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Motion of a rotating black hole in a homogeneous scalar field
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In the present paper, we consider a rotating black hole moving in a homogeneous massless scalar field.
We assume that the field is weak and neglect its backreaction so that the metric at far distance from the
black hole is practically flat. In this domain, one can introduce two reference frames, K and K. The frame K
is associated with the homogeneous scalar field, in which its constant gradient has only time component.
The other frame, K, is the frame in which the black hole is at rest. To describe the Kerr metric of the black
hole, we use its Kerr-Schild form g, = 1, + ®1,1,,, where 1, is the (asymptotic) flat metric in K frame.
We find an explicit solution of the scalar field equation, which is regular at the horizon, and properly
reproduce the asymptotic form of the scalar field at the infinity. Using this solution, we calculate the fluxes
of the energy, momentum and the angular momentum of the scalar field into the black hole. This allows us
to derive the equation of motion of the rotating black hole. We discuss main general properties of solutions

of these equations and obtain explicit solutions for special type of the motion of the black hole.
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I. INTRODUCTION

Scalar field plays an immense role in the modern physics
and cosmology. In the high energy physics, a scalar Higgs
field is used to provide the particles their mass as a result
of the spontaneous symmetry breaking. In cosmology, the
inflation can be driven by the potential part of the scalar
field (“inflaton”). The scalar field and Higgs mechanism
are important parts of the models describing possible
symmetry breaking and phase transitions in the cosmology.
It is believed that in the early Universe, there might be
several of such phase transitions that played an important
role in its evolution. During these transitions, formation
of primordial black holes and cosmic strings might become
possible. More recently, another mechanism of symmetry
breaking known as the ghost condensation was proposed
[1,2]. The corresponding phase of the ghost condensate is
formed due to the special form of the kinetic part of the
scalar field action. In such a model, the ground state is the
scalar field with a nonvanishing vector of its gradient.
The presence of such a field breaks the Lorentz invariance.

The ghost condensation model belongs to a wide class
of scalar field models that are invariant with respect to the
scalar field shift ¥ — W + const. At the lowest order in
derivatives, the Poincaré invariant Lagrangian for such a
theory takes the form

L=L(X), X=n"¥¥, (1.1)
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Such a model can also be used as the low-energy effective
field theory for zero- and finite-temperature relativistic
superfluids [3,4]. For the superfluid state with finite charge
density and vanishing spatial current, the corresponding
solution is ¥ = put, where p is the chemical potential [3].
Similar solutions with a constant spacelike gradient of
the scalar field were considered in application to the
cosmology in the framework of a so-called solid inflation
model [5]. Let us also mention an interesting approach in
which the scalar field is used to describe a phenomenon
emergence of time and dynamics in originally Euclidean
spacetime (see, e.g., [6-9]).

A natural and interesting question is how a black hole
interacts with a scalar field in different models and under
different conditions. Let us note that black holes cannot
have their own scalar field. Discussion of the no-hair
theorem for the scalar field and further references can be
found in [10]. At the same time, a black hole can exist in the
presence of an external scalar field. Accretion of the ghost
condensate by black holes in the expanding Universe was
discussed in [11-14]. Primordial black holes and Higgs
field vacuum decay were considered in [15-18]. Scalar
field accretion by black holes was also discussed in [19].

In this paper, we consider a motion of a rotating black
hole in an external homogeneous massless minimally
coupled scalar field. This model allows a rather complete
analysis. In the absence of the black hole, the scalar field
equation in the flat spacetime

O% =0 (1.2)
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has a simple solution

"P — ‘Pol . (13)
Such a field has constant gradient and is homogeneous in
space. This form of the solution is valid in a specially
chosen inertial reference frame, and, in this sense, it breaks
the Lorentz invariance. This choice of the solution is
motivated by the ghost condensate model. We consider a
rotating black hole moving in such a scalar field. In the
presence of the black hole, the scalar field V¥ is distorted.
We assume that the scalar field is weak, and its back-
reaction on the metric can be neglected.

Our first goal is to find a solution for the scalar field that
is regular at the horizon of the moving black hole and has
the asymptotic form (1.3) at far distance from it. We shall
demonstrate that this problem allows an exact solution.
To find this solution, we proceed as follows.

A remarkable property of the Kerr metric is that it can be
written in the Kerr-Schild form [20]

G = M + q)l;tlw (14)
where 7, is a flat metric, @ is a scalar field, and / is a
tangent vector to a shear-free geodesic null congruence.
It has been shown that these solutions of the Einstein
equations can be obtained by complex coordinate trans-
formations from the Schwarzschild metric [21,22]. In
particular, the potential ® for the Kerr metric can be
obtained as a solution of the Laplace equation in flat
coordinates (X,Y,Z)

AD = 4xj, (1.5)
with a pointlike source j located at the complex coordinate
Z + ia, where a is the rotation parameter of the Kerr black
hole [23,24]. A comprehensive review of the Kerr-Schild
metrics and complex space approaches can be found
in [25]. More recently, the Kerr-Newman representation
of the spacetime geometry attracted a lot of attention in the
so-called double copy formalism. This formalism is based
on the following result: Einstein equations for the metrics
that allow the Kerr-Schild representation can be reduced to
the linear equations for Maxwell and scalar fields. At the
moment, there exist dozens of publications on this subject.
Related references can be found, e.g., in the following
review articles [26-28].

One can interpret this result as follows. The form (1.4)
of the metric allows one to treat the metric # as the metric
of the background flat spacetime, while the term ®/,1,
describes its “perturbation” due to the black hole located
at the origin of the background space. Denote by M the
mass of the black hole. The gravitational field of the black
hole is strong in its vicinity. For an observer located at the
distance L > M from the black hole, this field is weak.

One can say that such an observer “lives” in the space
with the background metric 7. Such an observer can
describe the black hole as a small compact object and use
for the description of its motion a “point particle”
approximation.

If the scalar field is present and has the form (1.3), the
interaction of this field results in its accretion by the black
hole. In this paper, we consider a black hole moving in such
a homogenous scalar field. In this case, their exist two
natural reference frames. One of them, which we denote
by K, is the frame in which at far distance from the black
hole, the scalar field has the form (1.3). The other frame,

moving with respect to K with the velocity V, is the frame
in which the black hole is at rest. We denote it by K. In this
frame, the form of the solution for the scalar field differs
from (1.3), and it can be obtained by making the corre-
spondent Lorentz transformation. We shall use both frames.
Namely, we use the Kerr-Schild form of the Kerr metric
associated with K frame to solve the scalar field equations
in the presence of the black hole. Using this result, we
calculate the force acting on the black hole due to its motion
in the scalar field and obtain the equation of motion of the
black hole in K frame.

The paper is organized as follows. In Sec. II, we collect
useful formulas connected with the Kerr-Schild form of
the Kerr metric. Section III describes a solution for the
scalar field in the presence of the moving rotating black
hole. Fluxes of the scalar field in K frame are obtained in
Sec. IV. Section V contains calculation of the 4D force
acting on the black hole in the frame K. It also discusses
the equations of motion of the black hole, general proper-
ties of their solutions, and special cases. Useful informa-
tion concerning complex null tetrads is collected in
Appendix A. Appendix B contains details of the calcu-
lations of the fluxes of the energy and angular momentum
of the scalar field through the horizon of the black hole. In
the paper, we use units in which G =c¢ =1 and sign
conventions of the book [29].

II. KERR METRIC AND ITS
KERR-SCHILD FORM

A. The Kerr metric

The Kerr metric, describing a vacuum stationary rotating
black hole, written in the Boyer-Lindquist coordinates is

M AMar sin20
ds? = —(1 _zr> dr —%Smdtdqo

2Mdacr

+ <r2 +a*+ sin29> sin?0dgp?

)
+ N dr?* + Xd6?,

¥ = r? + a*cos?6, A=r-2Mr+a* (21)
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Here M is the black hole mass, and a is its rotation
parameter. This metric has two commuting Killing vectors
& =0, and § = d,. Let us denote

b= VM -d.

Equation r = r,, where A = 0, describes the event hori-
zon. The surface area of the horizon is

ro=M=+b, (2.2)

A =4x(rt + a*) = 8aMr.. (2.3)

Coordinates (¢,7,0,¢) are singular at this surface.
To describe both the exterior and interior of a rotating
black hole, one can use so-called Kerr incoming coordi-
nates (v,r,0,p), which are regular at the future event
horizon [30]

dr
dp = d. —.
(7] (/H—aA

(2.4)

d
dv=dt+dr., dr,=(r +a2)Kr,

In these coordinates, the metric [30] takes the form

A 1 2 A0 1 2
ds? = == (dv—-aVdp) + =2 (dv—-a"dp
z a z a

) 1
NG dy? + 2dr (dv - A§°>d¢> .

Y

Similarly, one can introduce Kerr outgoing coordinates
(u,r,0,p)

d
dv=di—dr,,  dp= d(p—aKr, (2.5)

which are regular at the past horizon and cover the white
hole domain.

B. Useful coordinates

For M = 0, the Riemann curvature of the Kerr metric
vanishes, and the metric (2.1) becomes flat. We write it in
the form'

ds* = —dT? + di?,

dh* = — — dr? + Xd6? + (r* + a*)sin*0d¢>. (2.6)
r’+a

The coordinates (r, 6, ¢) are oblate spheroidal coordinates
taking the following values r >0, 6 €0, z], ¢ €0, 2x].

'Let us note that we use notations 7 and ¢ for the time and
angle variables in the flat spacetime. These coordinates are used
in the Kerr-Schild form of the Kerr metric, while the standard
Bouer-Lindquist coordinates ¢ and ¢ are related to 7 and ¢ by
means of relations (2.18).

These coordinates are related to the Cartesian coordinates
as follows:

X =\ r* + a*sin 0 cos ¢,

Y = V1?4 a®sin 0 sin ¢,
Z=rcos 6. (2.7)
In these coordinates, the flat metric dS*> takes the
standard form
ds* =5, dX* dX* = —dT* + dX* + dY* + dZ*.  (2.8)

For r > 0, the surfaces r = const are oblate ellipsoids.
Figure 1 shows the coordinate lines of the oblate spheroidal
coordinates (r,0) in the plane ¥ =0 (¢ = 0). For r =0
and 0 € [0, z], ¢ € [0, 2x], one has a disc of radius a located
in the Z = 0 plane. The coordinate 8 is discontinuous on
the disc. For (0, z/2), the coordinate 6 covers the upper part
of the disc, while for (z/2, z), it covers the lower part of it.
The boundary of this disc is a ring of radius a. Equations
60 = 0 and @ = =z describe the axis of symmetry X =Y = 0.
For § =0 and Z =r, it is positive, while for 6 ==
Z = —r, it is negative.

In what follows, we shall also use another coordinate, y,
related to the angle @ as follows:

y =a cos 6. (2.9)

The flat metric dS?> in the spheroidal coordinates
(T,r,y, ) is

dg?,

dS? = —dT? +3 (er 4y 2) n AVAY

A0+AO
ro Ay
T=r4yt A=r+d’, A)=d’-y.

Cl2

(2.10)

FIG. 1. Coordinate lines of the oblate spheroidal coordinates
(r,0) in the plane Y = 0.
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In these coordinates, the Cartesian coordinates take the
form

1

X=- A,O)A§,O) cos ¢,
a
1

Y =~ 1/AYA" sin g,
a

z-1 (2.11)

=—ry. .
a y
We denote
e =X ey =Y eu=2Zy (2.12)

We also denote by e;, i = 1, 2, 3 a set of 4D unit vectors e’i‘
along X, Y and Z axes.

C. Kerr metric in the Kerr-Schild form

Let us consider the following 1-form

x> A?
l,dx' = —dT — A_(,]dr + idgb. (2.13)
We define a metric
ds* = dS? + @(l”dx”)z, (2.14)

where ® = ®(r,y) is some function. The metric coeffi-
cients of the metrics ds”> and dS? are related as follows:
G = N + ®LL,. (2.15)
The following statements are valid for each of the metrics
ds? and dS2. In other words, these statements are valid for
an arbitrary function @, including ® = 0. The vector field /
has the following properties:

(i) The contravariant components of the vector [ in
(T, r,0,¢) coordinates are

a
r=11-1,0,——|.
< r2+a2>

(i) is a null vector I* = [,I* = 0.

(iii) Vectors [ are tangent vectors to incoming null
geodesics in the affine parametrization, [*I¢,, = 0.

(iv) I+, =-%

V) L) l# =1 (15)* = 0.

The last property implies that the congruence of null
vectors [ is shear free (for more details see, e.g., [31,32]).
Such a null geodesic congruence is related to the light
cones with apex on the worldline in the complex space. The
twist is a measure of how far the complex worldline is from
the real slice [33].

(2.16)

It is easy to check that for a special choice of the
function @

_2Mr

(I) ’
0Ty

(2.17)
the metric ds® given by (2.14) is Ricci flat, and in fact, it
coincides with the Kerr metric. In order to prove this, it is
sufficient to make the following coordinate transformation:

T=t+1(r), ¢d=¢+ap(r),
to(r) :/2jfrdr
M
= 7M2 — [roIn(r—ry.)—r_In(r—r_)],
2M
w0 = | s

r—r+

a
= I§
2VM? - a? n(”_r—

) —arctan(r/a) + %ﬂ'.
(2.18)

Here A is defined in ([30]). These coordinates (z,r, 6, @)
are chosen so that the nondiagonal components g,, and g,,
of the metric ds* vanish. One can check that the metric ds>
written in the (¢, r, , ¢) coincides with the Kerr metric dS°,
provided one identifies the coordinates ¢ and ¢ in ds® with
the standard Boyer-Lindquist coordinates ¢ and ¢ in the
metric (2.1). The integration constant in the expression for
@o 1s chosen so that this quantity vanishes when r — oo.
Hence, in this limit, the angle variables ¢ and ¢ coincide.

It is easy to check that the coordinates 7 and ¢ are related
to the Kerr incoming coordinates v and ¢ as follows:

T=v-r, ¢ = p —arctan(r/a).  (2.19)
Coordinates (7,r,y,¢) are regular at the future event
horizon and cover the exterior region of the black hole
as well as a part of its interior. Similarly, by a simple change
of the sign of the coefficient of dr term in the expression
(2.13), one can obtain outgoing null vector and use it to
construct the Kerr-Schild metric, which is regular at the

past horizon.

III. SCALAR FIELD
A. Flat spacetime

Let us consider a minimally coupled massless scalar field
Y that obeys the equation

¥ = 0. (3.1)
Its stress-energy tensor is
1 a
T/,w = T,ulp,u - Egﬂqu.alp’ . (32)
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Let us consider first the flat spacetime. We choose
some inertial frame in it. We denote it by K and denote
by X# = (T,X,Y,Z) the Cartesian coordinates associated
with this frame. In this frame, there exists a simple solution
of the (3.1)

Y =¥,T, (3.3)
describing a homogeneous scalar field. The stress-energy

tensor for this solution is diagonal and has the following
nonvanishing components:

(3.4)

The gradient of the field ¥ has only a time component. In
this sense, this solution breaks the Lorentz invariance and
singles out an inertial frame in which the field ¥ does not
depend on spatial coordinates. As we already mentioned,
such solutions with a constant gradient of the field play an
important role in the shift-invariant scalar field theories
(see, e.g., [1,2,4,5]).

Consider a rotating black hole moving with respect to K

with a constant velocity V (see Fig. 2). We denote by K a
reference frame associated with the black hole and denote
by X# = (T,X,Y,Z) the Cartesian coordinates associated
with this frame. We choose the coordinate axes in both

Z

N:

~h

K

0 X

FIG. 2. Two inertial frames, K and K, are schematically shown
at this figure. The Cartesian coordinates in these frames are
(T,X,Y,Z) and (T,f(, ¥,Z), respectively. The frame K is the
“rest frame” of the homogeneous scalar field, in which it has the
form ¥ = W, 7. The frame K is the rest frame of the rotating
black hole. The origin of this frame O is at the position of the
black hole. The frame K moves with respect to K with the
velocity V. The coordinate axes in both frames are parallel. The Z
axis in the K frame coincides with the direction of the spin Jof
the black hole. The velocity V in the frame K can be decomposed
as follows: V = \7” + VL, where ‘7\\ is parallel to the spin of the

black hole, and V | is orthogonal to it.

frames to be in the same directions. We also choose the
Z axis to be parallel to the spin of the black hole. The vector

V has the following components:

—

V= (VX? VY’ VZ)’

Vi= (V)2 =V2 + V24 V2, (3.5)

Denote by R = (X, Y,Z) a3D vector connecting the origin
O of the frame K with the origin O of the moving frame K.
Then the Lorentz transformation implies

T=y(T+(V.R)).

y=1/vV1-V2

(3.6)

The solution (3.3) written in the frame K comoving with
the black hole takes the form

¥ = q‘()(T + VXX + VyY + VZZ)a

_ Y,
Yy = —=. 3.7
S Viowv &7

B. Scalar field solution in the presence
of a moving rotating black hole

In the previous subsection, we ignore the gravitational
field of the black hole. To obtain a solution for the scalar
field in the presence of a moving rotating black hole, we
proceed as follows. We use the Kerr-Schild form of the
metric (2.14) associated with K frame, in which the black
hole is at rest. In this form, the Einstein equations are
linearized. One can identify the metric dS? with the flat
background geometry in the K frame, while the @/ 1,
describes its “perturbation” due to the presence of the
black hole. We are looking for a solution of the scalar
field equation (3.1), which is regular at the horizon of the
black hole and at far distance has the asymptotic
form (3.7).

The required solution satisfying the imposed boundary
conditions in the coordinates (T, r,y, ¢) is

W =Wy (T + To(r) + VxVx + VyVy + VzVy2),
To(r) = =2M In(r —r_),

1oAY o
- ﬁ((A, — Mr)cos¢ — Ma sin¢),

©)

A

—5 (A = Mr)sin g + Ma cos ¢),
Al

V,==(r—M). (3.8)
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To check the validity of the boundary conditions at the
infinity, it is sufficient to use following asymptotics of the
functions V:

Vx = r sin 0 cos ¢ = X,
Vy~rsin0sin ¢ =7,

Vzrrcosf=LZ. (3.9)
Since the coordinates (T, r,y, ¢) are regular on the future
horizon, and the components of its gradient ®@., are regular
functions of these coordinates, one can conclude that the
presented solution (3.8) does satisfy the required condition
of the regularity at the horizon.

The same solution written in the Boyer-Lindquist coor-
dinates (z,r,8, @) is

W =Wo(r + 7y + VxlUyx + Vylly + VUy),

in @

Uy = o [(A&‘” — Mr)cos w — Ma sin vy,
AV
0

Uy = s [(AS‘” — Mr)sin w + Ma cos v/,
AV

Uz =V(r—M)cos,

M
7m[”+ln(”— ry)
—r_In(r—r_)]=2M1In(r —r_),

o = to(r) + To(r) =

@o(r) = 5 MZ =In (::?) — arctan(r/a),
—a _
w =@+ po(r). (3.10)

IV. FLUXES

A. Energy and angular momentum fluxes through
r=const surface

Let us calculate the fluxes of the energy, angular
momentum, and the momentum through a 2D surface
of constant radius r = r surrounding the black hole. For
these calculations, it is convenient to use the Boyer-
Lindquist coordinates (f,r,6,¢). Denote by X, a 3D
timelike surface describing the “evolution” of S for the
time interval (¢_,7,).

Denote by g a 3D metric on X induced by its embedding
in the 4D space. Then

g = \/—det(q) = VAZsin 6.

A unit vector n orthogonal to X, and inward directed is

n = —/AJZ5.

(4.1)

(4.2)

The vector of the volume element of the surface X is

do* = n*dtd0dp = -5/ Asin0drdfdg. (4.3)

We denote the fluxes of the energy and angular momen-
tum through 3D surface X into its interior per a unit time ¢
by £ and J, respectively. Then one has

1
E=-— //j"Tﬂ,,dG” = A/ T, do,
1, —1_Js S
1
J = /Q'”T;wda" = —A/ T,,do,
=1 Js s

do = sin 0d0dep.

(4.4)

The signs in these expressions are chosen so that these
quantities describe the flux into the surface S from its
exterior.

Since g, and g,, components of the Kerr metric in the
Boyer-Lindquist coordinates vanish, one has

T,=¥Y, T,=%Y¥

@*

(4.5)

Calculating these expressions and taking integrals in (4.4),
one obtains

E= 8ﬂ‘i’%Mr+,

4
J = —gnwgaM%v}( +V32). (4.6)

Let us emphasize that these quantities do not depend on the
radius r = ry of the surface S, which was used for their
calculation. (For explanation of this property and more
details, see Appendix B.)

B. Momentum fluxes

We use the vectors ¢/, defined in (2.12) to define the
following objectszz

1
H v o__ __
t+—t_/ZT’“'e<X)d0 = A/STX,da),

1
H vo__ _
t+—t_LT’“’e(Y)d6 = A/STy,da),

1
Pz =— /Tﬂye’(’z)do"’ = —A/ T,.do,
I, —1_Js N

Tyr = Tﬂrel(ly), TZr = ﬂrel(lz). (47)

PX:

PY:

— H
TXr - /,tre(x)7

*Let us note that the norm of the vectors ¢, calculated in the
metric Guy» at far distance slightly differs from one. However, it is
possible to check that using the normalized versions of these
vectors in the expressions given below does not change the results
when the limit » = ry — oo is taken.
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Calculating these integrals and taking the limit ry — oo,
one obtains the following results:

- 2
PX = —871'\11(2) |:M7'+VX +§CIMVY:| s

- 2
PY = —8]7,"}‘(2) |:MV+VY —gaMVX:|,

P, = —8x¥iMr, V,. (4.8)
The obtained results can be presented in the following
3D vector form. Let us denote

ﬂ == Sﬂ'le, ‘7 == (Vx, Vy, Vz>,

-

P=(Px.Py.Py). J=Ma J= gj. (4.9)
Here d is a 3D vector with the norm «a and directed along
Z-axis. Consider an observer that is located at a very far
distance from the black and assume that the black hole is
initially at rest in his/her frame. As a result of the interaction
with “moving” scalar field, the black hole absorbs energy
and momentum. To describe its further evolution as a result
of this effect, a far-distant observer can neglect the black
hole size and approximate it by the massive point with spin
that has energy and momentum. In this interpretation, the

calculated quantities £ and P are nothing but the compo-
nents of the 4D force F acting on such a massive point.

In the asymptotic flat coordinates (7,X,Y,Z), the
components of this 4D force are

Ft = (€, Px, Py.Py),

Fr=
. , I .

In addition to these expressions for the 4D force acting
on the black hole, there exists one more equation that
demonstrates that the spin of the black changes when the
black hole has a nonvanishing transverse component of the
velocity V|

- 1 -
J =~ ¢MVAT.
V). (4.11)

V. MOTION OF A ROTATING BLACK HOLE
THROUGH THE SCALAR FIELD

A. Friction force in K frame

The 4D force F* is calculated in the frame where the
black hole is initially at rest. Under the action of this force,

the black hole has a nonvanishing acceleration. Since the
velocity of the black hole interacting with the scalar fields
changes in time, the frame in which the black hole is at rest
1s not inertial. For this reason, it is more convenient to write

the equations of motion in the frame K associated with the
scalar field. Let us denote by f* = F* the components of
the 4D force in K frame. The corresponding Lorentz
transformation implies

fO=y(FT+V-F),

i

V.
V2

F=F4yFTV+(y-1) V. (5.1)

Here y = 1/V'1 — V2. Using (4.10), one obtains

s PMr,

v
I R
fz—iV%ﬁﬁUxW. (5.2)

Let us notice that the following two useful relations
are valid:

(5.3)

B. Equations of motion

We denote by P the 4D momentum of the black hole in K
frame. In Cartesian coordinates, it has the following form:

Pt = (E, P), P = (Py.Py.Py). (5.4)
The energy E and momentum P of the black hole with mass

M and velocity V are

E—_M P= My (5.5)
V1i-v? Vi-v? '

Such a black hole is similar to a massive relativistic particle,
with two important differences: (i) The mass of the black hole
changes as a result of the absorption of the scalar field, and

(i1) the black hole has spin J , which also changes with time.
The equations of motion are

dE .  dP -
E_fa D f’

—— (5.6)

where f° and f‘ are given in (5.2), and 7 is the proper time
along the worldline of the black hole. There exists an
additional equation for the spin evolution

dj

—=-J (5.7)

where 7 is given by (4.6).
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Since vector P is collinear with V, one has

-

1dP*> - db M - -
- P - V.f=0. 5.8
2 dt dt /1 -V2 f (58)
Hence, P* = P? = const.
Let us write the momentum vector in the form

where 13” is parallel to the spin vector 7 and P 1 is
perpendicular to it. Then one has

This means that the norms of the both vectors P = ﬁﬁ
and P, = \/f’i are conserved quantities.
Using relations
E=\/M>+P3,
L1 M? + P} (5.11)
Vicy: mVHE T '

one can rewrite the first equation in (5.6) as follows:

dM ry
T pt M2 P2
it ﬁM (M* + Pg).
ro =M+ \/M*—J*/ M. (5.12)
Using relation
P2
| — (5.13)
t M?+ P}
one can write (5.7) in the form
dJ 1 MP?
—=——f—=J. 5.14
dr 6" M?>+ P} (5.14)
The second equation in (5.6) implies
dP, 2 1 - =
—_— =) — P .1
LS x ] (5.15)
Let us denote
Px + iPy = P exp(ia). (5.16)

Then the equation (5.15) implies

de 2 pI 5.17)

a3 /Mt PE
The obtained equations (5.12) and (5.14) allow one to
find the time dependence of the black hole mass M and spin

J for a given initial values M, and J,, of these parameters.
The equation (5.17) determines the time evolution of the

transverse momentum P . In order to find a unique
solution, one needs also specify the conserved parameters
P 0 and P 1
Let us make a following remark. In the above consid-
eration, we assumed that a distant observer is located at far
distance L from the black hole, L > M. This allows one to
describe a black hole as a “pointlike particle,” which has
mass M and spin J. We also assume that these parameters
change slowly in time so that
M/M < 1/M, J/J<1/M. (5.18)
In this adiabatic approximation, one can describe the
black hole metric by the Kerr solution with a slowly
changing parameters M(¢) and J(t). Note that such an
adiabatic approximation is broken in the vicinity of the
moment of time, at which the mass of the black hole
formally becomes infinite.

C. General properties of solutions

1. Mass evolution

Let us discuss general properties of the solutions of the
equations of motion for the rotating black hole moving in
the homogeneous scalar field. First of all, let us notice that
equations (5.12) and (5.14) show that the black hole mass
M 1is a monotonically increasing function of time z, while
its spin J monotonically decreases in time.

One can obtain a more detailed information about the
time dependence of these parameters by using the follow-
ing trick. Let us denote r, = bM, where 1 < b <2. The
quantity b takes the value 1 for the extremely rotating black
hole when J = M?,and b = 2 fora nonrotating black hole.
Solving (5.12) for b = const, one gets

arctan(M,/Py) — arctan(M/Py) = bpPyz,  (5.19)
where M|, is the mass at the initial moment of time 7 = 0. If
M(7) is the exact solution of the equation (5.12), then for
the same initial mass M, one has

M (t) < M(7) < My(7). (5.20)

Denote

70 :ﬁ% (g—arctan(Mo/P0)>. (5.21)
0
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Then the black hole mass M becomes infinite at the finite
proper time 7 = 7y,

ETO S Tfin < 70- (522)

2. Spin evolution

Let us consider the spin of the black hole as a function of
its mass, J = J(M). Then using (5.12) and (5.14), one
obtains

1d] 1 PIM?

== 5.23
Jdam 67, (M*+ P})? (523)

Substituting r, = bM and solving the obtained equation
with fixed value of b, one finds

1 P - M)
6b (M* + P§) (MG + P§)]

J,(M) =J, exp|— (5.24)

The exact solution J(M) of (5.23) satisfies the inequalities

Ji(M) <J(M) <J,(M). (5.25)
For M — oo,
.= Xpl———————5-|. .
biin = J0 €XP 6b(M3 + P3)

Hence, at the moment when the mass of the black hole
becomes infinitely large, its spin remains finite J = Jg,

Jifin £ Jtin £ J2fin- (5.27)

VI. SPECIAL CASES

A. Black hole at rest in K frame

If the black hole is at rest, then Py = 0, and the spin of
the black hole remains constant. The equation for the black
hole mass takes the form

am
o pMr, = ﬁ(M2 + VM —12). (6.1)
T
If the spin J does not vanish, one can denote
p=M/VI, (6.2)

and write a solution of the equation (6.1) in the form

Vipr =1, (6.3)

. / du
1= | —F—.
WAt =1

0.6

0.5+

0.4+

0.2

0.14

2 4 6 8 10 12 14 16 18 20

7

FIG. 3. 7 as a function of u. Dashed line shows the limiting
value of % for u — oo, which is equal to 0.54068.

Taking the integral, one obtains

3= % [;ﬁ =t =1+ 2(F(in, i) — F(i, i))] (6.4)

Here F(a,b) is the incomplete elliptic integral of the first
kind, and the integration constant in this expression is
chosen so that 7 = 0 for y = 1. For 4 — oo, the parameter 7
has a limit 0.54068. The plot of 7 as a function of u is
shown in Fig. 3.

If /=0, one obtains the following solution of the
equation (6.1) for the mass

M,

M=—"0
1 -2pM,t

(6.5)

B. Motion of a nonrotating black hole

When the spin of the black hole vanishes, one can always
chose the orientation of the axes so that P, =0 and
P = Py. One also has r, =2M. The equation (5.12)

simplifies and takes the form

am

o= 26(M?* + P3). (6.6)

It can be easily integrated with the following result:

2Pyt = arctan(M/ Py). (6.7)

C. Motion in the spin direction

For the motion in the spin direction, one has P, = 0,
and, as a result, the spin of the black hole remains constant.
If its initial value does not vanish, we denote
P = P 0 / \/.7

w=M/\I, (6.8)
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Then one has

pdy
(W* + PP+t = 1)

The integral in the right-hand side of this relation can be
expressed in terms of the incomplete elliptic integrals.

N / (6.9)

D. Transverse to the spin motion
For this case, P| =0 and Py = P,. We denote

M = PJ_m, J = PJ_j, T :ﬂPLT. (610)
Then the equations for the mass and spin evolution take

the form

dm . (m*>+1)

a7z om
dj 1 mj
d: 6mr+1°

Fo=m+/m?—j*/m?

VII. DISCUSSION

(6.11)

In this paper, we discussed a motion of a rotating black hole
in the homogeneous massless scalar field. For this purpose,
we used the Kerr-Schild form of the Kerr metric. We
introduced two frames. One that we denoted by K is the
frame in which the asymptotic scalar field does not depend on
the spatial coordinates. The other frame, which we denoted by
K, is a frame moving with respect to K with a constant
velocity V and in which the black hole is at rest. We first
solved the scalar field equation in K frame and found a
solutions satisfying the condition of the regularity at the black
hole horizon and proper behavior at the infinity. After this, we
calculated the fluxes of the energy, momentum and angular
momentum through a surface surrounding the black hole.
This allowed us to find the force acting on the black hole and
to obtain the equation of its motion in K frame.

The main results of the analysis of the solutions of these
equations are the following:

(i) For a general type of motion, the components of the
momentum of the black hole both in the direction
of its spin P and in the transverse plane P, are
conserved.

(i) The black hole mass M monotonically grows and
formally becomes infinitely large in a finite interval
of time 75, which depends both on the strength of
the scalar field and initial value of the mass, spin and
velocity of the black hole.

(iii) The spin J of the black hole monotonically de-
creases but does not vanish at 7 = 75,. However,
since the mass of the black hole becomes infinitely

large, the rotation parameter s = J/M vanishes in
this limit, and the Kerr metric reduces to its
Schwarzschild limit.
Let us note that these results are obtained in the adiabatic
approximation in which the mass M and the spin J of the
black hole change slowly in time. At time close to g,
where M is not small, this approximation is broken.

In this paper, we considered a simple model and assumed
that the scalar field obeys a linear equation [J® = 0. This
approximation can be violated in application to some
interesting cases, e.g., for the scalar field of the ghost
condensate, where the effects of the nonlinearity might
become important. In application to the cosmology, the
scalar field may depend on the general expansion of
the Universe, which would affect the imposed boundary
conditions at the infinity. For the black hole in the
expanding universe, the adopted form (1.4) of the metric
should also be modified. It is interesting to study how these
modification of the model would affect the interaction of
the black hole with a scalar field and its motion.
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APPENDIX A: COMPLEX NULL TETRADS

In this appendix, we collect useful formulas and expres-
sions for the complex null tetrads in the Kerr-Schild
geometry. Let us denote

A(0)< a )
mh == 1.0.7 —
bl 9 bl O 9
2% A; )
AV a
T o— 4 = _
m 5y <1,0, z,A<O)>. (A1)
Y
These vectors satisfy the following relations:
Gum*m* = n,m'm* =0,
Gumtm* = n,mtm’ =0,
Gum'in’ = n,,m'm’ = 1. (A2)

The complex null vectors m and i are orthogonal to / both
in g and # metrics.

The forth vector of the null tetrad has a slightly different
form for g and n metrics. We denote

0)
Al
K+ —<1,1,0 L)

> Pt (A3)
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This vector is null in the metric # and normalized so that

K = —1. (A4)

A similar vector k for g metric is

1
K=K ol (A5

~

It satisfies the relations

guk'k" =0, g,k =-1, g,m'k" =g, m'k" = 0.

(A6)

The complex null tetrad in the metric g regular at the future
horizon of the Kerr black hole is

¢ = (I.k,m,m). (A7)
The index a enumerating the basis vectors takes the values

0, 1, 2, 3. By the construction, the vectors of the basis z are
regular the future event horizon.

APPENDIX B: ENERGY AND ANGULAR
MOMENTUM FLUXES THROUGH
THE HORIZON

Let & be a Killing vector and T, be a conserved stress-
energy tensor, 7#¥,, = 0. Then the following vector,

Pr =T, (B1)

is conserved

P, =0. (B2)

Let us consider a rotating black hole and use the
coordinates (7, r,y,¢). We denote by X. two 3D slices
determined by the equations 7' = 7', and restricted from
one side by the horizon r = r_ and from the other side by a
surface r = ry > r,. We denote by X a part of the horizon
surface between 7=T7_ and T,. Similarly, we denote
be X, a 3D surface r=ry, between T'=7_ and T,
(see Fig. 4).

T
T do”
d 0”T z,
2y Td o” d<O'_ﬂ %,
T, 2 To r
FIG. 4. Illustration to the Stockes’ theorem.

Let V be a four volume restricted by X, X5 and X.
Using the Stockes’ theorem, one can write

0= [ v,
Vv

= [/L—/}:}P”doﬂ—k MO—LH}P%”. (B3)

The surface elements do* are chosen so that for £, and at
the horizon X, they are both future directed, while at %, it
is directed into this surface’s interior.

For the problem under consideration, the gradient of
the scalar field ¥ does not depend on time, and, since the
metric is also time independent, the stress-energy tensor has
the same property. As a result, the expression in the first
square bracket in (B3) vanishes, and one has

Prdo, =
) P

Phdo,,. (B4)
This relation shows that
(i) The flux of P inside X, during the time interval
T, —T_ is equal to the flux through the horizon for
the same interval of time 7.
(i) The flux of P inside X in fact does not depend in
the choice of the radius ry.
Let us emphasize that at the surface of constant radius
r = ry, the coordinates 7', v, and ¢ differ only by constant
values. For this reason, one has

T,-T_=wv,—v_=1t —1_. (B5)
These remarks can be used to confirm the results (4.6) for
the energy and angular momentum fluxes through .
Let us calculate the energy and angular momentum
fluxes through the horizon of the black hole. Denote by

a
Ho= &+ QLF, Q= . B6
=&+ Q¢ M, (B6)
Then for the horizon surface X, one has
2M
do* = —p =2 gy dg aT. (B7)

The energy and angular momentum fluxes through the
horizon are

1 2Mr
E=—-———+ | &9T,dydpdT
T -T_ a /ZHM wdyde
2Mr a
= a+/(TTT+QTT¢)dyd¢,
1 2Mr,
= “wT,,dy dep dT
J T -7 a LHCW wdy dp
2Mr a
S / (Typ + QT ) dy dob (BS)
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Calculations give

(r_cos ¢ + a sing)/a* — y? v
2\/2Mr a X
_(r_sing —acos¢)y/a> —y* y
2\/2Mr,a i

Trr + QT = W3 |1 -

(B9)

After integration of this expression over the angle ¢, the
terms that depend on the velocity components Vy and Vy
vanish. The further integration over y gives

EL 8 V2Mr, . (B10)
This expression correctly reproduces the result (4.6) as it
should be.

To calculate the angular momentum flux through the
horizon, one needs first to find the value of 774 + QT 4, on

the horizon. The corresponding expression is rather long,
and we do not reproduce it here. Instead of this, we give the
expression that is obtained after integration of this object
over the angle ¢

, M
2ar,

2 _
/O (Try + QT ) = —22 ™ (2 4 v2) (a2 - y2).

(B11)

Using (B8) and performing the integration over y, one
obtains

H 4 =
J=— gﬂ‘I%aMZ(V§ +V3). (B12)

This result correctly reproduces the expression obtained
earlier in (4.6). The calculations presented in this appendix
provide an additional check of the results presented
in Sec. IV.

[1] Nima Arkani-Hamed, Hsin-Chia Cheng, Markus A. Luty,
and Shinji Mukohyama, Ghost condensation and a consis-
tent infrared modification of gravity, J. High Energy Phys.
05 (2004) 074.

[2] Nima Arkani-Hamed, Paolo Creminelli, Shinji Mukohyama,
and Matias Zaldarriaga, Ghost inflation, J. Cosmol. Astro-
part. Phys. 04 (2004) 001.

[3] D.T. Son, Low-energy quantum effective action for rela-
tivistic superfluids, arXiv:hep-ph/0204199.

[4] Alberto Nicolis, Low-energy effective field theory for finite-
temperature relativistic superfluids, arXiv:1108.2513.

[5] Solomon Endlich, Alberto Nicolis, and Junpu Wang, Solid
inflation, J. Cosmol. Astropart. Phys. 10 (2013) O11.

[6] J. W. Moffat, Quantum gravity, the origin of time and time’s
arrow, Found. Phys. 23, 411 (1993).

[7] Eugeny Babichev, Viatcheslav Mukhanov, and Alexander
Vikman, k-Essence, superluminal propagation, causality
and emergent geometry, J. High Energy Phys. 02 (2008)
101.

[8] Shinji Mukohyama and Jean-Philippe Uzan, From configu-
ration to dynamics: Emergence of Lorentz signature in
classical field theory, Phys. Rev. D 87, 065020 (2013).

[9] Shinji Mukohyama, Emergence of time in power-counting
renormalizable Riemannian theory of gravity, Phys. Rev. D
87, 085030 (2013).

[10] J. D. Bekenstein, Novel “no-scalar-hair” theorem for black
holes, Phys. Rev. D 51, R6608 (1995).

[11] Andrei V. Frolov and Lev Kofman, Inflation and de Sitter
thermodynamics, J. Cosmol. Astropart. Phys. 05 (2003) 009.

[12] Andrei V. Frolov, Accretion of ghost condensate by black
holes, Phys. Rev. D 70, 061501 (2004).

[13] Shinji Mukohyama, Black holes in the ghost condensate,
Phys. Rev. D 71, 104019 (2005).

[14] Juan Barranco, Argelia Bernal, Juan Carlos Degollado,
Alberto  Diez-Tejedor, Miguel Megevand, Miguel
Alcubierre, Dario Nunez, and Olivier Sarbach, Are black
holes a serious threat to scalar field dark matter models?,
Phys. Rev. D 84, 083008 (2011).

[15] Ruth Gregory, Ian G. Moss, and Benjamin Withers, Black
holes as bubble nucleation sites, J. High Energy Phys. 03
(2014) 081.

[16] Sarah Chadburn and Ruth Gregory, Time dependent black
holes and scalar hair, Classical Quantum Gravity 31,
195006 (2014).

[17] Ruth Gregory, David Kastor, and Jennie Traschen, Evolving
black holes in inflation, Classical Quantum Gravity 35,
155008 (2018).

[18] Ruth Gregory, Primordial black holes and Higgs vacuum
decay, Lect. Notes Phys. 1022, 289 (2023).

[19] Marco de Cesare and Roberto Oliveri, Evolving black hole
with scalar field accretion, Phys. Rev. D 106, 044033
(2022).

[20] R.P. Kerr and A. Schild, Republication of: A new class of
vacuum solutions of the FEinstein field equations, Gen.
Relativ. Gravit. 41, 2485 (2009).

[21] E. T. Newman and A.I. Janis, Note on the Kerr spinning
particle metric, J. Math. Phys. (N.Y.) 6, 915 (1965).

[22] E. T. Newman, Complex coordinate transformations and the
Schwarzschild-Kerr metrics, J. Math. Phys. (N.Y.) 14, 774
(1973).

[23] Werner Israel, Source of the Kerr metric, Phys. Rev. D 2,
641 (1970).

024055-12


https://doi.org/10.1088/1126-6708/2004/05/074
https://doi.org/10.1088/1126-6708/2004/05/074
https://doi.org/10.1088/1475-7516/2004/04/001
https://doi.org/10.1088/1475-7516/2004/04/001
https://arXiv.org/abs/hep-ph/0204199
https://arXiv.org/abs/1108.2513
https://doi.org/10.1088/1475-7516/2013/10/011
https://doi.org/10.1007/BF01883721
https://doi.org/10.1088/1126-6708/2008/02/101
https://doi.org/10.1088/1126-6708/2008/02/101
https://doi.org/10.1103/PhysRevD.87.065020
https://doi.org/10.1103/PhysRevD.87.085030
https://doi.org/10.1103/PhysRevD.87.085030
https://doi.org/10.1103/PhysRevD.51.R6608
https://doi.org/10.1088/1475-7516/2003/05/009
https://doi.org/10.1103/PhysRevD.70.061501
https://doi.org/10.1103/PhysRevD.71.104019
https://doi.org/10.1103/PhysRevD.84.083008
https://doi.org/10.1007/JHEP03(2014)081
https://doi.org/10.1007/JHEP03(2014)081
https://doi.org/10.1088/0264-9381/31/19/195006
https://doi.org/10.1088/0264-9381/31/19/195006
https://doi.org/10.1088/1361-6382/aacec2
https://doi.org/10.1088/1361-6382/aacec2
https://doi.org/10.1007/978-3-031-42096-2
https://doi.org/10.1103/PhysRevD.106.044033
https://doi.org/10.1103/PhysRevD.106.044033
https://doi.org/10.1007/s10714-009-0857-z
https://doi.org/10.1007/s10714-009-0857-z
https://doi.org/10.1063/1.1704350
https://doi.org/10.1063/1.1666393
https://doi.org/10.1063/1.1666393
https://doi.org/10.1103/PhysRevD.2.641
https://doi.org/10.1103/PhysRevD.2.641

MOTION OF A ROTATING BLACK HOLE IN A HOMOGENEOUS ...

PHYS. REV. D 109, 024055 (2024)

[24] Gerald Kaiser, Physical wavelets and their sources: Real
physics in complex spacetime, J. Phys. A 36, R291 (2003).

[25] Tim Adamo and E. T. Newman, The Kerr-Newman metric:
A review, Scholarpedia 9, 31791 (2014).

[26] C.D. White, The double copy: Gravity from gluons,
Contemp. Phys. 59, 109 (2018).

[27] Zvi Bern, John Joseph Carrasco, Marco Chiodaroli, Henrik
Johansson, and Radu Roiban, The duality between color and
kinematics and its applications, arXiv:1909.01358.

[28] Zvi Bern, John Joseph Carrasco, Marco Chiodaroli, Henrik
Johansson, and Radu Roiban, The SAGEX review on scatter-
ing amplitudes, chapter 2: An invitation to color-kinematics
duality and the double copy, J. Phys. A 55, 443003 (2022).

[29] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W. H. Freeman, San Francisco, 1973).

[30] Roy P. Kerr, Gravitational field of a spinning mass as an
example of algebraically special metrics, Phys. Rev. Lett.
11, 237 (1963).

[31] P Sommers, Properties of shear-free congruences of null
geodesics, Proc. R. Soc. A 349, 309 (1976).

[32] V.P. Frolov, The Newman-Penrose method in the theory of
general relativity, in Problems in the General Theory of
Relativity and Theory of Group Representations, edited by
N. G. Basov (Springer US, Boston, MA, 1979), pp. 73-185.

[33] Ezra T Newman, Maxwell fields and shear-free null geodesic
congruences, Classical Quantum Gravity 21, 3197 (2004).

024055-13


https://doi.org/10.1088/0305-4470/36/30/201
https://doi.org/10.4249/scholarpedia.31791
https://doi.org/10.1080/00107514.2017.1415725
https://arXiv.org/abs/1909.01358
https://doi.org/10.1088/1751-8121/ac93cf
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1098/rspa.1976.0075
https://doi.org/10.1088/0264-9381/21/13/007

