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We used the Cartan formalism to construct fermionic models that are compatible with Galilean or
Carrollian symmetry and rigid scaling symmetry. The free Carrollian fermion model exhibits conformal
Carrollian symmetry which is isomorphic to the asymptotic symmetries for flat spacetime in three
dimensions, namely the BMS; symmetry. We performed canonical quantization to this free Bondi-van
der Burg-Metzner-Sachs (BMS) fermion model, discussed both the highest weight vacuum and the
induced vacuum, calculated the correlation functions and the torus partition function. Finally, we
constructed N = 2 supersymmetric theories by combining the free fermion model and the free scalar

model [Phys. Rev. D 105, 125005 (2022)].
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I. INTRODUCTION

Symmetry, if exists, always plays important roles in
modern theoretical physics. Interestingly, the study of the
symmetry of Einstein gravity on asymptotically flat space-
time [1-4] lead to two surprises: one is that the resulting
asymptotic symmetry group, the Bondi-van der Burg-
Metzner-Sachs (BMS) group, is infinite dimensional and
hence is much larger than the isometry group of Minkowski
spacetime, namely the Poincaré group; the other is that for a
long time the BMS symmetry had seemed very mysterious
and it had not been clear what useful lessons one can draw
from the symmetry, until some recent progresses. Recently,
the BMS symmetry has been related to Weinberg’s soft
theorem [5] and gravitational memory effect [6,7]. Relatedly
scattering amplitude in flat spacetime is related to a two
dimensional conformal field theory (CFT) called celestial
CFT [8-13], and moreover connections between the BMS
group and celestial CFTs have been discussed in [14,15].

Parallel to the developments related to BMS group in four
dimensions, recently the study of BMS group in three
dimensions has also been fruitful. The story is closely
related to the bottom-up approach of the AdS;/CFT,
correspondence. For three dimensional gravity with a
negative cosmological constant, the phase space of gravity
can be organized into representations of its asymptotic
symmetry group under some consistent boundary condi-
tions, which turns out to be the two dimensional conformal
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group [16]. The rich results of two dimensional conformal
field theories (CFT,) enable many questions to be addressed
in a more explicit and precise way, including the micro-
scopic counting of the black hole entropy, correlation
functions, quantum entanglement, etc. Using a similar
strategy to three dimensional gravity without cosmological
constant, the asymptotic group of flat spacetime is the three
dimensional BMS group (BMS;3), which is also infinite
dimensional [17-19]. The BMS; algebra is found to be
isomorphic to two dimensional Carrollian conformal alge-
bra, which can be obtained from left and right moving
Virasoro algebras by taking an ultrarelativistic limit [20],
hence the name. In analogy to the AdS;/CFT, correspon-
dence, one can try to set up a holographic equivalence
between asymptotically flat spacetime and BMS;-invariant
field theory (BMSFT), or equivalently Carrollian conformal
field theory (CCFT) [21-23]. Note that it happens that the
Carrollian conformal algebra in two dimensions is also
isomorphic to the Galilean conformal algebra, namely the
nonrelativisitic limit of the Virasoro algebra [24]. Due to
this, the dual theory was sometimes referred to as Galilean
conformal field theory (GCFT) [25,26], where the discus-
sion mainly relies on the algebra and its representations.
Although GCFT and CCFT share a lot of similar features,
the differences are also important, especially on higher
dimensions [27,28]. Many interesting results have been
obtained along this direction of flat holography. Using the
symmetry, correlation functions for BMSFT and GCFT
have been analyzed [29-31], and BMS bootstrap program
was initiated in [31-35]. Geodesic Witten diagrams were
considered in [36]. The phase space of Einstein gravity
contains the so-called flat cosmological solutions featuring
Cauchy horizons on which an entropy can be assigned [37].
The torus partition function of BMSFTs was found to be
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modular invariant and a Cardy-like formula can be derived,
so that it provides an interpretation of the entropy of the
Cauchy horizon [38]. As an important measure of quantum
entanglement, entanglement entropy for the BMSFTs
were calculated [39,40], and the holographic dual was
proposed [41,42]. Other interesting topics including modu-
lar Hamiltonian [43], entanglement negativity, the reflected
entropy [44], and partial differential entropy [45] have also
been discussed in the literature.

Despite these developments, not much is known about the
putative dual BMSFTs other than the properties implied by
the symmetries. Therefore it is necessary to construct explicit
models of quantum field theories with BMS symmetries. So
far a Liouville-like theory with BMS symmetries has been
constructed and discussed in [46—48], which can be obtained
from the ultrarelativistic (UR) limit of the ordinary Liouville
theory, or from the geometric action of the BMS; group [49];
a free scalar BMS model was analyzed in [50], whose action
also comes from the tensionless limit of string theory [51,52],

and a V/TT deformation of a free scalar CFT 5 [53-55]; and
more general models with Galilean or Carrollian symmetry
in two dimensions and higher dimensions have also been
proposed in [56-62].

In this paper, we study two dimensional free fermion
models with BMS symmetry, or equivalently Carrollian
conformal symmetry. In two dimensions, both the Carrollian
and Galilean transformations consist of two translational and
a boost transformation,

x4 — x* 4 64,

a=12 (1.1)

(1.2)

where the time direction is chosen to be x! for Galilean
symmetry, and x> for Carrollian symmetry, and v is a boost
parameter. By keeping the choice of time implicitly, we can
discuss both the symmetries in a uniform way. Using the
Cartan formalism, we systematically search for possible
fermionic theories invariant under Galilean or Carrollian
symmetry together with rigid scaling in two spacetime
dimensions. In order for a spinor with two Majarona
components to couple consistently with a flat Galilean or
Carrollian geometry, there are two possibilities: (i) the two
fermions are decoupled free chiral fermions, or (ii) the
kinetic term involves products of the two Majarona fermions
and hence they are not decoupled. The latter is the main
focus of this paper. After further specifying the Carrollian
case, we find that the model exhibits BMS symmetry, and
thus is referred to as the BMS fermion model. The action on
the cylinder is given by

x2 = 2% + vx!

i
S = _ﬂ/dfda(l/ﬁaal//l —y20y).  (1.3)

which agrees with the action of the world sheet fermion in
the tensionless limit with inhomogeneous scaling [63].

We then perform canonical quantization, and compute the
correlation functions and torus partition functions in both
the highest representation and the induced representation. In
the highest weight representation, the BMS algebra has
central charges c; = 1, ¢); = 0. The total torus partition
which includes contributions from all the R-R, NS-NS,
R-NS, and NS-R sectors is invariant under the modular S
transformation, but picks up a phase under the modular 7
transformation. It is possible to restore modular 7 invariance
if we take 24 copies of this BMS fermion theory. In the
induced representation, the central charges of the BMS
algebra both vanish, the correlation function is ultralocal,
and the partition functions is divergent.

Finally, we construct supersymmetric theories with BMS
symmetry. Combining the BMS scalar discussed in [50]
and the aforementioned BMS fermion together, we get a
N =2 supersymmetric algebra with BMS algebra as the
bosonic part. Alternatively, combining the BMS scalar and
with two chiral fermions also lead to A/ = 2 supersym-
metry, which contain two N = 1 subalgebra. This means
that we can also build an N' = 1 theory using the BMS
scalar together with one chiral fermion.

The layout of this paper is as follows. In Sec. II, we review
the Galilean/Carrollian geometry and construct covariant
fermionic actions on it. In Sec. III, we solve the BMS
fermion by canonical quantization in the highest weight
vacuum. In Sec. IV, we organize the states into the BMS
staggered module. In Sec. V, we calculate the torus partition
function in the highest weight representation. In Sec. VI, we
consider another choice of the vacuum, the so-called induced
vacuum. In Sec. VII, we put the BMS scalar and the BMS
fermion together to discuss the BMS supersymmetry.

II. FERMIONS ON THE GALILEAN/CAROLLIAN
GEOMETRY

In this section we construct free fermionic models with
Galilean or Carrollian symmetry, together with rigid scaling
symmetry in the covariant formalism. The discussions in this
section apply to both the Galilean and the Carrollian
symmetry, which we will refer to as G/C for brevity. We
will review the Cartan formalism with local G/C symmetry,
write down the Clifford algebra, and finally use bispinors to
construct fermionic models with G/C symmetry.

A. Flat Newton-Carrollian geometry

In this subsection, we briefly review the Cartan formalism
with G/C symmetry, following the conventions of [64]. The
formalism was first introduced to study nonrelativistic
theories, and hence is often referred to as the Newton-
Cartan geometry in the literature. However, it can similarly
be formulated for ultrarelativistic theories as well. We start
from flat geometry compatible with G/C symmetry, and
then construct curved geometry by making the flat geometry
the tangent space at each point.
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Let us choose the two dimensional coordinates as
x* a=1, 2. We are interested in a flat geometry with
translational, boost, and scaling symmetry

x4 = x% 4 6%, a=1,2

b
x* = A%px°,

x4 — x4,

(2.1)

where §* denotes translation along the direction of x“, and

A can be chosen as
A =
v 1

where v is a boost parameter. In relativistic theory, a boost
transformation mixes the time and spatial direction. In
contrast, here the boost transformation (2.2) leaves the x'
direction invariant, and only changes the x* direction. If we
choose x! as the time direction, A is the nonrelativistic boost
with v being the relative velocity between the two frames,
which can be obtained from the Lorentzian boost by sending
the speed of light to infinity. In this case, x! is the “absolute”
temporal direction. Alternatively, if x2 is chosen as the time
direction, A corresponds to ultrarelativistic boost which can
be obtained by sending the speed of light to zero.' In this
case, x! direction is the “absolute” spatial direction. In
the following, most of the discussions are independent of
the choice of time direction, and hence we will discuss both
limits collectively. To construct field theories compatible
with the symmetry (2.1), we need to find invariant tensor
and spinor representations of the boost symmetry.

Let us start with tensors with rank one. Similar to usual
differential geometry, we label vectors with upper indices,
and one-forms with lower indices. The boost invariant
vector and one-form are defined to satisfy

(2.2)

A" =q" @A =g, (2.3)
We will see later that they are dual to each other, the reason
why we use the same notation g. With the choice (2.2), the

explicit solution to the above eigenvalue problem is

q* = <(1)> q.=(1 0),

At rank two, the boost invariant Matrix with two lower
indices should satisfy

a=12 (24)

Mab = Aa/aMa’b’Ab,b- (25)

'"The warped CFT (WCFT) discussed in [64] has the same
translation and boost symmetry as in (2.1), but with an aniso-
tropic scaling x! — Ax', x> — x2. WCFTs have “absolute spatial
direction” as x? is usually chosen as time.

Using the 1-form ¢, it is straightforward to construct a
boost-invariant and symmetric 2-tensor g,;, = q,qp- Any
boost invariant 2-tensor with lower indices can thus be
decomposed into a symmetric part g,, and an antisym-
metric part €,

B B 0 1
9ab = Ya4b> €ap = 1 0

(2.6)
Similar to flat Minkowski spacetime, g is interpreted as a
flat metric with Galilean or Carrollian symmetry, which can
be used to define inner products between two arbitrary
vectors U® and V7,
U-V=U4,V" (2.7)
Unlike the Minkowski metric, however, the non-
Minkowski flat metric (2.6) is noninvertible, and hence
cannot be used to raise and lower indices. Nevertheless, we
can use the invertible antisymmetric tensor €,, to map a
vector to a one-form. In particular, the boost-invariant one-
form ¢, is indeed dual to the boost-invariant vector g,

qda = eahqb9 qa = €ab‘]bv €ah€hc = 6ac‘ (28)

Using €*’, we can also define a metric with upper indices
from that with lower indices,

gab = qaqb — €acebdchd — €ac€bdgcd.

(2.9)
Note that the inner product between two vectors can also be
written as that of two one-forms, but is not equal to the
contraction between a vector and a one-form,

U-V=U,V=U,g"V,+UV,=-U,V (2.10)

where the minus sign in the last equality is due to the
antisymmetric property of e. In particular, the contraction
of a vector with its dual 1-form always vanishes, namely
vev, =0. (2.11)
Note that the boost symmetry has selected a direction,
specified by the boost invariant one-form ¢g,, or equiv-
alently, the boost invariant vector g“. Using the explicit
expression (2.4), this corresponds to selecting the “abso-
lute” direction x!. Most of our discussions do not depend
on the explicit expression (2.4), but only on its properties.
The vector g is orthogonal to an arbitrary vector in the two
dimensional vector space under the inner product (2.7),
namely

q-V=q"94V" =0 (2.12)
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In the two dimensional vector space, we can choose a basis
(g*,v*) by requiring v“ to be linearly independent of g, or
equivalently
N =v%q, #0. (2.13)
So far we have only considered the boost symmetry.
Now let us turn to the scaling symmetry (2.1). Define the
scaling structure J9, as the generator of the infinitesimal
scaling, so that the finite transformation e™* acts as (2.1).
Then the action of J%, on the basis (¢, %) of the vector
space has to be
Jq" = —q°, JOb = -2 (2.14)
Using the basis ¢, v and the antisymmetric tensor e,
the scaling structure can be expressed in a coordinate-
independent way as,
J4 = =N"(v"q, — q"v) (2.15)
To summarize this subsection, flat geometry compatible
with translational invariance and boost invariance can be
specified by a boost invariant one-form ¢,, and a boost
invariant antisymmetric tensor €“”. The degenerate flat
metric ¢,;, = ¢q,q; defines the inner product between
vectors (2.7), while the antisymmetric tensor €*” and its
inverse €,, raises and lowers indices. This is in contrast
with the usual Riemannian geometry, in which case the
metric plays both roles. The boost invariant 1-form ¢,
selects an ‘“‘absolute” direction. Further considering an
isotropic scaling symmetry (2.1), we can express the
scaling structure as (2.15) which is coordinate independent.

B. Connection on Galilean/Carrollian geometry

In this subsection we will discuss curved Galilean/
Carrollian geometry in Cartan formalism. In particular,
we will find the affine connection and spin connections
compatible with local boost symmetry and rigid scaling
symmetry (2.1).

In the Cartan formalism, the tangent space at each point
of a curved manifold is the aforementioned flat geometry
with Galilean/Carrollian symmetry. Thus the 2d Newton/
Carrollian geometry can be described by the data
(M, q,, e“”,eab), where M is a 2-dimensional manifold,
q, 1s the boost invariant one-form in the cotangent space,
€, 18 the antisymmetric tensor that maps one-forms to the
vectors, and the vielbein e, maps space-time vectors to
tangent space vectors,

et . vt — ¢

, (2.16)

and is assumed to be invertible. Similar to the discussion of
Riemannian geometry, covariant derivative is defined as

D=0+w-T (2.17)
where w is the spin connection which acts on the tangent
space indices a, b, - --, while I' is the affine connection
acting on spacetime indices u,v---. The torsion and
curvature two-forms are respectively
T = de® + o), A e”, R%, = dw*,. (2.18)
As discussed at the end of Sec. II. A, flat geometry is
specified by the boost invariant vector g* which selects an
absolute direction in flat geometry, and the antisymmetric
2-tensor €,;, which lowers indices. We would like to find a
spin connection that keeps ¢ and €, covariantly constant.
First we note that requiring
Dyeq, =0 (2.19)
implies that the spin connection one form o, is symmetric
in the two lower indices, namely
(2.20)

WDap = Bpg-
Further using

D,g* =0 (2.21)

we find that the spin connection w“;, can be written as,

oy = q°qp0,. (2.22)
Note that (2.19) and (2.21) also imply that the boost-
invariant one-form is also covariantly constant, D,q, = 0.
One can verify that the torsion free condition does not
further specify the spin connection, similar to the obser-
vation for the affine connection [65]. This is in contrast
with the relativistic case, where the affine connection is
determined uniquely by the torsion free and the metric
compatibility conditions. Then the spin connection can be
determined from the vielbein postulate together with the
fact that it is antisymmetric. In the non-Lorentzian case,
however, it has been observed that the aforementioned
procedure cannot determine the spin connection uniquely,
and additional conditions are needed [66,67]. In the
following, we will just keep the general form of the spin
connection.

To end this subsection, we comment on an alternative
formulation of the G/C geometry. Using the vielbein, we
obtain a spacetime one-form A, = g,e; and a symmetric
2-tensor G* = g 4e"“e*?e;e¥. Similar to the property (2.12)
of ¢,, the spacetime vector A is also orthogonal to an
arbitrary spacetime one-form, as A,G"v, =0. In the
Galilean case, A is called the temporal one form or
the clock one form, and G* is called the inverse spatial

metric [68]. In the Carrollian case, A is now the one-form
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in the spatial direction, and the metric is degenerate in the
time direction, so that G*¥ is the inverse temporal metric.
The geometry can thus be described by the triplet (M, A, G).
This is the analog of describing Riemann geometry using
coordinates. In the discussion of connection, the two
formalisms are compatible. In order to discuss fermions,
however, we need to use the Cartan formalism which allows
us to couple the Fermions to curved geometry.

C. Fermions on (flat) Galilean/Carrollian geometry

In this subsection we discuss fermions which can be
coupled to flat Galilean/Carrollian (G/C) geometry, and
construct an action from fermions compatible with the local
G/C symmetry. These fermions lie in the spinor repre-
sentation of the G/C group. In order to do so, we need to
define a Clifford algebra compatible with the G/C geom-
etry (2.6), a charge conjugation operator which defines the
dual spinor space, and I'™*, the analog of I 5. which trans-
forms under the local G/C group as a psuedoscalar. With
these definitions, we can build bispinors which transform
invariantly or covariantly under the action of G/C trans-
formation, and further construct fermionic actions from
these bispinors.

In Galilean/Carrollian geometry, we can define the
Clifford algebra by requiring the anticommutation relation

{17} = 2¢% = 24" (2.23)
which is similar to relativistic theories with the Riemannian
metric ¢*?. Using (2.23), we can define a boost generator
M, which generates the boost (2.1) on spinors,

1 1
MO = —eab[F“, Fb] = Zé'abrarb (224)

8

so that the Gamma matrices transform under the boost
transformation as a vector, namely
(M. T] = g,q°T”. (2.25)

In two spacetime dimensions, the Gamma matrices acts on
spinor field v =y,
"8}
ll/ =
%)

In order to build boost invariant bispinors, we need to first
find a dual spinor w which has the following behavior
under the infinitesimal boost,

(2.26)

(Mow) = =M. (2.27)
There are two ways to define y, either through the charge
conjugation matrix C or the Dirac conjugation matrix D,
defined respectively by

Cr* = +(rY’'c, DI'* = +(I)'D. (2.28)
Given a solution of (2.23), one can solve the above
equations to find the charge conjugation matrix C, and
the Dirac conjugation matrix D. As we will show later,
only the minus sign of the above equation allows nontrivial
solutions. This is in contract with relativistic theories
where both signs have solutions and the choice of the
sign is a convention. Using the conjugation matrices, the
dual representation can be defined as

we=y'C.  yp=y'D (2:29)
where y' = (y*)T is the complex conjugate of the trans-
position of y, and the subscript C and D to denotes charge
conjugate and Dirac conjugate. The Majorana condition is
to identify the charge conjugate with the Dirac conjugate

which reads,

Ve =Wp- (2.30)

There are two families of solutions to the defining
Eq. (2.23) of the Gamma matrices in two dimensions. If
I'! + 0, the nonequivalent solutions can be written as

(0 e ) e

where we have fixed an overall coefficient in I'!, and an
overall sign in I'2. The later is just a convention, and the
former is chosen to make the action of the boost trans-
formation take the standard form of Jordon cell,

Moy — %rlr%p _ <O 0) (%) (2.32)

10 "6

By changing the relative normalization between y; and y»,
it is always possible to make the above choice. As we will
see in next section, the spinor actually form a primary
multiplet under the BMS algebra.

As mentioned earlier, a dual spinor can be defined by
using either the charge conjugation matrices C or the Dirac
conjugation matrix D (2.28). Due to the fact that the
Gamma matrices (2.31) are real, the two matrices C and D
as defined in (2.28) become indistinguishable. Now the
Majorana condition (2.30) becomes simply the reality
condition

v =wy. (2.33)
In this paper, we will focus on Majorana fermions, whose
dual is given by

w=yc=yp=y'C (2.34)
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To solve C, we can substitute the Gamma matrices (2.31)
into the Eq. (2.28). It turns out that only the equation with a
minus sign, namely CT'* = —(I'“)TC, allows a nontrivial
solution. With this choice, the charge conjugation matrix is

given by,
C=
-1 0

Thus, we have found the simplest bispinor yy invariant
under the action of M.

To discuss bispinors systematically, it is also important to
consider how they transform under inverting the “absolute
direction,” x! — —x!, which is the usual parity transfor-
mation in Carrollian theory, or time reversal in Galilean
theory. We will still refer to this parity transformation for
convenience. In terms of components, the bispinor py =
2y, is linear in the absolute direction, and hence is parity
odd. Under the parity transformation, the gamma matrices
transform as

(2.35)

r' - -rt, 2 —r? (2.36)
Similar to the I'® in the usual 4d relativistic Clifford algebra,
we can also construct a matrix I'* which is boost invariant

but parity odd,

1
I =Zeulr =T (2.37)

)Cl g —Xl

I* - —I'"  under (2.38)
With the help of I'*, we can construct the following
bispinors as listed in Table I.

Now we have enough ingredients to build the action for

fermions. Let us consider an action in the following form,

1

=— [ e* nebey, L
8myg

(2.39)

where ¢ is an overall coefficient to be fixed later and
e A ebe,, is the boost invariant volume form, which has
weight —2 under the scaling symmetry. As the action should
be invariant under both the boost and the rigid scaling
transformation, the Lagrangian density £ has to be the boost
invariant with scaling weight 2. In a fermionic model, the

TABLE I. Bispinors.
Spinors Boost and parity
™y Scalar
Wy Pseudoscalar
wI Ty Vector
wly Pseudovector

Lagrangian £ contains a kinetic term in the form of a
bispinor with one derivative. From the list above, we can
build kinetic terms from either the vector or pseudovector

L,=—igT* T Dy or L,,=—ipT /Dy (2.40)

where D, is the covariant derivative acting on the
spinors (2.17), which becomes 9, in the flat geometry.
As D, has dimension one, the above action will be scaling
invariant provided that y has scaling weight 1/2. Note that
there is a prefactor i to ensure the action is real. One may
wonder whether it is possible to add a mass term using
the scalars or pseudoscalars. If we wish to keep scaling
invariance, mass terms cannot be added because it does
not have the desired scaling dimension. This is different
from the WCFT fermion. Thus, there are two types of
free fermions with the gamma matrices (2.31). In the flat
G/C geometry, they can be expressed in terms of the
components as

i
Sy = —4—”9/(1)“1)’ w10y (2.41)

and

i
Spy = “9mg / dxdy (w101 — wr0.y1) (2.42)

The first one, constructed from the vector in Table I, is a
chiral fermion in a CFT, which has been studied thor-
oughly in the literature. In the rest of this paper, we focus
on the fermionic model (2.42) constructed from the
pseudovector with Carrollian symmetry, which we refer
to as the BMS fermion. The name will become clearer in
the next section. By construction, the action (2.42) is
parity even, and is invariant under the G/C boost, rigid
scaling, and translational transformations. The action is
real provided that the reality condition (2.33) is satisfied,
namely y; and y, are both real.”

Finally, let us comment on the other choice of the gamma
matrices which satisfy (2.23),

r'=o,

(2?2 =1 (2.43)

A convenient choice is

Our action (2.42) looks similar with eq. (4.4) of [63] which
was obtained from the study of tensionless limit of superstring
theory. The action looks the same up to a relative coefficient
between the two components of . We note that, however, their
conjugate relation Eq. (4.8c) indicates that the two components
are complex conjugate to each other, whereas we require them to
be both real. On the other hand, [69] worked with the same action
with real fermions.
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1o 10
r'=o F2=< ) C:< ) (2.44)
0 1 01

By a similar discussion, we find that in the flat coordinates,
free fermions can only be

i
Schiral = _4—7tg/ dXdy(llflayllll +1l/20yl//2) (2~45)

which is the action of two real chiral fermions.

1. Interacting theories

To construct interacting theories, we can consider two
spinors y and y, with the choice of gamma matrices (2.31).
Table I allows us to add a four-fermion interaction to the
action, so that

S = /e“ A ePe (—ipT e F o, — i e MO0 + Apwiix)
(2.46)

More generally, we can consider N; BMS fermions and N,
chiral fermions. The general action with four-fermion
interactions can be expressed as

S x /e“ A eley,(K—=V) (2.47)

where K represents the kinematic terms of N; BMS
fermions and N, chiral fermions,

N, N\+N,
K=—=iy p'Te o' =i Y @l Toe !, (2.48)
I=1 I=N,+1

and V represents the interaction term,

V=" ylylw it + 5 yiyrly fyd

+ 2 gyl (2.49)
It is interesting to study these interacting theories with
G/C and rigid scaling symmetries, which we postpone to
future work.

III. THE FREE BMS FERMION MODEL

We have seen that there are two types of free fermion
models with G/C symmetries in the last section, one of
which is trivially a holomorphic sector of the usual 2d
Majorana fermion, well-studied in the CFT, literatures
while the other is of great interest with novel properties.
In this section, we will focus on the model (2.42) with
Carrollian symmetry, which we refer to as the BMS fermion
model hereafter. We first consider its action and equations of
motion on cylinder and plane, and show that the symmetry

is enhanced to the infinite dimensional Carollian conformal
symmetry, or isomorphically the BMS; symmetry, in
Sec. Il A. Then we perform canonical quantization in
the highest weight NS and R vacuum in Sec. IIIB. We
find all the primary operators and calculate their correlation
functions in Sec. III C.

A. Symmetries

In the last section, we have found the general free fermion
action (2.42) which is invariant under the G/C symmetry,
and rigid scaling symmetry. In this section, we focus on
Carrollian theory by specifying x! as the spatial direction,
and x> as the temporal direction. Let us first put the free
fermion model on a cylinder parametrized by (x!,x?) =
(0, 7) subject to the identification (o, 7) ~ (6 + 27, 7). Then
the action (2.42) becomes,

i
S=-5 / dedo(y 0,y —yadyy)  (3.1)

where v, ¥, are Grassmann variables. In this model, the
conjugate momenta with respect to y; and y, can be
calculated by the graded Leibnitz rule

oL i
II, = = —y, 3.2
1 50y 2”1//2 (3.2)
oL i
= =—y,. 3.3
2 5(071/12) 2]_[‘”1 ( )

The equal time (i.e., equal 7) anticommutator between these
fermions is then

{91(z.0)>(5.0')} = 225(c' = o). (3.4)

{1(1.0).1(1.6)} = {ya(r.0)pa(r. )} = 0. (3.5)
By construction, the action (3.1) is invariant under trans-
lations, rigid boost, and rigid scaling. Now we show that the
symmetry is actually much larger, and derive it by symmetry
enhancements [70] together with the minimal input given by
the covariant arguments in the last section. Consider the
following infinitesimal translation

c—o+e, T 1T+ E (3.6)
where ¢ and & are constants. We can apply the Noether
theorem to obtain two conserved currents,

27j, = —eTdo + eMdr, (3.7)

2nj; = —EMdo, (3.8)

where T and M play the role of the stress tensors, and are
given by
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i i
T = 54’1561//2 + 5‘/’2051//17 (3.9)
i i
M=y 0.y, ==0.P,  P=yy,. (3.10)

2 2

Using the equations of motion, it is not difficult to verify
that the current 1-forms (3.7) are closed on-shell, or
equivalently the stress tensor satisfies the conservation law,

0.(eT) = 0,(eM),

0.(¢M) = 0. (3.11)
The conservation law is readily generalized to more general
transformations by the replacement ¢ — (o) and & — &(o).
First we note that the second equation in (3.11) still holds
under the replacement, while the first equation in (3.11) will
no longer hold, due to the appearance of an extra term
€ (6)M on the right-hand side. The aforementioned extra
term, however, can be compensated if we add a term to the
left hand side, so that we get the following conservation
relations for two arbitrary functions &(o) and (o),

0.(¢(0)T + € (0)tM) = 0,(e(0)M), (3.12)

0.(¢(c)M) = 0. (3.13)
The above relations suggest new conservation laws. To
understand the underlying symmetry, we need to construct
the conserved currents and conserved charges, and derive the
transformation rules by acting the charges on the fields. The
conservation laws (3.12) imply that the following currents
are on-shell closed,3

27 o) = —(&(0)T + € (0)tM)do + e(0)Mdz, (3.14)

2735 = —(&(0)M)do, (3.15)
conserved charges on the spatial circle with constant 7 are
given by

*In general, the derivation of the Noether currents is ambigu-
ous, and in this case one can still add an exact form to (3.14). For
instance, we can define currents

27 o) = —(e(0)(T + ad,P) + (1 = 2a)¢'(6)tM)do
+ (1 = 2a)e(o)Mdrz,

The above modification of the currents correspond to a modi-
fication of T, together with a rescaling of M. As we will show
later, our choices of T and M are compatible with BMS
symmetry.

. 1
Qo) = / Jeo) = — 7=
o-cycle 0

2n
0 / ' 1/2”d E(6)M
o) = o) — — = o &0 .
(@) (f»cycleJ (°) 2r 0

where we have used integration by parts in the first line. The
charges are independent of the time 7, as a consequence of
the conservation laws (3.12) and periodic boundary con-
ditions. These charges generate the following infinitesimal
transformations,

2n
do e(o)(T — to,M),

(3.16)

1
681/11(0’7) = {Qevl,ll (o, T)}PB = —ed,y —Ef/llfl,

5£W2(O-’ T) = {Qev 1//2(6’ T>}PB = _8661//2 - 28/760’//1
- zf/ll/z — ey,
Sy (0,7) = {Qg-vllll((f’ 7)}pp =0,

Sey2(0.7) ={Qz.wa(0.7) } pp = =280,y — Eyy. (3.17)

where we have dropped the dependence on o in &(o)

and Z(c) for brevity. They are just the infinitesimal

version of the transformation law [31,50] of the rank-2
I

primary multiplet with weight A =5 and boost charge

§2(2.8) = |f'Pya(e.0) = |f (" + 9y (7.0). (3.18)

under the BMS transformation

o — f(o), (3.19)

7 = f'(e)r + g(o).
As a consistency check, one can directly verify that the
action (3.1) is indeed invariant under the BMS transforma-
tion (3.19) with the transformation rule (3.18).

By expanding the parameters &(c), Z(c) in terms of the
Fourier modes,

g, =&, = e"°, (3.20)
we obtain infinitely many symmetry generators, which are
mode expansions of the conserved charge operators
L,=0, M, = Q; . (3.21)
It is not difficult to verify that they form the BMS algebra
under the anticommutation relation (3.4). We will show in
Sec. III B that the BMS algebra has a central extension

after choosing a vacuum and considering normal ordering
explicitly.
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B. Canonical quantization

In this subsection we discuss the canonical quantization
by choosing the highest weight vacuum. Another choice of
the vacuum, the induced vacuum, will be discussed
in Sec. VL

The action (3.1) on the cylinder should be periodic in o,
requiring the boundary conditions on the fundamental
fields y;, y, to be either periodic or antiperiodic, referred
to as the R and NS sector respectively. The map from
cylinder to plane

X = e, y = ier, (3.22)
allows us to consider the theory on the plane, with the
action given by,

1
S= Z/dxdy(wlaxu/l —y0).  (3.23)

Note that the i disappears due to the cylinder to plane map
combining with the analytical continuation. For conven-
ience, from now on we will mainly carry out the calcu-
lations on the plane, unless stated otherwise. Due to the fact
that the fermions v, w, have conformal weight % the
periodic/antiperiodic boundary conditions on the cylinder
become antiperiodic/periodic on the plane under the
cylinder-to-plane map, so that on the plane we have

wi(e?x) = +y;i(x), Neveu-Schwarz sector (NS),

i=102 (3.24)

wi(e*x) = —y;i(x), Ramond sector (R),  (3.25)
The equations of motion are

o1 =0, (3.26)

Oy, = 2091, (3.27)

with the following solution in terms of the Laurent
expansion,

Yi= Bux Iy = rax 4200, (3.28)

where n € Z for the R sector, n € Z + % for the NS sector.
The reality condition (2.33) then implies,
(3.29)

Bh=Bn  Th=7_a

Now canonical quantization can be carried out on the plane
with the following anticommutation relation

{wi1(x.y).wo (X, y)} = 2726(x" — x). (3.30)

which can be equivalently written in terms of the mode
operators

{ﬂn’ 7m} = 5n+m,07 {ﬁn’ﬁm} = {YVU ym} =0. (331)
The anticommutation relations (3.31) are valid on both the
cylinder and the plane.

Taking the cylinder to plane map and the analytical
continuation into account, the quantum version of the
classical Noether currents (3.9) whose corresponding
charges generate translations along x and y now become
operators,

1 1
— 5 W0y,

T:—§3W25xll/13 > M=—-1y 0y,
(3.32)
where the definition of the normal ordering : - - - : depends

on the choice of the vacuum, to be specified momentarily.
Here we would like to keep the normal ordering implicit.
The currents can be expanded in Laurent series as

T = z:Lnx‘”_2 - Z(n + 1)yM,_;x™"2,
n

n
M=) Mx"2
n

which can be inverted to define infinitely many charges L,
and M,,. Using the reality condition (2.33), the Hermitian
conjugates are given by

(3.33)

(3.34)

Li=L_, M, =M_, (3.35)
The charges are the quantum version of the classical charges
(3.21) on the plane. Using the transformation law (3.18)
under the plane-to-cylinder map (3.22), the zero-mode
generator of the Virasoro algebra on the cylinder has a

shift, L' = L?' - . We focus on the plane in this paper.

1. The highest weight NS vacuum

In the NS sector, modes are labeled by half integers,
without any zero modes. This leads to a natural choice for
the vacuum,

1
0 = 07 Z ~
ﬂﬂ| > n 2
1

and a prescription for the normal ordering

ﬂnym n< -1

Bt = kL)
_ymﬁn n2 2
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Inverting the relations (3.33) and (3.34), and plugging in
mode expansion, we find the following expression for the
symmetry generators on the plane

L, =Z(k——) Paeitic:

k

M, Z<k+ ) i

(3.38)

where

1
keZ + -

5 (3.39)

as we are in the NS sector. Further using the commutation
relations (3.31), we find that the charges (3.38) form a
centrally extended BMS algebra,

1
[ ns ] ( ) m—+n + 12( 3 - n)5n+nz,0v
[ ] ( ) m-+tn>s
[Mme] 0 (3.40)

where the central charges are given by ¢; = 1 and ¢y, = 0.
The BMS algebra contains a sub-algebra i80(2,1) with
generators {Lg 1, Mg+ }, which is often referred to as the
global BMS algebra. As we will see later, the NS vacuum is
invariant under the global BMS algebra, whereas the R
sector vacuum is not.

Now it is straightforward to check that the vacuum (3.36)
is a highest weight vacuum of the BMS algebra, namely
n>-1

L,[0) =0, (3.41)

M,|0) =0, n>-1 (3.42)
In particular, the generators of the global sub-algebra of the
BMS; algebra all annihilate the vacuum.

Leti= (i,ir---),j = (j1, jo - - ), then the state space in
the NS sector is spanned by
|0) i,,j,=0,1. (3.43)

i, J) ::ﬂl_ll/zﬁl_zyz " '}’/_11/27]_23/2 T

2. The highest weight R vacuum
In the R sector, modes are labeled by integers which
include zero. Similar to CFTs, the zero modes should be
considered separately. The algebra of the zero modes is
given by

{Bo:Bo} = {r0- 70} =0,

{Bo.vo} =1 (3.44)

This suggests that the vacuum in the R sector is degenerate.
To further characterize the vacuum, we can define a target-
space spin operator,

1
SE}’oﬂo—E

(3.45)
whose eigenstate can be raised and lowered by f, and ),
namely

S, o]

= —po. (3.46)

[S.70] = 70-

This suggests that the vacuum in the R sector is a doublet of
the target-space spin operator, labeled by the eigenvalue
|$) g, With

1
S|s)r = 5|8) s s = ii' (3.47)

Therefore, the vacua in the R sector |s) are related to each
other by the action of f or y,, and annihilated by positive-
integer modes, namely

Nl
)=l s

Buls)e=0.  n>0,
7als)g =0, (3.48)

Po

70

Due to the degeneracy of the vacua in the R sector, zero
modes should be treated separately. The normal ordered
product for other modes reads

:mm::{m“’ "= (3.49)

_Ymﬂn n>1

The symmetry generators, with the exception of L, can all
be written as (3.38), but now with
keZ. (3.50)

The generator L contains zero modes, whose ordering can
be traced back to the original definition from (3.33),

1
Lo= Y kB +§(ﬂ070 + 70Bo)
kEZ k0
1
= X:kmﬁp+§ (3.51)
kEZk#0
Acting on the ground state, we thus have
1
Lols)g :§|S>R’ Mols)r =0 (3.52)
where |s)p denotes the vacuum doublet, |s) =
(13).]=4)7. Although the vacua in the R sector is

025002-10



BMS-INVARIANT FREE FERMION MODELS

PHYS. REV. D 109, 025002 (2024)

degenerate, each of the vacuum states is a singlet of the
BMS algebra with weight %, and boost charge £ = 0. In this
case, the definition indeed satisfies the highest weight
condition,

L,|s)r =0, M,|s)g =0, n>1. (3.53)
In contrast to the case in the NS sector, we note that the
vacuum in the R sector is not invariant under the global part
of the BMS algebra. We have seen that they carry non-
vanishing L, charge (3.52). In addition, the vacuum is not
translational invariant either, as

M_y|s)g = P_1Pols)r-
(3.54)

1
—1l$)r :E(ﬂ—lJ/O —Bor-1)Is) g

We can also check that the generators L, and M, form the
same BMS algebra with central charge ¢, = 1 and ¢); = 0.

Leti= (i, ir ). = (ji. j» - - ), then the state space is
spanned by
|Z .77 S> = ﬁl_llﬁl_zz ce 7/]:17’122 ce |S>R
1
inejm = 0.1 s=E (3.55)
|
0

(0ia(x1,91)0jp(x2,¥)) =

<01a(xl’yl)0 (X2, ¥2) Okc(x3,3)) = ABC,]k (3.58)
where g =a+ b+ 1—r; i, j, and k label the multiplets,
while a, b, and c label the components within a multiplet,
and

A= exp< 5123&_ 5312&— &3 yﬁ) (3.59)

X12 X31 X23
= |xip| 8 s 7B gy | TR0, (3.60)

1/k abc — Z Z Z C[:’](I”Z”S
n1=0n,=0n3=0

Na—1-n4 b—1-n, c—1-nj

(P! (P~ (1) 6
(a=1=n)!(b=1=ny)!(c—1=n3)!
with

Pi = 0, InA. (3.62)

_oA, —28212 1 .
8. x1,|"2ie 7 mn L (22 ) therwise,
ij%riti12 q!

C. Primary operators and correlation functions

In this subsection we calculate the propagators of the
fundamental fermion field, find all the primary operators,
and compute their correlation functions.

1. General results for BMUSFT

As discussed in [31,35,50], BMS field theories feature
multiplets, on which the action of L is diagonal while the
action of M|, is block diagonal, consisting of Jordan blocks.
For a multiplet O = (O}, - - - O,)T with rank r, let A denotes
the conformal weight which is the eigenvalue of L, &
denotes the boost charge matrix which is a r x r Jordan cell
with diagonal element £. Then the defining property for a
highest weight multiplet is that the OPEs with the stress
tensors 7 and M take the following form,

500y~ ooy =20 20 B8
MGOW)~ 5 (3.56)

(F—x)? F—x

This can be used to find all the primary operators in the
theory. The general form of two and three point functions
for the BMS highest weight multiplets with rank r read

for g <0
(3.57)

X12

|
2. Propagators and OPEs

Now let us turn to our BMS fermion model. For both
choices of the vacuum (3.36) and (3.48), the propagator can
be defined as,

(0]X(01(x1,y1) 02(x2,¥2))[0)
—=(0]:01(x1,¥1)02(x2.¥,):0)
(3.63)

(01(x1,y1)02(x2,¥2)) =

where : --- : denotes the normal ordering compatible with
the specific choice of the vacuum, and X(---) denotes the
radial ordering on the complexified x-plane, the latter of
which is further related to the time ordering on the Lorentz
cylinder, as explained in [50]. Taking into account the
fermionic nature of the fields, the radial ordering can be
defined as,

Fwa(x)wp(xy)  for |xi[ > |x,]

X(yo(x)yp(xy)) = {—y/ﬁ(xZ)l// (x1)

for [x;| < [x,]

(3.64)
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where a, b = 1, 2. Further using the mode expansion (3.28), we can calculate the propagators in the highest NS vacuum,

(i (x))w1(x2))ns = 0

(w1 (x1)wa (X2, ¥2))ns =

(o (x1,y1)w2(x2,¥2))

1
B X1 — X2
2(y1 = ¥2)

NS — _(7’ (3.65)

X1 —Xz)z

which take the general form of (3.57) for a rank-2 multiplet with A = % and &£ = 0. In the highest weight R vacuum, the

propagators are given by

(w1 (x)wi(x2))g =0

X1 +)C2

Wiy (2, y2))p =5

2\/x1x2(x1 —x;)

oy (=37 = 4xg + X3) 4 xya(=x] + 4 4 x3)

(wa(x1, y)wa (X2, 2))p =

which are not in the general form of (3.57). In particular, the
propagators in the R vacuum are not invariant under trans-
lations. This is due to the fact that the R vacua is not invariant
under the global part of the BMS algebra (3.54). As we will
show later, the R sector vacua can be understood as inserting
a twist operator at the origin of the NS vacuum, so that all
correlators in the R sector can be described in terms of
correlators in the NS sector. Therefore, it is enough to
discuss correlators in the NS sector.

When one operator approaches the other, the correlation
functions in the R sector agree with the ones in the NS
sector and therefore they have the same OPEs in both case,
whose leading terms reads,

wi(x)wi(x) ~04 -,
1

Wi (x)ya (%2, y2) R— +o
2(y; -y
wo (X1, y1)wa (X2, y2) ~ —7( 1 22) +e (3.67)
(X1 = x7)

The OPEs of other operators can then be obtained from
(3.67) via Wick contractions. In particular, we note that the
OPEs among the stress tensors read,

T(¥,y")T(x,y)~ e l_x)4 + (2XTI(_xxy)l - 4(y/(;/y_)ﬂj)(3x’ )
oT(x,y) ('=y)o,T(x.y)
¥ —x W-x?
T(x',y)M(x,y) ~ %y(_xxiz) axi‘j[(_x;y)
M(X,y)M(x,y) ~O0. (3.68)

2(xy — x2)%(x1x2)%2 (3.66)

which takes the standard form of OPEs among stress
tensors and is consistent with the BMS algebra (3.40).
From the most singular terms, we again read the central
charges ¢; =1 and ¢y, = 0.

3. The BMS data in the NS sector

Let us now determine the BMS data of this free fermion
model by finding the primary operators and calculating the
three-point coefficients. By calculating the OPEs with the
stress tensors and comparing with the standard form (3.56),
we can find the following primary fields,

(1) The identity operator I with A =& = 0.

(i) The fundamental fermions y = (y,y,)! form a
highest weight multiplet with rank r =2, with
conformal weight 1/2 and boost charge 0, or written
in terms of matrix

(L0 /00
S \o L) §_<10)'

The propagators (3.65) are consistent with this.
(iii) The composite operator P = @y y,: is a primary
operator of rank 1, with A =1,& = 0. Due to the
fermionic nature of the fields in this model, P is the
only composite operator without derivatives. We will
see that there are no more primary operators in the
next subsection.
To describe this model in terms of BMS data, we still
need the three-point coefficients among y,y,, P. We
then find that the three point functions indeed take the
general form (3.58), with nonvanishing coefficients

(3.69)

C(IOO) -1

010 1, P =

(o1 — (3.70)
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D. The operator basis and state operator
correspondence

Now let us find a basis of local operators in the model,
which can be built from the fundamental fields v, y,, and
their derivatives with respect to the coordinates x and y.
From the equations of motion (3.26), we learn that d,y,
does not appear in a local operator. Moreover, the action of
d, on y, can always be replaced by acting on d, on y;. This
means that the operator basis can be chosen as

{ I @ﬁw¢¥%aywéym}7

k,m=0

inojm=0,1.  (3.71)

where each order of derivative on y, can appear at most
once due to its fermionic nature. It is straightforward to see
that the only primary operators are I, w1, o, P = 1y wy: .

In the NS sector, state-operator correspondence can be
built up by inserting the local operators at the origin. Using
the mode expansion (3.28), we have

lim 00§W1 0) = k!ﬁ—k—%|0>

x—=0,y—
lim 0%y, |0) = kly_,_1]0). (3.72)
x—0,y—0 2
so that we have state-operator correspondence
O Oy~ PVt :0)  (3.73)

The right hand side is precisely the Fock states in the NS
sector (3.43).

1. Twist operators for the R vacua

Now we consider the R sector, which can be equivalently
described by interpreting the R sector vacuum as inserting a
primary operator at the origin of the NS sector vacuum,

@ = 5)0), ‘ —;> = 4/0)

where we have omitted the subscripts R and NS for
simplicity. From the properties of the vacuum states
(3.52) and (3.53), we learn that the twist operators are both
primary operators with conformal weight A = % and £ = 0.
Using the general result of two point functions (3.57), we
can thus get the following correlators

(3.74)

(00) = () = .

4
X12

(o) =0 (3.75)

Note that the twist operators cannot be built from the
fundamental field v, w,. The relation between the two
vacuum states (3.48) corresponds to the following OPEs

p(x,y)
(x' = x)
(x,y)

wa (X Y )u(x,y) ~—
x_

w1 (¥, y)o(x, ) ~

19
2

<

(3.76)

AQ

=
~—
=

Any state |O) in the R sector can be obtained by inserting
the composite operator : Oc: or :Opu: to the origin of the
NS vacuum.

Together with the BMS data in the NS sector III C 3, we
have the following fusion algebra,

wlxlo] = lul,  Wwlxlpl=1lo],  [o] x[u] = ]
[PIx[P]=[1), o] x[o] =[], [u]x[u] = 1]
wlx [Pl =l  Wwlxyl—[1]+[P] (3.77)

where [O] refers to the BMS highest weight module
represented by the primary operator O, which can be either
singlet or multiplet. The first line of (3.77) is from the
defining property of the R-vacua (3.76), the second line is
from the vanishing three-point coefficients containing the
operators P, o, u, and the third line is from the non-
vanishing three-point coefficients (3.70).

IV. THE STAGGERED MODULE

In this section we will begin with a general definition of
the so-called staggered module, and then show that states in
the BMS fermion module can be organized into BMS
staggered modules. We have organized the state space in
terms of the modes /3, 7, in the last section. Now we want
to find how it carries the representation of the BMS algebra.
To do so, we consider the action of L,, M,, on the states in
section IVA.

CFT,s can be organized into the highest weight repre-
sentation of Virasora algebra, which means that the state
space can be decomposed into different highest weight
modules represented by the primary states. One may expect
that a BMS invariant theory can be similarly organized into
BMS modules. However, in the BMS scalar model [50],
there exists at least one state which is neither a primary state
itself nor a descendant state of the BMS algebra. To
accommodate this type of operator, the ordinary highest
weight module should be enlarged to the so-called staggered
module, which is a reducible but indecomposable repre-
sentation of the BMS algebra, defined as the semidirect sum
of ordinary highest weight representations.

In [71,72], the staggered module S for Virasoro algebra
can be defined via the following short exact sequence,

0 - HE-SHR -0 (4.1)
where HL and HR are irreducible highest weight modules,
also named as typical modules [72], 1 and z are module
homomorphisms. There is also a central element Q acting
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nondiagonalizably on the highest weight vectors, possess-
ing Jordan cells of rank-2. In other words, the staggered
module S has a submodule isomorphic to a typical highest
weight module H?, and the quotient S/H? is isomorphic
to another typical highest weight module HX. As a
consistence requirement, the central charges of H’ and
HR must coincide. In logarithmic CFTs [72], the central
element Q is L. The above construction can be general-
ized by replacing the building block in (4.1), namely the
typical modules, by any given representation of any
symmetry group. For the BMS scalar, the symmetry
algebra is BMS instead of Virasoro, and we can choose
the central element as Q = M,. Starting from a highest
weight representation S(!), we can build a staggered model
S®@ by replacing the typical modules H* and H~ in the
short sequence (4.1) by S and S® /S, respectively.
Then we can further use S as building blocks to
construct another short sequence, so that we can obtain
another staggered module S©®). Similarly, we can construct
S+ from an extension of S,

0 - S8 8wt /8 0 (4.2)
This procedure can be carried out successively and we can
even have a staggered module with n — oo, with a Hilbert
space

H=38D @, S?/SV g - (4.3)

The BMS scalar model [50] can be organized into such a
BMS staggered module S(®) with S(!) chosen as irreduc-
ible highest weight modules, while as we will see later that
the BMS fermion has the same structure S(*) but S() can
also be chosen as reducible highest weight modules.

A. Enlarged staggered module in the NS sector

Now we discuss how to organize states in the BMS
fermion model (3.23). For computational convenience, it is
useful to write down the commutation relations between
L,, M, and f,, v,, which read,

[Ln’ﬁm] = <g + m>ﬂn+mv

n
[Lmym]:_ §+m Vntm-

[Mmﬁm] =0, [an 7m] = —(I’l + 2m)ﬂn+m' (44)
From the above expression, we note that
[L()’ﬂn] ...yml ...] :_(n1+...+m1+...)ﬂnl ...yml P
(4.5)

which is valid for both the NS sector and the R sector. As
discussed in the last section, states in the R sector can be
understood as states in the NS sector dressed by the twist
operator. In the following discussion, we focus on the NS
sector.

(i) At weight 0, there is the vacuum state |0).

(i) At weight % there are two states,

v~ ﬂ—%|0>, LR 7—%|O>’ (4.6)

which are primary states with A =1 and &=0,

consistent with the OPE result (3.69).
(iii) At weight 1, there is only one state created by

P~ p_1y_i0) (4.7)

which is a primary singlet.
(iv) At weight % there are two states created by

oW Nﬁ—§|0> = L—1ﬂ—%|0>,

Oy ~ }’-g|0> = L—17—%|0> (4.8)

which are descendant states.
(v) At weight 2, there are four states

M ~ —B_p_3[0),
T~ —% (ﬁ_%}’_; - ﬁ_gy_%) 10),
0P~ (ﬁ_y’_g + ﬁ_g}’_%) 0)

1
K~— 17_%}’—§|0> (4.9)

where a new operator K shows up. The action of M, on the
basis of

(12M).|T). |K). |0,P) = L_,|P)) (4.10)
is given
0 0 0 O
1 0 0 O
(4.11)
0 1 0 i
-1 0 0 O

which is not in the form of standard Jordan blocks, due to a
mixing between the vacuum BMS module and the
P=:y,y,: module. To better understand these states,
we check the action of BMS annihilation generators
L,,M,,n > 0. The nonvanishing terms are
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LafT) = LaL4l0) = 1 [0)
Ly[0,P) = Ly(L_|P)) = 2|P)

MilK) = 3 P)MIK) = 110, (412)
First |0,P) = L_,|P) is a descendant state of the primary
state |P). The states (|2M),|T)) are invariant under the
action of L; and M, the annihilation operators of global
BMS generators, and thus form a quasi-primary multiplet
with A =2, & = 0. The new operator K is neither a BMS
primary state nor a descendant, and thus requires an
extension of the highest weight representation. K is
mapped to the primary state |P) by the action of M|,
and thus is not a quasi-primary either. This is in contrast to
the case for the BMS scalar, where (2M,T,K) form a
quasiprimary multiplet with rank 3.

As a side remark, we note that the action of M|, can be
brought to the standard Jordan block by a generalized
diagonalization procedure,

0
0

4.13
) (4.13)
0

o O O O
oS O O O

0
1
0
0
with a new basis corresponding to the operators

4
7_|K>72
3

<|2M>,%|T) +%|axp> 7) +2|axp>>. (4.14)

Despite this simple structure of M, it turns out this basis is
not convenient for organizing the states. Because of the
mixing of |T') with the descendant state |9, P), the first two
states does not form a quasi-primary multiplet. We will
focus on the basis (4.9) in subsequent discussions.

Finally, let us calculate the OPEs between the four
operators at level two. From the previous discussion, the
two components (2M,T) in the basis form a rank-2
multiplet and the OPEs are already derived in (3.68).
The OPEs of the remaining basis operators K, D can be
calculated by Wick theorem

R A ™ R BT B

1 y
-0, K—=0,K
+x o= 2%
1 P T oP 1
M(x,)K(0,0)~—4+—+—=+24+-0K
(x.y)K(0.0) 4x4+2x3 x2+4x2+xy
2P 4yM 20.P 'y 1
T(x,y)8,P(0,0) ~ o 4 21 ~20.0.P+-0,0,P
(x,¥)0,P(0,0) St Tt %Pt
2M 1
M(x.y)0,P(0,0) ~ s +~0,0,P. (4.15)
X X

One can check that the above OPEs can be alternatively
obtained from the operator state correspondence.

1. The combined module of I and P

Let us first consider the vacuum module. Due to the
mixing between the stress tensor and od,P, we have to
consider the identity module and the P module together.
Using the relations (4.12), we can draw the following
diagram for the states with integer weights up to level
A =2,

A=0 X
A=1 i
A=2 .

where we use x for null states, the black dot with A = 0 for
the vacuum, the black dot with A = 1 for |P), the blue dot
for |M), the two black dots at A =2 for |T) and |0, P)
respectively, and the red dot for | K). The blue/black arrows
represent the action of M, /L,, with upward/downward
arrow for positive/negative n. The action of M| runs
horizontally, and is always toward the left. The arrow
ending in the middle of two dots represents their linear
combination.

Now let us organize these in the language of BMS
staggered model we introduced earlier in this section. The
key step is to correctly identify the building block S"). For
the BMS scalar [50], S(V) was chosen to be the irreducible
highest weight modules. For the BMS fermion, however,
this is not possible for the vacuum module, due to the
mixing between descendants of the identity / and another
primary P. Therefore, the minimal build block can be
chosen to be the reducible highest weight module H; p,
which consists of two BMS primary states, the vacuum and
|P), as well as their BMS descendant states. The module
'H; p contains two submodule H; and Hp, each of which is
an irreducible highest weight module. It is not a direct sum,
due to the relation M = —%dyP, or equivalently due to the
existence of the null state

N =2M_,[0) + M_|P) ~0 (4.16)
Modding out the null state mixes states in the two
submodules H; and Hp. As a result, the building block
for the staggered module will be

H; @ Hp

S = Hip = 7
N

(4.17)
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where H is spanned by the null state /. The module H; »
is represented by the following diagram.

Now let us use the additional operator K to seed more
states by considering the composite operators using Ks. As
a first step, we can construct the composite operators with
the primaries, which in the case of H; p is K and : KP:. By
acting on /, P, K, and : KP: with the BMS generators, we
can build an enlarged highest weight module S). After
modding out H; p, the new states K and :KP: become

the BMS primary states, so that the quotient Hy; xp =
S /80 is isomorphic to H, p itself. This

A=0
A=1
A=2

means that we indeed have the short exact sequence

0= Hp—8® L Hy xp =0 (4.18)

Equivalently, we can write S as a semidirect sum
S® =H,;p &5 Hrrxp (4.19)

Similarly, we can build S©®) by adding new seeds : KKI:
and :KKP: to S, and moreover build S" by adding
new seeds :K"~'I: and :K""'P: to S"~1, namely

197}
PAN

w
=
|

8@ &g Hyxr kxp-

SW =S80 @ Hyn1) go1p (4.20)
Therefore the full staggered module that includes the
vacuum and the primary P is a semidirect sum of infinite
many highest weight modules, each of which is isomorphic
to the starting building block H; p, and the seed operator for
the sum is the operator K.

Sip =M p ®s Hirxp s -+ s Hgoxrp Bs -+ (4.21)

2. The y module

Now let us consider the w = (y,y,) module. We list
the first a few states below according to their conformal
weights,

(i) A=1:ly). |wa)
(i) A=3:L_[y\).L_|w)
(i) A=3:L2y), L2 |y);
Loolys), |Kyy).

M _,lyo)Loslyy),

The two states at A = % form a primary multiplet with rank
2, acting L_,,M_,,n> 0 on which generates a BMS
highest weight module H,,. The state |Ky) with A =3
is neither a primary nor descendant, and hence will seed a
staggered module. Analogous to the previous discussion,
we choose SV = H,,, and build S by considering the
composite operator : Ky :, the later of which contains
a null state :Ky,: . Thus only :Ky;: will seed the
enlarged module S®). After modding out H,, we have
8@ /SW = Hy,, . where Hg,, is an irreducible BMS
highest module generated by Ky,. Then we have the
following short exact sequence,
0— H, — S Hy,, —0 (4.22)
Due to the fact that :Kwy,: 1is null, the quotient
8@ /8 = Hy,, is not isomorphic to H,,. This is differ-
ent from the vacuum module, where the quotient is also
isomorphic to the initial building block SU"). Carrying out
the above procedure successively, we get
St = 8D &g Hyn,, (4.23)
so that the entire y module can be written as a semidirect
sum of different BMS highest weight modules represented
by w, :Kyy: , K>y, :,- -, namely

Sy = Hy ®s Hy, ®s -+ Bs Hyny, Bs -+ (4.24)

V. TORUS PARTITION FUNCTION

In this section, we consider the torus partition function of
the BMS fermion (3.1). We first review the modular
invariance of the BMSFT following [41] and then calculate
the torus partition function of the BMS fermion in the
highest weight vacuum explicitly. Torus partition in the
induced vacuum is carried out in section VI.

A. Modular property of the BMISFTs
We first give a quick review on the torus partition
function in the BMSFTs here. We consider a torus which
is determined by two identifications on a two dimensional
plane,

(canonical) spatial circle: (r,0) ~ (r,0 +27) (5.1)

thermal circle: (7, 6) ~ (t — 27ib, o — 2xia) (5.2)
It is useful to embed R? into C? in the subsequent
discussions. The partition function on the above torus is
formally a path integral over all fields satisfying boundary
conditions specified by the two identifications. Alternatively,

the torus partition function can be written as a trace over the
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state space which is determined by the spatial circle,
weighted by the evolution along the thermal circle,

Z(a, b) = Tre~2ma(Lo=3)~2xb(Mo=5) (5.3)
where the translational generators are defined on the cylinder
with the spatial circle (5.1), which we refer to as the

canonical circle. More generally, a torus can be described
by the fundamental region on the plane

(z.6) ~ (z.0) + mBs + nfy (5.4)

where m and n are integers, so that the torus is completely
determined by a pair of vectors ﬁs,ﬁT on the plane. For
instance, the torus (5.1) has a canonical spatial circle
Bs = (0,27), and a thermal circle Br = (—2xib, —2rxia).
The transformations acting on the plane that leave the torus

invariant form the modular group, SL(2, Z)/Z,. The action
of SL(2,Z) is given by

)
¢ dJ\ s Ps
with

ad —bc =1, a,b,c,de”. (5.6)

The reason to mod Z, is because the simultaneous inversion
of all the matrix elements does not change the torus. The
modular group is generated by the 7" and S transformations,

with
1 1 0 -1
T = , S = .
0 1 1 0
The S-transformation corresponds to swapping of spatial
circle and the thermal circle, followed by a scaling which

brings the new spatial circle to have period 2z. As a result,
the partition function has to satisfy

(5.7)

2xib 2ri
(w)~<r+”;,o—’”>~(T,o—2n). (5.8)
a a

The S-invariance of the partition function is then

2a0)=2(5.- 1)

- (5.9)

The T-transformation adds the spatial circle to the thermal
circle, giving a new identification,

(z,0) ~ (t,0 + 2x) ~ (z = 2zmib, 0 — 2mia + 2x).  (5.10)

If the torus partition function has modular T-invariance, it
has to satisfy

Z(a,b) =Z(a+1i,b). (5.11)

All the other transformations in the SL(2,Z) can be
obtained by group multiplication of the 7— and S—
transformations. The U = T'ST transformation is of particu-
lar interest, the action of which on the torus is provided here
for completeness,

2rib 2ria
O — .
(1—ia)? 1—ia

(T,a)~(7,a+zn)~<f— ) (5.12)

Then the U invariance of the partition function is to require

Z(a,b) = Z(] _aia’_ (1 —bia)z)'

(5.13)

B. PARTITION FUNCTION FOR BMS
FREE FERMION

In this subsection we calculate the partition function for
the BMS fermion model on a torus with a spatial circle and a
thermal circle as in (5.1). Boundary conditions along the
spatial circle can be conveniently parametrized by a
parameter u, with y = 0 for the R sector, and u :% for
the NS sector. Similarly, the thermal circle also admits either
periodic (R) or antiperiodic (NS) boundary conditions,
labeled by v = 0 orv = % respectively. Due to the fermionic
nature, imposing the R boundary conditions can be realized
by inserting (—1) into the torus partition function, where F
is the fermion number operator. Altogether there are four
combinations in the choices of boundary conditions, labeled
by the pair (u,v),

Zﬂ’y((l, b) — Tl”(ﬂ) (_1)(l—2u)Fe—2mz(L0—ﬁ)—27rhMo (514)
where the trace depends on the boundary conditions along
the spatial circle, which we now specify. The state space in
the NS vacuum is spanned by (3.43)

Using the conjugation relation (3.29), we can construct a
dual basis
(i, j] = <O|7’J1]/27’§2/2 o 'ﬁlf/zﬂ;z/z e (5.16)

The basis is not orthonormal as can be seen from the
following inner products,

@ JiH=N _—— N =645
7 e T
NSij. U ] NSij 1 ] i gl

(5.17)
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Similar to the scalar model, it is convenient to introduce the
dual orthonormal basis,

2 _ -
v<l"]|E Z (NNé)7?7)_'/)<l/7]/|’
— — ij,r ]
(' j'y
77
(i, jlit j )y =96__ 7/ (5.18)
i.J;

where Ny} denotes the matrix inverse of Nyg whose matrix
elements are defined in (5.17). Now the trace over the states
in the NS sector reads,

> LGl

==

i.j

TrNS = (519)

Similar discussions can be carried out in the R sector with
the highest weight vacuum, with the states (3.55),

71;117{22 e s)

and the dual orthonormal basis can be defined accordingly.
The trace over the R sector then reads,

Trg = Zﬁ; $)

ljS

i ].s) = BB i jm=0,1. (5.20)

V(i ] 8. (5.21)

Note that

(i jIMoli.j) = 0. (i j.s|Myli.j.s) =0 (5.22)
namely, the expectation value of M|, vanishes for both the
NS and R sector and therefore does not play any role in
the calculation of the torus partition function. As a result, the
calculation of the torus partition function (5.14) amounts to

counting the spectrum of L, and we get

91/2-,;.1/2—:1(”’)
n(ia)

1 2 2xi(n+p)v
a) = g qz(”+”) ¢ s

neZ

Z,,(a.b)=

9’

(5.23)

Under the 7 and S transformation, the modular properties
for the Jacobi theta function are

9/4.1/([ + 1) = e_m”(b_l)eﬂ,eru—]/Z(Z) (524)
1 P4 2Ty
Oy <—;> = V—ite*™ g, (1) (5.25)
namely, the T and § transformations exchange Z, , among

themselves. It is then straight forward to check that the total
partition function is modular S invariant,

Z(a,b) =

> Z,.(a.b) <1 j) (5.26)

pv=05 1
which indeed satisfy (5.9). For the T transformation,
however, additional phase factors show up and the total
partition function is no longer 7T invariant. It is still possible
to make the torus partition function modular invariant under
the full SL(2,Z) including both the T and the S trans-
formations by taking 24 copies of the original theory.

To end this section, we compare the partition function of
the BMS fermion model (5.26) with that of two chiral
fermions (2.45). The agreement is due to the fact that the
torus partition function of the BMS fermions is determined
only by the L spectrum of the theory, which is the same as
that of the chiral fermion theory. However, this does not
indicate that they are the same theory. We have seen
explicitly that the BMS fermion has a nontrivial y depend-
ence and the staggered module, while the chiral fermion has
no y dependence and the module is the Virasoro highest
weight module.

VI. THE INDUCED REPRESENTATION

In this section, we will consider the induced vacuum
of the BMS fermion (2.42). We solve the model in the
induced vacuum and compute the correlation functions in
Sec. VI. A and then consider the state space and torus
partition function in Secs. VI. B and VI. C.

A. The induced representation revisited

In this subsection we provide a general discussion on the
induced representation for the BMS group. We introduce
the notions of primary, descendants, and multiplets in the
induced presentation, which are analogous to the discus-
sions in the highest weight representation.

As a BMSFT can be obtained from the UR limit of a
CFT,, it is natural to take the UR limit of the highest weight
representation in CFT,. As was discussed in [33], this
procedure leads to an indecomposible representation of the
BMS group induced by a representation of its Abelian ideal
generated by M,s. Such a representation is called an
induced representation [73,74].

Let us first consider a primary operator in CFT,,
satisfying

[L$. 0] = ho,
Ly, 0] =

[Lgy,0] = hoO,

[L,,0]=0, V n>0 (6.1)
where L;7,L; denotes the Virasoro generators in
CFT,. Under the UR limit, the two copies of Virasoro
algebras become the BMS algebra via the Wigner-Inonii
contraction [24],

L,=Lf-LZ, M, =

e(Li+L7,). (6.2)
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so that the primary field (6.1) satisfies the induced
condition,

[Lo. O] = AO,
[M,,0] =0,

My, 0] = £O0,

Vn#0,neZ. (6.3)
In particular, the induced vacuum denoted by |0;) should
satisty

Note that the condition (6.3) is not for all states in the
induced representation. By construction, the operator O
originated from a primary in the CFT, before the UR limit,
and therefore still plays the role of a primary field in the
BMSFT. From now on, we will refer to an operator
satisfying conditions (6.3) as a primary operator, or a
primary singlet to be distinguished from the primary
multiplet to be introduced momentarily. We can construct
descendants by acting L,,, V¥ n € Z on the primary O. The
simplest descendant is

[L,. 0] = O, (6.5)
Using Jacobi identity, one can easily verify that
(Lo, Owy] = Ay Oy Ay =A-n, (6.6)
Mo, O )] = 0y, (6.7)
M, O] = 2m&0S,,,, (6.8)

which means that O, is (i) an eigenstate of L, with
eigenvalue A — n, (ii) an eigenstate of M, with eigenvalue
£, and (iii) no longer annihilated by all the M,,s with
m # 0. More general descendant states can be obtained by
acting on O with multiple L,s, and one can verify that the
aforementioned three properties are still satisfied by the
descendants constructed this way. One exceptional case in
the above discussion is when & = 0, where the action of L,
will bring a primary singlet to another primary singlet with
¢ = 0. They form a representation of one copy of Virasoro
algebra only, with the eigenvalue of L, unbounded.

Similar to the highest weight representation, the primary
field in the induced representation may also be a multiplet,
satisfying

[Lo,o} - AO
[My, 0] = &0,
M,,0]=0, Vn#0,nez, (6.9)

where now € is a Jordan cell with diagonal element £. Similar
to the previous discussion on the singlet, descendants can

also be generated by acting on the primary multiplet O by
L,s withn#0,ne”Z.

To summarize, in the induced representation, a BMS
module contains a primary operator satisfying (6.3) or a
primary multiplet satisfying (6.9), and descendants obtained
from the primary singlet or multiplet by acting with L,s.
The descendants do not satisfy the conditions in the last line
of (6.3) and (6.9). We will see in section VI. B that this is the
case in the free BMS fermion model.

B. Correlators

In the NS sector, the induced vacuum can be chosen as
the state invariant under the global BMS group, similarly
to the highest weight vacuum discussed in Sec. III. In
terms of the modes, the induced vacuum condition in the
NS sector reads

1
BulOr)ns =0, VnGZ—kE (6.10)

which means that all the f, modes are annihilation

operators. One can directly verify that
L,|0r)ns = M,|0p)xs =0, VnezZ.  (6.11)

Namely, the vacuum is invariant under all the BMS

generators. Such a state can only exist when all the central

charges in the algebra vanish, which is indeed the case as

we will show later.

Similarly, the induced R vacuum can be defined as

Vnez (6.12)

ﬂn|01 >R = 0’
which is also BMS invariant, satisfying (6.11). As f,
annihilates the vacuum, y, should be regarded as a creation
operator, and thus the induced R vacuum is not degenerate.
As a consequence, in the induced representation the R
sector differs from the NS sector only in the mode
expansion. These features are in contrast with the highest
weight R vacua, which are degenerate and not invariant
under the global BMS algebra.

The normal ordering can be defined as follows,

:/}n}/m = _ymﬂn (613)

:ynﬂm = y}lﬂm‘ (6'14)

where 7 is an integer in the R sector and half integer in the
NS sector. Using the above normal ordering prescription
we learn that the central charges

(6.15)

I
cp=cy=0

for BMS algebra in the induced representation.
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Define the propagators on the cylinder as

(01(11,61)05(15,06,)) =T(0,(71,061)05(7,06,)) = : 0,(11,6,) 05(7,,6,):

where the T-ordering is the time ordering on the cylinder

T(0(71,061)0,(12.0,)) = {

+0,(11,61)0,(73.0)
—0,(13,06,)0(7,01)

(6.16)

for 7y > 7, (6.17)
for 7; < 1,. '

The additional minus sign in the second line is due to the fermionic nature of the operators. Under the definition (6.16), the
propagators for the fundamental fields (y,w,) can be calculated from the mode sum

(wi(r1,00)y1(72,02)) =0

(wi(z1,00)w(12,02)) = 27id(0) — 6,)(0(7) — 75) — (7, — 77))

(Wa(z1,00)wo(12,0,)) = 47id (61 — 0,)(0(7) — 12)7) + O(72 — 71)12).

Note that these results are valid for both the NS and R
sector. The reason is that there is no degenerate R vacua in
this case and the discrete Fourier transformation for the
delta-function admits both integer modes and half-integer
modes as the basis.

As a consistency check, now we show that the propa-
gators (6.18) can also be derived from the path integral.
Using the fact that the variation of the one-point functions
with respect to the fields should vanish, namely

1)
oW1

(Wi2) =0 (6.19)

we get the following differential equations for the
propagator

ao'l <l//1 (Tl 01 )Vll (12’ 62)> =0 (620)
a‘rl <l//1 (71’51)1//1 (1'270'2)) =0 (6-21)
0z, (w1 (71, 00)p2(12, 02)) = 27id(0) — 03) (6.22)

20,, (wi(z1.00)wa(12.02)) = o, (wa(z1. 010y (72.02)).
(6.23)

It is then straight forward to check that the propagators in
the induced vacuum (6.18) are indeed solutions to the
above equations for the Green’s functions. Note that the
solutions (6.18) feature delta-functions in the spatial
directions, and theta-functions in the time directions,
properties also shared by the BMS scalar in the induced
vacuum [50], and predicted by general analysis [75].

For completeness, we also compute the correlation
functions for the composite operator P = yy,. The two
point function reads

(6.18)
|
(PP) = —47%5(c) — 03,). (6.24)
The nonvanishing three point functions read
(WiwaoP) = —47°5(x; — x3)8(x2 — x3) f13f 23
(W P) = —87%6(xy — x3)8' (X1 — x3) f23913
+ 8776(xy — x3)8 (% — x3) 13923 (6.25)
where
fij= O(t; — Tj) - 9(%’ - 1),
gij = Tig(Ti - Tj) + T/(Q(TJ - Tl')) (626)

and i, j = 1, 2, 3 label positions from left to right.

C. State space

Since all the 5, modes are annihilation operators, the
state space of the NS sector is spanned by

|i>NS = .. }/51]/2}/[1[/2 e |01>NS’ in = 0, 1 (627)

Similarly, the state space of the R sector is spanned by

iy o i

g =7 rery - 100)gs i,=0,1.  (6.28)

As there is no essential difference between the NS and R
sectors, henceforth we use [i) to denote both (6.27)
and (6.28) and treat the two sectors in the same manner
unless otherwise specified. By acting the Virasoro zero mode
Ly on the states, we learn that the conformal weight is
determined by the sum of the mode labels,

Ay == k.

=1

(6.29)
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Let us further define the “length” |i| of a state by the total
number of y; acting on the vacuum,

/| Ezik
k

From the commutation rules

(6.30)

n
[Ln’ym] = _<§+m> Vndm>s [Mmym] = _(n+2m)ﬂn+m7

we learn that the action of M, replaces one of the creation
operator y; by the annihilation operator f,.;, which
subsequently will either annihilate the vacuum and render
a null state, or eliminate the operator y_, ) if the latter
exists. As a result, M, either annihilate the state, or decrease
the length by multiples of 2. This indicates that a generic

-

state |i) is not necessarily annihilated by M, for n # 0, and
thus is not a primary state as defined in (6.9). In fact, any
state annihilated by M,, V n # 0 can be obtained by a
linear combination of the following states,

Vil kYol 7el0), i, =0,1 (631
each of which is an eigenstate of L, with conformal weight
A = —n. To further organize the states, we consider the
action M. Note that M, acting on a state (6.31) will bring
down one or more pairs of y_;y,, until finally reaching |0) or
7,]0), and finally

Mo|0) = Moy, 0) = 0. (6.32)
This means that the states (6.31) can be organized into
primary multiplets each satisfying (6.9),

1~ (10), 7—47x10). 7k, 74, V=1, 71, [0) - ) (6.33)

On ~ (4|0}, 7—i?i¥n|0)s 7t Vi Y=y Vi V0 10)s -+ +), - (6.34)
where the identity multiplet 1 includes the vacuum itself and
other states created by multiple pairs of y_.y;, and the
multiplet O, includes y, with all other creation operators
paired up. Therefore, we have infinite but countable numbers
of primary multiplets and each has infinite rank.

The action of L, on the states (6.27) and (6.28) does not
change the length |i|, but will shift the conformal weight
by —n,

A(Ly|5)) = A([i)) —n (6.35)
In particular, acting L,,n # 0 on the primary multiplets
will generate descendant states.

Let H; denote the module formed by the identity
multiplet / and its Virasoro descendants, and Hq denote
the module generated from the primary multiplet O,,. Then

FIG. 1. Induced module.

the state space can be decomposed into different induced
modules,

H=H &) Ho, (6.36)

The states can be schematically described by Fig. 1,
where the round dots represent states, the black arrows
represent the action of L,, and the blue ones represent the
action of M,. A row represents states with the same
conformal weight which increases from top to bottom. A
column represents the states with the same length |i|, the
number of creation operators y,. From left to right, the
length of adjacent columns increases by 2.

D. Torus partition function

The torus partition function for the induced vacuum
can be calculated parallel to Sec. V. In particular, the
trace should be taken over states (6.27) in the NS sector
and (6.28) in the R sector, and we should also consider
periodic and antiperiodic boundary conditions along the
thermal circle. The operator in M, does not contribute to
the partition function, and the computation reduces to the
problem of finding the spectrum of L. The difference
between the highest weight and induced representations is
the range of the eigenvalues of L, which is bounded from
below in the former case, and unbounded in the later one.
In the induced representation, any state y_g y_g, - - - |0) is
paired with a partner yy, yy, - - - |0), and the two states have
opposite eigenvalues of L. Besides, the BMS fermions in
the induced vacuum have vanishing central charges (6.15),
which do not contribute to the torus partition function.
Consequently, the torus partition function in the induced
vacuum can be factorized and is given by,

ZR,R(”’ b) = TrR(_l)Fe_zﬂaLo = 0 (637)

ZR’Ns(a, b) = TrRe_z’mLO =
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—2raly —

ZNs,Ns(Ch b) = Tryse

Zysg(a,b) = Tryg(=1)Fe 27k =

(6.40)

where the factor like % comes from the contribution

of states created by products of y,s with n < 0, and the

factor like '?72((_:;“)) from those with n > 0. Note that the

elliptic functions above are only formal, as they are only
well defined on the upper half plane. The partition function
of the induced sector is actually divergent, due to the
unbounded spectrum of L. These properties also appear in
the BMS scalar model [50].

VII. SUPERSYMMETRY

In this section we discuss BMS invariant theories
with supersymmetry by considering the free BMS scalar
model [50] and free fermion models. As discussed in
Sec. II, both the BMS fermions (2.42) and the chiral
fermion (2.45) are compatible with Carrollian symmetry,
and hence can be used to construct symmetric models. We
will discuss the two choices separately in the following.

In the following, we will use the Greek letters a, f3, 4,
0 = 1, 2 as spinor indices, which is raised and lowered by
the charge conjugation matrix. Whenever it does not cause
confusion, we will omit the spinor indices when they are
contracted. In that case, the northwest-southeast summation
rule is assumed, for instance, yo = y%c,,.

A. SUSY with BMS fermions

We first consider the free supersymmetric model built
from the BMS fermion (2.42), together with the BMS
scalar model

1 1
S = - / ¢ A ey popd = - / dxdy(d,4)?.
8 47 ?
(7.1)

The fermion field in (2.42) has two real degrees of freedom,
while the scalar field has only one degree of freedom. To
match the number of degrees of freedom, we need to
introduce an auxiliary scalar field F which vanishes on-
shell. The full supersymmetric action is thus given by

1
=2 e A eey(g*" 0,0, + W0, — F?). (7.2)
7

where the gamma matrices are given by (2.31). We will
show that this model has N = 2 supersymmetry. Written

covariantly, the supersymmetric BMS theory takes a
similar form as the free N' = 2 supersymmetric QFT in
2 dimensions [76].

The stress tensor in the bosonic part [50] and fermionic
part are given by

1

Ty =—:0.¢0,p:, M,,:—E:ayqsaygs:,

1 . . 1 . .
Ty = D) W0yt ) W0yt

1
Mf:—izyllaylllz:. (73)

Then the total stress tensor read
r=rT,+Ty, M=M,+ M;. (7.4)

The supersymmetry transformations with an infinitesimal
spinor parameter €, can be written in the covariant form

5¢ = ieal//a
51//0( = i(ra)aﬂeﬁaa¢ - ieaF
o = —ieP(I);%0,¢p — ie“F

OF = —ie“(Fa)aﬁaay/ﬂ (7.5)
As suggested by the similarity between the BMS SUSY
action (7.2) and its Lorentzian cousin, the above super-
symmetric transformation also takes a similar form, except
that the gamma matrices here are different. By considering
the variation of the action (7.2) under the supersymmetry
transformations (7.5), we obtain a conserved supercurrent

i

2w

ra

Ja = (Fb)aﬁ@“)/(@br/))w, (7-6)

where the superscript a = 1, 2 is a tangent space index, and
the subscript @ =1, 2 is a spinor space index. The
conserved current can be explicitly written in terms of
components as,

¥ =0, X=——H 7.7
J1 J2 7 ( )
1 R
Y o
J1 = i J2 271'G (7-8)
where
H=—id,py,, G = 2oy, — id Py (7.9)

The conservation law d,j3 =0 can be expressed in
components which reads
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0,H =0,

0,G —20,H = 0. (7.10)

The first equation implies that H is independent of y, while
the second equation can be reorganized to define another
y— independent field G,

0,G =0, G=G—-2yoH. (7.11)

From the conservation laws (7.10) (7.11), we can construct
two sets of conserved charges

Qi le] = Zlm.j{G(x)HdX, O>le] = yj{e(x)de.

2mi
(7.12)

Among them, the zero modes are the global supercharges
which generate the supersymmetry transformations,

1 1
Q15Q1[1]=2—m.fde, QQEQZ[I]zz—m,ngdx.

(7.13)

The supercharges generate transformations of free fields via
the Poisson brackets,

5¢ == {€aQ(1’ ¢}PB - lell//l + l€zl//2
5W1 = {€(lQm WI}PB = i€1ay¢

&IIZ = {ean VIZ}PB = _i€26y¢ + 2i€18x¢ (714)

which agrees with the supersymmetry transformations
(7.5) under the on-shell condition F = 0. Furthermore,
the Poisson brackets between the two supercharges are
given by

i{01,0:}pp =0,
2
i{Ql’QZ}PB :%%dxM = 2Py,

4
i{Q27 QZ}PB = 2—% dx(T - yaxM) =4pP,, (7-15)

7l
|

[Ln’ Lm] = (I’l - m>LrL+m + %n(nz -

[LmMm] = (n - m)MnJrnw

[anGr] = <g_ r) Gn+rv [anHr] = <g_ r>Hn+ra

M, H,] =0, {H,.H} =0,
2 1
{Grv Gs} = 4Lr+s + % <r2 - Z) 5r+s.0

1)5n+m,0
[Mm Mm] =0

where P,, P, are the conserved charges generating trans-
lations along the x and y direction respectively.

To study more general charges in (7.12), we can perform
mode expansion by taking the test function

€, = x'11, rEZ—I—% (7.16)
so that we can define infinitely many charges
He=0ilel) = 5 f 50
2mi
az&m:ﬁfw%@m (7.17)

The mode expansion in the free BMS scalar is given by

bxy) = 3 (Ax + yBx ).

nez

(7.18)

Plugging the mode expansions (7.18) and (3.28) into
(7.17), we find

H, = _lz PromBum:

mez
Gr = Zizm:ﬁr—mAm: - ZZ :yr—mBm:v
mezZ mez
1
rez+z. (7.19)

We can then calculate the commutation relations between
the supercharges and the modes,

[H,, Ap] = ifrim: [H,.B,] =0,

{Hrvﬂs} =0, {Hw J/s} = —iB,y (720)
[GwAm] =¥ rim [Gr’Bm] ==2impP, .
{Gr’ﬁs} = _iBr+s’ {Gw ys} = 2i(}"—|— S)Ar+s (721)

using which we get the following complete and closed
supercharge algebra

[Mn’Gr] = 2<g_ r>Hn+r

{Gw Hs} =2M,

(7.22)
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where ¢; = 3 for the highest weight vacuum and the last
three Lie brackets agree with the Poisson brackets in (7.15).
The algebra (7.22) is an N = 2 superalgebra containing
two supercharges, with BMS algebra as the bosonic part.
The above algebra agrees with that in [77] which was
obtained from the UR limit of relativistic SCFTs, and that
in [63] which was obtained classically from the supersym-
metry generators in the superspace formalism, up to some
coefficients related to the relative normalization between
w1 and y,.

To conclude, we find that the action (7.2) that includes
a free BMS scalar (7.1) and two real fermions with the
action (2.42) has N = 2 supersymmetry.

B. SUSY with chiral fermions

In this subsection, we consider the chiral fermion
case (2.45). The supersymmetric action can still be written
in the covariant form (7.2) but the gamma matrices and
charge conjugation should be replaced by (2.44). The
fermionic action now becomes

Sy = 3 e A ele g0,y

1
= E/ dxdy(y 0,y +wr0p,).  (7.23)

In this case, there are two fundamental fermion fields y
and y,, each of which behaves as a chiral fermion in a
CFT,. The fermions are invariant under the boost sym-
metry, and furthermore is annihilated by all the M,
generators. The symmetry algebra is thus one copy of
the Virasoro algebra only. The stress tensor for the fermion
is given by

1

1
Tf:_E:WIaXWI: —E:I//anlllz:, Mf:O, (724)
with the following mode expansion
=3 N CBB: 4 pys)
n 12 2 *Fn—mrm-* tin—mim:*/)»
mEZ+§
MY =o, (7.25)

where f3,, corresponds to the mode of y, and y,, for y,,
with the anticommutation relation {f,,,5,} = {y,. 7.} =
6m+n,07 {ﬁm’ Yn} =0.

As the supersymmetry transformations (7.5) and super
currents (7.6) were calculated in the covariant way, they
are still valid for the chiral fermions except that the spinor
indices are raised or lowered by the identity matrix.
Plugging the gamma matrices (2.44) into the super currents
(7.6), we find the four components of the super currents are

1 [H
Ja=0, Ja=75_ {G} , (7.26)
where
H = —id ¢y, G = —idyy. (7.27)
The conservation law reads,
o,H =0, 9,G = 0. (7.28)
Then we can get the global supercharges
1
0, = i ?{ dxH,
0, = 2%717{ dxG. (7.29)

One can also check the Poisson brackets between super-
charges and free fields agree with the supersymmetry
transformations (7.5) under on-shell condition

5 = {€"Qu, P} pp = ic'yy + i€y,
Sy = {€*Qu. w1 }pp = i€10,¢p

Sy, = {€" Qo W2} pp = €20, (7.30)

The Poisson brackets of the two supercharges read

{01, Q1}pg = {02, Q2 }pp :2Pw i{01,02}pp =0

(7.31)

where again P, is the conserved charge generated by the
translation on the y direction as defined in (7.15).

We can also perform the mode expansion to find
supercharge algebra,

H, = _lz PrmBu
mezZ

G, =—iY YrmBu (7.32)
meZz

In this case, the commutation relations between super-
charge modes and free field modes are

Gy Awl = i¥rsm:  [GrBu] =0,

[H,.Aw] = iBrim.  [Hp.By] =0,

{G.h} =0, {G,r} =—iB,y,

{H..ps} = =By, {Hp7,} =0 (7.33)

Then the complete and closed supercharge algebra can be
written as follows
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[Ly.Lp]=(n—m)L,, —n(n =18 4mo

(LM, =(n—m)M,,.  [M,.M,,] =0

[L,.G,] :<ﬁ ) n+trs Lil’Hr}:<E_r>Hn+r
2 2

M,.G, =0, [M,H]=0

(H,.H)}=2M,,,, {G.H}=0, {G,.G,}=2M,,,

(7.34)

where ¢; = 3 for the highest weight vacuum and the last
three Lie brackets agree with the Poisson brackets in (7.31).
The algebra (7.34) is an N = 2 superalgebra containing two
supercharges, with BMS algebra as the bosonic part. Thus,
from the free scalar field and the two free chiral fermion
fields (2.45) we have constructed a model with N =2
supersymmetry. Although both have N = 2, the structure
of the superalgebra (7.34) differs from that of (7.22), due to
different choices of the fermionic part. In fact, each of the
two supercharges in (7.34) forms a N = 1 subalgebra with
the BMS generators, acting on only one copy of the chiral
fermions. This means that we can also construct an N = 1
symmetric theory by combining the BMS scalar (7.1) and
one chiral fermion. This type of N' = 1 super BMS algebra
has been found [78,79], where the minimal A/ = 1 three-
dimensional supergravity in asymptotically flat spacetimes
and its two-dimensional super-BMS field theory are dis-
cussed. The truncation of our super-BMS algebra (7.34) to
N =1 agrees with that of [78,79] with c); = 0.

C. Superspace method

As an elegant method to construct supersymmetric
models, superspace and superfield can also be applied to
construct supersymmetric models with G/C symmetries.
To do so, we use the two dimensional flat G/C spacetime
(2.6) as the base manifold, so that a point in the superspace
can be described by (x%, %), with spacetime coordinates x“
and Grassmann coordinates 8*. The superfields are func-
tions of the superspace coordinates which can be written as
a power expansion in 6%:

D(x, 0% = ¢+ i0%, + 6°0,F, (7.35)
where the bosonic field F with dimension 1 is an auxiliary
field, ¢ is the scalar field and v, is the two components
spinor field. The supersymmetry algebra can be simply
expressed as

{00 04} = 2T) P, (7.36)
where P, is the conserved charge under the infinitesimal
translation. The most general group element can be written
in the superspace coordinates as

G(e%, (%) = exp (—€“P, + £*Q,) (7.37)
where & = (&,&) parametrize the amount of spacetime
translations, and {* parametrizes translation in the super-
coordinate 0*. Now let us consider the effect of Q,, whose
corresponding group element is given by G(0,7n%).
Multiplying G(0,7%) to the left of another group element
G(&", (") can be realized as a coordinate transformation in
the superspace,

G(0.7)G(e", %) = G(e +n*(T) P L* + 7). (7.38)
This effect of coordinate transformation in the superspace
can be generated by a differential operator Q,

A o)
Q(l =+ 9/}( )/}(la(,ﬁ

7.39

which indeed forms the supersymmetry algebra (7.36) with
P, =0, as the translational operator in spacetime. The
supersymmetry transformation of the superfield @ can thus
be obtained by acting on it with the supercharge (7.39),

. od
6P = e%Q,® = *| — + 6/(I'?),,0,P
€ Qa € (ag + ( )ﬂa a )

= 0¢ + 160y, + 0°0,,0F, (7.40)
whose components are indeed the supersymmetry trans-
formation (7.5).

To construct an action, we need to find covariant
derivatives on the superspace by requiring that the covariant
derivative transforms covariantly under coordinate trans-
formation

X4 = x4 + na(ra)aﬁgﬂ’

0 = 0" + n°. (7.41)

Note that the derivative 9/00% does not transform
covariantly

000 00 0y,
00"~ 06 907 " 90" ox" o= TV b gy

(7.42)

Hence, the consistent covariant derivatives should be

0
D, = 00 -0 (Fu)aﬂaa
_ 0
D* = <) g a,. 7.43
a0, — (I')* 840, (7.43)

Now we can construct the free field supersymmetric action
with the covariant derivatives (7.43) and superfields (7.35)
as follows

025002-25



HAO, SONG, XIAO, and XIE

PHYS. REV. D 109, 025002 (2024)

1 .
S = E e’ A €b€abd0ad0ﬁ€aﬂ(Daq)Daq))(_)aga

1
— 1 [ drdrlg oo o - F). (144

where the lower 8“6, means that we only take the terms
proportional to 68°6,. We see that the supersymmetric action
turns out to be the one we have constructed in Sec. VII A.

Note added. During the preparation of this draft, we
became aware of the paper [80] which has overlaps with
our results in Sec. III, IV, and V.
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