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Self-dual gravity in de Sitter space:
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Using Krasnov’s formulation of general relativity, we develop a light cone ansatz for self-dual gravity
(along with linearized anti-self-dual perturbations) in the Poincare patch of de Sitter space. This amounts to
a generalization of Plebanski’s “first heavenly equation” to nonzero cosmological constant. The only
interaction vertices are cubic ones, found previously by Metsaev in a bottom-up light cone approach. We
point out a special feature of these vertices, which leads to “almost conservation” of energy at each
successive order in perturbation theory, despite the time-dependent de Sitter background. Since we embed
the light cone variables into a full spacetime metric, the solutions have a clear geometric interpretation. In
particular, this allows us to read off boundary data on both the past and future horizons of a causal (static)
patch. In this way, we add self-dual general relativity to the program of defining and computing scattering

amplitudes in a causal patch of de Sitter space.
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I. INTRODUCTION AND STRUCTURE
OF THE PAPER

In this paper, we find an exact ansatz for self-dual
general relativity (GR) solutions (as well as linearized
anti-self-dual perturbations on top of these) over a de Sitter
background, using a light cone gauge in Poincare coor-
dinates. While the ansatz can be described in standard
metric language, in its derivation we use Krasnov’s chiral,
metric-free reformulation of GR [1,2]. Our light cone
ansatz reduces each helicity of the gravitational field to
a scalar degree of freedom (as usual in light cone for-
mulations). The dynamics of these scalars is then given by
an action with only cubic vertices, which leads to field
equations that can be solved perturbatively. Such a cubic
action has been worked out previously by Metsaev [3],
in the context of describing the most general cubic
interactions for massless fields in (A)dS, in a light cone
formalism. The novelty in our approach is that we show
how the light cone degrees of freedom are actually related
to components of the spacetime metric and curvature.

Another important historical comparison is to
Plebanski’s “heavenly equations” [4], which describe
solutions of self-dual GR with zero cosmological constant
A =0 in terms of a scalar degree of freedom. Plebanski
found two such equations, which provide alternative
descriptions of self-dual solutions. Both are quadratic in
the scalar variable, corresponding to cubic-only vertices.
The first of the “heavenly equations” was extended to
A # 0 by Przanowski in the 1980s [5]. In this extension, the
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equation goes from quadratic to nonpolynomial; i.e., we get
interaction vertices of all orders. The present paper’s light
cone ansatz constitutes the (missing up to now) A #0
extension of the second “heavenly equation.” Remarkably,
this extension does preserve the equation’s quadratic
nature. (Note added: shortly after the first version of the
present paper, the same extension was achieved independ-
ently in [6].)

Our motivation for describing this ansatz for self-dual
GR is to add self-dual GR to the list of theories for which
we can define and compute scattering in the de Sitter static
patch—the closest thing to an “asymptotic observable” that
is available to an observer inside de Sitter space. As we
describe below, for full GR, already defining this scattering
problem is difficult, even at the classical level. However, in
the self-dual sector, we find that the scattering problem can
be addressed by methods similar to those we used in [7] for
Yang-Mills theory.

Since our light-cone-gauge results should be of interest
also outside the context of static-patch scattering, the paper
has a somewhat hybrid structure. In Sec. II, we motivate
and pose the static-patch scattering problem. In Sec. III, we
describe the light cone ansatz, sketch the resulting pertur-
bative framework for tree-level computations, and note that
it possesses the curious feature of “almost conserved”
energy (despite the absence of time-translation symmetry in
Poincare coordinates). In Sec. IV, we review Krasnov’s
formulation of GR, and use it to derive our ansatz and its
cubic action. In Sec. V, we return to the static-patch
problem, and show how it is addressed by our Poincare-
patch, light-cone-gauge solutions (as a general reference on
the relationship between tree-level scattering and classical
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field solutions, see, e.g., [8]). In Sec. VI, we discuss
directions for future work. In an Appendix, we address
the question of our light cone ansatz’s generality, showing
that any perturbation away from it is (at least locally) a
gauge transformation.

Throughout the paper, we use “right-handed/left-
handed” as synonymous with ‘“self-dual/anti-self-dual,”
respectively.

II. SCATTERING IN THE STATIC PATCH
A. Motivation

In theoretical physics, we are generally more comfort-
able with problems posed at spacetime’s asymptotic boun-
dary at infinity. This includes scattering amplitudes in
Minkowski space, as well as boundary correlators in
AdS/CFT. Moreover, in quantum gravity, there is a general
expectation that sharp observables can only be defined at
infinity, since that is where we have a fixed reference
geometry. On the other hand, our world seems to have a
positive cosmological constant A > 0. This traps any
physical observers inside a cosmological horizon of finite
size, and challenges us to confront quantum field theory
and gravity in finite regions after all.

The simplest setup in which to approach these issues is
the static patch of de Sitter space, i.e., the largest causally
connected region of the simplest spacetime with positive A
(see, e.g., [9—11]). The static patch is a region enclosed by a
pair of cosmological horizons: one in the future, and one in
the past. The past (future) horizon is the light cone of a
point at past (future) asymptotic infinity. In other words, the
static patch is the largest causal diamond in de Sitter space.
Taking a cue from the better-understood observables at
Minkowski or anti—de Sitter (AdS) infinity, we can now try
and compute observables on the static patch’s boundaries.
This leads to the idea of scattering in the static patch, i.e.,
computing the evolution of suitable field data from the past
horizon to the future one [12]. Note that this is quite
different from the more standard problem considered in de
Sitter space, namely of correlators at the future conformal
boundary. The latter only become observable in a universe
that exits its de Sitter phase (as is conjectured to be the case
with inflation).

The static-patch scattering problem has so far been
considered for free massless fields of arbitrary spin [12],
for a scalar with cubic interaction [13], and (with much
greater success) for Yang-Mills theory [7]—all at tree level,
i.e., at the level of classical field solutions. Our present goal
is to add GR to this list. In general, this is a difficult
problem already conceptually, since gravitational perturba-
tions will alter the causal structure of the static patch itself
and its horizon boundaries. Our compromise will be to
consider GR’s self-dual sector, i.e., the sector with vanish-
ing left-handed Weyl curvature. Within this sector, as we
will see shortly, the causal structure remains sufficiently

intact: the horizon maintains the same constant area all the
way to conformal infinity, neither collapsing into caustics
nor expanding to reach causally disconnected points at the
conformal boundary.

The price we pay is that self-dual metrics (in Lorentzian
signature) are necessarily complex, and thus do not
describe physically meaningful geometries. Of course, in
Euclidean signature, self-dual solutions can be real, and
their study is a staple of the GR literature. Such Euclidean
solutions are often called gravitational instantons, and
considered as tunneling-type contributions to the gravita-
tional path integral [14]. Computations in the self-dual
sector are also useful “directly” in Lorentzian signature.
For instance, in Minkowski space, the self-dual sectors of
Yang-Mills and GR form the structure behind maximally
helicity violating (MHV) amplitudes, which are the starting
point for all other amplitude calculations [15-17] (for a
striking example, see the explanation [18] of GR’s two-
loop divergence in terms of a one-loop anomaly in the self-
dual sector). The general point here is that complex
classical solutions become physically meaningful at the
quantum level. In our static-patch case, the technical
simplicity of the self-dual sector is accompanied by a
greater conceptual clarity (due to the horizons maintaining
their causal structure), again hopefully making it a valuable
starting point for future explorations.

Note that, for the more standard inflationary-correlators
problem, the self-dual sector is not sufficient to compute
any correlators. This is because the bulk self-duality
condition is inconsistent with the standard boundary
conditions at future conformal infinity. For the static-patch
problem, this is not the case: as we saw in [7] for
Yang-Mills, the self-dual sector precisely computes the
static-patch analog of MHV (more precisely, N"'MHV)
amplitudes. The situation for self-dual GR is the same.

Despite our ultimate interest in the static patch, we
perform most of the calculation in Poincare coordinates.
This “trick” considerably simplifies our task, thanks to the
higher symmetry of Poincare coordinates, especially spatial
translation invariance. Thus, we set up our calculation in a
Poincare patch whose past boundary coincides with our
static patch’s past horizon. Then, at the very end, we read
off the field data on the static patch’s future horizon, which,
from the point of view of the Poincare patch, is just some
lightlike bulk hypersurface. The price for this “cheating” is
that we need to solve the Poincare-patch evolution not just
in one gauge but in every light cone gauge: to read off the
final data on each separate light ray of the future horizon,
we need a light cone gauge adapted to that light ray (see
Sec. V, as well as the Yang-Mills version [7]).

B. Framework

Let us now formulate the static-patch problem more
concretely. We will need to be more careful than in
previous treatments [7,12,13], which did not involve a
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dynamical geometry. In particular, in [7,12,13] we only
considered the 3D initial/final data on the past/future
horizon, while ignoring any extra data or constraints on
the horizons’ 2D intersection. In the present context, some
constraints on the 2D intersection will prove important
for a proper geometric and causal interpretation of our
scattering problem.

1. Geometric assumptions on the horizons’ intersection

In pure dS,, the past and future horizons of the static
patch intersect at a two-sphere whose intrinsic curvature
radius equals that of dS, itself. From here on, we set this
curvature radius to 1. The extrinsic curvature of this two-
sphere vanishes, i.e., the covariant derivative along the
sphere of its two lightlike normals is zero. In our static-
patch scattering problem, we will assume that this intrinsic
and extrinsic geometry of the intersection two-sphere
remains undeformed.

To express these properties in equations, let us denote
points on the two-sphere as unit 3D vectors F, and the
lightlike coordinates orthogonal to the two-sphere by u, v,
such that the two-sphere is at u = v = 0. We take the u
coordinate to be future pointing, and v past pointing. We
define basis vectors with respect to our coordinates as

fE—u, nEa—av, mEm'—f‘, ﬁiErﬁ'a%, (1)

where
r-r=1, m-r=m-f=m-m=m-m=0, mﬁl:%.
(2)

We fix the inner product of the lightlike normals as g, = %,
and we take the bivector £ A m to be left-handed. The two-
sphere’s intrinsic and extrinsic geometry can now be

expressed by the following relations at u = v = 0:

9ee = Gun = Gem = 9em = Gum = Gnin = Gmm = Gmm = 0,
9en = Gmm = %’ (3)
0uGmm = Oudimim = OuImin = Oufum = OuGun =0,  (4)
OvGmm = i = OuGmimn = OvGem = 0Grm = 0. (5)

We note that these properties fix the two-sphere’s coor-
dinates and the basis vectors (1), up toa SO(1,1) x SO(3)
global symmetry and a U(1) local symmetry. Here, the
SO(3) are spatial rotations of the F coordinates, the
SO(1,1) are rescalings of u and v (or, equivalently, ¢
and n) by equal and opposite factors, and the U(1) are
phase rotations [or, equivalently, SO(2) geometric rotations
around ©] of the basis vectors m,m at each point F.

Note that the global SO(1,1) x SO(3) is precisely the
isometry group of the static patch in pure dS, [the SO(1, 1)
being the static-patch time translations], while the
local U(1) is the standard “little group” of helicity
transformations.

2. Geometry and dynamical data on the past
and future horizons

With the above assumptions on the intersection two-
sphere, we can now draw, e.g., the future horizon by
parallel transporting the lightlike normal Z = 9, along
itself, while keeping the » coordinate fixed. The future
horizon is then the lightlike hypersurface v = 0, coordin-
atized by (u,t) with u > 0, where the light rays are the
lines of constant f, and u is an affine coordinate along them.
These properties are encoded by the following metric
elements at » = 0:

1
9ee = Gem = Gem = 0, en =5 (6)
where the constancy of g,, encodes the affine nature of
the lightlike vector £ (and its associated coordinate u).
Similarly, we draw the past horizon at (u = 0, v > 0), with

1
9nn = Ynm = Gnin = 0, 9en = 5 . (7)
We now come to a key property of self-dual GR. On a
solution of self-dual GR, our assumptions (3)—(5) viz. the
intrinsic and extrinsic geometry at u = v = 0 have conse-
quences that hold throughout the horizons. Specifically, on,

e.g., the v = 0 future horizon, in addition to (6), we have

1
Imm = 07 Gmin = 5 . (8)
On other words, the only element of the horizon metric that
is deformed from its pure-dS, value is g; . Equation (8)
implies that the horizon’s expansion rate vanishes 8 = 0, as
does its left-handed shear o,,, = 0, with only the right-
handed shear 6 ; = 0,9 7 nonvanishing. To see that (8)
indeed follows from our assumptions and from self-dual
GR, note that

(1) The initial values g,,,, = 0, gm = % and first deriv-
atives 6,,, = 0,9um = 0, 0 = 20,9,,; =0atu =20
are fixed by the assumptions (3)—(4).

(2) The second derivative d,06,,, is governed by the
product #o,,, and the left-handed Weyl curvature
element Cy,,/,, which vanishes on solutions of
self-dual GR.

(3) The second derivative 9,0 is governed by the
products 62, 6,,,6; » and the traceless Ricci curva-
ture element R,,, which vanishes on vacuum sol-
utions of GR.
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In this way, the field equations of self-dual GR fix the
metric elements (8) throughout the horizon, by propagating
the initial conditions o,,,, = 0 = 0 from the intersection
two-sphere.

Furthermore, the nontrivial metric element g ; on the
future horizon v = 0 can now be simply related to a right-
handed Weyl curvature element Cypy5 = 02057 Fixing
Csmemn On the horizon is equivalent to fixing g 7, since
Egs. (3) and (4) set g = 0,9mm = 0 at u = 0.

Finally, in addition to the right-handed horizon data
Crinem(u,t), we consider linearized left-handed data: the
component ¢,z (u, ) of a linearized left-handed Weyl
curvature perturbation. Unlike the right-handed Weyl
tensor C, we treat this ¢ not as derived from the deformed
metric but merely as propagating on top of it.

The same remarks apply to the past horizon, with the
replacements

3. The scattering problem

The horizons’ vanishing expansion 8 = 0 has important
consequences for their causal structure:

(1) The horizons continue to infinite values of affine
lightlike time (v — oo for the past horizon, u — oo
for the future horizon).

(2) The area density remains constant along the
horizons’ light rays.

This means that our deformed static patch remains bounded
by lightlike horizons of constant finite area, just like in
pure dS,. It therefore remains the “largest” causally closed
region in the deformed spacetime, which keeps us faithful
to the motivation of Sec. I A. We stress again that this is a
special feature of self-dual GR, where we can have non-
trivial right-handed shear (o,,, or c;; on the past/future
horizon, respectively), but vanishing left-handed shear
(63 m OF G,,,, respectively). In any real GR solution other
than pure dS,, the horizons would not maintain their
constant area, due to the nonzero gravitational-wave energy
density ~6,,,,0/ m-

With this understanding, we define our (classical)
static-patch scattering problem as computing the data
Crmeimn(u,t) and czpe,(u,t) on the future horizon from
(the self-dual GR solution defined by) their counterparts
Cmnm (v, ) and ¢,5,m (v, T) on the past horizon.

One can now ask whether this scattering problem is well
defined. Specifically:

(1) Given our initial data and assumptions on the past
horizon, is there a self-dual GR solution whose
future horizon satisfies our extrinsic curvature con-
straints (m - V)£ = (m - V)£ = 0 at the intersection
two-sphere?

(2) Is this solution unique?

At the coarse-grained level of only considering 3D data,
i.e., functions of all three coordinates on the past/future
horizon, it is easy to guess that the answer is “yes” since

(1) The Weyl curvature components that we defined as
our initial/final data are the standard ones for the
characteristic-value problem in GR, and in massless
theories more generally [12,19-21].

(2) Self-dual GR should be a self-contained sector, i.e.,
initial data consistent with self-duality should lead to
a self-dual solution.

However, at the more fine-grained level of lower-
dimensional data (i.e., 2D data at the intersection two-
sphere), the answer is less obvious. In Sec. V, we will
constructively demonstrate existence, by building initial
data (89) for a solution in the light cone ansatz (16). As for
uniqueness, it follows in three steps:

(1) In the Appendix, we will show that the light cone
ansatz (16) is (locally) the most general solution to
self-dual GR, up to gauge and diffeomorphisms.

(2) From the construction in Sec. V, it will be clear that
the initial data (89) for the ansatz (16) is uniquely
determined by (i) the curvature data C,,,,,,,, (v, t) on
the past horizon and (ii) the constraints (3)—(5) on
the intersection two-sphere.

(3) The field equation (17) governing the ansatz (16)
has a hyperbolic linear term, i.e., it is a hyperbolic
equation at each order in perturbation theory. This
guarantees that, at least perturbatively, a solution is
uniquely specified by the initial data at » > 0 as
provided by (89).

4. Reference example: Pure de Sitter space

It will be useful to have explicit formulas for the (u, v, )
coordinates in pure de Sitter space dS,. To achieve this, we
consider flat 5D spacetime R'#, parametrized by “light
cone” coordinates (u, v, r) with metric ds*> = dudv + dr?.
Here, u and v are lightlike coordinates, and r € R3 is an
ordinary Euclidean vector. De Sitter space dS, is then the
hyperboloid uv + r?> = 1 within R!*. Defining £ = r/|r|,
we obtain the desired (u,v,¥) coordinates for dS,. The
metric in these coordinates reads

U5 v du® +2(2 — uv)dudv + udv?
4(1 —uv)

+ (1 — uv)dt - dr,

(10)

where df - df is the metric of the unit two-sphere, and the u,
v coordinate range is restricted by uv < 1. The hyper-
surfaces # = 0 and v = 0 are lightlike horizons that define
a static patch, and have all the properties described in
Secs. II B 1-1I B 2. Of course, in pure dS,, both the initial
and final data for the Weyl curvature vanish.

024039-4



SELF-DUAL GRAVITY IN DE SITTER SPACE: LIGHT-CONE ...

PHYS. REV. D 109, 024039 (2024)

III. THE LIGHT-CONE-GAUGE ANSATZ AND
ITS PERTURBATION THEORY

We now forget temporarily about static-patch scattering,
and turn to present our light-cone-gauge ansatz for self-dual
GR solutions in the Poincare patch. The present section
merely describes the ansatz and its associated perturbation
theory. In Sec. IV, we derive the ansatz’s validity using the
Krasnov formulation of GR. In Sec. V, we tie it back to
the static-patch problem. In the Appendix, we discuss the
ansatz’s generality up to gauge and diffeomorphisms.

A. Poincare coordinates and spinors

We use Poincare coordinates x* = (,x) for pure dSj,
with the metric

1 1
ds*> = t—217abdx“dxb =3 (—df* + dx?), (11)

where 7, is the flat 4D Minkowski metric. The Poincare
coordinates x“ are related to the embedding-space coor-
dinates of Sec. II B4 via

(u,v,1) :—%(l,tz—xz,x). (12)

The ¢ coordinate ranges from t = —oo (the past boundary of
the Poincare patch) to t = 0 (the conformal future boundary
of dS,). It will be very convenient to introduce spinor
indices for the “flat” Poincare coordinates x* via the Pauli
matrices 6%%:

xar’z = 62!{'1 xa’ Nab x4 xb - _ 5 pon x(l(i,
. .0 d
— ab _
o = ot o — 3 2 (13)
0x 0X 4gy

The left-handed spinor indices (a,f3,...) are raised and
lowered with the flat antisymmetric spinor metric €,4, and

likewise for the right-handed indices (&, f3, ...):
él(l = e(lﬁéﬂ’ éa = C/}eﬁas zil = €dﬂ5ﬁ3 Zd = Eﬁeﬂda (14)

for any spinors (%, .

We define a basis vector 7,, = 0, along the ¢ axis (with
respect to the flat metric 7,,, this is a constant, past-
pointing unit vector). In addition, to define our light cone
ansatz, we fix an arbitrary left-handed spinor ¢* (again,
constant with respect to the flat 7).

B. The light cone ansatz

We are now ready to write our light cone ansatz for a
self-dual deformed metric over dSy:

1 . ;
ds? = - Gy (X dx® PP 15
4 Joopp

2
gao’cﬂﬂ(x) = ?2 eaﬁeo‘tﬁ

1 2,
— 7 9a9p9y95 <aya5§[; - fy(aa‘sﬁ')> ¢(x). (16)

The first term in (16) is the pure dS, metric, while the
second term is the self-dual deformation, generated by a
scalar prepotential ¢(x*). We stress that Eq. (16) is exact,
rather than a linear approximation in ¢b(x). The prepotential
¢(x) is subject to a field equation:

1 ) o
qu:—gq“qﬁqu‘s(l@aadﬂwﬁ—4taa0ﬂ/;¢)(0y“05”¢), (17)
where [ is the flat d’Alembertian:

0> 1 .
n =-3 04a0™. (18)

O S
o0x“ox?

Equation (17) is again exact, consistent with the fact that
self-dual GR has only cubic interactions [22]. The field
equation (17) can be extracted from Metsaev’s (A)dS light
cone formalism [3], but the actual metric ansatz (16) is, to
our knowledge, new (see [23] for some related work). It is
instructive to compare Egs. (16) and (17) to their counter-
parts in self-dual GR over Minkowski space [4,24,25], i.e.,
to Plebanski’s second “heavenly equation”:

ga&/}/}(x) = —2€a/3€a/‘f + anﬁquéayaaé/?¢(x)’
¢ ~ 46" 47 4° (0uc0ph) (0,05 ). (19)

We also list for comparison the corresponding ansatz and
equation for self-dual Yang-Mills theory [15,16] (here,
there is no distinction between Minkowski and de Sitter,
since the classical theory is conformal):

Aa(z (.X) = Qaqﬂaﬂ{xgb(x)’ D¢ ~ q{lqﬁ(a(1(1¢) (aﬁa(b)’ (20)

and for a conformally massless scalar in dS, with cubic
interaction:

o) =140, Tp~rgt  (21)
We see that the de Sitter equations (16)—(17) are just a
(surprisingly simple) modification of the Minkowski
ones (19), which in turn are the “square” of the Yang-
Mills equations (20).

Returning now to our field equation (17), we note that it
can trivially be encoded as the variation of an action:

1
= d*xy (O + < q°qPq" ¢ (10,40,
S=5-5 xw( ¢ +59°0" 0 4°(1029p¢p

—4%,1&aﬁﬁ¢><aﬁa5ﬁ¢>) (22)

024039-5



YASHA NEIMAN

PHYS. REV. D 109, 024039 (2024)

with respect to the Lagrange multiplier y(x). The overall
factor in (22), along with Egs. (16) and (17) themselves,
will be justified in Sec. IV. In fact, as we will see, the
action (22) is smarter than it appears. In particular, we will
see that y(x) is actually a component of a linearized left-
handed Weyl curvature perturbation:

1
w(x) =— 3 9“4 Y y,5(x), (23)

where the left-handed Weyl tensor W5,5(x) is written in an
orthonormal basis with respect to the curved metric (16).
Varying the action (22) with respect to ¢»(x), we obtain the
field equation for y(x) as

1 R o
Oy = = 74"@" 4 4 (10240 — 200pph) (9,05 w)
+ 400 0yph) (1,205 y)). (24)

This equation is linearized in y(x) but exact in ¢(x).

C. Perturbation theory and ‘‘almost conservation”
of energy

The cubic action (22) and its field equations (17), (24)
can be studied with the usual perturbative methods. Since
we are working at the classical level, we will ignore the
overall coefficient in front of the action.

At linear order, the field equations become simply
[p = Oy = 0, with the general solution given by a
superposition of plane waves:

&’k
(1) (x) = ik,
900 = [ G Katken
&’k
(1) — - lk,,x
D (x) lz R b(k)e (25)

Here, k, = (—w, k) is a lightlike 4-momentum, a(k,) are
mode coefficients, and the integration range is understood
to include both positive and negative frequencies:

' 1 4Pk
(2) — i d4K7 iK,x? / 1 k
§0) =5 [k [ Satk)

/ Pk,
X
©B=0 20,
Pk,

1
(2) d*K eiKax*
v =3 / K? /,{%0 20,

 ({aahainl + 24an0 aih] + 3 @) @i i

a(ky){qA1){ql2) [;11;12] <<6I/12> <Cﬁ/~12] + % (qA1)(g22) [/1 12]

L=0 - L=|k| - / o (26)

In spinor language, we can write the lightlike 4-momenta as

ka(’l = /1(1/11'19 /1 - SIgn( )’1(1 (27)

ad
Oq k(l('l ’

k,= >

At higher orders in perturbation theory, we get off-shell
propagators with nonlightlike 4-momenta K,. Every such
propagator converts a y leg into a ¢ leg, and is associated
with a factor of [d*K-L, where K* = 7*’K,K,,. Finally,
we have a cubic vertex that couples two ¢ legs with
4-momenta P,, O, to a y leg with 4-momentum K, (all
with the outgoing sign convention):

1
) 1
5;9°4" 4,95 aiP pp Q" (tﬁ——Q ﬁaK

>54(K +P,+Q,)

+(P<0). (28)

What is remarkable here is that, in addition to the con-
servation of spatial momentum K + P + Q (due to the
spatial translation symmetry of the Poincare coordinates), we
also have an “almost-conservation” of energy K, + P, + Q,:
the energy-conserving delta function is present in (28), and is
merely acted on by a derivative. This happens because
the background metric’s ¢ dependence is expressed in (17),
(22), (24) in a particularly “mild” way: as a factor of ¢ in front
of one of the terms. To see that this behavior of self-dual
GR is special, compare it, e.g., to the cubic scalar case (21).
There, we have a negative power of ¢ in the field equation,
which translates into an integral over energies, destroying
energy conservation completely.

To close this section with an explicit example, we
write out the second-order correction to the linearized
solutions (25):

a -4
9 t>5(K h-k).  (29)

3
k) [, Gatblk) g gl
o )0 =k k), (30)
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where we used shorthands for spinor inner products:

() =q, 2% [qA]=q.A%  (qid]=q,1°:2%  (31)

IV. DERIVING THE LIGHT CONE ANSATZ
FROM KRASNOV’S FORMALISM

In this section, we derive our light cone ansatz (16) and
the associated action (22), using Krasnov’s chiral formu-
lation of GR [1,2] (see important precursors in [26,27]).
In Secs. IVA-IV B, we review the formulation itself. In
Sec. IV C, we use it to study the light cone ansatz. In the
Appendix, we show that our ansatz is in fact the most
general solution of self-dual GR in the sense that any
perturbation away from it (that preserves the equations of
self-dual GR) is pure gauge.

A. The Krasnov formulation of GR

The Krasnov formulation of GR makes crucial use of
the spacetime dimension being D =4, and a nonzero
cosmological constant A # 0 (however, see [28] for a
formulation of the self-dual sector with A =0). As
before, we normalize A = 3, so as to have a unit de
Sitter radius. As in the Cartan (vielbein) formulation,
coordinate indices enter only via totally antisymmetric
differential forms. As in Sec. III, we denote coordinate
indices by (a,b,...) (these need not refer to Poincare
coordinates, but later on they will). As in the Cartan
formulation, we also use internal indices that refer to a
flat tangent spacetime at every point. In the Cartan
formulation, these are vector indices, which can be
decomposed into left-handed and right-handed spinor
indices as usual. In contrast, in the Krasnov formulation,
we use only left-handed spinor indices for the internal
flat spacetime. As before, we denote left-handed spinor
indices by (a,f,...). In the present context, these refer
not to the Poincare coordinates of Sec. III but to an
orthonormal basis in the internal flat tangent spacetime.

The fundamental variables in Krasnov’s formulation are

(1) The left-handed half 0% = ' of the spin con-
nection (a 1-form on the spacetime manifold).

(2) The left-handed half W*7% = W(@rd) of the Weyl
curvature tensor (a O-form on the spacetime
manifold).

Crucially, neither the metric g,, nor the vielbein e%* enter

as fundamental variables.
From the connection ®”, we construct its curvature F' Zf

in the usual way:

F% = 2a[awg]” — 0,0 (32)

The left-handed Weyl tensor \I‘fg can be viewed as a matrix
over the 3D space of symmetric rank-2 left-handed spinors.

Adding to this the identity matrix ﬂ?g = 6‘(’;5?) and taking

the matrix inverse, we obtain the geometric series:
1. \"1\ 1
_ S aff 2
<<11 7\1}) )yé A +5 ¥+ 0(¥). (33)

From these objects, the GR action can now be

constructed as
- / d“xe“b”’(ﬂ —1\11)_1 FOFS. (34)
1287G 2 afys av«

To relate this unusual formulation to the standard metric
language, we define the chiral 2-form:

1 =1\ ap
zg§:(<n—§qf> ) F15. (35)
y0

which is related to the vielbein e%* via

ZZ/Z = —e“a[aeff'. (36)

There is no closed-form expression for %%, since the
formalism never fixes a frame for right-handed spinors.
However, the metric g,, = —%eaaaegd can be derived in
closed form, as [29]:

.aab .ooa 1 cdef (ya
Jab :W’ Yab :%6 f(z ﬂ)ac(z/j}’)bd<2ya>ef'

(37)

The remarkable statement [1,2,22] is that, on solutions to
the Euler-Lagrange equations of (34), this metric satisfies
the vacuum FEinstein equations with cosmological constant,
and is consistent with the left-handed connection wZﬁ and
Weyl curvature P7°,

B. Self-dual sector and all-spinor indices

The full GR action (34) can be treated as a perturbative
expansion around the self-dual sector by expanding in
powers of the left-handed Weyl curvature W*"°. The
zeroth-order term is topological. Self-dual GR (along with
linearized anti-self-dual perturbations) is contained in the
first-order term:

i
5= 256G

a

/ d4x€uh6dqla/;y5FaZF};Z. (38)

At leading order in W%’/ the chiral 2-form (35) is given by
the curvature F' Z/Z itself, so the metric (37) becomes

Gab . . .
Yab :W, Yab :Eecdef(F(ﬁ)ac(Fﬁy)bd(Fya)ef.

(39)
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This metric now describes a self-dual solution of GR with
cosmological constant, with vanishing left-handed Weyl
curvature. The field $*’7% then describes a linearized left-
handed Weyl tensor, not derived from g,;,, but propagating
on top of it. Using (36) and =% = F we can relate W1
to its counterpart c,p.; With coordinate indices as

|
Cabed = E F aﬁF }:lepaﬂy&- (40)

The field equation for the self-dual solution is obtained by
varying (38) with respect to W*7:

(af prd) _
F[abFZd] 0. (41)

The field equation for the anti-self-dual perturbation is
similarly obtained by varying with respect to o?, but we
will not need the full form of that equation here.

Now, let us reintroduce spinor notation x4 — x®* for the
spacetime coordinates, as in (13). In doing so, we risk
confusion between the curved coordinate indices and the
flat internal spinor indices. To minimize such risk, we will
always place the internal indices before the coordinate
ones, as in (32), (37), (39). Raising and lowering of indices
will always be performed with the flat spinor metrics €4
and €5, with no regard to the curved spacetime metric.

Thus, ® and F Zi become expressed as o, = 0%,
Fol s = FP) g, and FP 5 = Fle) where

1 1

a)gﬁ——ia [0, FZ€—4(0'6, o, F“ﬁyé—l—aa o), 5F“/jj,5).
(42)

In these variables, Egs. (32), (38), (41) become

FP . — 9, 1@ 1a7€ﬂ

18 = O W8y T @ ey @)
- 1
FPys = 0 o 5 =S 0" Ty, (43)

1 - R
= 2562G / A X gy (FP o FIO% = PP F1O20), - (44)
F(aﬂgcpyé)%“ - F(aﬁééﬁyﬁ)éé =0, (45)

while the metric (39) becomes

ga&ﬁﬁ (46)

Jaipp = (—detg,,) /0"

. 1 -
Yaipp = _E (ea/}F}/&aé’F&sé.}:ngéﬂ + 3Fy5a§F6£CﬂFéya‘zﬁ"

- 3F76aﬁ1~:5£d71:—‘8y" - eaﬁFyéayF ey(SF b4 /}) (47)

We did not bother to write out det §,;, in spinor form, since
it will end up trivial in our application below. Finally,
Eq. (40) can be translated into all-spinor indices as

1
Cabed = 16 (Ua Gbﬂao-c Ud 7Capys
+ (Ugaabﬂ(xo‘gyady + Ga Opy 6 Gdﬂa) Copié
+ JZ(IIUhaﬁUpUdyﬁcaﬁy&) )
1
Caprs = 16 apF 0¥ i

1 -
L £ 5 P
c(lﬁ]‘/é 16F Cu/)’F}, 7o LeCyds

1 . -
Caprs = 16T P a5 apyo- (48)

C. The light cone ansatz

Having reviewed the Krasnov formulation, we are now
ready to construct the light cone ansatz of Sec. IIL
Following Sec. IVB, we will construct a connection
a)"/”ﬁ for a self-dual solution, derive from it the solution’s
metric g, and treat the anti-self-dual perturbation ¥*/7°
as a field propagating on this self-dual geometry.

Following [1], we separate o* 47 into a background term
A, that describes pure dS4, plus a deformation a*
(note that we are not implying a linearized approximation):

Py =A%, +a?,, A7,

2 (an
= ;5§ ", (49)
We then choose the following light cone ansatz for the

deformation a“”yy, inspired by the Yang-Mills ansatz (20):

1
a”/”w — ; qaq/}qy q{sa&yfﬁ- (50)

Here, ¢(x) will end up as the right-handed prepotential
from Sec. III. For any choice of g%, the ansatz (50) satisfies
a pair of gauge conditions:
Qapry = apy)is 9 (ta™7) = 0. (51)
These coincide with the gauge conditions introduced in [1],
except that in [1], the factor of 7 is absent, as a result of
taking a high-energy (effectively, flat-spacetime) limit.
The curvature (43) of the connection (49) takes the
schematic form F = dA + AA +da+ {A,a} + aa. The
term aa quadratic in the deformation vanishes, since it
involves a contraction of g% with itself. We are left with

4
P s = 57,5, & -

~ 4,454V + 814" 45, qc?ﬂ) 4 0es0b. (52)

1 1 o
Al 9°q’ q,q;0¢ — P (q“qﬁ a7
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3 1 2
F7ys = ——a"d"a,45 (0%055615 - ;ﬂ(y@‘ss)fﬁ), (53)

where the dS; background is described by the first term
in (52). Let us now plug (52)—(53) into the lhs of the
self-dual field equation (45). The pure-dS, contribution
vanishes (as it must, since pure dS, is a solution to the
self-dual equation). We are thus left with terms linear and
quadratic in ¢. Moreover, we find that the ~1/#* terms from
the FF and F F pieces cancel. Overall, we get

Flb  Froje — F(aﬁééﬁyé)éé
1
= —;qaqﬁqu‘S (800¢p + 4°4° q* 4" (10,40, 5
— 41,40,50)(0:°0,/ ). (54)

We recognize this as the scalar equation (17), multiplied by
an overall tensor factor ~g%q”q” q°/1>. The fact that we end
up with one scalar equation for the scalar degree of freedom
¢(x) confirms the consistency of our ansatz (50) for a® ;.
Plugging (54) into (44), we recover the action (22) in terms
of the right-handed degree of freedom ¢(x) and the left-
handed degree of freedom (x), defined via (23).

Finally, let us derive the explicit metric of our self-dual
solution. To do this, we plug (52)—(53) into (47). It is easy
to see that most of the terms vanish. Indeed, the free left-
handed spinor indices in (52)—(53) are all packaged in
factors of ¢* and 5. Since the result g, has only two left-
handed indices, this means that any product of terms with
more than two factors of g% must involve a contraction of
g% with itself, and therefore will vanish. Moreover, in the
first (i.e., FFF) term in (47), index symmetry requires the
free indices to be arranged as €,4, which rules out any
factors of ¢%. We are thus left with only the FFF and FFF
terms, and with only the pure-dS, term in each factor of F.
The result for the “densitized” metric ,; reads

) 2 | 2,
YGaapp = — t_6€aﬂ€d/3 - t_san/)’qu(s (aydaéﬂ - ; ty(daé/'})) ¢(X)

(55)

Now, we note that the determinant of (55) only receives
contributions from the first term. To see this, note that the
second term has its free left-handed indices all packaged
in factors of g% As a result, it can contribute to the
determinant only via contractions of ¢ with itself, which
vanish. Since the first term in (55) is just the pure dS,
metric multiplied by 1/#*, we conclude that the determi-
nant is

1

detfyp = ~ - (56)

Plugging (55)—(56) into (46), we recover the ansatz (16)
for the metric of the self-dual solution. We have thus
established

(1) The relationship (16) between the right-handed
degree of freedom ¢(x) and a complete self-dual
metric solution.

(2) The relationship (23) between the left-handed degree
of freedom y(x) and a linearized left-handed Weyl
tensor.

(3) The light-cone-gauge action (22) that governs ¢(x)
and y(x).

For completeness, we also present the vielbein associated
with the metric (16) and spin connection (49)—(50):

M= guebh
; 2 455 1 ' 2,
eﬁﬁm‘l == ;5&5{); - E qaqﬂqu5 (a(sﬁa}’il - ; tﬁﬁa}/d) ¢()C)

(57)

It is easy to check that this squares into the metric (16)
via g, = —1e,;.€), as well as into the 2-form (52) via

Fo = 3% — —ead[aeg]a. We found (57) by first taking
the “naive” square root of (16) [given by (57) with the
ad <> pf index pairs symmetrized], and then looking
for an internal left-handed rotation that would reproduce
(52). Note that, as everywhere in the Krasnov formalism,
the freedom of right-handed internal rotations remains.
The explicit vielbein (57) represents a particular (simple
but not unique) choice of the internal right-handed frame.

V. EXTRACTING STATIC-PATCH
SCATTERING DATA

A. Overview

Having justified the light cone ansatz of Sec. III, we
are now ready to discuss its relation to the static-patch
scattering problem from Sec. II. In Sec. III’s Poincare
coordinates, the static patch’s future horizon is simply the
past light cone t = —|x| of the origin—a regular lightlike
bulk hypersurface. On the other hand, the past horizon is
(the past half of) the Poincare coordinates’ past lightlike
infinity (t = —oo0, |X| = 00, —o0 < £+ [X| < 0). As usual,
a boundary at infinity (in this case, only in the coordinate
sense) ultimately simplifies matters, but it requires some
extra care.

We proceed as follows. In Sec. VB, we discuss the
behavior of ¢(x) and y(x) near the past horizon, translating
from the (singular on the horizon) Poincare coordinates to
(regular on the horizon) coordinates (u, v, t), defined via
the pure-dS, coordinate transformation (12). Then, in
Sec. V C, we describe how our Poincare-patch solutions
induce right-handed initial data on the past horizon, as
defined in Sec. II B. In particular, we show that the metric
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in (u, v, t) coordinates satisfies the appropriate constraints
(7) on the past horizon, and also, with appropriate initial
conditions for the prepotential ¢(x), the constraints (3)—-(5)
on the intersection 2-sphere. Next, in Sec. V D, we describe
how w(x) induces left-handed initial data on the past
horizon.

Finally, in Sec. VE, we describe how the Poincare-
patch solutions induce final data on the future horizon.
Here, the constraints (6) that ensure the lightlike and
affine structure of the horizon’s light rays are generally
not satisfied in our (u, v, ) coordinates. However, there is
one particular light ray of the future horizon that remains
undeformed from pure dS,: the one aligned with the fixed
spinor ¢“ that defines our light cone gauge. This is good
enough: we can probe the future horizon one light ray ata
time by varying ¢* and thus changing the light cone
gauge. Note that the same situation occurred in the Yang-
Mills case [7] (however, in that case we could handle the
full theory, whereas here we are restricted to the self-dual
sector).

As in [7,12,13], we can mostly ignore the distinction
between the geodesically complete horizons (u =0,
veER), (ueR,v =0) and the “halved” horizons (u > 0,
v =0), (u = 0,v > 0) that actually bound the static patch.
In particular, we can arbitrarily extend the physical initial
data at v > 0 into the v < 0 range, and then just throw away
the unphysical # < 0 half of the final data. This is justified,
at least in perturbation theory, by the hyperbolic (i.e.,
causal) structure of the linear term in the field equation (17).
On the other hand, unlike in [7,12,13], we will be forced to
impose some constraints on the intersection 2-sphere
u= v =0, so as to ensure Egs. (3)—(5).

B. The behavior of ¢)(x) and y(x) near u=0

1. Coordinate transformations

We begin by copying the coordinate relation (12) as

(u, v, %) = (—l,ﬂ,i). (58)

tt X|

Taking derivatives, we get

ou ) = ov uv
= N 0 ’ =-21-— ) 1- 5
ox? (. 0) ox“ ( 2 uvr)
K _ U 05,7 (59)
— = , 0/ — I;r;i).
ox¢ /] —uv J J
Near the past horizon u = 0, this becomes
ou 5 ov R
P (u?), pwr =2(1,%) + O(u),
or o )
@ = M(O, 5,] - r,»rj) + O(M ) (60)

Now, the 2-sphere point f and its tangent vectors m, m can
be parametrized in terms of spinors y%, 7% (normalized as
t(ziz)(a)_(a =-1 ):

(0, F-0)% = 275, m-o% = gl

m - 6% = 77’1 (61)

In terms of these spinors, the derivatives (60) near u = 0
become

0{”u:O(u2), 0{1[11}:4)(“)_(&4—0(14), dldf':O(u), (62)

where, for the moment, we omitted the details of the O(u)
term in d,,r. Rewriting T in terms of y,y, as in (61), this
term reads

aaa()(ﬁ)_(/‘}) = _u)(y)_(“?yai/}y)(a)_{ﬁ + ?y[ﬁay)(/})_(a) + 0(”2)‘
(63)

2. Small-u behavior of ¢(x) and y(x)

Now, consider the linearized solution ¢(!)(x) from (25)
for the right-handed degree of freedom ¢(x). Recall that
this ¢p(!)(x) is just a superposition of lightlike plane waves
in the Poincare coordinates. It is well known (see, e.g.,
[13]) that its rescaled version u~'¢p(1)(x) = —t¢p(V)(x) is a
regular function of (u, v, ) near u = 0; this is essentially
the statement that a radiative field in flat spacetime can be
expanded in positive integer powers of 1/r. In particular, at
leading order in u, we have

lin(l)”_lfﬁ(l)(x) = —ﬂi/oo dwa(—w, wt)e™?,  (64)

where a(k,) are the mode coefficients from (25).

We can now show, order by order in perturbation theory,
that the nonlinear corrections to ¢(x) preserve the regu-
larity of u~'¢p(x) at u = 0. Using the conformal relation
between the flat and de Sitter d’ Alembertians:

(65)

SRS

Ug = %(DdS —2)(t¢p) = w’(Oys — 2)

and the relation 0y u~' = —0,,t = —1,5, We rewrite the
field equation (17) as

$ 1, 1 YA
(Dds—2);:§q @ qq¢° = OuiOp 9, d5” =

u u

8, ¢ iy 3P
Ztal 05— ) [ 0,%0 =
+u aa( ﬂ[ju)< y Yo M>

N TANY.
+8tadt/)’[}’; ay aéﬁ;
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Now, assume by induction that u~'¢ is a regular function
of (u,v,t) near u = 0, up to some order in perturbation
theory. Recall that near u = 0, the Poincare-coordinate
gradients 0, of the (u, v, ) coordinates scale as in (62).
Therefore, the gradient of u='¢ (at the given order in
perturbation theory) behaves as

O ?—%wa vd)
u

+ uf o (67)
where f,; is a regular function of (u, v, ) near u = 0.
Taking another gradient, and using Eq. (63) to take the
gradient of y,y, in (67), we get

¢ o
Oy = 1% aXa X0

m s aa a0
— 4wy (Lal gy + Ujlaid s a) O o
+ 4”)(01)_(&617](‘0& + 0(142). (68)

Now, using the fact that jy,, contracted with itself gives zero,
we can see that the contractions of derivatives that appear
on the rhs of (66) satisfy

() o9 -t

(aaaaﬁ,}%) <a aaﬂ¢> 0(u?). (69)

This implies that the rhs of (66) is a regular function of
(u, v, t) near u = 0, despite the negative powers of u that
appear in it. We conclude that u~'¢ remains regular near
u = 0 at each successive order in perturbation theory, as
desired. Moreover, if we use the retarded propagator to
invert the (1,5 — 2 on the lhs of (66) (which is equivalent to
using retarded propagators in the Poincare perturbation
theory of Sec. III C), then the linearized value (64) of u~'¢
at u = 0 becomes the exact initial data for the full nonlinear
solution.

The same analysis can be applied to the left-handed
degree of freedom wy(x), with its field equation (24).
The upshot is that u~'¢(x) and u~"y(x) are both regular
functions of (u,v,t) near the past horizon u = 0, with
initial data given by

” doa(-o, of)e™"/?,

(v, 1) = lirr(l)u_lgb(u, v, F) = —m'/

[Se]

(70)

yr(v, 8) = limu~ly (u, v, ) = —i / dwb(—w, wf)e@/?,
Uu— —

(71)

A priori, the initial data (70)—(71) are arbitrary functions of
the coordinates (v, ) on the past horizon. As we will see
below, to satisfy the geometric constraints (3)—(5) on the

intersection 2-sphere u = v = 0, we should set ¢(v, ) and
its first three 9, derivatives at v = 0 to zero:
¢(D’ i\.)|v=0 = av(rb(v’ i\.)|v=0 = ()%4)(1}, i\.)|v=0
= (v, B)|,—o = 0. (72)

3. Behavior of the d’Alembertian at u=v =10

To conclude this subsection, we spell out a consequence
of the first three constraints in (72), which will prove useful
below. Let us return to the field equation (66). Using
the dS, metric in the form (10), we can express the
d’Alembertian [, at u = v =0 as

Ogs = 40,0, + Ug,, (73)

where [lg is the 2-sphere Laplacian. Plugging this
into (66), we get, at u = v =0,

¢ 1 ¢
auav u - 4(2 DSZ> u

1 1 ¢ ar 3P

+3,4°dd <u2 (%%;) (0 95 )

8. (1 D\ (1arsd
(30 (s500%)

+ S}ad?ﬁﬂ% (5 @0, ¢>

— 6lualy <a/’ %) <aﬁfl %) ) . (74)

Now, let us assume the first three constraints in (72). These
imply that u='¢p and its first two 0, derivatives at v = 0
scale as O(u) at small u. Plugging this into (67)—(68),
we get the following small-u scaling at » = 0 for the
gradients (67)—(68) and their contractions (69):

4 ¢
O(u), i O(u), 04 i,

<aa,},aﬂﬁ ‘i’) (a g ¢> 0(ud), (76)

where, to obtain the last relation, we again used the fact
that the contraction of jy, with itself vanishes. Plugging
(75)—(76) into the rhs of (74), we obtain

O(u), (75)

limg, 0, ¢

u—0

=0. (77)
Ujy—o
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C. Right-handed initial data on the past horizon,
and constraints on the intersection 2-sphere

Let us now invert the coordinate relation (58):
1

:f(—1,\/1 —m)f'). (78)
u

The basis vectors (£, m, m, n) from (1) can now be written
in Poincare coordinates as

ov V1—uv
ox¢ 1 1—tuw 1 v?
a — — 1’_ 2 A — 1’_’\ Zniy0 ,
o u2( _1_m)r> uz( r)+4n +0(u)
ox* 1
mi=m- a’; ——(0.VT=uom) =—(0.m)+0(1).
_ _oox? 1 _
mi=m- % =—(0,vV1—uvm)=—(0.m)+0(1), (79)
u

where we present both the exact expressions and their
expansion in powers of u near the past horizon u = 0. In
spinor indices, Eq. (79) becomes

2

2 ]
==xX"%"+—
u

1 n*+0(u),

. o1, .
nee :)(a)—(a_i_itaa_i_o(u)’ fa(x
(80)

R o o
m ==yl +0(1), e =—ghiy+0(1).  (81)

Now, let us rewrite our self-dual deformed metric (16) in
terms of the function u~!¢, which is regular at u = 0:

( 2€a/}€ ap + Q(zQﬁqur?(a aa + 4u[7( aé/})

4t @) .

g, aapp (X )

(82)

We now plug in the initial data (70) for u~'¢ along with the
gradient behavior (62), and contract with the basis vectors
(80) and (81). We obtain the leading-order [namely O(1)]
contribution to the metric elements at small u as

9nn = Gnm = Gnin = Gmm = 9em = 0’
= g = —apgral. (83
gfn_gmm_z’ Imm = q ”I/t’
2 ¢
9ee = 5 +4xa)* ((q17] + (rq)(m - 0¢))*
= ~4(zg)(m- 0,0, 2. (34)

From this, we immediately see that the constraints (7) on
the past horizon are satisfied. Assuming (72), the con-
straints (3), (5) on the metric and its d, derivatives on the
intersection 2-sphere u = v = 0 are immediately satisfied
as well. It remains to check the constraints (4) on the
metric’s 0, derivatives at u = v = 0. For the pure-dS,
metric —2u2€aﬁea j these are of course satisfied, as can be
checked directly. As for the deformation, since u~'¢ and its
first two d,, derivatives vanish at u = v = 0, we can directly
roll over the deformation terms in (83)—(84) to the next
order in u, obtaining

augnn = a1,4gnm = augnrh = augrhm = augfﬁz
= augfn = augmrh = 07 (85)
0 = 4rq)'0,02 2. (86)
u
L
ugee = 40a)*(qi] + (rq)(m - 0¢))*0, .
¢

0uGsm = _4<)(q> ( )a av;' (87)

The vanishing (77) of 9,0,(u~'¢) now implies that the
remaining constraints (4) at # = v = 0 are indeed satisfied.

With the constraints on the past horizon and intersection
2-sphere verified, we proceed to identify the initial data on
the past horizon, as defined in Sec. II B 2. For the right-
handed data, we use (83) to write

) - avgmm(o v, ) = 4<J(Q>4a?)$(vvf.) (88)

Cnmnm(
Together with the constraints (72), this uniquely determines
the prepotential data 4)( t) as a fourfold definite integral

of the Weyl curvature data C,,,,,, (v, ):

R 1 v 4 v
v,F) = —-— dv’/ dv"/ dv"
(/)( ) 4()(Q>4A 0 0

x / " A0 Con (0 ). (89)
0

D. Left-handed initial data on the past horizon

Let us now extract the left-handed initial data c,,;,,; from
the initial data (71) for w(x). First, we will need to convert
the Weyl tensor W*7% from the internal spinor basis to the
Poincare coordinate basis, via (48). Then we will need to
contract the left-handed Weyl tensor with two copies of the
bivector n A m. In Poincare coordinates, at leading order in
u — 0, this bivector reads:

n®pPh — nfPine = -3 (1P 7"l + 77 e*r). (90)
u
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Now, as a regular field in dS,, the left-handed Weyl tensor
should have finite components in the (£, m,m,n) basis,
which is regular at the past horizon u = 0. Therefore, it will
have vanishing contraction with any bivector whose com-
ponents in the (£, m, i, n) vanish at u = 0. In particular, its
contraction with n A m should not change upon shifting
nAm by any finite multiples of the bivectors
u(@ A n+mn i), u*>(€ Am) or u>(¢ A m), which read

o 0 o 0 2 e o A
u(z,”‘ml’lﬂﬂ — PPy o peampp mﬂﬂmaa) — ;)((atﬂ)j,)(yé'aﬂ,

(91)
I I
w (% mPP — PP ma%) = — = %y Peth (92)
u
Y iy . 2
U (£l — PPine) = — = 74P e . (93)
u

By adding appropriate multiples of these bivectors, we can
cancel the right-handed term in (90), and tune the left-
handed term to anything that has the same inner product
with y,rs. To make contact with Eq. (23), it will be
particularly convenient to replace (90) in this way by a
multiple of g%g”:

qa q[)’ 6,&/3
2ulxq)*
The actual shift terms in (94) can be found by demanding

that the shifted bivector have vanishing contraction with ¢,,.
Explicitly, they read

n® PP — PP 4 shifts = (94)

2y Y b . p ; .
shifts — % (Z/ﬂaanﬁﬂ — PPy + mmbB — mﬂ/}maa)
q
<)_(q> : I,t2 At 1, 3 BB i
+ - (% mPP — PP o)
u? . ; p .
- (ol — PP ), (95)

Now, plugging the shifted bivector (94) into (48), we see
that we need only the “fully left-handed part” F ”ﬂy5 of the

2-form F' Z€3

)

7*qd’q'q _ 1
Cnimnim = Wcaﬂyé’ Capys = RF ggaﬂF 5'7y5‘1’6¢5,7. (96)

Analyzing our expression (52) for F* 5 with the same
power-counting methods as we used for the metric, we see
that at leading order in u — 0, it is given by the unde-
formed, pure-dS, value:

Faﬂ},g = 41425?}/

5. (97)

We thus have simply c,4,5 = u4‘I’aﬁy5, and the left-handed
Weyl component (96) reads

u2qaq/}qu5
Conmnin = Wwaﬂm-
Comparing with Eq. (23), we finally obtain the relation

between the left-handed initial data on the past horizon and
the initial data (71) for w(x):

(98)

I;D(’U,f') = 16<Z‘1>4cnrhnrh(v’f.)' (99)

E. Future horizon data, one light ray at a time

We now set out to extract the final data on the future
horizon v = 0. As mentioned in Sec. VA, this becomes
easy if we focus on a single one of the horizon’s light
rays—the one aligned with our gauge spinor g% We can
then vary ¢“ scanning through different light cone gauges,
and thus extract the data on any desired light ray.

Let us then choose g* normalized as 7,,q°g* = —1, and
focus on the particular light ray (with respect to the pure
dS, metric) parametrized by (61) with (y*, 7%) = (¢*, @%),
i.e., defined by (v,t) = (0,6%q,q;). We claim that this
remains a light ray also in the deformed metric (16), and
that u remains an affine parameter along it.

To see that this is true, we begin by writing the basis
vectors (79) on our light ray:

1

. 2 . . .
Lo — p qaéa’ mex — ; qaqﬂtﬂa’

mee — lc—ldc-l/}’iaﬂ’ nee — qaqa _|_l’t‘aix' (100)
u 2

Contracting with the metric (16), we immediately find
that the metric elements g., Gz.» Gzin» 9¢n are undeformed
from their pure-dS, values, so that the constraints (6) are
satisfied; in particular, ¢ remains lightlike. We must be
careful, though: the constraints (6) imply affinely para-
metrized light rays only when they hold on an entire
hypersurface, not just on a single ray. Therefore, we still
need to demonstrate that the covariant derivative of £¢
along itself vanishes. Luckily, this is easy to show. We write
out the covariant derivative as

1
fbvbf” = fbdbf“ + gadfbbﬁc <0bgcd — iadghc> . (101)

Now, the metric deformation in (16) has both its left-
handed spinor indices along ¢g,. Since the metric-dependent
terms in (101) have at least one of the metric’s indices
contracted with 7% ~ g®g%, we conclude that the covariant
derivative (101) remains underformed.

Having established that we are indeed dealing with an
affinely parametrized light ray of the future horizon, we can
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proceed to read off the final data on it. Contracting m®
from (100) with the metric (16), we get

1 . 1 .

oo =—(g%q%d,:) P — = g*q%d,,. D, 102
G = 7.(4°9"0u)* ¢ = 54" 0. (102)
where we recall the relation u = —1/t. Noticing ¢*g* =
(u?/2)¢** and £°%9,,, = —20,,, the metric component (102)
becomes

w3

9nm = Zaiqb + uzau(ﬁ- (103)
Taking two more 0, derivatives, we obtain the final data
for the right-handed Weyl curvature component Cyz5 in
terms of the right-handed degree of freedom ¢(x):

!

5 11
Consalind) = (0% + 30008 + 3 i 420, o),

2
(104)

This relation is morally similar to, though a bit more
complicated than, its counterpart (88) on the past horizon.

Finally, we turn to the left-handed final data ¢,z (u, T)
in terms of our left-handed degree of freedom y(x). As in
Sec. V D, we plug into (23), (48), (52) to translate between
Comems PP and yr, and we again find that only the pure-
dS, part of the curvature (52) contributes. Altogether, the
left-handed final data reads

o 4P P
Comem (U, F) = Tﬁy
_ 4" EPF P Py
64u°
_"PTYops _y(x)
4u? 4ud

(105)

VI. OUTLOOK

In this paper, we developed an exact light cone ansatz
for self-dual GR in dS,, along with linearized anti-self-dual
perturbations on top of it. In addition, we carefully
formulated the static-patch scattering problem for this
sector of GR, and showed how its solution at tree level
is encoded within our light cone ansatz.

There are a number of avenues for future work. First, it
would be interesting to compute loop corrections to our
classical static-patch scattering. In fact, it is likely that this
problem can be solved completely, since self-dual GR is
one-loop exact [22]. Second, it would of course be valuable
to go from self-dual (complex) GR to full (real) GR.
However, as discussed in Sec. II, we expect this to be
difficult both technically and conceptually.

A more straightforward future direction is to continue up
the ladder of spins, and address the static-patch scattering
problem for the self-dual sector [30-34] of higher-spin
gravity [35-37]. The present work should be directly
relevant for this purpose, given that self-dual higher-spin
theory has recently been formulated [38] in a manner
closely analogous to Krasnov’s formulation of GR. It
would be especially interesting to try and make contact
between static-patch scattering and the holographic
description [39] of higher-spin gravity in dS,.
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APPENDIX: GENERALITY OF THE LIGHT
CONE ANSATZ

1. The problem statement

In this Appendix, we discuss the generality of our light

cone ansatz (49)—(50) for the connection wgﬂ. Our claim is
that this ansatz is general up to gauge and diffeomorphisms,
in the sense that perturbations around (49)—(50) can be
described (at least locally) as gauge transformations. Here,
the deviation (50) from pure dS, can be large, i.e., non-
perturbative. Our treatment will borrow some ideas from
the analysis [1] of perturbations over pure dS,.

Thus, let us consider the self-dual GR solution (49)—(50)
as a background, with vielbein €% [given explicitly
by (57)] and covariant derivative V,, = ¢%,V,. Here and
in the rest of this Appendix, we use strictly internal spinor
indices. This means that the translation between spinor and
coordinate indices is always done using the curved vielbein
e%, rather than using the “flat” Pauli matrices 6%% as we
have done in the main text.

Now, consider a general linear perturbation of w? over
our background:

1 ..
off = 3 5w, (A1)

where 6® 4,
The perturbation to the curvature F Zg is 6FZ/; =

has the index symmetry 6@ z,; = 6D (4p),5-

ZV[aéa)Z]ﬂ . To preserve the field equation (41), this must

. aff )
satisfy F [(aé SF' d)]

recalling that Fzg is equal to the chiral 2-form (36), we

obtain the field equation for the connection perturbation
(A1) as

= 0. Converting to spinor indices and

V(28®p,55 = 0. (A2)
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Some of the solutions to this equation are the linearized

. . 8 B . . L.
diffeomorphisms 5wZ/ =F Z/bfb , or, in spinor indices,

0,7 = 2€,(ulp)y- (A3)

Others
sw? =V 0, or, in spinor indices,

are linearized internal left-handed rotations

5(D(z/}yj/ = v}/yea/} ’ (A4)
where 8% = (). Finally, we have solutions that preserve
the ansatz (50), with some perturbation d¢ to the prepo-
tential ¢(x) that preserves its field equation (17). These

take the form

6Dy = %QaQﬁquévéy&ﬁ- (A5)
Note that in this case, the translation between “coordinate”
spinor indices in (50) and “internal” ones in (AS5) ends
up being trivial. This is because the deviation of the
vielbein (57) from pure dS; is always along g%, which
vanishes when contracted with the g“ factors in (50). Our
task now is to show that together, Eqs. (A3)—(AS5) span (at
least locally) the most general solution §®,,,(x) to the
field equation (A2).

2. Index symmetries

The first step is to recognize a remarkable simplifying
feature [1] of the Krasnov formalism. Algebraically, 6@,
consists of two pieces with different index symmetries:

0Papyy = 0Piapyy +3

6},(”5(1)/;)55?, (A6)
where all possible values of the second piece are precisely
spanned by the diffeomorphisms (A3). Thus, we can use
diffeomorphisms to restrict to totally symmetric 6@, =
0@ (4p,)7- The ansatz-preserving perturbation (A5) is
already of this form, while the internal gauge transforma-
tion (A4) gets index-symmetrized (via an appropriate
diffeomorphism) into
5(I)aﬂ}/y = V(},ygaﬂ) (A7)
Thus, our remaining task is to show that Eqs. (A5) and (A7)
span the most general totally symmetric solution to (A2).
Our next step is to unsymmetrize the spinor indices in
the field equation (A2). That is, we aim to bring the field
equation to the stronger form:
V26,55 = 0. (A8)
This is equivalent to the original equation (A2) together
with a “Lorentz gauge” condition Vﬂéd)aﬁ”’ = 0. We claim

that this condition can be ensured by a gauge trans-
formation of the form (A7). To see this, we start by writing
the divergence of (A7) as
1 ; ;
V,, 00,57 = gvﬂ(wedﬂ +2V(70p7).  (A9)
In the second term, we decompose into symmetric and

antisymmetric parts with respect to the spinor indices on
the two derivatives, which gives

.2 ) )
Vwéd)aﬁw = gv”}vweaﬂ + V<a‘7‘VﬂV€y>7. (AIO)

Now, on a solution to self-dual GR, the only curvature
component that contributes to the commutator V'V, is
the Ricci scalar, i.e., the cosmological constant:

Vi Vil = 5,45 (Al1)

for any left-handed spinor field ¢{*. Plugging (All)
into (A10), we get

vn‘,5®aﬂ”} ==

SR )

(V,, VT —2)0,. (A12)
Thus, given any 6®,, we can always choose a
gauge transformation (A7) by solving (V,, V7 —2)0,, =
—%Vﬁéd)a/;”, 0 as to bring us into the “Lorentz
gauge” V,;,60,4" = 0.

The upshot of this subsection is that the perturbation
0®,p,, can be restricted to be totally symmetric
0Dp,5 = 6@ (ap,)7» and to satisfy the strengthened field
equation (A8). Our remaining task is to show that the
solutions to (A8) are spanned by the ansatz-preserving (AS5)
and the residual gauge transformations (A7), where the
gauge parameter is restricted to preserve “Lorentz gauge”:

(V,, V77 = 2)0, = 0. (A13)

3. Counting unconstrained derivatives

Let us now show that Egs. (AS5) and (A7) indeed span
all solutions to the field equation (AS8). Our approach is to
study the tower of derivatives around some fixed space-
time point x, and count the number of unconstrained
components in these derivatives. In other words, at each
order in the derivative expansion, we will count the
components that are not related, by field equations or
constraints, to other components with equal or smaller
number of derivatives.

Before we begin, we note that as usual, the Dirac-like
field equation (A8) implies a Klein-Gordon-like equation:

Vi V6@, 55 = lower-derivative terms. (A14)
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This follows from acting on (A8) with V¢, and noting that
V@V 9 is a commutator of covariant derivatives, which
reduces to a derivative-free curvature term.

Now, we are ready to count the unconstrained compo-
nents of the nth derivative of 6@,

Vi Va,a,0Pss5- (A15)
Any commutator of two derivatives again results in a lower-
derivative term. Together with Eqs. (A8) and (A14), this
implies that the only unconstrained components of (A15)
are the ones totally symmetrized over the n left-handed
indices (q;...a,), as well as over the n + 1 right-handed
indices (c,...a,5). Recalling that the three remaining
indices (fyd) are also symmetrized, and that a rank-k
totally symmetric spinor has k 4+ 1 independent compo-
nents, we conclude that the number of unconstrained
components in (A15) is 4(n+ 1)(n + 2).

Now, consider the ansatz-preserving perturbation (AS).
Here, the nth derivative of 6@ is determined by the
nth derivative of ¢*V ,,6¢:

afyy

valal -'-vano'c,, C]ﬁvp’/35¢7 (Al6)

where the relevant constraint is a Klein-Gordon-like equa-
tion V,,V*5¢p = ... that arises from (17). This leaves
unconstrained the components of (A16) that are totally
symmetrized over the n indices («,...a,), as well as over
the n + 1 indices (,...a,/). Thus, the number of uncon-
strained components is (at least) (n + 1)(n + 2).

It remains to show that the remaining 3(n + 1)(n + 2)
unconstrained components of (Al5) can be provided by
the derivative expansion of the gauge transformation (A7).
To make sure that we are not double counting, we
contract (A7) with g% which annihilates the ansatz-
preserving solutions (AS5). The nth derivatives of the result
then take the form

Ve Vi, @V 511 05)- (A17)
where 60,5 satisfies the Klein-Gordon-like constraint (A13).
This leaves unconstrained the components of (A17) that are
totally symmetrized over (a;...a,) and (&;...a,/). Since
the remaining free indices (y§) are also symmetrized,
this makes (at least) 3(n + 1)(n + 2) unconstrained com-
ponents, i.e., just enough to complete the most general
solution to (AS).
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