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Mergers of binary compact objects, accompanied with electromagnetic (EM) counterparts, offer
excellent opportunities to explore varied cosmological models, since gravitational waves (GWs) and
EM counterparts always carry the information of luminosity distance and redshift, respectively. fðTÞ
gravity, which alters the background evolution and provides a friction term in the propagation of GWs, can
be tested by comparing the modified GW luminosity distance with the EM luminosity distance.
Considering the third-generation gravitational-wave detectors, Einstein Telescope and two cosmic
explorers, we simulate a series of GW events of binary neutron stars and neutron-star–black-hole binaries
with EM counterparts. These simulations can be used to constrain fðTÞ gravity [especially the power-law
model fðTÞ ¼ T þ αð−TÞβ in this work] and other cosmological parameters, such as β and the Hubble
constant. In addition, combining simulations with current observations of type Ia supernovae and baryon
acoustic oscillations, we obtain tighter limitations for fðTÞ gravity. We find that the estimated precision
significantly improved when all three datasets are combined (Δβ ∼ 0.03), compared to analyzing the
current observations alone (Δβ ∼ 0.3). Simultaneously, the uncertainty of the Hubble constant can be
reduced to approximately 1%.

DOI: 10.1103/PhysRevD.109.024041

I. INTRODUCTION

General relativity (GR) has been proven by many
experiments, including the recent direct detection of gravi-
tational waves (GWs) from the mergers of two compact
objects [1,2]. However, the presence of singularities at the
centers of black holes and the breakdown of the equiv-
alence principle at the singularities indicate that GR is not a
universal theory of spacetime [3], and the theoretical and
observational challenges faced by the Λ cold dark matter
(ΛCDM) model might suggest a new theory of gravity
[4,5]. In addition to dark energy, many modified gravity
models have been developed to account for the accelerating
expansion of the Universe. Among these models, one
prominent approach involves incorporating the curvature
through fðRÞ gravity [6,7]. As an extension of the tele-
parallel equivalent of general relativity (TEGR) [8], fðTÞ
gravity represented the most general modified form of
TEGR and garnered considerable attention in previous
studies [9–11]. Diverging from fðRÞ gravity, characterized
by curvature, fðTÞ gravity utilizes torsion as a geometric
object to describe gravity. In addition, fðTÞ gravity is a
second-order theory due to the fact that the torsion scalar T

depends only on the first derivatives of the vierbein [12].
Some studies have constrained fðTÞ gravity by observa-
tions, such as the investigation with GW170817/γ-ray burst
(GRB) 170817A [13], the corresponding limitations based
on cosmic microwave background observations, including
the effects of primordial gravitational waves on the BB
spectrum [14], and the impact of the linear scalar pertur-
bations evolution on the TT anisotropy power spectrum
[15], etc. (see Refs. [16–19] for comprehensive reviews).
Within the framework of modified gravity and in the

absence of anisotropic stress, the tensor perturbations bring
the modifications of the GW propagation equation [20]. In
general, these modifications can alter the dispersion rela-
tionship, resulting in deviations between the speed of GW
propagation and the speed of light. Recent studies of the
GW170817/GRB 170817A event [21,22] provided a tight
constraint jcgw=c − 1j < 10−15 at low redshifts. However in
fðTÞ gravity, the sole modification in the equation of GW
propagation is the friction term, which does not change the
speed of GW propagation. Moreover, extensive investiga-
tions [23–29] have been devoted to exploring the apparent
difference between the GW luminosity distance (dgwL ) and
electromagnetic (EM) luminosity distance (demL ), which
result from the friction term in the GW propagation
function of modified gravity. Meanwhile, the effective*yzfan@pmo.ac.cn
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field theory of fðTÞ gravity within the cosmological
framework presents an opportunity to modify the evolution
of Hubble parameter HðzÞ, offering a model of late-time
effective dark energy and releasing the H0 tension [30,31].
Besides, GW standard sirens present an independent and
distinctive approach to investigating the H0.
In this paper, we present an end-to-end analysis of the

simulated binary neutron stars (BNSs) and neutron-
star–black-hole (NSBH) binary samples with the third-
generation gravitational-wave observatories, Einstein
Telescope (ET) and Cosmic Explorer (CE). These pro-
spective detectors are expected to exhibit significant
improvements in sensitivity compared to current ground-
based gravitational-wave detectors during the O5 observing
period [32–34], thereby providing a valuable opportunity to
constrain fðTÞ gravity at high redshifts. Because of the
degeneracy between the inclination angle and the lumi-
nosity distance in GW observations, we construct different
population models for BNS and NSBH events, including
the presence of short γ-ray bursts (SGRBs). Such EM
counterpart improves the precisions of estimated dgwL [35],
ultimately enhancing our ability to constrain fðTÞ gravity
from GW events. To establish the baselines of simulated
GWs, we begin by constraining various cosmological
parameters using current observations, specifically type
Ia supernovae (SN Ia) and baryon acoustic oscillations
(BAOs). This initial analysis allows us to obtain reliable
cosmological constraints. Then, we discuss the capability of
constrainingfðTÞgravitywith the simulatedGWcatalog.By
combining the information from SN Ia, BAOs, and the
simulated GW events, we find that the precision of con-
straining fðTÞ gravity is significantly improved. This
enhanced precision offers an opportunity to explore the
possible deviations from GR within the framework of fðTÞ
gravity. It is worth noting that, compared with previous
works [16,17], we have conducted a comprehensive analysis
of simulated GWevents, including the specific parameters of
the binaries and the conditions for generating the electro-
magnetic counterpart, etc. In addition, our simulations select
a special class of GW events, which have small inclination
angles and are accompanied by on axis GRBs. In this case,
the inclination angle can be limited to Δ{ ≤ 0.1 rad directly.
Therefore, the estimations of GW luminosity distance ΔdL
will be more accurate, because the degeneracy between the
inclination angle and the luminosity distance in the GW
analysis can be broken.
The paper is organized as follows: In Sec. II, we provide

a brief review of fðTÞ gravity and discuss the modified
propagation of GWwithin this framework. We focus on the
power-law model, which is one of the most commonly used
models for fðTÞ. In Sec. III, we describe the baselines of
GW simulations, which are based on realistic observations
of SN Ia and BAOs. In Sec. IV, we generate a simulated
catalog of BNS and NSBH events as standard sirens, with
detailed physical motivation and special selection criteria.

Additionally, we analytically calculate the prospective
accuracy of the luminosity distance estimation from
GWs using the combination of ETþ 2CE. In Sec. V, we
present the main results and engage in in-depth discussions
regarding the constraints of fðTÞ gravity. Finally, we
summarize the key findings of the study and present our
conclusions in Sec. VI.

II. f ðTÞ GRAVITY

In this section, we provide a brief overview of fðTÞ
gravity, along with an analytical treatment of the evolution
of the Hubble parameter and modified GW propagation
within the framework of the power-law model.

A. Dynamical evolution

The dynamical variable of the teleparallel gravity and its
fðTÞ extension is the vierbein field eA ¼ eμA∂μ and the
action of fðTÞ gravity takes the following form [9]:

S ¼
Z �

1

16πG
fðTÞ þ Lm

�
jejd4x; ð1Þ

where Lm is the Lagrangian of matter and jej ¼
detðeAμ Þ ¼ ffiffiffiffiffiffi−gp

. We express fðTÞ in the form of fðTÞ ¼
T þ FðTÞ and denote ΞT ¼ ∂Ξ=∂T;ΞTT ¼ ∂

2Ξ=∂T2, where
Ξ represents f and F, respectively.
Assuming the cosmology is dominated by the flat

Friedmann-Robertson-Walker (FRW) metric,

ds2 ¼ dt2 − a2ðtÞδijdxidxj; ð2Þ

which can be obtained by taking the vierbein as eAμ ¼
diagð1; a; a; aÞ with the scale factor a.
Variation of the action with respect to the tetrad eAν leads

to the Friedmann equations [9],

3H2 ¼ 8πGρm −
FðTÞ
2

þ TFT;

Ḣ ¼ −
4πGðρm þ pmÞ
1þ FT þ 2TFTT

; ð3Þ

whereH ≡ ȧ=a is the Hubble parameter, pm is the pressure
density, and ρm is the energy density for the matter fluid.
Once the vierbein is obtained, the relation for the torsion

scalar can be written as

T ¼ −6H2;

T ≡ SρμνTρ
μν; ð4Þ

where Tρ
μν ¼ eρAð∂μeAν − ∂νeAμ Þ and Sρμν ¼ 1

2
ðKμν

ρþ
δμρTαν

α − δνρTαμ
αÞ represent the torsion tensor and the super-

potential, respectively. The contortion tensor, denoted as
Kμν

ρ ¼ − 1
2
ðTμν

ρ − Tνμ
ρ − Tρ

μνÞ, represents the divergence
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of the Levi-Civita connection in Riemannian spacetime
and the Weitzenböck connection in Weitzenböck spacetime
[8,9].

B. Power-law model

As an alternative explanation for the observed acceler-
ated expansion of the Universe at late times, fðTÞ gravity
incorporates the energy density and pressure as an “effec-
tive dark energy” [9] component arising from the gravita-
tional term.
The power-law model [36] of fðTÞ gravity reads

fðTÞ ¼ T þ αð−TÞβ;

α ¼ ð6H2
0Þ1−β

ð1 −Ωð0Þ
m −Ωð0Þ

r Þ
2β − 1

; ð5Þ

where Ωð0Þ
m ¼ 8πG

3H2
0

ρð0Þm , Ωð0Þ
r ¼ 8πG

3H2
0

ρð0Þr , and they represent

the matter and radiation density parameter of the current
Universe, respectively.
The evolution equation of HðzÞ, with the definition of

the normalized Hubble parameter denoted by E2ðzÞ, is
expressed as [37]

E2 ≡H2

H2
0

¼ Ωð0Þ
m ð1þ zÞ3 þ

�
1 − Ωð0Þ

m

�
E2β: ð6Þ

Here, we ignored the radiation density parameter of the

current Universe (i.e., Ωð0Þ
r ¼ 0). Figure 1 showed the

evolution of Eq. (6) compared with the ΛCDM model
(β ¼ 0). The second Friedmann equation can be written as

Ḣ
H2

¼ −
3

2

�
1 − ð1 −Ωð0Þ

m ÞE2β−2

1 − βð1 −Ωð0Þ
m ÞE2β−2

�
; ð7Þ

where Ḣ denotes a derivative with respect to the cosmic
time. Particularly, for the ΛCDM model (β ¼ 0), Eq. (7)
degenerates to

�
Ḣ
H2

�
ΛCDM

¼ −
3

2

�
1 −

1

E2

�
1 − Ωð0Þ

m

��
: ð8Þ

C. GW propagation in f ðTÞ gravity
The perturbation part of the tensor sectors of fðTÞ

gravity around the FRW cosmological background leads
to the equation of motion for the GW, which is consistent
with the result from Arnowitt-Deser-Misner decomposition
of the vierbein field [13,18,38],

h00λ þ 2Hð1 − βTÞh0λ þ k2hλ ¼ 0; ð9Þ

where the prime denotes derivative with respect to the
conformal time and λ represents the two polarization states
of the tensor modes [39]. The dimensionless parameter βT
is defined as

βT ¼ −
f0T

2HfT
¼ −

ḟT
2HfT

¼ 6fTTḢ
fT

: ð10Þ

By resubstituting the scale factor ã0
ã ¼ H½1 − βT � and

performing some straightforward derivations, the redefined
GW luminosity distance is related to the electromagnetic
luminosity distance [40]

dgwL ðzÞ ¼ demL ðzÞ exp
�
−
Z

z

0

dz0
βTðz0Þ
1þ z0

�
: ð11Þ

In the power-law model of fðTÞ gravity, we introduce a

simplifying factor κ ¼ ð4−2β−1Þ
3ðΩð0Þ

m −1Þ and denote βT with z as its

variable. By substituting Eqs. (6) and (7) into Eq. (10), we
obtain the expression of βTðzÞ as follows:

βTðzÞ ¼
ðβ − 1Þ

h
1þ ðΩð0Þ

m − 1ÞE2β−2
i

κðβ þ E2−2βÞ þ
h
1þ βðΩð0Þ

m − 1ÞE2β−2
i : ð12Þ

To quantify the deviation of fðTÞ gravity from GR, we
plot the ratio dgwL =demL as a function of redshift z, consid-
ering different parameters of fðTÞ gravity (see Fig. 2). It is
evident that this deviation becomes more pronounced at
higher redshifts.

FIG. 1. The ratio of the normalized Hubble parameter
E2
fðTÞ=E

2
ΛCDM at different parameters of fðTÞ gravity as a function

of the redshift z.
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III. CURRENT OBSERVATIONS AND GW-
SIMULATION BASELINES

fðTÞ gravity provides a plausible explanation for cosmic
evolution in various aspects by introducing effective dark
energy during the late stages of the Universe. It also
changes structure formation in the early Universe. This
framework offers a promising avenue to alleviate the
Hubble tension [30,31]. In this section, we introduce the
observations of SN Ia and BAOs, which can be used to
constrain the fðTÞ gravity.

A. Type Ia supernovae

Type Ia supernovae have been widely recognized as
standard candles for measuring cosmic acceleration in the
local Universe [41,42]. In our analysis, we utilize the
Pantheon catalog, which comprises 1048 supernovae span-
ning the redshift range 0.01 < z < 2.3 [43]. At special
redshift zi, the apparent magnitude of an SN Ia is

m ¼ 5log10½DLðzi;ΘÞ� þ 25þM; ð13Þ

where DLðzi;ΘÞ is the luminosity distance in fðTÞ gravity,
which can be calculated using

DLðzi;ΘÞ ¼ cð1þ ziÞ
Z

zi

0

dz0

Hðz0;ΘÞ ; ð14Þ

where H corresponds to the Hubble parameter in fðTÞ
gravity as defined in Eq. (6). Additionally, the apparent
magnitude of each SN Ia needs to be calibrated using an
arbitrary fiducial absolute magnitude M. In our Markov
chain Monte Carlo analyses, we treat M as a prior
parameter and then marginalize it.
The likelihood function for SN Ia observations can be

represented as

χ2sneðΘ;MÞ ¼
X
ij

½mi −mðziÞ�S−1sne;ij½mj −mðzjÞ�; ð15Þ

where mðziÞ is the apparent magnitude at zi, and Ssne is the
covariance matrix that accounts for both the statistical and
systematic uncertainties associated with the Pantheon
catalog.

B. Baryon acoustic oscillations

The measurements of BAOs have achieved an accuracy
of 3% across 14 narrow redshift shells. These measure-
ments are based on a detailed analysis of Galaxy data from
BOSS data release 12 and eBOSS data release 16 in the
range of redshift 0.32 < z < 0.66 [44–48]. In our analysis,
we primarily focus on the peak of the angular correlation
function. The angular diameter distance is

DAðzi;ΘÞ ¼
c

ð1þ ziÞ
Z

zi

0

dz0

Hðz0;ΘÞ : ð16Þ

Then, the BAO peak is at

θBAOðziÞ ¼
rd

ð1þ ziÞDAðzi;ΘÞ
; ð17Þ

where rd is the sound horizon at the drag epoch. Further,
the likelihood function for BAO measurement is

χ2BAOðΘ; rdÞ ¼
X
ij

½θBAOðziÞ − θBAO;i�

× Σ−1
BAO;ij½θBAOðzjÞ − θBAO;j�; ð18Þ

where ΣBAO;ij is the covariance matrix that quantifies the
statistical and systematic uncertainties.

IV. MODELING THE GRAVITATIONAL SIGNAL

The merger rates of BNSs and NSBH can be estimated
from the GW transient catalog 1–3. The estimated BNS
merger rate is 10–1700 Gpc−3 yr−1, while the NSBHmerger
rate is 7.8–140 Gpc−3 yr−1. Previous studies by Jin et al. [49]
found a higher BNS merger rate 452–2541 Gpc−3 yr−1,
using SGRB data. In our work, we apply selection criteria
based on the inclination angle, which results in approx-
imately

R
0.1
0 sin {d{ ∼ {2=2 ∼ 0.5% events being selected

from the total angular distribution. Considering the mean
value of the merger rates (855 Gpc−3 yr−1 for BNSs and
74 Gpc−3 yr−1 for NSBH), we expect there will be tens of
thousands of BNS and NSBH events available over a one
year period, during the epoch with ETþ 2CE. Specifically,
approximately 670 BNS and 50 NSBH events will have
inclination angles { ≤ 0.1 rad. Taking into account the pro-
portion of black holeswith high spin,which is approximately
24% [50], we estimate that there will be 1000 BNS (100
NSBH) events that can be observed within a two year

FIG. 2. The evolution of the ratio dgwL =demL with increasing
redshift. Different colored lines illustrate the deviation from GR
with different fðTÞ gravity parameters.
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observation period. Because of the huge uncertainties asso-
ciated with merger rates, we will subsequently engage in
separate discussions concerning a set of 100 events and
another set of 1000 events forBNSs andNSBH, respectively.
All of the injection parameters of BNS and NSBH simu-
lations are summarized in Table I, and we formulate them in
the following subsections, respectively.

A. BNSs

Since BNSs are always accompanied with EM counter-
parts, we generate a population of simulated events in
physically motivated parameter spaces. From this simulated
population, we select a subset of events with small
inclination angles to obtain well-estimated dgwL .

(i) Neutron star (NS) mass MNS: The current under-
standing suggests that neutron stars in BNS systems
have masses constrained within a narrow range,
peaking at 1.33M⊙ [56–58]. Therefore, we assume
that the distribution of NS mass in BNS systems
follows an approximately Gaussian distribution,
MNS=M⊙ ∼N ð1.33; 0.112Þ.

(ii) Equation of state (EOS) and tidal deformabilityΛNS:
The AP4 EOS [59] is widely used in nuclear physics
to describe the structure and properties of neutron
stars. It incorporates various parameters and equa-
tions to account for the interactions between nucle-
ons and other particles in dense matter. Relativistic
effects and nuclear interactions are considered at
high densities to accurately model the behavior of
matter.
We employ the AP4 EOS to calculate the tidal

deformabilities of neutron stars [60], given by

Λ ¼ ð2=3Þk2C−5
NS; ð19Þ

where k2 is the NS Love number depending on the
NS mass, and CNS ¼ GMNS=ðRNSc2Þ is the NS
compaction determined by the EOS.

(iii) Injected redshift distribution: The redshift distribu-
tion of the BNS (NSBH) population follows the
Madau-Dickinson profile [61,62], convolved with a
time delay distribution PðtdÞ ∝ 1=td. Assuming a
minimum time delay of 20 Myr, Iacovelli et al. [55]
proposed an analytic equation [Eq. (A2) therein] to
describe the distribution of redshift for these com-
pact objects mergers. Therefore, we utilize it as the
redshift distribution for our simulated GW events.

(iv) Inclination angle θj: The large uncertainty of dgwL
arises from the degeneracy between dL and { in the
GW events, which significantly impacts the con-
straints of cosmological models. Fortunately, the
viewing angle inferred from SGRBs is widely
anticipated to be the same as the inclination angle
of the BNS mergers. Therefore, we consider a
specific case (on axis) in which the line of sight
is within the energetic core of the ejecta (i.e.,
θv ≤ θj, θj represents the evaluated jet opening angle
and we assume θj ∼ 0.1 rad). The uncertainty of the
θv (equally, the {) can be estimated to be within
∼0.1 rad. Another motivation for considering the on
axis case is that the afterglow emissions of off axis
SGRBs are highly suppressed until the blast waves
driven by the ejecta have decelerated to a bulk
Lorentz factor of Γ ¼ 1=θv and reached the peak
flux at that time. Thus, only the on axis SGRBs have
high detectability at high redshifts.

B. NSBH

Unlike BNS mergers, only a small proportion of NSBH
mergers are expected to be accompanied with an EM

TABLE I. Injection parameter distributions of the BNS and NSBH populations.

BNS NSBH

Parameter Neutron stars Neutron stars Black hole

Mass m N ð1.33; 0.112Þ N ð1.6; 0.112ÞM⊙ ½5; 30�M⊙
Mass model Gaussian Gaussian Fiducial model [51]
Spin χ [0, 0.05] [52] [0, 0.05] N ð0.8; 0.152Þ
Spin model Align uniform Align uniform Gaussian
Waveform IMRPhenomPv2_NRTidal [53] IMRPhenomNSBH [54]
Tidal deformability ΛNS;BH ΛNS: computed from AP4 EOS, ΛBH:0
Redshift z Madau-Dickinsonþ PðtdÞ ∝ 1=td; td;min ¼ 20 Myr [55]
Luminosity distance DL Computed from z assuming flat ΛCDM fH0 ¼ 68.6;Ωð0Þ

m ¼ 0.30g
Inclination angle θj Sine in [0,0.1]
Right ascension α Uniform in [0; 2π]
Declination δ Cosine
Polarization of GW ψ Uniform in [0,π]
Coalescence phase ϕc Uniform in [0; 2π]
Coalescence time tc 0
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counterpart. This phenomenon primarily occurs in cases
where the stellar-mass black hole has a high spin during the
merger event, allowing for the presence of residual baryon
massMrem > 0 outside the black hole (BH) after the merger.

(i) BH mass MBH and spin χBH: Following
Refs. [51,63], we adopt a formula with two broken
exponential decays and an exponential rise to
describe the BH mass distribution, i.e.,

fðMBHÞ ∝
�

1

a1 expð−b1MBHÞ þ a2 expð−b2MBHÞ

þ 1

a3 expðb3MBHÞ
�

−1
for MBH >Mmin;

whereMmin ¼ 5M⊙ is the minimum BH mass based
on the rapid core-collapse supernova model proposed
by Ref. [64]. The best-fit values for the other param-
eters are fixed a1 ¼ 1.04 × 1011, b1 ¼ 2.1489,
a2 ¼ 799.1, b2 ¼ 0.2904, a3 ¼ 0.002845, and b3 ¼
1.686 [51].

(ii) NS massMNS and spin χNS: As shown in population
synthesis studies [63], the masses of NSs in NSBH
systems may be larger than those in BNS systems.
The median value of NS masses in NSBH systems is
around 1.6M⊙. Therefore, we assume a normal
distribution MNS=M⊙ ∼N ð1.6; 0.112Þ with the
AP4 NS equation of state. Regarding the NS spin,
we consider a low-spin case since the largest spin of
a NS measured in a binary system is 0.02 [65,66],
and we assume χNS ∼ uniform ð0; 0.05Þ.

(iii) Remnant baryon mass: In order to determine
whether an EM counterpart is present in a NSBH
merger, it is crucial to estimate the remnant baryon
mass ðMremÞ outside the black hole after the merger.
A positive value ofMrem indicates the formation of a
disk that can generate EM counterparts, such as
kilonovae, GRBs, and afterglows [67]. On the other

hand, if Mrem ≤ 0, it suggests that the NS plunges
directly into the black hole without leaving any
observable signatures except for the GW.

In the simulations, we focus on the high-spin case for the
black hole and assume a normal distribution for the dimen-
sionless spin parameter χBH, given by χBH ∼N ð0.8; 0.152Þ.
This choice is consistent with observations in black hole
x-ray binary systems [68,69]. The remnant disk mass is
estimated using the method described in Ref. [60],

M̂rem¼
�
max

�
α
1−2CNS

η1=3
−βR̂ISCO

CNS

η
þ γ;0

��δ
; ð20Þ

where ðα; β; γ;δÞ¼ð0.406;0.139;0.255;1.761Þ are obtained
from numerical relativity simulations [70,71], η ¼
Q=ð1þQÞ2 is the symmetric mass, with Q ¼ MBH=MNS,
and R̂ISCO ¼ RISCO=MBH is the normalized innermost stable
circular orbit (ISCO) radius.

C. Detectability

With the BNS and NSBH parameters summarized above,
we generate the simulated signal for each GW event and
apply our selection criteria ρ� ¼ 12. Taking into account the
influence of different physical effects on these two types of
binary systems, we use two waveform approximants: the
phenomenologicalmodel IMRPhenomPv2_NRTidal [53] for BNS
mergers and IMRPhenomNSBH [54] for NSBH mergers. Then,
we project the waveforms onto different detectors to obtain
the detected strain signal of each detector. The signal-to-
noise ratio (SNR) ρ is calculated as

ρ2 ¼ 4

Z
fmax

fmin

df
jh̃ðfÞj2
SnðfÞ

; ð21Þ

where SnðfÞ is the one-sided power spectral density of the
GW detector. The considered frequency range is from 20
to 2048 Hz. The net SNR of the network consisting of

FIG. 3. The redshift distribution of the simulated 1000 BNS (left) and 1000 NSBH (right) events with ETþ 2CE, selected on the basis
of different thresholds for the SNR.
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ETþ 2CE detectors, as well as the root sum squared of the
SNR of all detectors, is calculated using the BILBY [72]
software package. If the net SNR exceeds the threshold value
of ρ� ¼ 12, the GW signal is assumed to be reliably detected
and can be utilized for further analysis. The redshift
distributions of our simulated BNS and NSBH events are
presented in Fig. 3.

D. Generation of standard sirens

The corresponding luminosity distances [dLðziÞ] of the
simulated BNS and NSBH events are generated based on
the ΛCDM model. The values of the cosmological param-

eters H0 and Ωð0Þ
m are set as 68.6 and 0.30, respectively, as

constrained by SN Ia and BAO data.
In order to expedite the calculations, we employ an

analytical estimation method for ΔdL, based on the Cutler
and Flanagan approximation [73]. This approximation
neglects the high-mode and precession effects and has
been used to estimate GW parameters in previous works

[74,75]. Since the estimated dgwL follows a Gaussian
distribution N ðdLðziÞ;Δd2L;iÞ, we resample a new dgwL;i;�
from dgwL distributions. As a result, the “observed” lumi-
nosity distance dgw;obsL;i followsN ðdL;i;�ðziÞ;Δd2L;iÞ, provid-
ing a more realistic simulation catalog for GW events. In
previous analyses, a Gaussian likelihood has been
employed to account for the uncertainties in the observed
standard sirens, i.e.,

χGW ¼ dgw;obsL ðziÞ − dgwL ðziÞ
σiðziÞ

;

L ¼
YN
i¼1

1ffiffiffiffiffiffi
2π

p
σiðziÞ

exp

�
−
1

2
χ2GW

�
; ð22Þ

TABLE II. Prior distributions of the parameters.

Name Parameters Fiducial values Priors

Hubble constant H0 ½km s−1 Mpc−1� 68.6 Uniform (48.6,88.6)
Matter density parameter Ωð0Þ

m
0.30 Uniform (0, 1)

Parameter of fðTÞ gravity β 0 Uniform ð−0.5; 0.5Þ [14,78]a
Absolute magnitude M −19.253 Uniform ð−18.253;−20.253Þ [79]a
Sound horizon rd 147.49 Uniform (146.49, 148.49) [80]a

aWe have chosen prior distributions that encompass a wider range compared to the relevant references, allowing
for a more comprehensive exploration of the parameter space.

FIG. 4. The relation between GW luminosity distance and
redshift. The solid black line represents the ΛCDM model, while
the dotted and dash-dotted black lines represent the fðTÞ model
with β ¼ −0.3 and β ¼ 0.3, respectively. The red and blue error
bars represent the estimated dgwL with 68% confidential level (CL)
for simulated BNS and NSBH events, respectively. The number
of these two types of standard sirens is equal to 100.

FIG. 5. Posterior distributions of the cosmological parameters
listed in Table III utilizing GW events only. Using 100 (1000)
BNS and NSBH events, the results of the power-low model of
fðTÞ gravity are marked in red, green, orange, and blue,
respectively. Red stars represent the fiducial values

ðH0;Ω
ð0Þ
m ; βÞ ¼ ð68.6; 0.30; 0Þ. The contours are at the 68%

and 95% CL.
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where dgwL is the GW “luminosity distance” in fðTÞ gravity,
as defined by Eq. (11). The subscript i denotes the ith event
in the simulation catalog.

V. RESULTS AND DISCUSSION

Here, we present the results of parameter estimations
obtained using Monte Carlo Markov chains and discuss the
potential of constraining fðTÞ gravity using the simulated
GW events. To obtain the posterior distributions for
cosmological parameters, we employ EMCEE [76] as the
sampler. Additionally, we utilize the GETDIST [77] code to
facilitate the visualization of the chains and generate plots
from the final results. All of the prior distributions of the
cosmological parameters are represented in Table II. Within
the ΛCDM framework, fiducial values for these parameters
are obtained from analyzing current observations, including
SN Ia and BAOs, with best fitting values.
As shown in Fig. 4, the discrepancies between dgwL and

demL caused by parameters changing under fðTÞ gravity
become remarkable at higher redshifts. Consequently, the

NSBH samples are anticipated to offer more stringent
constraints on fðTÞ gravity compared to the BNS samples,
as illustrated in Fig. 5. Moreover, there is a substantial

degeneracy between the parameters of Ωð0Þ
m and β for

analysis of both binary systems. This degeneracy arises

from the combined term of β and Ωð0Þ
m in Eqs. (6) and (12).

The former equation plays a significant role in the analysis
of SN Ia and BAO data and the latter one dominates the
analysis of GWs, generating different degeneracy in Figs. 5
and 6.
The results obtained from combining GW simulations,

SN Ia, and BAO observations are shown in Table III and
Fig. 6. Compared to the analysis of SN Ia and BAO
observations alone, which yielded Ωð0Þ

m ¼ 0.331þ0.034
−0.061 and

β ¼ −0.35þ0.49
−0.10 at 68% CL, the combined analysis breaks

the degeneracy between these two parameters and provides
more precise estimates for them. Specifically, the combined

analysis from SN Iaþ BAOþ NSBH (1000) yieldsΩð0Þ
m ¼

0.300þ0.011
−0.011 and β ¼ 0.005þ0.028

−0.030 at 68% CL.

FIG. 6. Posterior distributions of the parameters listed in Table III utilizing GW events, SN Ia, and BAO observations. The results for
the power-law model of fðTÞ gravity, obtained using different combinations of data, are represented by different colors. Red stars

represent the fiducial values ðH0;Ω
ð0Þ
m ; βÞ ¼ ð68.6; 0.30; 0Þ. The contours are at the 68% and 95% CL.
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This improvement can also be demonstrated through
comparisons of the uncertainties in H0 obtained from
different datasets,

ΔHc
0

ΔHa
0

¼ 9.8%;
ΔHc

0

ΔHb
0

¼ 22.3%; ð23Þ

where ΔHa
0 , ΔHb

0 , and ΔHc
0 represent the uncertainties of

H0 estimation within the 68% CL for different datasets: SN
Iaþ BAO, NSBH (1000) and SN Iaþ BAOþ NSBH
(1000), respectively. In Fig. 6, we also compare the
estimated precision between BNS and NSBH events.
Overall, after incorporating high-redshift GW events with
available SN Ia and BAO observations, the precise con-
straints on H0 and fðTÞ gravity can be achieved, thereby
enhancing our understanding of gravity and cosmology in
the future.

VI. CONCLUSION

The developing field of multimessenger astronomy,
facilitated by GWs, provides a novel avenue for inves-
tigating gravity and cosmology. In this work, we focus on
utilizing the simulated BNS and NSBH events to prospec-
tively constrain fðTÞ gravity with the third-generation
gravitational-wave detectors.
Based on current observations, we conducted a compre-

hensive simulation of the BNS and NSBH mergers, taking
into account realistic selection criteria to ensure that these
simulated events are always accompanied with electromag-
netic counterparts with certain redshifts. Moreover, we
restrict the inclination angle to a small range (∼0.1 rad) to
enhance the realism and precision of uncertainty estimation
in the GW luminosity distance. The expected deviations in

the ratio dgwL =demL caused by fðTÞ gravity are anticipated to
exceed 15% at high redshifts (z ∼ 5). Therefore, we can
compare the modified dgwL with demL to constrain fðTÞ
gravity and other cosmological parameters.
By analyzing SN Ia and BAO data, we established the

baseline of simulated GW events in the frame of ΛCDM
and constrained the parameter β ¼ −0.35þ0.49

−0.10 at 68% CL
in the power-law model under fðTÞ gravity. Moreover, we
incorporated simulated GW events into our analysis,
combined with SN Ia and BAO observations, and discov-
ered that this combination effectively breaks the degen-

eracy betweenΩð0Þ
m and β, leading to the tightest constraints

that β ¼ 0.005þ0.028
−0.030 at 68% CL. This enhanced precision

shows an order of magnitude improvement over the
analyzing result based on SN Ia and BAO data, which
enables us to determine the deviation between modified
gravity and GR. In addition, the GW simulated events
provide H0 with uncertainties ranging from 1.0% to 1.9%,
indicating a promising avenue to explore the H0 tension
under the fðTÞ gravity framework.
In summary, the third-generation gravitational-wave

detectors provide a valuable opportunity to impose more
stringent constraints on fðTÞ gravity, contributing signifi-
cantly to our improved understanding of gravity and
cosmology.

ACKNOWLEDGMENTS

We are grateful to Wen Zhao, ShaoPeng Tang, MingZhe
Han, Rui Niu, Zhao Li, Jin Qiao, Xin Ren, and BinBin
Zhang for helpful discussions. This work is supported in
part by the National Natural Science Foundation of China
(No. 12233011 and No. 11921003).

TABLE III. Posterior resultsa of the parameters for fðTÞ gravity.
Datasetsb H0 ½km s−1 Mpc−1� Ωm β M rd

SNIaþ BAOðΛCDMÞ 68.6þ0.7
−0.8 0.300þ0.024

−0.020 � � � −19.392þ0.019
−0.021 146.85þ1.32

−0.04
SNIaþ BAO 68.6þ0.8

−0.8 0.331þ0.034
−0.061 −0.35þ0.49

−0.10 −19.390þ0.019
−0.020 146.76þ1.42

−0.05
BNS (100) 68.5þ0.6

−0.7 0.231þ0.165
−0.064 0.17þ0.16

−0.41 � � � � � �
BNS (1000) 69.0þ0.4

−0.3 0.273þ0.183
−0.079 0.22þ0.15

−0.38 � � � � � �
NSBH(100) 68.7þ0.6

−0.7 0.376þ0.124
−0.089 0.25þ0.28

−0.33 � � � � � �
NSBH(1000) 68.8þ0.4

−0.3 0.303þ0.071
−0.038 0.06þ0.14

−0.12 � � � � � �
SNIaþ BAOþ BNSð100Þ 68.5þ0.5

−0.5 0.298þ0.016
−0.015 0.034þ0.031

−0.035 −19.394þ0.014
−0.015 148.11þ0.38

−1.61
SNIaþ BAOþ BNSð1000Þ 68.9þ0.2

−0.3 0.296þ0.012
−0.012 0.009þ0.027

−0.030 −19.385þ0.010
−0.011 146.67þ1.82

−0.18
SNIaþ BAOþ NSBHð100Þ 68.4þ0.4

−0.4 0.306þ0.015
−0.013 0.012þ0.029

−0.035 −19.394þ0.014
−0.014 147.91þ0.58

−1.42
SNIaþ BAOþ NSBHð1000Þ 68.7þ0.2

−0.2 0.300þ0.011
−0.011 0.005þ0.028

−0.030 −19.390þ0.011
−0.010 147.36þ0.58

−0.71
aThe uncertainties are computed based on Highest probability distribution (HPD) of posterior distributions.
b(Number) represents the number of events.
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