢g2) = (—2G| + 0))ps + 2h' Py + h" by — (Gops — G' ps + 2G ho).

(A65)
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Written in this manner, it becomes obvious that vanishing of the primary Lagrangian constraints implies vanishing of (A61)

without further restrictions on the field variables Q4.

Using (2.3) and (2.4), we obtain the familiar result Np,g = 0.

[1] G.R. Dvali, G. Gabadadze, and M. Porrati, 4-D gravity on a
brane in 5-D Minkowski space, Phys. Lett. B 485, 208
(2000).

[2] A. Nicolis, R. Rattazzi, and E. Trincherini, The Galileon as a
local modification of gravity, Phys. Rev. D 79, 064036
(2009).

[3] C. de Rham, G. Gabadadze, and A. J. Tolley, Resummation
of massive gravity, Phys. Rev. Lett. 106, 231101 (2011).

[4] S.F. Hassan, R. A. Rosen, and A. Schmidt-May, Ghost-free
massive gravity with a general reference metric, J. High
Energy Phys. 02 (2012) 026.

[5] S.F. Hassan and R. A. Rosen, Confirmation of the secon-
dary constraint and absence of ghost in massive gravity and
bimetric gravity, J. High Energy Phys. 04 (2012) 123.

[6] M. Zumalacarregui and J. Garcia-Bellido, Transforming
gravity: From derivative couplings to matter to second-order
scalar-tensor theories beyond the Horndeski Lagrangian,
Phys. Rev. D 89, 064046 (2014).

[7] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Healthy
theories beyond Horndeski, Phys. Rev. Lett. 114, 211101
(2015).

[8] G. Tasinato, Cosmic acceleration from Abelian symmetry
breaking, J. High Energy Phys. 04 (2014) 067.

[9] L. Heisenberg, Generalization of the Proca action, J.
Cosmol. Astropart. Phys. 05 (2014) 015.

[10] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois, K.
Noui, and G. Tasinato, Degenerate higher order scalar-
tensor theories beyond Horndeski up to cubic order, J. High
Energy Phys. 12 (2016) 100.

[11] J. Beltran Jiménez, L. Heisenberg, and T. Koivisto, Coinci-
dent general relativity, Phys. Rev. D 98, 044048 (2018).

[12] F. D’ Ambrosio, L. Heisenberg, and S. Zentarra, Hamilto-
nian analysis of f(Q) gravity and the failure of the Dirac—
Bergmann algorithm for teleparallel theories of gravity,
Fortschr. Phys. 71, 2300185 (2023).

[13] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfer
Graduate School of Science (Yeshiva University, New York,
1964).

[14] M.J. Gotay, J. M. Nester, and G. Hinds, Presymplectic
manifolds and the Dirac-Bergmann theory of constraints, J.
Math. Phys. (N.Y.) 19, 2388 (1978).

[15] M. C. Muiioz-Lecanda, Hamiltonian constrained systems: A
geometric approach, Int. J. Theor. Phys. 28, 1405 (1989).

[16] M.J. Gotay and J. M. Nester, Presymplectic Lagrangian
systems I: The constraint algorithm and the equivalence
theorem, Ann. I’inst. Henri Poincaré Sect. A, Phys. Théor.
30, 129 (1979).

[17] M.J. Gotay and J. M. Nester, Presymplectic Lagrangian
systems II: The second-order equation problem, Ann. I’inst.
Henri Poincaré Sect. A, Phys. Théor. 32, 1 (1980).

[18] M. C. Mufoz-Lecanda and N. Romédn Roy, Lagrangian
theory for presymplectic systems, Ann. I’inst. Henri
Poincaré Phys. Théor. 57, 27 (1992).

[19] C. Batlle, J. Gomis, J.M. Pons, and N. Romédn Roy,
Equivalence between the Lagrangian and Hamiltonian
formalism for constrained systems, J. Math. Phys. (N.Y.)
27, 2953 (1986).

[20] X. Gracia and J.M. Pons, On an evolution operator
connecting Lagrangian and Hamiltonian formalisms, Lett.
Math. Phys. 17, 175 (1989).

[21] M. de Leon, J. Marin-Solano, J. C. Marrero, M. C. Mufoz-
Lecanda, and N. Romén Roy, Singular Lagrangian systems
on jet bundles, Fortschr. Phys. 50, 105 (2002).

[22] X. Gracia and J. M. Pons, A generalized geometric frame-
work for constrained systems, Differ. Geom. Appl. 2, 223
(1992).

[23] G. Marmo, G. Mendella, and W. Tulczyjew, Constrained
Hamiltonian systems as implicit differential equations, J.
Phys. A 30, 277 (1997).

[24] M. C. Muiloz-Lecanda and N. Romédn Roy, Implicit quasi-
linear differential systems: A geometrical approach, Elect. J.
Differ. Equations 1999, 1 (1999).

[25] R. L. Arnowitt, S. Deser, and C. W. Misner, The dynamics
of general relativity, Gen. Relativ. Gravit. 40, 1997 (2008).

[26] B. Diaz, D. Higuita, and M. Montesinos, Lagrangian
approach to the physical degree of freedom count, J. Math.
Phys. (N.Y.) 55, 122901 (2014).

[27] B. Diaz and M. Montesinos, Geometric Lagrangian ap-
proach to the physical degree of freedom count in field
theory, J. Math. Phys. (N.Y.) 59, 052901 (2018).

[28] M.J. Heidari and A. Shirzad, Structure of constrained
systems in Lagrangian formalism and degree of freedom
count, arXiv:2003.13269.

[29] V. Errasti Diez, M. Maier, J. A. Méndez-Zavaleta, and M.
Taslimi Tehrani, Lagrangian constraint analysis of first-
order classical field theories with an application to gravity,
Phys. Rev. D 102, 065015 (2020).

[30] R. Banerjee, H.J. Rothe, and K.D. Rothe, Recursive
construction of generator for Lagrangian gauge symmetries,
J. Phys. A 33, 2059 (2000).

[31] A. A. Deriglazov, Improved extended Hamiltonian and search
for local symmetries, J. Math. Phys. (N.Y.) 50, 012907 (2009).

[32] S. A. Gogilidze, V. V. Sanadze, Y.S. Surovtsev, and F. G.
Tkebuchava, Local symmetries in systems with constraints,
J. Phys. A 27, 6509 (1994).

[33] S. A. Gogilidze, V. V. Sanadze, Y.S. Surovtsev, and F. G.
Tkebuchava, On gauge transformations in constrained
theories, Theor. Math. Phys. 102, 47 (1995).

[34] J.M. Pons, New relations between Hamiltonian and La-
grangian constraints, J. Phys. A 21, 2705 (1988).

025010-16


https://doi.org/10.1016/S0370-2693(00)00669-9
https://doi.org/10.1016/S0370-2693(00)00669-9
https://doi.org/10.1103/PhysRevD.79.064036
https://doi.org/10.1103/PhysRevD.79.064036
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1007/JHEP02(2012)026
https://doi.org/10.1007/JHEP02(2012)026
https://doi.org/10.1007/JHEP04(2012)123
https://doi.org/10.1103/PhysRevD.89.064046
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1007/JHEP04(2014)067
https://doi.org/10.1088/1475-7516/2014/05/015
https://doi.org/10.1088/1475-7516/2014/05/015
https://doi.org/10.1007/JHEP12(2016)100
https://doi.org/10.1007/JHEP12(2016)100
https://doi.org/10.1103/PhysRevD.98.044048
https://doi.org/10.1002/prop.202300185
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1007/BF00671858
https://doi.org/10.1063/1.527274
https://doi.org/10.1063/1.527274
https://doi.org/10.1007/BF00401582
https://doi.org/10.1007/BF00401582
https://doi.org/10.1002/1521-3978(200203)50:2%3C105::AID-PROP105%3E3.0.CO;2-N
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1088/0305-4470/30/1/020
https://doi.org/10.1088/0305-4470/30/1/020
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1063/1.4903183
https://doi.org/10.1063/1.4903183
https://doi.org/10.1063/1.5008740
https://arXiv.org/abs/2003.13269
https://doi.org/10.1103/PhysRevD.102.065015
https://doi.org/10.1088/0305-4470/33/10/308
https://doi.org/10.1063/1.3068728
https://doi.org/10.1088/0305-4470/27/19/021
https://doi.org/10.1007/BF01017454
https://doi.org/10.1088/0305-4470/21/12/014

CONSTRAINT CHARACTERIZATION AND DEGREE OF FREEDOM ...

PHYS. REV. D 109, 025010 (2024)

[35] R. Banerjee, H. J. Rothe, and K. D. Rothe, Master equation
for Lagrangian gauge symmetries, Phys. Lett. B 479, 429
(2000).

[36] R. Klein and D. Roest, Exorcising the Ostrogradsky ghost in
coupled systems, J. High Energy Phys. 07 (2016) 130.

[37] M. Crisostomi, R. Klein, and D. Roest, Higher derivative
field theories: Degeneracy conditions and classes, J. High
Energy Phys. 06 (2017) 124.

[38] S. Janaun and P. Vanichchapongjaroen, On sufficient con-
ditions for multi-field generalised Proca theories, arXiv:
2303.15261.

[39] A. Golovnev, On the role of constraints and degrees of
freedom in the Hamiltonian formalism, Universe 9, 101
(2023).

[40] A. Delhom, A. Jiménez-Cano, and F.J. Maldonado
Torralba, Instabilities in Field Theory: A Primer with
Applications in Modified Gravity (Springer, Cham, 2023),

[41] M. Pavsic, Stable self-interacting Pais-Uhlenbeck oscillator,
Mod. Phys. Lett. A 28, 1350165 (2013).

[42] A.V. Smilga, Benign versus malicious ghosts in higher-
derivative theories, Nucl. Phys. B706, 598 (2005).

[43] T. Damour and A. Smilga, Dynamical systems with benign
ghosts, Phys. Rev. D 105, 045018 (2022).

[44] S.F. Hassan and M. Kocic, On the local structure of
spacetime in ghost-free bimetric theory and massive gravity,
J. High Energy Phys. 05 (2018) 099.

[45] B. C. van Fraassen, Aim and structure of scientific theories,
Studies in Logic and the Foundations of Mathematics 114,
307 (1986).

[46] W.V. Quine, On empirically equivalent systems of the
world, Erkenntnis 9, 313 (1975).

[47] A. Qadir, Physical equivalence of theories, Int. J. Theor.
Phys. 15, 635 (1976).

[48] J. O. Weatherall, Part 1: Theoretical equivalence in physics,
Philos. Compass 14, 12592 (2019).

[49] J. O. Weatherall, Part 2: Theoretical equivalence in physics,
Philos. Compass 14, ¢12591 (2019).

[50] W.J. Wolf and J. Read, Respecting boundaries: Theoretical
equivalence and structure beyond dynamics, Eur. J. Phil.
Sci. 13, 47 (2023).

[51] R. Floreanini and R. Jackiw, Self-dual fields as charge-
density solitons, Phys. Rev. Lett. 59, 1873 (1987).

[52] P. K. Townsend, Manifestly Lorentz invariant chiral boson
action, Phys. Rev. Lett. 124, 101604 (2020).

[53] B. Podolsky, A generalized electrodynamics part I-non-
quantum, Phys. Rev. 62, 68 (1942).

[54] R. Thibes, Reduced order Podolsky model, Braz. J. Phys.
47, 72 (2017).

[55] C. A.P. Galvao and B. M. Pimentel Escobar, The Canonical
structure of Podolsky generalized electrodynamics, Can. J.
Phys. 66, 460 (1988).

[56] M. V.S. Fonseca and A. A. Vargas-Paredes, Is it possible to
accommodate massive photons in the framework of a gauge-
invariant electrodynamics?, Braz. J. Phys. 40, 319 (2010).

[57] C. de Rham, S. Garcia-Saenz, L. Heisenberg, and V.
Pozsgay, Cosmology of extended Proca-Nuevo, J. Cosmol.
Astropart. Phys. 03 (2022) 053.

[58] C. de Rham and V. Pozsgay, New class of Proca inter-
actions, Phys. Rev. D 102, 083508 (2020).

[59] C. de Rham, S. Garcia-Saenz, L. Heisenberg, V. Pozsgay,
and X. Wang, To half-be or not to be?, J. High Energy Phys.
06 (2023) 088.

[60] A. Palatini, Deduzione invariantiva delle equazioni grav-
itazionali dal principio di Hamilton, Rend. Circ. Mat.
Palermo (1884-1940) 43, 203 (1919).

[61] N. Kiriushcheva, S. V. Kuzmin, and D. G.C. McKeon, A
canonical approach to the Einstein-Hilbert action in two
spacetime dimensions, Mod. Phys. Lett. A 20, 1895 (2005).

[62] D.G. C. McKeon, Symplectic analysis of the two dimen-
sional Palatini action, Can. J. Phys. 95, 548 (2017).

025010-17


https://doi.org/10.1016/S0370-2693(00)00323-3
https://doi.org/10.1016/S0370-2693(00)00323-3
https://doi.org/10.1007/JHEP07(2016)130
https://doi.org/10.1007/JHEP06(2017)124
https://doi.org/10.1007/JHEP06(2017)124
https://arXiv.org/abs/2303.15261
https://arXiv.org/abs/2303.15261
https://doi.org/10.3390/universe9020101
https://doi.org/10.3390/universe9020101
https://doi.org/10.1142/S0217732313501654
https://doi.org/10.1016/j.nuclphysb.2004.10.037
https://doi.org/10.1103/PhysRevD.105.045018
https://doi.org/10.1007/JHEP05(2018)099
https://doi.org/10.1016/S0049-237X(09)70698-6
https://doi.org/10.1016/S0049-237X(09)70698-6
https://doi.org/10.1007/BF00178004
https://doi.org/10.1007/BF01807312
https://doi.org/10.1007/BF01807312
https://doi.org/10.1111/phc3.12592
https://doi.org/10.1111/phc3.12591
https://doi.org/10.1007/s13194-023-00545-6
https://doi.org/10.1007/s13194-023-00545-6
https://doi.org/10.1103/PhysRevLett.59.1873
https://doi.org/10.1103/PhysRevLett.124.101604
https://doi.org/10.1103/PhysRev.62.68
https://doi.org/10.1007/s13538-016-0475-7
https://doi.org/10.1007/s13538-016-0475-7
https://doi.org/10.1139/p88-075
https://doi.org/10.1139/p88-075
https://doi.org/10.1590/S0103-97332010000300011
https://doi.org/10.1088/1475-7516/2022/03/053
https://doi.org/10.1088/1475-7516/2022/03/053
https://doi.org/10.1103/PhysRevD.102.083508
https://doi.org/10.1007/JHEP06(2023)088
https://doi.org/10.1007/JHEP06(2023)088
https://doi.org/10.1007/BF03014670
https://doi.org/10.1007/BF03014670
https://doi.org/10.1142/S0217732305018086
https://doi.org/10.1139/cjp-2016-0507

