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This study explores the link between modified gravity and modifications of phase space volume.
Analyzing Fermi gas modifications in the nonrelativistic limit of the Ricci-based gravities, we derive a
generalized partition function in the grand-canonical ensemble, connecting modified gravity models with
the generalized uncertainty principle. Using this correspondence, we also establish bounds on the linear
generalized uncertainty principle: −6 × 1022 ≲ σ ≲ 3 × 1022 s=kgm, as well as lower bounds for Palatini
fðRÞ gravity β > −7.51587 × 107 m2 and Eddington-inspired Born-Infeld gravity ϵ > −1.88 × 107 m2,
ensuring microscopic stability. This connection also facilitates testing gravity proposals through tabletop
experiments.
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I. INTRODUCTION

Studying modified gravity is crucial despite the remark-
able predictive power of general relativity (GR), which
successfully describes various phenomena, from Solar
System dynamics to gravitational waves’ detection from
black hole [1] and neutron star mergers [2]. While GR
excels in many areas, it faces limitations in explaining
dark matter in astrophysics [3], the accelerated cosmic
expansion (dark energy) [4], and the enigmatic early
cosmological inflation [5–10]. Addressing these challenges
necessitates exploring modified gravity (MG) theories,
opening avenues to deepen our understanding of funda-
mental cosmic phenomena. Furthermore, exploring the
gravitational parameter space has recently uncovered
untested regions corresponding to galaxies and stellar
objects [11]. These untapped domains, distinguishing
small-scale systems from the cosmological regime, present
an opportunity to gain insights into corrections to GR.
The consistency of the equations in MG comes into

question due to various indications from previous studies.
Notably, a chemical potential’s dependence on gravity
suggests that alterations in the gravitational field descrip-
tion would impact it [12]. Modified gravity was shown
to transform the geodesic deviation equation on a star’s
surface, resembling Hook’s law and introducing correc-
tions to the polytropic equation of state [13]. Micro-
scopic quantities, such as opacity, display modifications,
implying an effective treatment [14]. The laws governing
thermodynamics, stellar stability, and Fermi gas properties

exhibit corrections originating from gravitational proposals
as well [15–18].
Theoretical descriptions of thermonuclear processes in

stars’ interiors change under modified gravity, impacting
energy generation rate computations [19–23]. The depend-
ence of elementary particle interactions on the local energy-
momentum distributions is introduced by some gravity
theories [24]. Specific heats, Debye temperature, and
crystallization processes in white dwarfs also depend on
the gravity model [25]. Chemical reaction rates, influenced
by gravity [26], are expected to change with modifications
to this interaction.
Relativistic effects in equations of state, when ignored in

Tolman-Oppenheimer-Volkoff equations derived from GR,
lead to an underestimation of compact star limiting masses.
Equations of state in curved spacetime for degenerate
stars explicitly depend on metric components, resulting in
changes to chemical potentials and temperatures [27–30].
Thermodynamic quantities and equations of state are
further altered when (pseudo)scalar fields, like axions, are
considered [31].
The generalized uncertainty principle (GUP) models

give rise to corrections in equations of state and micro-
scopic variables due to the interplay of special relativity
and gravity. This proposition introduces a dispersion
relation involving energy, mass, and momentum within
Heisenberg’s uncertainty principle, incorporating the con-
stants representing the speed of light (c) and gravity (G),
the latter symbolizing the Newtonian constant [32–37].
Simultaneously, the growing importance of integrating

the quantum structure of space-time and deforming asso-
ciated quantum phase spaces, leading to the generalization
of the Heisenberg uncertainty principle, is emphasized for*Corresponding author: awojnar@ucm.es
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the potential measurable effects it offers [38–40]. GUP has
proven valuable in predicting quantum gravity effects, as
evident in various models found in [32,41–45]. Despite
variations in mathematical structures, a shared character-
istic among most of these models is the existence of a
minimum length scale, anticipated to be approximately the

Planck length, LP ∼
ffiffiffiffiffi
ℏG
c3

q
, as detailed in [46–48].

Subsequently, we will illustrate a correspondence
between the nonrelativistic limit of MG and the GUP.
The following section will revisit fundamental concepts
associated with a class of metric-affine theories known as
Ricci-based gravities. Section III will unveil our central
outcome, showcasing the affirmed correspondence that
yields a modified partition function featuring a deformed
weighted phase space volume. In Sec. IV, we will explore
the constraints imposed on Ricci-based gravities and GUP
models arising from this correspondence. The concluding
section is dedicated to summarizing our findings and
presenting our overall conclusions.

II. RICCI-BASED GRAVITIES

In the subsequent discussion, we delve into a class of
metric-affine gravity proposals known as Ricci-based
gravity theories (see, for instance, [49]). The action
associated with this specific class is expressed as follows:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LGðgμν; RμνÞ þ Smðgμν;ψmÞ: ð1Þ

Here, g represents the determinant of the space-time metric
gμν, and Rμν denotes the symmetric Ricci tensor. Notably,
the latter is independent of the metric, constructed solely
with the affine connection Γ≡ Γλ

μν. We introduce the object
Mμ

ν ≡ gμαRαν to formulate the gravitational Lagrangian
LG, constructed as a scalar function using powers of
traces of Mμ

ν.
On a different note, the matter action is given by

Sm ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Lmðgμν;ψmÞ: ð2Þ

In this proposal, the matter action is minimally coupled
to the metric, disregarding the antisymmetric part of the
connection (torsion), akin to the treatment of minimally
coupled bosonic fields. This simplification extends to
fermionic particles, such as degenerate matter, effectively
described by a fluid approach, exemplified by the perfect
fluid energy-momentum tensor [49]. Similarly, by focusing
on the symmetric part of the Ricci tensor, potential ghost-
like instabilities are avoided [50,51]. This approach accom-
modates various gravity theories, including GR, Palatini
fðRÞ gravity, Eddington-inspired Born-Infeld (EiBI)
gravity [52], and its numerous extensions [53].

The gravitational action encompasses theories that,
despite possessing intricate field equations, can be refor-
mulated conveniently, as demonstrated in [53]:

Gμ
νðqÞ ¼

κ

jΩ̂j1=2
�
Tμ

ν − δμν

�
LG þ T

2

��
: ð3Þ

Here, jΩ̂j denotes the determinant of the deformation
matrix, and T is the trace of the energy-momentum tensor
of matter fields. The Einstein tensor Gμ

νðqÞ is associated
with a tensor qμν, where the connection Γ assumes the Levi-
Civita connection of qμν:

∇Γ
μð

ffiffiffiffiffiffi
−q

p
qαβÞ ¼ 0: ð4Þ

For this formalism, the tensor qμν is related to the space-
time metric gμν through

qμν ¼ gμαΩα
ν: ð5Þ

The deformation matrix Ωα
ν is theory dependent, deter-

mined by the gravitational Lagrangian LG. Importantly,
those theories yield second-order field equations, reducing
to GR counterparts in vacuum (Tμ

ν ¼ 0). This implies
no extra degrees of freedom propagate in these theories
beyond the usual two polarizations of the gravita-
tional field.
Of particular interest is the nonrelativistic limit of the

field equation (3). In Palatini fðRÞ [54] and EiBI [55,56]
gravities, the Poisson equation takes the form

∇2ϕ ¼ κ

2

�
ρþ α∇2ρ

�
: ð6Þ

Here, ϕ is the gravitational potential, κ ¼ 8πG, and α is a
theory parameter. The expressions for α are α ¼ 2β for
Palatini fðRÞ, with β accompanying the quadratic term, and
α ¼ ϵ=2 for EiBI, where ϵ ¼ 1=MBI and MBI is the Born-
Infeld mass. It is noteworthy that the similarity in the
Poisson equation between these two gravity proposals is
not coincidental; the EiBI gravity in the first-order approxi-
mation reduces to Palatini gravity with the quadratic
term [57]. Furthermore, only the quadratic term R2

influences the nonrelativistic equations, as higher curvature
scalar terms enter the equations at the sixth order [54].
Concerning constraints on Ricci-based gravities, the

analysis within the fðRÞ ¼ Rþ βR2 model indicates that
jβj typically remains below 2 × 108 m2 [58] in the weak-
field limit. However, due to uncertainties in microphysics,
experiments within the Solar System lack precise con-
straints on these parameters [54]. Notably, tests of gravity
in vacuum, like the Shapiro delay technique, offer no
constraints for Palatini gravity, reducing to GR with a
cosmological constant, as discussed post Eq. (5).
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Conversely, considering microphysical aspects, seismic
data from Earth imposes stricter limitations on the param-
eter, with jβj≲ 109 m2 (at a 2σ level of accuracy) [59,60].
On the other hand, examining neutron stars’ equations of
state and combining the results with observational data sets
a limit at jβj≲ 106 m2 [61]. Similar to general relativity,
neither fðRÞ models nor EiBI models effectively explain
the rotation curves of galaxies [62,63]. Consequently,
constraints from galaxy catalogs remain elusive to date.

III. THERMODYNAMICS AND PHASE SPACE
OF RICCI-BASED GRAVITIES

In [38], it was demonstrated that a broad class of
GUP models1 can be indistinguishable from modifications
introduced to Einstein’s GR when describing a physical
system like a star. Both approaches lead to potential
observational effects, encompassing mass, radius, surface
temperature, and luminosity. Thus, if such effects are
observed in stellar astrophysics, it is crucial to note that
the influences of noncommutative space-time in quantum
gravity may resemble those of modified gravity. Further-
more, future quantum gravity theories are anticipated to
converge toward modified Einstein gravity, making mod-
ifications in stellar equations consistent with approaches to
quantum gravity models unsurprising.
In what follows, we will demonstrate that indeed, Ricci-

based gravities also lead to a deformed phase space. This
provides a framework to study microphysical effects that
could be tested in laboratories, similar to GUP proposals
(for a review, see [65]).
To show that, let us consider a nonrelativistic Fermi gas

in the low-temperature limit, T → 0. In the case of the
nonrelativistic limit of MG, its barotropic equation of state
has a polytropic form with the polytropic index γ ¼ 5=3
and does not depend on a theory of gravity2 [18]:

Pp ¼ 1

20

�
3

π

�2
3 h2

meðμemuÞ53
ρ
5
3 ≕Kρ

5
3; ð7Þ

where Pp is pressure and ρ is energy density. Additionally,
the mean molecular weight per electron is given by

μ−1e ¼ X þ Y
2
þ ð1þ X þ YÞ

�
Z
A

�
ð8Þ

with hZ=Ai being the average number of electrons per
nucleons in metals, X and Y the mass fractions of hydrogen
and helium, respectively, while the other symbols have their
standard meaning.

Applying the polytropic EoS to the nonrelativistic limit
of Palatini fðRÞ gravity in the spherical-symmetric case3

∇2ϕ ¼ κ

2

�
ρþ 2β∇2ρ

�
ð9Þ

and using the hydrostatic equilibrium equation

dΦ
dr

¼ −ρ−1
dPp

dr
; ð10Þ

we can write

1

r2
d
dr

�
−r2ρ−1

	
dPp

dr
þ 8πGβρ

dρ
dr


�
¼ 4πGρ: ð11Þ

Note that above equation can be rewritten as

1

r2
d
dr

�
−r2ρ−1

dP
dr

�
¼ 4πGρ; ð12Þ

where the effective pressure is given by

P ¼ Kρ
5
3 þ 4πGβρ2: ð13Þ

Let us write it in a more convenient form for the further
analysis:

P ¼ Kρ
5
3 þ σK2ρ

2; ð14Þ

where

σ ¼ 4πG
K2

β and K2 ¼
3

π

h3N2
A

meμ
2
e
: ð15Þ

Using a definition of the electron degeneracy parameter Ψ
given as

ψ ≔
kBT
EF

¼ 2mekBT

ð3π2ℏ3Þ2=3
	
μe
ρNA



2=3

; ð16Þ

where kB is the Boltzmann constant, T temperature, and EF
Fermi energy, we can rewrite the pressure (13) as

P ¼ 8π

ð2π2ℏ3Þ3
	
2

5

ð2meEFÞ52
6me

þ σ

3

ð2meEFÞ3
8me



: ð17Þ

Since we are dealing with the nonrelativistic Fermi gas
with energy E ≈ p2=2me at T → 0, the Fermi-Dirac dis-
tribution function

fðEÞ ¼ �
1þ z−1eE=kBT

�−1; ð18Þ
1Derived from the Snyder model [64] of noncommutative

spacetime; see its thermodynamics in [39].
2However, finite temperature corrections do introduce such a

dependence, see [18,66].

3To consider the EiBI case, one needs to rescale the parameter
β, as explained after Eq. (6).
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where z ¼ eμ=kBT while μ is the chemical potential, took the
step function form, that is,

fðEÞ ¼


1 if E ≤ EF

0 otherwise:

The derivation of the pressure (17) can be traced back to
a more general Fermi expression, given by

P ¼ 4πgs
ð2π2ℏ3Þ3

Z
fðEÞ

�ð2meEÞ32
3

þ σ
ð2meEÞ2

4

�
dE
dp

dp;

ð19Þ

where fðEÞ follows the general form (18), gs represents

the spin of a particle (for electrons, gs ¼ 2), dE
dp ¼ c2p

E , and

E ¼ ðp2c2 þm2c4Þ1=2. The expression can be further
reformulated in terms of momentum p as

P ¼ gs
ð2π2ℏ3Þ3

Z
c2p
E

fðEÞ
�
p3

3
þ σ

p4

4

�
4πdp; ð20Þ

where the bracket represents a series expansion at σ ¼ 0 up
to linear terms in σ, as derived from

−
�
σpðσpþ 2Þ þ 2 lnð1 − σpÞ

2σ3

�
≈
�
p3

3
þ σ

p4

4

�
þOðσ2Þ:

ð21Þ

Verification shows that (20) can be derived from the
following integral for b ¼ 1, employing integration by
parts:

P ¼ kBT
gs

að2π2ℏ3Þ3
Z

ln
�
1þ aze−

E
kBT

� 4πp2dp
ð1 − σpÞb ; ð22Þ

where a ¼ 1 (a ¼ −1) for fermions (bosons). Conse-
quently, as pressure is given by (see e.g., [67])4

P ¼ kBT
∂

∂V
lnZ; ð23Þ

where lnZ is the partition function in the grand-canonical
ensemble, the partition function in three dimensions is
expressed as

lnZ ¼ V
ð2πℏÞ3

g
a

Z
ln
�
1þ aze−E=kBT

� d3p
ð1 − σpÞb ; ð24Þ

with V ≔
R
d3x representing the volume of the cell in

configuration space. This function describes a system of N
particles with energy states Ei

lnZ ¼
X
i

ln
�
1þ aze−Ei=kBT

� ð25Þ

considered in a large volume such that

X
i

→
1

ð2πℏÞ3
Z

d3xd3p
ð1 − σpÞb : ð26Þ

Similar to the GUP with linear p modifications [68–73], our
approach involves a deformed phase space measure with the
deformation parameter σ, which in the case of GUP it is
derived from the use of the Liouville theorem [74]. This
implies that the effective ℏ depends on the momentum
p in the generalized uncertainty relation, leading to a
p-dependent size of the unit cell for each quantum state
in phase space. Further exploration along these lines is
reserved for future work.

IV. RESULTING CONSTRAINTS ON GUP
AND RICCI-BASED GRAVITY

Let us briefly examine potential constraints derived from
the MG and GUP correspondence. It is important to note
that alterations to the pressure resulting from Ricci-based
gravities are not arbitrary. Consequently, we can establish a
limit on the parameter β, beyond which microphysical laws
would be violated.
Conversely, recent constraints on Ricci-based gravities

have emerged through the analysis of seismic data obtained
from Earth [75]. This analysis has led to the imposition
of a boundary on the theory parameter, expressed as
−2 × 109 ≲ β ≲ 109 m2 [59,60]. Consequently, this con-
straint can be effectively employed to restrict the linear
GUP correction as well.

A. Ricci-based gravities

Given that the pressure (17) must remain positive to
ensure microscopic stability in accordance with Le
Chatelier’s principle, it follows that (bearing in mind that
σ ¼ 4πG

K2
β)

β > −
8

5π2G
h3N2

A

meμ
2
e
ð2meEFÞ−1

2: ð27Þ

For a typical white dwarf star with a Fermi energy value of
EF ∼ 3 MeV and μe ¼ 2, the parameter exhibits a lower
bound:

β > −7.51587 × 107 m2: ð28Þ
The physical interpretation is as follows. Equation (17) can
also be viewed as a standard polytropic EoS p ¼ K̃ρ5=3,

4Other thermodynamic variables such as the number of
particles n and internal energy U can also be obtained from (24):

n ¼ kBT
∂

∂μ
lnZjT;V ; U ¼ kBT2

∂

∂T
lnZjz;V :
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where K̃ incorporates the term related to electron degen-
eracy (or Fermi energy). This can be related to the bulk
modulus (incompressibility):

B ¼ dP
d ln ρ

; ð29Þ

which describes properties of an isotropic material, such as
crystallized cores of white dwarf stars or terrestrial planets.
Moreover, it can also be expressed in terms of shear
modulus and elastic constants, which appear in Hooke’s
law [76]. For our EoS, the bulk modulus is then

B ¼ 5

3
K̃ρ5=3; ð30Þ

and it is modified due to alterations in K̃ provided by the
theory parameters. For incompressible solids, B ¼ ∞,
while for infinitely compressible ones, B ¼ 0. Therefore,
a positive β implies an infinitely compressible solid,
while a negative β corresponds to the incompressible
counterpart.

B. GUP with the linear momentum correction

Taking into consideration that Ricci-based gravities were
constrained within a 2σ accuracy, where the deformation
parameter σ is linked to the parameter β of MG through

σ ¼ 4πG
K2

β;

the resulting constraint on σ is

−6 × 1022 ≲ σ ≲ 3 × 1022
s

kgm
: ð31Þ

In the context of existing literature, [77] proposed an upper
bound of σ < 1024 based on considerations of Landau
energy shifts for a particle with mass m and charge e
in a constant magnetic field and cyclotron frequency.
However, leveraging insights from the gravitational
wave event GW150914, [78] revised this upper bound
to σ < 1.8 × 1020.
In another study, [70] established an upper bound of σ <

1017 that aligns with the predictions of the electroweak
theory. Additionally, [79] analyzed the effect of linear GUP
on the Lamb shift for a hydrogen atom, resulting in a more
stringent upper bound of σ < 1012.

V. CONCLUSIONS

Motivated by numerous indications suggesting that
modified gravity may provide insights into the microscopic
properties of matter, as briefly discussed in the Intro-
duction, this work establishes a connection between

corrections to Einstein’s general relativity and modifica-
tions of the weighted phase space volume. The deformation
of phase space is well known to occur due to generaliza-
tions of the Heisenberg uncertainty principle, a phenome-
non predicted by many quantum gravity proposals.
In this study, we scrutinize the modifications to the Fermi

gas introduced by the nonrelativistic limit of the Ricci-
based gravities. By interpreting the additional term in the
Poisson equation (i.e., quadratic corrections to the gravi-
tational Lagrangian) as a modification of the polytropic
equation of state, we successfully derive a more general
Fermi equation of state. Consequently, a more compre-
hensive statistics is obtained, enabling the study not only of
fermions but also of bosonic particles. Interestingly, the
partition function’s form is altered due to the deformed
phase space, establishing a connection between modified
gravity models and the generalized uncertainty principle.
This correspondence allows us to leverage methods

developed by the modified gravity community for con-
straining and testing effective models of quantum gravity.
In this context, we utilize constraints on Ricci-based
gravities derived from earthquake data, establishing a
bound on the linear generalized uncertainty principle
approach as −6 × 1022 ≲ σ ≲ 3 × 1022 s=kgm.
Moreover, by understanding the gravitational effects on

matter properties, we impose constraints on the parameter β
of Ricci-based gravities, revealing that β > −7.51587 ×
107 m2 for Palatini fðRÞ gravity (ϵ > −1.88 × 107 m2 for
Eddington-inspired Born-Infeld gravity) to ensure micro-
scopic stability of matter. This sheds light on the existence
of singular values of the theory parameter [80], which are
dependent on a given equation of state [61].
Let us emphasize that the thermodynamics derived

from this correspondence should be applied in the case
of nonrelativistic objects, such as planets, brown dwarfs,
active stars, and white dwarfs. The latter can still be
considered in a nonrelativistic regime due to their size.
Therefore, the compactness for a nonrotating astrophysical
object, applicable to our formalism, is C ≪ 1. On the other
hand, general Fermi equation of state with modifications
introduced by modified gravity in a full relativistic regime
was provided in [18].
This connection between modified gravity and general-

ized uncertainty principle models opens avenues for testing
gravity proposals through various tabletop experiments.
Ongoing research along these lines aims to further explore
and validate the implications of modified gravity on the
microscopic properties of matter.
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Capozziello, J. B. Jiménez, M. De Laurentis, and G. J.
Olmo, Modified Gravity and Cosmology: An Update by
the CANTATA Network (Springer, New York, 2021).

[11] T. Baker, D. Psaltis, and C. Skordis, Astrophys. J. 802, 63
(2015).

[12] I. K. Kulikov and P. I. Pronin, Int. J. Theor. Phys. 34, 1843
(1995).

[13] H.-C. Kim, Phys. Rev. D 89, 064001 (2014).
[14] J. Sakstein, Phys. Rev. D 92, 124045 (2015).
[15] A. Wojnar and H. Velten, Eur. Phys. J. C 76, 697 (2016).
[16] A. Wojnar, Eur. Phys. J. C 78, 421 (2018).
[17] L. Sarmah, S. Kalita, and A. Wojnar, Phys. Rev. D 105,

024028 (2022).
[18] A. Wojnar, Phys. Rev. D 107, 044025 (2023).
[19] J. Sakstein, Phys. Rev. Lett. 115, 201101 (2015).
[20] G. J. Olmo, D. Rubiera-Garcia, and A. Wojnar, Phys. Rev. D

100, 044020 (2019).
[21] M. Crisostomi, M. Lewandowski, and F. Vernizzi, Phys.

Rev. D 100, 024025 (2019).
[22] A. Rosyadi, A. Sulaksono, H. A. Kassim, and N. Yusof, Eur.

Phys. J. C 79, 1 (2019).
[23] A. Wojnar, Phys. Rev. D 103, 044037 (2021).
[24] A. Delhom-Latorre, G. J. Olmo, and M. Ronco, Phys. Lett.

B 780, 294 (2018).
[25] S. Kalita, L. Sarmah, and A. Wojnar, Phys. Rev. D 107,

044072 (2023).
[26] P. Lecca, J. Phys. Conf. Ser. 2090, 012034 (2021).
[27] G. M. Hossain and S. Mandal, J. Cosmol. Astropart. Phys.

02 (2021) 026.
[28] G. M. Hossain and S. Mandal, Phys. Rev. D 104, 123005

(2021).
[29] J. Li, T. Guo, J. Zhao, and L. He, Phys. Rev. D 106, 083021

(2022).
[30] P.-H. Chavanis, Phys. Rev. E 69, 066126 (2004).
[31] J. Sakstein, D. Croon, and S. D. McDermott, Phys. Rev. D

105, 095038 (2022).
[32] M. Moussa, Adv. High Energy Phys. 2015, 343284 (2015).
[33] R. Rashidi, Ann. Phys. (Amsterdam) 374, 434 (2016).
[34] I. H. Belfaqih, H. Maulana, and A. Sulaksono, Int. J. Mod.

Phys. D 30, 2150064 (2021).

[35] A. Mathew and M. K. Nandy, R. Soc. Open Sci. 8, 210301
(2021).

[36] B. Hamil and B. Lütfüoğlu, Int. J. Theor. Phys. 60, 2790
(2021).

[37] D. Gregoris and Y. C. Ong, Ann. Phys. (Amsterdam) 452,
169287 (2023).

[38] A. Pachoł and A. Wojnar, Eur. Phys. J. C 83, 1097 (2023).
[39] A. Pachoł and A. Wojnar, Classical Quantum Gravity 40,

195021 (2023).
[40] A. Kozak, A. Pachoł, and A. Wojnar, arXiv:2310.00913.
[41] A. Kempf, G. Mangano, and R. B. Mann, Phys. Rev. D 52,

1108 (1995).
[42] M. Maggiore, Phys. Lett. B 304, 65 (1993).
[43] M. Maggiore, Phys. Rev. D 49, 5182 (1994).
[44] L. N. Chang, D. Minic, N. Okamura, and T. Takeuchi, Phys.

Rev. D 65, 125027 (2002).
[45] L. N. Chang, D. Minic, N. Okamura, and T. Takeuchi, Phys.

Rev. D 65, 125028 (2002).
[46] M. Bishop, J. Lee, and D. Singleton, Phys. Lett. B 802,

135209 (2020).
[47] M. Bishop, J. Contreras, and D. Singleton, Universe 8, 192

(2022).
[48] S. Segreto and G. Montani, Eur. Phys. J. C 83, 385 (2023).
[49] V. I. Alfonso, C. Bejarano, J. B. Jimenez, G. J. Olmo, and E.

Orazi, Classical Quantum Gravity 34, 235003 (2017).
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