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Einstein-Proca theory from the Einstein-Cartan formulation
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We construct a theory of gravity in which a propagating massive vector field arises from a quadratic

curvature invariant. The Einstein-Cartan formulation and a partial suppression of torsion ensure the absence

of ghost and strong-coupling problems, as we prove with nonlinear Lagrangian and Hamiltonian analysis.

Augmenting general relativity with a propagating torsion vector, our theory provides a purely gravitational
origin of Einstein-Proca models and constrains their parameter space. As an outlook to phenomenology, we
discuss the gravitational production of fermionic dark matter.
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I. OPEN QUESTIONS IN GENERAL RELATIVITY

The theory of general relativity (GR) provides an out-
standingly successful description of gravity and has been
confirmed by countless experiments, such as the break-
through discovery of gravitational waves [1]. Nevertheless,
many far-reaching questions have remained unanswered.
Gravitational interactions have long revealed the existence
of a nonbaryonic form of matter [2]. It is unknown,
however, what this dark matter is composed of and how
it was produced in the cosmological history [3-6].
Moreover, the very early moments of our Universe—due
to a suspected phase of inflation [7-10] and its far future
because of the observed dark energy [11,12]—appear to
have, in common, an accelerated expansion. Agreement
with recent measurements, in particular of the cosmic
microwave background (CMB) [13,14], is excellent but
a microscopic origin has still not been determined both for
dark energy and for inflation.

It is exciting to explore if GR also contains an answer to
these problems. As we shall show, this question is closely
connected to the geometry of spacetime, which a priori is
characterized by three independent properties curvature R,
torsion 7%, and nonmetricity Q,, (see Fig. 1). The
presence or absence of R, Q,,, and T%j defines seven
formulations of GR [15-39] (see [40—43] for an overview).
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For example, assuming that both Q,,, and T%4 vanish
leads to the commonly used metric variant of GR [15]
corresponding to Riemannian geometry, whereas Einstein-
Cartan (EC) gravity is defined by including both R and 7,
while excluding Q,,, [19,21-26]. The EC version stands
out since it can be derived by gauging the Poincaré group
[44-46], which puts gravity on the same footing as the
other fundamental forces. This fact—together with its
phenomenological virtues—motivates us to focus on EC
gravity in the following.

At first sight, the various versions of GR appear to be
very different. In the classical, matter-free limit, however,
they are all fully equivalent. There are two main ways to
break this equivalence. First, one can couple matter (non-
minimally) to GR. In this case, the spectrum of gravity
remains unchanged, i.e., no additional propagating degrees
of freedom (d.o.f.) emerge apart from the massless spin-2
graviton, but new effects arise at high energies [47-78]. An
example, which we shall discuss later, is as a novel
mechanism for producing dark matter in EC gravity [64].
Second, one can add terms nonlinear in curvature. Almost
inevitably, this leads to the existence of new dynamical

FIG. 1. Schematic representation of parallel transport in the
presence of curvature R’,,, (rotation around closed curves),
torsion 7°,, [nonclosure of (infinitesimal) parallelograms], and
nonmetricity Q,,, (nonconservation of vector norms).
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particles [79-84]. These additional propagating d.o.f.
are generically plagued by various types of inconsist-
encies [79-87]. Finding a model which is consistent and
weakly coupled has turned out to be challenging and, for
torsion, so far was only achieved for a propagating scalar
mode [87-90].

In this paper, we will use the concept of partial
Lagrange multipliers [91] to obtain for the first time a
propagating torsion vector from a curvature-squared term
in a model for which consistency can be proven. In
addition to a proof of concept for a new class of models,
our findings can have implications for phenomenology
since dynamical (Abelian) massive vector fields have been
employed for inflation [92-98], dark energy [95,98-109]
and dark matter [110-120], among others (see also
[121-123] for implications for black holes). In these
works, however, an a priori independent vector field
was considered as an ad hoc addition to GR. Our theory
endows these Einstein-Proca models with a gravitational
origin. This is not only conceptually appealing but also
leads to constraints on parameters, which would otherwise
seem arbitrary from an effective field theory perspective.
Moreover, we show that the massive vector mode can be
integrated out in relevant parts of parameter space, thereby
establishing a connection to works with nonpropagating
torsion using the example of [64].

II. OBSTRUCTIONS TO DYNAMICAL TORSION

The simplest choice of action for EC gravity is (see
[124—127] for reviews, and details of our conventions in the
Supplemental Material [128])

1
Lic = =5 MR +©@2,,0" + Ly(T). (1)

where the multiplier field (Q)/I,M enforces the vanishing of
nonmetricity and we included matter Ly (I"). We can
decompose curvature in its Riemannian part R and con-

tributions from irreducible parts of torsion:

2

.8
R(Quu > 0) = R +5 VT,V T - 2T, 27"
3 :
+50T,01 - 29,077, @)

Varying Eq. (1) with respect to torsion and without matter, it
follows that (V7#¢ ~ A T# ~ G)TH ~ 0. Plugging this result
back in the action shows that the theory (1) is equivalent to the
metric formulation of GR, Lgg = —1 Mp’R.

Adding terms that are quadratic in curvature
[44,84,129,130] to (1) generically leads to two types of
problems caused by additional propagating d.o.f. The
first one consists of ghost and tachyonic instabilities, i.e.,
kinetic or mass terms with the wrong sign [79-84]. Super-
ficially, one can eliminate these inconsistencies by tuning the

kernel of the linearized wave operator, and indeed a “zoo” of
such unitary cases is available [89,90,126,131-171].
However, a second class of issues, first discussed in
the metric-compatible teleparallel formulation of GR
[25,26,28-31,37] and its generalizations [37,85,86,172—-176],
is only visible in a nonlinear analysis [87,177—185]. Applied
to EC gravity, an especially restrictive report [90] found
that for propagating tensor/vector torsion, weak-field
linearization causes overcounting of the constraints
[126,132,133,145,153,165] peculiar to torsion theories;
the activated fields are ghosts whenever the linear spectrum
is unitary [84,90,132,165,186—189]. In the modern parlance
(see [90,171,185,190-196]), this means that these new
particles become strongly coupled on Minkowski space-
time, which is thereby rendered dynamically unreachable
[196—200].1 As stated above, models that avoid this problem
and remain weakly coupled have so far only been constructed
for a propagating scalar mode of torsion [88-90] (see
e.g. [136,137,140,142-144,149,154,157,159,166,169] and
[135,141,146,148,163] for applications and reviews, respec-
tively, and [41,156,164,167,168,206-210] for similar pros-
pects in the nonmetric sector).

In this paper we construct a healthy theory with propa-
gating vector (PV) torsion. Extending Eq. (1), it is defined

1
Lpy = —EMPIZR +2aR}, R + @ uMp> AT, DT

+ (1>,1#W<1>Tﬂw + (3)%(3)7"” 4 (Q>/1W,Q”’”’ + Ly (D),
(3)

where (V2,*7 and ®)2* are two Lagrange multipliers
and a<0 throughout.2 Unlike in recent attempts
[41,156,164,209,210], we will demonstrate how consistent
dynamics and unitarity are simultaneously upheld by com-
plete nonlinear analysis. Our results represent a twofold
progress. First, we do not postulate the existence of a kinetic
term for (2) T, as is commonly done in EC gravity (see e.g.,
[118,125,211-215]). Instead, it arises from the curvature-
squared term RW]RW. Second, it is known that other
formulations of GR allow for consistent propagating
vectors contained in nonmetricity [216-229] (see also
[208,230,231]); indeed our Ry in Eq. (3) is analogous to
Weyl’s homothetic curvature [232,233]. Therefore, our
theory establishes a direct analogy of vector torsion with
Weyl’s vector nonmetricity.

III. NONTRIVIAL EFFECT OF MULTIPLIERS

Our key innovation in our Eq. (3) is the partial multiplier
fields [91]. Without them, the pure aRwR[/“’] operator

'Such issues of strong coupling have been discovered in a
variety of theories [190-192,194,201-205].

One can construct an analogous theory Lpy((2) 2 (3)) with
a> 0.
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propagates )7, and T, vectors, both of which are
strongly coupled [90,91] (absent from the linear spectrum),
whilst <3)Tﬂ is additionally a ghost (for a <O0).
Overlooking strong-coupling, we first naively try to “sup-
press” the <3)Tu ghost solely using the multiplier (2)2# in
the theory Lpy((VA,*, @y > 0). We package six d.o.f.
into the 2-form field

v 3
B!”-/ = MP]_I <2v5(1)T0—DJJJ] - (Z)F;u_/ + Zemlﬂy(:i)Fdl

+ 2(2) T,;“)TU[},D] + 366/1/)[”(3>T”(1>Ty]3/,> s (4)

where the Maxwell field strengths are 2 F w = 2©Lu(2) T,
etc. We introduce Eq. (4) just to simplify the »"/ ,-equations
8/6w", [ d*xeL e ~0, which decompose to (see
Supplemental Material [128] for details about the sub-
sequent computations)

—

o B/% BT
e, ~-% |VB 5
”” Mpll TR
da o
<2)T,4 ~ 3MP1 [VDBMD _ BM“)T”M], (Sb)

and the algebraic relation G~ ..., with (3)Tﬂ ~ (0, where
.. suppresses contractions, but all parts are simplified by
(4). With a — 0 we recover entirely vanishing vacuum
torsion as expected in EC theory, otherwise Egs. (5a) and
(5b) should be wavelike for dynamical torsion (if any). It is
simple to notice how all torsion dynamics can be confined
to B, , though that variable eliminates a single derivative in
Eq. (4). To extract the propagating (second-derivative)
equation in B, we take the antisymmetrized divergence
of Eq. (5a), next eliminating @H(‘)T"w for B,,, VT*,, and
()T, using Eq. (4), then using Eq. (5b) to eliminate ?T,
for B, and (M7# . before finally recycling Eq. (5a) to
eliminate all remaining (VT¥,_ perturbatively in terms of
B,,. Upon integrating, we find (at least on flat space
without matter) that the resulting equation descends from
the effective theory

My’ v viZ
Lpy(M2,7,Oprs 0) = =B, B* 4+ 2aV|, B, V" B!

2
+—B>VB+——BV'B+---.
Mp My

(6)

At O(B?), Eq. (6) reduces to massive p-form electrody-
namics [234] and hence propagates three d.o.f. from B,

while V*(8Lyive/0B") ﬁﬂB”D ~0 will constrain the
remaining three (formerly the (3)Tﬂ ghost). Already the
fact that the flat-space linear spectrum contains anything is
remarkable; we accidentally fixed strong coupling of the
healthy <2)Tﬂ mode by trying to kill the ghost! More
strangely still, the ghost is not even dead; the constraint
does not survive at O(B?), so the ghost remains nonlinearly
active. This conclusion is even true if we ignore the four-
derivative term in Eq. (6), which may lead to additional
problems of its own.

IV. HEALTHY SPECTRUM WITH MULTIPLIERS

Our remarkable experience in Eq. (6) leads to a highly
nontrivial game of “Whac-A-Mole” against strongly
coupled ghosts, whose final score is shown in Table I.
In another unexpected twist, it turns out that the introduc-
tion of the explicit mass parameter 2y has a multiplierlike
effect, despite implicit (Z)Tﬂ masses being already present
within the basic —%MPIZR operator in Eq. (2). Ultimately,
our V2, (VT term is the cure, even though (V7 was
never implicated in the original pathology [90]. For general
a, we restore the whole axial-vector sector and, using the
spin tensor of matter eS*;; = —25/6w", [d*xeLy, we
obtain the following effective torsion-free theory, to be
compared with Eq. (6):

LPV((3),1/4 —0) + (S)ﬂMp12(3)T”(3)T”
_ [‘41312Rg + % a

~ QOF Qpw _Z0@)F 3)fpw
2 9 m 2 m
(1+3%u) (3-4%p)
+ Mp2 <f (Z)Tﬂ(2) TH — — (3)Tﬂ(3>Tﬂ
Lor g _3or o1 :
—3 07,08 =27, 05 4 L (). (7)

TABLE 1. Additions to L = —1Mp R + 2aR},, )R needed
for a single (i.e. nonghost) <2>Tﬂ vector in Eq. (3) with a < 0.
Counterintuitively, the pathological (3>T,, mode cannot just
trivially be removed via a Lagrange multiplier without activating
other ghosts (subscript “g”) or strongly-coupled vectors (sub-
script “s”); see Supplemental Material [128]. All these problems
are resolved by our (V2,*°, which also yields a “conventional”
massless limit for (Z)Tﬂ in Eq. (8).

Linear d.o.f 2 2+3+43, 243
Nonlinear d.o.f 243, +3,, 24343, 24343 2+3
+OT, X X X v X v
+OgpeTH, X 2 S ( x v v
+@ My 2@ T, @) 7w X X v / X v X v
Remarks Failure Counterintuitive failure Success
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FIG. 2. Multipliers are already ubiquitous in gravity. Placement
of our PV theory Eq. (3), relative to EC [19,21-26] and metric
GR [15].

In Eq. (7), we notice that the residual torsion reduces to the
Proca pair, one of which is a ghost, and the full model Lpy,
or Lpy((2) 2 (3)), kills off the ghost in either case. In
Eq. (3), valid for a < 0, the mass of (2)Tﬂ is

@m? = =3Mp2(1 +33p) /4a. (8)

We shall briefly comment on how our model (3) relates
to the known formulations of GR. Since some of the
irreducible representations of torsion vanish because of
partial multipliers [91], one could classify it as interpolating
between the metric and EC formulations, as illustrated in
Fig. 2. However, our theory (3) also shares properties with
teleparallel versions of GR, in which curvature is excluded
[25,26,28-31,37-39]. The reason is that, as shown, the
multiplier (')/1””  changes the spectrum. The same happens
in teleparallel theories for the Lagrange multiplier that
enforces the vanishing of curvature (see [42,235]).

V. ILLUSTRATION OF STRONG COUPLING
ALLEVIATION

We shall illustrate the mechanism by which “)/1””"
alleviates the strong coupling problem in a simple
example; the corresponding analysis for our theory (3),
as output of the software HiGGS [196], is presented in the
Supplemental Material [128]. Assuming familiarity with
the Dirac algorithm [87,89,90,236-238] (see good peda-
gogical introductions [126,239,240]), we consider analogs
of “tetrad” q,, “spin connection” q,, and “torsion” ¢, + q,,
in a minimal working example (MWE)

Lyvwe = 90lq.(1 + q,) = 1](40 + 1)
+ (Qe - 1)2 + A(Qe + Qw)v (9)

with  “Minkowski background” ¢q,— 1=~ q, ~0. First
try omitting the multiplier; the definitions p;=
0/0q;Lyiwe (A +— 0) engender two primary constraints
¢e Epezo and ¢w5pw_qw[Qe(1+Q(u)_1]z0’
so the Hamiltonian is Hywg(A+—>0)=>, u;¢; —
dolg.(1 +q,) — 1] — (g, — 1), where u; replace Dirac’s
missing/uninvertible velocities ¢;. The Poisson bracket

=] g .
9 9 be Po Poisson brackets
= e ; :
S S ¢, linear/nonlinear
! S ¢ nonlinear only
S t @
A = always zero
F g Ue U not computed
.42 w=» Flow of Dirac
algorithm from primary
\-} ¢ to missing velocity u.
.5 -5
- =
'%‘ b, g
m
~ (]5&, é “
=] = Xo
¢ ) W L
v
ue
FIG. 3. Our solution to non-Riemannian strong coupling can

easily be understood through the 1D minimal working example in
Eq. (9). Without our method, the y,, y,, constraints convert into a
nonlinear torsion d.o.f. Accordingly, in actual nonlinear gravity
[90,165], constraints are converted into the B, field in Eq. (6).

{¢e» b0} = q,(1 + q,) has the sickly property that it
vanishes in the background linearization of Eq. (9). This
feature is the popular understanding of strongly coupled
torsion [87,89,90,165,179,182]. For a vanishing bracket,
the consistency conditions ¢; = {¢:, Hywe } ~ 0 engender
secondary constraints y, =2(q, — 1) + q,(q, +1) =0
and y,=q,(1 +2q,)—1~0. Since {y,,¢.} ~2 and
{Xw> b0} ~2q, do not vanish, so y; ~ 0 solve for the u;
and terminate the algorithm with zero dynamical d.o.f.
In the nonlinear theory ¢; ~0 already solve for the u;,
the y; are not induced, and a single d.o.f. (two uncon-
strained Cauchy data) is activated [240]. Next, with A
we additionally have ¢, = p, =0 and this time it is a
trivial exercise to confirm that background linearization
changes nothing (see Fig. 3). In this metaphor, we
compare A in Eq. (9) with (D27, in Eq. (3), the effect
is to drag the nonlinear d.o.f. down into the linear regime,
and thereby solve a major problem in non-Riemannian
gravity [85,87,89,90,165,172-174,179,182,188,241].

VI. APPLICATION TO DARK MATTER

We can broadly distinguish two situations, according
to whether or not the Proca field (2)Tu propagates at the
relevant energy scales. The first case has been considered in
[92—-123]. Whereas all these works used as a starting point
an effective Lagrangian with a structure similar to Eq. (7),
our theory (3) can endow such models with a fundamental
origin in EC gravity.

Formula (8) for the vector mass hints towards the second
case, in which torsion does not propagate at the relevant
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energy scales. Namely, we already know that « < 0 and
@y > —1/3. If @y is not too close to the border value
[e.g., P > 0] and |a] is at most of order one, we observe
that ?m? > Mp 2. Thus, one is tempted to conclude that
parameter choices for which the Proca field does not
propagate below the Planck scale are more generic. This
is good news since then the energy scale at which scattering
amplitudes involving the massive vector field violate
perturbative unitarity also lies above the Planck scale.
Consequently, introducing propagating torsion with the
theory (3) generically does not lower the cutoff scale, above
which the theory ceases to be predictive.

Integrating out the field (T, at energies below (Jm, we
get from Eq. (7) [with 3T, > 0]

2
Moy ] 25,28 + Ly(1).  (10)

Lr=-— 18@ 2

As a concrete example, we shall focus on fermionic

fields in Ly(I") and first consider a generic @5, =
-3 Zj(CVV,(]) +¢4AY)), where j sums species, ¢y and
{a are real constants and V, = ‘i‘yﬂ‘l’ and A, = ‘i‘ysyﬂ‘l‘
represent the fermionic vector and axial currents, respec-
tively. Following [64], we shall take into account the field
content of the Standard Model and add to it a singlet
fermion N of mass My. Such a scenario is strongly
motivated since a small mixing with active neutrinos
can generate neutrino masses via the seesaw mechanism
(see [242] for a review). For the present discussion,
however, we shall not specify the precise nature of N.
Independently of a possible connection to neutrinos, a
singlet fermion is a dark matter candidate, but this option is
only viable if a sufficient production of N takes places in
the early Universe.

This can be achieved both by a propagating torsion
field acting as mediator [214] and by the effective
4-fermion interaction arising from Eq. (10) [64]. We
focus on the second case and consider the parameter choice
Cy > 1and {4 > 1, which can arise from a nonminimally
coupled kinetic term of the fermion, i/2%¥(14-2iy +
2i4y5)r"D,¥ +H.c. (see [78,243,244]). Then the produced
abundance of fermions is [64]

QN MP MN Tprod 3
e 217600 (o) (B 1)

Here T4 is the highest temperature at which fermions are
generated, i.e., generically the temperature of the hot big
bang, and C = (15(C, —£3)* +7(Cy +Ca)* +8(0v = Ca)*)
for a Dirac fermion N. Choosing C sufficiently large,
producing all of dark matter, Qy = Qpy, can be achieved
for a wide range of masses M down to few keV, where even
lighter fermions are excluded due to well-known observa-
tional bounds on warm dark matter [245,246]. The resulting

mass hierarchy typically is @m > Mp > Tproa- Also
@m < Mp is possible, as long as Tpoq < Pm so that
()T, does not propagate.

VII. CONCLUSIONS

Several long-standing problems related to gravity have
remained unsolved. Since many of the proposed solutions
call for the introduction of new particles, one naturally
wonders if GR can provide them and indeed it is easy to
generate additional propagating degrees of freedom, e.g.,
from higher powers of curvature terms. However, such
models are generically plagued by problems due to ghost
instabilities [79—-84] and strong coupling [88-90]. In this
paper, we have simultaneously addressed both issues by
providing the first example of propagating vector torsion
arising from a curvature-squared invariant in EC gravity,
for which consistency can be proven at the full non-
linear level.

Our theory (3) endows effective Einstein-Proca models
with a fundamental gravitational origin. This leads to
significant constraints on the parameter space even in
situations in which torsion does not propagate, and one
can say that the remaining freedom is “just right.” On the
one hand, it is possible to address some of the unresolved
puzzles in cosmology with approaches that do not exist in
the metric formulation of GR. As an example, we discussed
a novel mechanism for producing fermionic dark matter
[64]. On the other hand, theories such as the one that we
have constructed generically feature significantly fewer
free parameters as compared to effective Einstein-Proca
models [92-117,119-123] or proposals [47-78] with non-
propagating torsion, and hence are more predictive.

Despite the attractive by-products in this case (e.g., dark
matter production), it may be argued that there is not
presently a fundamental need for a new massive vector in
cosmology and fundamental physics and many of the open
issues, such as inflation and dark energy, can be addressed
more easily with scalar fields. It is interesting therefore that
the theoretical efforts required to extract such a vector from
torsion are quite strenuous. Our paper shows this very
clearly (see Table I); the torsion vectors are badly entangled
with the tensor mode. So one might even conclude that the
conceptual difficulties in constructing a theory with a
propagating torsion vector match nicely with the absence
of phenomenological indications for the existence of an
additional vector field.

Several directions for future research emerge from our
findings. First, our method of analysis has the potential to
rule out many of the models [89,90,126,131-171] that, as a
result of linear study only, are seemingly consistent.
Second, we have developed an approach to construct
consistent theories. In particular, it remains to be deter-
mined if our theory is special or if classes of models with
analogous properties exist in EC gravity and other for-
mulations of GR. Third, our model can constrain the
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parameter space in inflationary models that suffer from a
loss of predictivity due to numerous unknown coupling
constants (see e.g., [42,48,61,62,98,247,248]) and have
further observables consequences such as in gravitational
waves [249]. Finally, consistent gravitational theories with
curvature-squared terms may provide new approaches for
the ultimate challenge of UV-completing GR [161,250].
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