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Massive vector fields can form spatially localized, nonrelativistic, stationary field configurations
supported by gravitational interactions. The ground-state configurations (p-solitons/vector solitons/dark
photon stars/polarized Proca stars) have a time-dependent vector field pointing in the same spatial direction
throughout the configuration at any instant of time, can carry macroscopic amounts of spin angular
momentum, and are spherically symmetric and monotonic in the energy density. In this paper, we include
general relativistic effects, and numerically investigate the stability of compact polarized Proca stars (linear
and circularly polarized) and compare them to hedgehog-like field configurations (with radially pointing
field directions). Starting with approximate field profiles of such stars, we evolve the system numerically
using (3þ 1)-dimensional numerical simulations in general relativity. We find that these initial conditions
lead to stable configurations. However, at sufficiently large initial compactness, they can collapse to black
holes. We find that the initial compactness that leads to black hole formation is higher for circularly
polarized stars (which carry macroscopic spin angular momentum), compared to linearly polarized ones,
which in turn is higher than that for hedgehog configurations.
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I. INTRODUCTION

Massive vector fields (or dark photons) can constitute
all or part of dark matter. If their mass is ≲10 eV, the
occupation numbers in typical astrophysical/cosmological
settings are large enough to admit a classical field descrip-
tion. Their early Universe production (for example, [1–8]),
astrophysical/cosmological phenomenology, as well as
direct and indirect detection strategies are being extensively
explored (see [9] for a recent review). Numerical simu-
lations investigating the nonlinear (and nonrelativistic)
gravitational dynamics of such fields in an astrophysical
setting have been initiated recently [10–13].
Similar to the case of scalar fields, in the nonrelativistic

limit, one expects massive vector fields to form spatially
localized, nonrelativistic, stationary field configurations
(solitons or boson stars) supported by gravitational inter-
actions. At any instant of time, such polarized Proca
stars (also referred to as p-solitons, vector solitons, dark
photon stars) have a spatially constant orientation of the
field polarization throughout the configuration [14,15].
Depending on the polarization, they can carry macroscopic
amounts of spin angular momentum [10,15]. They are

spherically symmetric in energy density, but not in the
field configuration (but are node-free). Nonrelativistic
(fractionally) polarized solitons have been shown to from
generically from cosmological, as well as astrophysical
initial conditions [10–13].
General relativistic effects become necessary to consider

if the vector field configurations become sufficiently
compact.1 Such an analysis is relevant for understanding
the detailed nature of the compact configurations, including
their maximal compactness, intrinsic spin, stability and
deformability. These properties can be critical when con-
sidering (mergers of) such compact objects as gravitational
wave sources [16,17].2 In this paper, we study such
polarized Proca stars within full numerical relativity.
We note that polarized Proca stars that we focus on here

are unlike hedgehog-like field configurations. Hedgehog-
like configurations have spherically symmetric field con-
figurations with spatially varying field polarization, and
have a node in their field profiles at the origin. Hedgehog
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1Current simulations show that solitons forming from generic
initial conditions are indeed fractionally polarized (with macro-
scopic spin) [12], and are typically too diffuse to warrant studying
relativistic corrections.However, as such solitons accrete fields from
their surrounding, they can become increasingly more compact.

2The merger of scalar boson stars and their gravitational wave
emission has been studied extensively in the literature, see for
example [18–30].
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configurations have been studied in detail including general
relativistic corrections, assisted by the spherical symmetry
of the energy density and their field configuration [31,32].
However, such hedgehogs are higher energy states of the
field for a given mass compared to the polarized Proca
stars=p-solitons mentioned above [14,15]. Unlike the
polarized Proca stars, hedgegogs have been shown to form
only under a special set of spherically symmetric (field)
initial conditions and evolution [33].
As far as general relativistic polarized Proca stars are

concerned, the m ¼ 1 case was studied in [16,31,34] (for
the complex vector field).3 This case is similar to circularly
polarized solitons/Proc stars with macroscopic angular
momentum in [15]. The analysis in [15] (which includes
circular, linear and fractionally polarized cases) is a non-
relativistic analysis, where the underlying relativistic vector
field can be real valued. To the best of our knowledge,
general relativistic linearly polarized Proca stars (with
negligible angular momentum) have not been studied in
the literature before.
In this study, we explore the behavior of complex-valued

polarized Proca stars as their compactness is increased,
which allows us to estimate a rough lower bound of the
maximum compactness these stars. We numerically inves-
tigate the stability of both the linear and the circular
polarization states, and compare them to hedgehoglike field
configurations when general relativistic effects are included.4

We work in units where ℏ¼c¼GN ¼1. In the captions
we use the Planck mass Mpl ≡ 1=

ffiffiffiffiffiffiffi
GN

p
, and occasionally

even ℏ, to make the units explicit for clarity. We will use
Greek letters (μ; ν;…) to represent four-dimensional
indices, and Latin letters (i; j;…) to represent three-
dimensional spatial indices. We work with the −þþþ
convention for the metric.
The rest of the paper is organized as follows. In Sec. II,

we provide the underlying model for complex Proca fields
in general relativity. In this section we also describe the
numerical relativity framework, construction of initial data
and provide some details of the numerical setup. In Sec. III,
we present and discuss the results of our simulations. We
summarize our results and provide a taste of their impli-
cations in Sec. IV. Convergence tests and level of constraint
violations are discussed in an appendix.

II. SETUP AND NUMERICAL METHODS

A. Proca field in general relativity

We consider a vector field Xα in general relativity, with
an action [31]

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
16π

−
1

2
m2XαX̄α −

1

4
FμνF̄μν

�
: ð1Þ

Here, R is the Ricci scalar, g ¼ detðgμνÞ, m is the mass of
the vector field, X̄α is the complex conjugate of the vector
field Xα, Fμν ¼ ∂μXν − ∂μXν is the field strength tensor,
and F̄μν is its complex conjugate.
Extremizing the action Eq. (1) with respect to variations

in gμν yields the Einstein’s field equation

Gμν ¼ 8πTμν: ð2Þ

Here, Gμν is the Einstein tensor, and

Tμν ¼
1

2
ðFμρF̄ν

ρ þ F̄μρFν
ρÞ − 1

4
FργF̄ργgμν

þm2

2
ðXμX̄ν þ X̄μXν − gμνX̄ρXρÞ ð3Þ

is the stress-energy tensor associated with the Proca field.
Similarly, extremizing the action Eq. (1) with respect to Xμ

leads to the Proca field equation

∇μFμν ¼ m2Xν: ð4Þ

The above equation with m ≠ 0, along with the antisym-
metry of Fμν, implies that the field Xν must satisfy the
Proca constraint equation

∇νXν ¼ 0: ð5Þ

Equations (2) and (4) govern the evolution of the Proca
field and spacetime.

B. 3 + 1 decomposition

Following [35], we foliate spacetime with spatial slices Σ
(with metric γij), and connect the slices with each other
with a lapse function α and shift vector field βi. The
spacetime metric can then be written as

ds2 ¼ −ðα2 − βiβiÞdt2 þ 2βidxidtþ γijdxidxj; ð6Þ

where βi ≡ γijβ
j.

The unit future-directed normal vector of Σ: nμ ¼
ð−α; 0; 0; 0Þ, and Pμ

ν ≡ δμ
ν þ nμnν is the projection tensor

that projects on to Σ [36]. The extrinsic curvature of Σ is
Kij ¼ −Lnγij=2 with Ln being the Lie derivative along
the normal vector nμ. A decomposition of the stress-energy
tensor, Eq. (3), adapted to this foliation of spacetime is

ρ≡ nαnβTαβ; Si ≡ −γiαnβTαβ; Sij ≡ γiαγjβTαβ:

ð7Þ

3We thank William East and Nils Siemonsen for guiding us to
relevant existing work here.

4The maximal compactness for the hedgehog configurations,
and the circularly polarized ones was already provided in [31].
The maximal compactness for linearly polarized one, however,
has not been provided.
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The evolution equation for γij, Kij, α, and βi can be
obtained from the Einstein equation (2); see [37] for the
explicit form.
We also decompose the vector field as [38]

Xμ ¼ Aμ þ nμφ; ð8Þ

where φ ¼ −nμXμ is the component of the vector field
normal to the spatial slice [38], and Aμ ¼ Pμ

νXν are the
components along spatial slice. The electric field associated
with the Proca field is defined as

Ei ≡ Pi
μnνFμν: ð9Þ

Under this decomposition, the Proca constraint, Eq. (5),
becomes

CE ¼ DiEi −m2φ ¼ 0: ð10Þ

where Di is the covariant derivative corresponding to γij.
The Proca evolution equation, (4), yields [38]

∂tφ ¼ −AiDiαþ αðKφ −DiAi − ZÞ þ Lβφ;

∂tAi ¼ −αðEi þDiφÞ − φDiαþ LβAi;

∂tEi ¼ αðKEi þDiZ þm2Ai þDkDiAk −DkDkAiÞ
þDjαðDiAj −DjAiÞ þ LβEi;

∂tZ ¼ αðDiEi þm2φ − κZÞ þ LβZ: ð11Þ

In the above equation, Lβ is the Lie derivative with respect
to the shift vector, K ¼ γijKij is the mean curvature, and Z
is an auxiliary variable introduced to keep CE minimized
during evolution [38–40]. We use GRChombo [37,41,42]
to numerically evolve the Proca fields satisfying the above
equations, along with the metric components obeying
Einstein’s equations.

C. Initial data

In this section, we describe the construction of the initial
data, which approximates the full-GR solutions for three
types of Proca stars.

1. Proca field

As initial data, we use the field profiles for stationary
Proca stars in the nonrelativistic regime, j∂i=mj ≪ 1. For
details of this construction, see [15]. The three types of
Proca stars under consideration have a spatial vector field

Aðt̃; r̃Þ ¼ eit̃
μ

m

8>><
>>:

flinðr̃Þẑ linearly polarized;

fcirðr̃Þ x̂þiŷffiffi
2

p circularly polarized;

fhhðr̃Þr̂ hedgehog:

ð12Þ

Here, μ is the effective chemical potential with μ=m ∼
j∂2i =m2j ≪ 1 in the nonrelativistic limit, and the rescaled
coordinates r̃≡ ffiffiffiffiffiffiffi

mμ
p

r, t̃≡ ð1 − μ=mÞmt. The profiles flin,
fcir and fhh are approximately given by

flinðr̃Þ ¼ fcircðr̃Þ ≈ 1.94
ð1þ 0.073r̃2Þ4 ; ð13Þ

fhhðr̃Þ ≈ 0.76r̃
ð1þ 0.0096r̃2Þ16 : ð14Þ

These are fitting formulas for the profiles. More accurate
profiles can be obtained by numerically solving the
corresponding profile equations [15]. Our fits deviate from
these numerically obtained profiles by ∼5%.
To specify the electrical field (9)

Ei ¼ γ−
1
3ð∂iφ − ∂0AiÞ; ð15Þ

where γ ≡ detðγijÞ. On the initial slice, we use Eq. (12) to
obtain ∂0Ai. We ignore the ∂iφ since it is suppressed by
j∂ij=m. This Ei ¼ γijEj can then be used in Eq. (10) to
obtain φ.5

2. Spacetime

On the initial slice, the gauge functions are assumed
to be trivial, α ¼ 1 and βi ¼ 0. The spatial metric is
assumed have conformal flatness; γij ¼ ψ4δij, where

ψ ¼ ½detðγijÞ� 112 is the conformal factor of the metric.
The fields from the previous subsection and the metric,

must satisfy the Hamiltonian and momentum constraint

H≡ R − KijKij þ K2 − 16πρ ¼ 0; ð16Þ

Mi ≡DjðKij − γijKÞ − 8πSi ¼ 0; ð17Þ

where R is the three-dimensional Ricci scalar of γij.
To solve the constraint equations,we follow the conformal-

transverse-traceless (CTT) formalism (see Chapter 3 of
Ref. [43] and Appendix B). We decompose the extrinsic
curvature as Kij ¼ ψ−2Āij þ γijK=3, where Āij is the trace-
free part of the extrinsic curvature. We further assume zero
mean curvature, K ¼ 0, on the initial slice. We decompose
Eqs. (16) and (17) as

Δψ þ 1

8
ψ−7ĀijĀij ¼ −2πψ5ρ; ð18Þ

ðΔLWÞi ¼ 8πψ10Si; ð19Þ

5We need not have ignored φ, and could have solved for it
using Eq. (10), together with the Hamiltonian and momentum
constraint equations. We found that this procedure was not
numerically stable.
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where Δψ ¼ ∂
k
∂kψ is the flat Laplacian of the conformal

factor, Wi is the vector potential of Āij, and ðΔLWÞi ¼
∂
j
∂jWi þ 1

3
∂
i
∂jWj is the flat vector Laplacian of Wi.

We utilize a GRCHOMBO-based elliptical solver [44] that
has adaptive mesh refinement support to solve Eqs. (18)
and (19) with ρ and Si given by Eq. (7) based on the vector
field profiles. Additionally, the solver requires an initial
guess for the conformal factor ψ, which was set to be the
conformal factor of the full-GR stationary hedgehog stars
in [31]. This solver improves this initial guess interatively,
updating ψ andWi each time to reduce the Hamiltonian and
momentum constraints. At each iterative step, we update
the Ei components of the field according to Eq. (15)
(without ∂iφ), and then update the φ component of the
Proca field according to Eq. (10), to ensure that the Proca
constraint is still satisfied under the updated conformal
factor ψ. Note that since the Proca field distribution
is compact, we use the boundary conditions ψ ¼ 1 and
Wi ¼ 0 and put the boundaries far from the Proca star.
For the densest simulated Proca star generated with

μ ¼ 0.10 m, we solve the equations with side length
L ¼ 300 m−1 with the number of points N ¼ 96 on
the coarsest level. We add three additional refinement
levels enclosing the star, with the finest resolution as
Δ ¼ 0.2 m−1. Under these conditions, the procedure
detailed above provides good convergence rates, with H
sufficiently small. In the Appendix, we demonstrate con-
vergence for H with different resolutions as an example.
The momentum constraint Mi and the Proca constraint CE
converge in a similar fashion.6

For convenience, we call the Proca profiles detailed in
Sec. II C 1, along with the spacetime metric solved with
Eqs. (18) and (19), “constructed Proca stars”.
A few comments are in order regarding our constructed

Proca stars. We expect our constructed Proca stars to be
nonstationary. This is because the nonrelativistic profiles
we use will deviate from the true relativistic solutions as the
compactness is increased. This is currently unavoidable for
us because unlike hedgehoglike Proca stars [31], construct-
ing a stationary solution at high compactness for polarized
stars is difficult due of the lack of spherical symmetry in the
field configuration (and a likely deviation from spherical
symmetry in the energy density). Furthermore, in our
procedure, we used K ¼ 0 and conformal flatness, ignored
the transverse traceless part of the Kij and chose trivial
functions for α and βi (chosen as a numerical convenience)
which might make the initially constructed Proca stars
deviate even more from their Newtonian counterparts at
low compactness. These shortcomings can be thought of
as adding initial perturbations to the possible stationary
solution for each of the three stars.

D. Extraction of mass and angular momentum

Following [36,45], we define the conserved mass (M)
and the z component of the angular momentum (J3) as

Q ¼ Q0 þ
Z

t

0

Sdt; ð20Þ

where Q ¼ M; J3, and

Q0 ≡
Z
Σ
d3x

ffiffiffi
γ

p
nνζμTμ

ν; ð21Þ

S ≡
Z
Σ
d3x

ffiffiffi
γ

p
αTμ

ν∇μζ
ν: ð22Þ

The above quantities differ for Q ¼ M; J3 in the choice
of ζμ:

ζμ ¼
� ð1; 0; 0; 0Þ for Q ¼ M;

ð0;−y; x; 0Þ for Q ¼ J3:
ð23Þ

The explicit expressions for M0 and ðJ3Þ0 are given by

M0 ¼
Z
Σ
d3x

ffiffiffi
γ

p ðαρ − βjSjÞ; ð24Þ

ðJ3Þ0 ¼
Z
Σ
d3x

ffiffiffi
γ

p ðySx − xSyÞ; ð25Þ

where ρ; Si are defined in Eq. (7).
In Fig. 2 we summarize the mass-radius relationship of

the constructed Proca stars solved using the CTT procedure
in Sec. II C 2, using Q in Eq. (20) as the measure of mass.
We show that the initial data we obtain for all three kinds of
stars agree approximately with the mass-radius curve in the
nonrelativistic limit [15]. The compactness

C≡ M
R95

; ð26Þ

of these stars ranges from ≈0.01 to 0.1. Here, R95 is defined
as the radius containing 95% of the mass. We note that the
above measure for “mass”, is really a measure of the total
energy, including the rest mass. It will agree with the rest
mass (defined in the Newtonian solutions) at low compact-
ness, but can show deviations at larger ones.

III. RESULTS AND DISCUSSION

We simulated the evolution of Proca stars (both polarized
stars, as well as hedgehoglike configurations for compari-
son), using constraint-fulfilling initial Proca-field profiles
that are stationary under Newtonian gravity. The evolution
times were approximately 140 cycles of the Proca field
(tsim ≈ 900 m−1).

6However, we observed that, for denser initial vector profiles
with parameter μ > 0.10 m, this procedure fails to converge.
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A sample evolution of the three different stars is shown
in Fig. 1. During their time evolution, all three stars exhibit
radial oscillations in their density, but do not disperse away
for the duration of the simulation. The period of this radial

density oscillation is roughly 30–100 times longer than
period of vector field cycle (T ¼ 2π m−1). The radial
oscillations are likely excited due to the choice of initial
data, see the last paragraph of Sec. II C.

FIG. 1. Simulations of the three types of Proca stars. Top row: A hedgehog configuration generated with initial compactness C ≈ 0.04
(μ ¼ 0.04 m) shown on the x-y plane at three different times. Middle row: A linearly polarized Proca star with C ≈ 0.06 (μ ¼ 0.06 m)
shown on the x-z plane. The Proca field vectors are polarized in the z-direction. Bottom row: A circularly polarized star with initial
compactness C ≈ 0.08 (μ ¼ 0.10 m) shown on the x-y plane. The energy density profiles, ρ × ðMplmÞ−2, are shown as color plots. The
black arrows show the direction and relative magnitude of the real part of the spatial Proca vector field ReðAiÞ. The black bars on top of
each panel show the length scale of the plots in units of m−1. The time shown is in units of m−1. The (real part of) the vector field oscillates
along the arrows in the top and middle panel, whereas it rotates in the bottom one (with period T ¼ 2π m−1). Note that the time interval
between snapshots is much longer than T; the changes in density profiles due to perturbations happen on these longer timescales.
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A summary of the mass radius-relationship of the three
types of Proca stars during the evolution (with varying
initial compactess) is shown in Fig. 3. For C ≲ 0.1, we see

that all the stars show stable radial oscillations with the
amplitude of the oscillations being smallest at lowest
compactness. We take the survival of these stars for the
duration of the simulation, with perturbations introduced by
imperfect initial data, as evidence of the existence of long-
lived, compact, polarized Proca stars within full GR.
In Fig. 3, we can interpret the central values within the

radial variations (horizontal “error bars”) for each M as
defining the radius of a true stationary solution at that mass.
This should provide guidance in the construction of the
stationary solution at large compactness for the linearly
polarized stars, which is not known away from the
Newtonian limit. However, we urge caution here, especially
as compactness gets high. For the hedgehog and circularly
polarized case, the mass radius relation is known at all
compactness [31]. Using this known mass radius relation-
ship for hedgehog configurations, the radial variation does
not include the expected radius for C ≈ 0.04. We leave a
more detailed comparison with known stationary mass-
radius relationships, as well as the derivation of the sta-
tionary mass-radius curve for the linearly polarized case in
the high compactness regime for future work.
As the compactness approaches C ¼ 0.1, we start seeing

qualitatively different behavior for the three types of stars.
We start seeing collapse to black holes in some types of
stars. At C ≈ 0.08, the circularly polarized star shows large
radial oscillations, but does not collapse to a black hole
(left most point in the right panel of Fig. 3. The linearly
polarized one (middle panel), however does collapse at this
same compactness. The hedghog star (left panel) collapses

FIG. 2. Initial mass and radius of Proca stars generated from
nonrelativistic profiles. The dots show the Proca stars with Proca
field generated from Sec. II C 1 and the spacetime metric solved
from the CTT procedure. The orange and blue dashed lines show
the mass-radius curve as predicted in the nonrelativistic limit and
under Newtonian gravity.

FIG. 3. The mass-radius relationship of the simulated Proca stars. In all panels the bars show ranges of the radial changes observed in
simulations (after an initial “settling in” period of 400 m−1). For some stars, the bars are replaced by arrows, indicating that the Proca
star collapses into a black hole. The gray dashed lines show the lines of constant compactness, and the dark gray line shows the
compactness of a black hole, with its photosphere as its radius, in isotropic coordinates. Left, Middle and right panels show the results
for four hedgehog Proca stars, six linearly polarized Proca stars, and five circularly polarized stars, respectively. For C ≲ 0.1, the middle
and left panels demonstrate the stability of compact, gravitationally supported polarized stars. Near the upper bound of this range,
hedgehogs collapse at the lowest initial compactness (C ≈ 0.06), followed by linearly polarized (C ≈ 0.08), and then (likely) circularly
polarized stars (C > 0.08, although we were unable to simulate collapse in circularly polarized stars). For noncollapsing polarized stars,
the mean of the radial variations provides insight into the mass-radius relationship at these compactness.
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at an even smaller compactness of ≈0.06 (where both linear
and circularly polarized stars are stable). That is, the initial
compactness range ð0; C) where hedgehogs are stable is
smaller compared with that of the polarized stars. Between
the two polarized stars, the stable region of the linearly
polarized stars is smaller than that of the circularly polarized
ones. We were unable simulate any type of Proca stars with
C > 0.08 because the constraint equations solver Eqs. (18)
and (19) failed to converge for these configurations.
Limitations: We cannot control the magnitude of the

perturbations around the stationary solution induced by the
imperfect initial conditions. Therefore, it is possible that
the perturbation is larger in the case of hedgehogs, which
might be a confounding factor leading to collapse to black
holes at smaller compactness. For this reason, we cannot
“prove” that that polarized stars are more stable than the
hedgehog configuration. A controlled quantitative analysis
will be possible, after the stationary solutions (like the
m ¼ 1 case in [31]) of polarized Proca stars are found at
high compactness.
At large field amplitudes corresponding to highest

compactness explored here (jAij ∼ 0.1Mpl, the self-
interactions of the vector field might not be ignorable.
While polarized Proca stars with self-interactions for
relatively small compactness have been explored in the
literature [46–49], the large amplitude here might bring
additional complications, see [50–53].

IV. SUMMARY AND IMPLICATIONS

We simulated two types of polarized Proca stars (linear
and circularly polarized), along with hedgehoglike Proca
stars for comparison, using general relativistic field equa-
tions. The initial conditions were based on field profiles
of related Proca star solutions in Newtonian gravity [15]
(see our Fig. 2), scaled to a higher compactness.
Our key results are as follows (see Fig. 3):
(i) We provided evidence that high-compactness polar-

ized stars can be stable for C ≲ 0.1.
(ii) As we increase the initial compactness from approx-

imately 0.01 to 0.1, the linearly polarized, circularly
polarized, and hedgehog stars evolve away from their
initial configurations and towards new, and slightly
different fixed points.

(iii) At sufficiently high compactness, some types of
stars collapse to black holes. We found that
circularly polarized stars avoid collapse to black
holes up to higher initial compactness than linearly
polarized ones, which in turn avoid collapse up to a
higher initial compactness than hedgehog-like
stars. The large intrinsic spin angular momentum
of circularly polarized stars (see Fig. 4) might
be playing a role in their relative robustness to
collapse.

For circularly polarized stars, we did not observe collapse
to a black hole up to C ¼ 0.08. We were unable to simulate
stars with initial compactness ≳0.08 due to numerical
limitations. An improved procedure for constructing the
initial data which allows for control of perturbations away
from the stationary solution is needed. This can be done
using an improved initial data formulation such as the
one in [31].
We hope our findings provide new phenomenology that

can be incorporated in the search for “exotic” compact
objects [54] through gravitational and electromagnetic
radiation. Polarized Proca stars can form in dark photon/
vector dark matter fields [10–13], potentially providing
access the nature of the dark sector.
For the purpose of gravitational wave physics, both the

increased compactness, and the polarization of the stars,
can have important implications. The increased maximal
compactness of polarized stars in this paper (compared to,
for example, hedgehog stars), suggests that they will get
closer before they merge, resulting in the emitted gravita-
tional radiation being different from hedgehog stars. The
polarization of the star can also impact the dynamics of
the binary merger of such stars through finite size effects
such as tidal deformability Λ ∝ C−5 [55], before and during
merger.7 In addition, circularly polarized stars with

FIG. 4. Total angular momentum against mass of the simulated
Proca stars. For both the hedgehog stars and the linearly polarized
stars, the extracted angular momentum from their respective
simulations is consistent with zero. For the circularly polarized
stars, the extracted angular momentum satisfies the relationship
J ¼ ℏM=m, consistent with it being the spin angular momentum
discussed in [15].

7See [56] for the tidal deformability of hedgehog Proca stars.
More generally, the relevance of large tidal deformabilty of boson
stars for gravitational wave emission is discussed in detail in [57]
(also see [58,59]).
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maximal intrinsic spin can lead to spin-orbit and spin-spin
effects before they merge. During the final phase of the
merger, the generated gravitational waves can also be directly
impacted by the polarization state of the star. Analysis of
mergers of compact scalar boson with angular momentum
leads to rich dynamics (see, for example [28,60]). A similar
analysis is warranted for polarized Proca stars; for related
recent work see [16,17].
We have focused on stars constructed out of complex

valued Proca fields for convenience. Similar constructions
can be carried out for real valued fields (which might have a
different lifetime). As in the case of axion stars [61–66],
such polarized Proca stars can also emit electromagnetic
radiation, with the novelty that the properties of the
radiation now depends on the polarization state of the
Proca star [67](for effects on gravitational radiation,
see [68]). In particular, the polarization patterns in the
outgoing radiation could provide a new handle on the nature
of the underlying dark fields. It could be interesting to
construct multimessenger signals (gravitational and electro-
magnetic waves) from merging polarized Proca stars.
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APPENDIX A: CONVERGENCE TESTS

On the initial spatial slice, the Hamiltonian constraint
Eq. (16), the momentum constraint Eq. (17), and the Proca
constraint Eq. (10) must be satisfied. We use the CTT
formalism to reduce Eqs. (16) and (17) into elliptical
equations of the conformal factor ψ and the extrinsic
curvature Kij (see Chapter 3 in Ref. [43] and Appendix B).
To show the validity of the solutions obtained from the

CTT equations, we performed convergence tests on the
initial data of the densest circularly polarized Proca star
(generated with μ ¼ 0.10 m). In Fig. 5, we show the
Hamiltonian constraint H with two different resolutions.
We see thatH from the high-resolution run is smaller than
that of the low-resolution run, and is consistent with

second-order convergence towards zero. The momentum
constraint M and the Proca constraint Cϵ both behave
similarly to H, and are consistent with second-order
convergence.
Aside from the initial data test, We also performed a

convergence test for the Proca field evolution scheme. Using
the same circularly polarized Proca star, We perform three
runs with resolutions Δ1¼0.146m−1, Δ2¼0.117m−1,
and Δ3 ¼ 0.098 m−1 at the position of the star. We then
plot the energy density ρ at the center of the star (averaged
over several cells) in Fig. 6. On the top panel, the radial
oscillations of the star are visible in the form of changes in its

FIG. 5. Hamiltonian constraint violation for the densest
(C ¼ 0.08) circularly polarized Proca star with two different
resolutions Δ1 ¼ 0.40 m−1 and Δ2 ¼ 0.20 m−1. Here r is the
radial distance (in code units) from the center of the star. The dashed
lines show the predicted Hamiltonian constraint of the high-
resolution run for second-order and fourth-order convergence.

FIG. 6. Convergence test for the densest circularly polarized
Proca star with three different resolutions. The top panel shows ρ at
the center of the star (averaged over a sphere with radius 0.2 m−1).
The bottom panel shows the difference between simulations of
medium and low (M-L) resolution (black). The dashed line shows
the predicted difference, assuming fourth-order convergence, based
on the difference between the high-resolution run and the medium-
resolution run.
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central density. Here, the differences between simulations
with different resolutions are negligible compared to the
physical density variations.

APPENDIX B: NUMERICAL DETAILS

We performed a series of runs, as shown in Fig. 3, where
we selected profiles with μ=m ¼ 0.01, 0.02, 0.04, and 0.06
for the hedgehog Proca stars. For the generated linearly
polarized μ=m ¼ 0.01; 0.02; 0.04, 0.06, 0.087, and 0.10
and circularly polarized Proca stars, we used μ=m ¼
0.01; 0.02, 0.04, 0.06, and 0.10.
To determine the R95 radius, we integrated the

energy density ρ over the volume. We extracted the energy
density along the x axes and assumed that these profiles

are symmetric for each axis. The mass MðRÞ is given
by the integral,

MðRÞ ¼ 4π

Z
R

0

ρðxÞðrÞr2dr: ðB1Þ

Next, we determined the radius R95% that contains 95%
of the total mass: MðR95%Þ ¼ 0.95Mð∞Þ. We calculated
the mass based on all three directions x, y and z and in most
cases, the three radii agreed and did not vary significantly,
only when approaching highly relativistic regimes before
collapse did we observe noticeable deviations from sphe-
ricity. Lastly, this measure is dependent on gauge, so it
should be interpreted with care.
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