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Irreversibility and gravitational radiation: A proof of Bondi’s conjecture
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It is shown that the evolution of an axially and reflection symmetric fluid distribution, satisfying the
Tolman condition for thermal equilibrium, is not accompanied by the emission of gravitational radiation.
This result, which was conjectured by Bondi many years ago, expresses the irreversibility associated to the
emission of gravitational waves. The observational consequences emerging from this result are
commented. The resulting models are not only nondissipative and vorticity free, but also shear-free

and geodesic, furthermore all their complexity factors vanish.
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I. INTRODUCTION

In his seminal paper on gravitational radiation [1] Bondi
wrote (Section 6): “If the distinction between radiative and
non-radiative motions is locally significant then the clearest
self-consistent distinction appears to be between cases where
the equations of state do not involve the time explicitly and
are time reversible (no dissipation), and others.”

In other words, the irreversibility of the process of
emission of gravitational waves must be reflected in the
equation of state of the source through an entropy increas-
ing (dissipative) factor.

The rationale supporting this conjecture is very clear:
radiation is an irreversible process, this fact emerges at once
if absorption is taken into account and/or Sommerfeld type
conditions, which eliminate inward traveling waves, are
imposed. Therefore, it is obvious that an entropy generator
factor should be present in the description of the source.

However, since the Bondi’s work deals exclusively with
the space-time outside the source (more so, far from the
source), the above mentioned relationship between gravi-
tational radiation and dissipative processes within the
source, remained so far a conjecture (a very reasonable
one though).
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It is the purpose of this work to provide a definitive proof
of the Bondi’s conjecture.

For doing that we shall resort to a general formalism to
describe the evolution of dissipative axially and reflection
symmetric fluid distribution presented in [2], based in the
1 4 3 formalism developed in [3-6].

Our proof develops in two steps. We shall first prove that
assuming the Tolman condition [7] to be satisfied (implying
the absence of dissipative flux), the fluid is necessarily
vorticity free. Next, using this last condition and the
absence of dissipation we shall prove that the magnetic
part of the Weyl tensor vanishes. This last result closes
the proof of the Bondi’s conjecture, since it implies the
vanishing of the super-Poynting vector. Indeed, in the
theory of the super-Poynting vector, a state of gravitational
radiation is associated to a nonvanishing component of the
latter (see [8—10]). This in turn is in agreement with
the established link between the super-Poynting vector
and the news functions [11], in the context of the Bondi-
Sachs approach [1,12].

Besides we shall see that the fluid is necessarily shear-
free, geodesic and all their complexity factors vanish.

In the next section we shall briefly summarize the main
equations required for our proof. Then we shall proceed
with the proof following the steps outlined before. Finally
we discuss about the physical relevance of our results.
Some basic definitions and intermediate formulae are given
in the Appendix.

© 2024 American Physical Society
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II. THE METRIC AND THE SOURCE: BASIC
EQUATIONS AND NOTATION

As mentioned before, we shall resort to the general
approach fully deployed in [2] in order to achieve our goal.
In this section we shall present very briefly the most general
properties of the space-time under consideration and the
matter content of the source. The reader is referred to [2]
and the Appendix for any specific detail of calculation.

We shall consider axially (and reflection) symmetric
sources. For such a system the most general line element
may be written in “Weyl spherical coordinates” as

ds? = —A%di* + B(dr* + r*d6*) + C2dg?* 4+ 2Gdodt, (1)

where A, B, C, G are functions of ¢, r, and 8, of class C*, with
A, B, C positive defined. We number the coordinates =1
x! = r,x* = 0, x> = ¢. Atthis point it is important to stress
that due to the reflection symmetry [no dtd¢ terms in (1)],
rotations around the symmetry axe are excluded, and
vorticity is associated with motion along the @ direction.

The inverse components of the metric are given by

___B7Z G
AZB*r+G? 0 AZB P +G? 0
0 € 0 0

BZ
g7 = (2)

G 0 A

Aszerer Aszr2+G2
0 0 0 é

We shall assume that our source is filled with an anisotropic
and dissipative fluid. The energy momentum tensor may be
written in the “canonical” form as

Ty = (u+P)V,Vs+Pgos+Tos+q,Vs+qVe  (3)

The above is the canonical, algebraic decomposition of a
second order symmetric tensor with respect to unit timelike
vector, which has the standard physical meaning where T 4
is the energy-momentum tensor describing some energy
distribution and V* the four-velocity assigned by certain
observer. In our case we are considering an Eckart frame
where fluid elements are at rest.

With the above definitions it is clear that u is the energy
density (the eigenvalue of T 44 for eigenvector V), g,, is the
heat flux, whereas P is the isotropic pressure, and I is the
anisotropic tensor.

Since we choose the fluid to be comoving in our
coordinates, then

1 G
ve=(-,000), V,=(-A,0-.0). 4
(3:000). vo=(-a0%0). @

Next, let us introduce the unit, spacelike vectors K, L, S,
with components

1
K, = (0,B,0,0), K“—<O,E,O,O>, (5)

G A
L(l - ( ’ 07 ) O) ’ (6)
AVA?B*r? + G? A’B*r? + G?

VEEPTE
L,= (o,o,—£ +o ,0>

; (7)

1
S, = (0,0,0,0), Wz@ﬁﬁa, ®)

satisfying the following relations:
V, V¥ =—-K*K, = —-L°L, = -8*S,=—-1, (9)
V.,K*=V*L,=V*S,=K*L,=K*S,=8°L,=0. (10)

The unitary vectors V¢, L% S§% K% form a canonical

orthonormal tetrad (say eE,’I)), such that
e =v,, ) = K, e =L, e = 8,

with a = 0, 1, 2, 3 (latin indices labeling different vectors
of the tetrad). The dual vector tetrad e?u) is easily computed

from the condition

a

_ S
N(a)(b) = Yap®(a)€(p)

We shall express all kinematical and physical variables,
as well as the equations relating them, in terms of
their tetrad components. These expressions are explicitly
deployed in the Appendix.

III. PROVING THAT NO DISSIPATION IMPLIES
NO GRAVITATIONAL RADIATION

In order to ensure the absence of dissipation we have to
impose the Tolman conditions for thermodynamic equilib-
rium [7]. Such conditions emerge from the fact that,
according to special relativity, all forms of energy have
inertia, and therefore this should also apply to heat. Then,
because of the equivalence principle, there should also be
some weight associated to heat, and one should expect that
thermal energy tends to displace to regions of lower
gravitational potential. This in turn implies that the con-
dition of thermal equilibrium in the presence of a gravi-
tational field must change with respect to its form in the
absence of gravity. Thus, a temperature gradient is neces-
sary in thermal equilibrium in order to prevent the flow of
heat from regions of higher to lower gravitational potential.
Tolman deduced such conditions without any reference to
any specific transport equation, however, as expected, for

024005-2



IRREVERSIBILITY AND GRAVITATIONAL RADIATION: A ...

PHYS. REV. D 109, 024005 (2024)

any consistent transport equation, the absence of dissipa-
tion should lead to Tolman conditions.

Thus, for example, in the Miiller-Israel-Stewart second
order phenomenological theory for dissipative fluids
[13—16]), the transport equation reads

thyqyV’ + g = —xh*(T , + Ta,)

1 A%
()

where 7, x, T denote the relaxation time, the thermal
conductivity, and the temperature, respectively.

From (11) we see that the absence of dissipative flux
implies at once

m(T , + Ta,) = 0, (12)

which are the Tolman conditions.
We have now all the ingredients required for our proof.
Some relevant equations are written down in the Appendix.
We shall assume that the system is in thermodynamic
equilibrium, implying that the Tolman conditions (12) are
satisfied, i.e.,

a, =-hT, '=InT. (13)

From the above equation it follows that

GI
a, = —F/, as —F — F’g. (14)
Using (14) in (A40) produces
KrL¥a,, = VT ,Q, (15)

which combined with (A39) produces
1
Q’§V5+§(2®+0'1+0'11+3V”F#)Q=0. (16)

The consequences derived from the above equation are far
reaching. Indeed, if we assume that the system is initially
static (at t = 0 say), and assume that it starts to evolve
afterward, keeping the thermodynamic equilibrium, then the
evolving fluid would be vorticity-free. This result is in full
agreement with earlier works indicating that vorticity gen-
eration is sourced by entropy gradients [17-21]. At the same
time this result reinforces further the Bondi’s conjecture
about the absence of radiation for nondissipative systems, if
we recall the radiation-vorticity link discussed in [11,22].
However, we have not yet a formal proof of the conjecture.
For that we need to prove that a system evolving without
dissipation and vorticity cannot radiate gravitational radia-
tion, i.e., we have to show that during the evolution regime,

after leaving the dynamic equilibrium, H; = H, = 0 all
along the evolution.

Thus we consider a system that during its evolution
satisfies the conditions

q[:qI[:O:>Q:O:>O']:UH:0. (17)

Then from (A42) we obtain

(20 -0)"  oC
—_— = , 18
3 c (18)
whereas (A43) reads
20-0), oC,y
=z =2, 19
3 C (19)
Also, (A44)—-(A46) become
(6C) 4
H =- : 20
' 2rBCT (20)
(cC)’
H, = , 21
2= Spe (21)
and
Hy Hy 20 (Br)]  Hs[2Co (o))
B Br B |C Br Br| C Br ’
(22)
respectively.
Using (20) and (21) in (22) we obtain
C
ch’+H27’9=0 (23)
H, H H, (Br) H,(Br
_1+ 2,0 _l( r) _2( ),9 _ 0, (24)

B Br B Br Br Br

from which it is obvious that the vanishing of either one of
the scalars (H; or H,) implies the vanishing of the other.

Finally let us notice that using (18) and (19) in (20) and
(21) we may write

1 /B
H=-—(— 2
: rB (AB),H, @)

H,y = % (%7. (26)

Let us now proceed to the second part of the proof.

We start from an initially static situation, meaning that at
t=0, we have A=B=C=06=0=H,=H,=0.
Besides, conditions (17) are satisfied for all ¢.
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Let us take the first time derivatives of (25), (26), (A42),
and (A43) evaluated at t = 0, we obtain, respectively,

: 1 /B
H=—-—(-=] . 27
: rB<AB>Y9 27)

and

1 /B C B C\Cy
7 B = |— | — — —|-————)—==0.
874uBr [A (B * c)] P <AB AC> c 0 G0

From regularity conditions (A19) and (A20) at r =~ 0, and
from the fact that A, B, C and their derivatives are regular at
r~0 we may write at r =~ 0, using (29)

B C

Taking successive r derivatives of (29) it is a simple
matter to check that all r derivatives (of any order) of W
vanish at r» = 0, implying that W = O for all values of r
within the fluid distribution.

Thus at t ~ 0 we have

B C
. 2
AB AC 0 (32)

for all values of r within the fluid distribution.
Feeding back (32) into (30), we obtain

(@), ~Ge) o @

which combined with (27) produces H, = 0, and by virtue
of (23), H, = 0 as well.
Next, feeding back (31) into (29) produces

G-

implying because A and B and C are independent functions,
that the only admissible solution to (34) (which is an
identity) is A’ =0, and B and C are separable functions.

The next step consists in proving that time derivatives of
any order of H| and H, evaluated at ¢ ~ 0 also vanish, i.e.,

(m) (m) (m)  gmx
H =Hy=0 (foranym>1), where X =

(35)
this would imply that H; = H, = 0 for any ¢

For doing that we shall retrace the same steps above,
using (17) and the results obtained so far.

Thus, taking the m-time derivative (with m > 1) of (A42)
and (A43) we may write

(m+1)  (m+1)
B C
AB  AC’ (36)

Also taking the m-time derivative of (25) and (26)
produces

(m) | (m+1)
m B
Hy=——|—oI . 37
: Br{AB]ﬂ (37)
(m+1) !
m  1[ B
Hy =—|—| . 38
=3 ar] (38)

Using the separability of B and the fact that A’ = 0, in (38)
it follows at once that

(m)
H, =0, (39)

m
which by virtue of (23) implies ;1 i =0.

Thus if the system is initially static and evolves without
vorticity and without dissipation then all time derivatives of
any order of H| and H, vanish for all values of r, implying
that H; = H, = 0 at all times.

There is yet another, perhaps more simple, way to prove
the above mentioned statement. Indeed, it is a simple matter
to see that the m-time derivative of ¢ evaluated at ¢t = 0, for
any m > 1 reads

| (mgl) (mgl)

(m)

S . 40
? B[AB Ac}’ (40)

implying because of (36) that time derivatives of ¢ of any
order vanish at = 0, implying in its turn that the fluid is
shear-free. But as shown in [23], for a shear-free fluid (not
necessarily perfect fluid), the necessary and sufficient
condition to be irrotational is that the Weyl tensor be
purely electric; this generalizes a result by Barnes [24,25]
and Glass [26]. Besides, it is worth noticing that H; =
H, = 0 implies that the fluid is also geodesic A’ = A , = 0.

Thus according to (A38) the two components of the
super-Poynting vector vanish, meaning that no gravita-
tional radiation is produced during the evolution of the
system.
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IV. CONCLUSIONS

The purpose of this work was to prove the correctness of
the Bondi conjecture about the irreversibility associated
with gravitational radiation. In other words, a reversible
flow (¢ = 0) implies no gravitational radiation. We proved
that, by showing that the absence of dissipative flux during
the evolution (fulfillment of Tolman conditions), implies
that magnetic parts of the Weyl tensor vanish, thereby
implying the vanishing of the super-Poynting vector.

At this point, it is worth stressing the fact that a reversible
flow, e.g., a perfect isotropic fluid, does not necessarily imply
noncrossing of flow lines (geodesic), unless we assume that
pressure gradients vanish. Indeed, for a perfect (isotropic and
nondissipative) fluid the equation of motion reads

(4 + P = P, (@1)

from where is clear that the geodesic condition (a* = 0),
automatically implies vanishing of pressure gradients. In this
latter case if the fluid is bounded, and we impose matching
conditions on the boundary surface, then the pressure
vanishes and we have geodesic dust.

As a byproduct of our proof it appears that the vorticity of
the fluid also vanishes under the condition mentioned above,
bringing out, on the one hand the link of vorticity with
dissipative processes already established in [18-21], and on
the other hand the link between vorticity and gravitational
radiation discussed in [11,22] (and references therein).

It is worth mentioning that the fluid configuration
emerging from our restrictions, not only is nonradiative
(gravitationally), shear-free, nondissipative and vorticity
free, but is also geodesic, as a consequence of which the
Tolman conditions imply a homogeneous temperature.
These kind of solutions have been investigated in detail
in [27,28]. Such solutions are in general nonconformally
flat, with the electric Weyl tensor (A22) being defined
through the scalars

2
Er=E&1(0)exp [—5/ @dt],
2
g][ = 5”(0) exXp |:—§/ @dl:| ,
2
SKL = gKL (0) exXp |:— g/ @dl:| s (42)
with ® = (7).
Also, these models are characterized by the vanishing of
the trace-free part of the tensor Ya,; (see [23] for details), i.e.,
Y[ - YKL - Y[] - 0 (43)
Parenthetically, these three scalars haven been proposed

to describe the degree of complexity of a fluid distribution
[29,30]. Thus according to the criterium assumed in these

references, the resulting models are the simplest among
those belonging to the family of space-times described
by (1).

Finally, we would like to conclude with two remarks:

(1) The fact that the emission of gravitational radiation
requires the presence of dissipative flux within the
source to account by the irreversibility of the process,
implies that any detected burst of gravitational waves
should be accompanied by a burst of thermal radia-
tion, which in principle could be observed too.

(2) An alternative way of proving the Bondi’s conjecture
could be provided by assuming a perfect fluid (so
that 7 = (mu + p)VV + pg) with an equation of
state p = p(u, s) where y is the energy density and s
the specific entropy. Then, from the generalized
Gibbs equation and the Bianchi identities, it follows
that (see for example [31])

T (P
+3 (T V”) ;ﬂqa] : (44)

where $% is the entropy four current and f; = & If
we assume from the beginning that the matter
content of the source is a perfect fluid (no heat flux
vector) then S% = 0, implying that the entropy is
constant and Tolman conditions are satisfied. From
this point, there are different ways to prove that no
gravitational radiation is produced, one of which is
the one we have chosen in this manuscript, though it
is not the only one.

8% = —q* [h’&(ln T) u Ve VE+ Piga, V"
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APPENDIX: SUMMARY OF SCALAR
VARIABLES AND EQUATIONS

The required equations for our proof are given explicitly
in [2]. Here for self-consistency we present a brief summary
of them, including only those equations explicitly required
for our proof. The reader is referred to [2] for details of
calculations.

The anisotropic tensor may be expressed in the form

1 h,
My = 5 (21, + 1) (KaKﬂ Tﬂ>
1 h,
+ 2k K (o Lp), (A1)
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with h,, =g, +V,V,,

HKL - KaLﬂTaﬂ, (A2)
I, = (2K*K? — L°LF — S*SP)T .. (A3)
I, = 2L*LF — §*SF — K“K/’)Taﬂ. (A4)
The heat flux vector may be written as

9, = 9K, + qiL,, (A5)

or, in coordinate components
¢ = ( anG ’ﬂ’ Aqy 7 >’ (A6)

AVA’B’r? + G* B VAR + G?

g, = (O,Bq,, ! A+ "”,0). (A7)

Of course, all the above quantities depend, in general, on ¢,
r, 0.

The kinematical variables (four acceleration, expansion
scalar, shear tensor, and vorticity) are

. v/ _
g = V/ Va;i - aIKa + aIILav

A G[ A Gl A,
(O’A’Az[ A+G}+A,0), (A8)
0=V,
AB? B C
— 27 1e(224Z
(9
G* (B A G C
- =4+ =4+= A
+AZBZ<B A+G+C>}’ (A9)
1 1
Oap = 3 (20; +oy) | K, Kp — §haﬂ
1 1
+§(2’O-II+GI) L(IL/}_gh(lﬁ ’ (AlO)
where
3/B C
261+6[]:A<B—C), (All)
3 B C
20'11 +61 :m |:ABZ}’2 <E_E>
G}/ A G C
— -+ =—= Al2
(569 a1

in the above dots and primes denote derivatives with respect
to ¢ and r, respectively.

Finally, for the vorticity vector defined as

1 1
Wy = Eﬂaﬁﬂy Vﬂ;ﬂ Vv = E”aﬂﬂygﬁﬂ VD» (A13)
where Q.3 = Vo + a1V and 1,4, denote the vorticity
tensor and the Levi-Civita tensor, respectively, we find a
single component different from zero, producing

Qaﬁ - Q(LaKﬂ - LﬂKa)’ (A14)
and
W, = —QS,, (A15)
with the scalar function Q given by
G(E &4
(G A ) (A16)

Q= :
2BVA’B*r? + G*

Now, from the regularity conditions, necessary to ensure
elementary flatness in the vicinity of the axis of symmetry,
and in particular at the center (see [32-34]), we should
require that, as r ~ 0,

Q=>"Q"(t.0),

n>1

(A17)

implying because of (A16) that in the neighborhood of the
center

G =) G"(t.0)r. (A18)

n>3

Also, for the length of an orbit at ¢, 8 constant, to be 2zr,
close to the origin (elementary flatness), we may write, as
r—0,

Cx~ry(t,0), (A19)

implying

C' ~y(1,0), Comryy, (A20)

where y (¢, 0) is an arbitrary function of its arguments, which
as appears evident from the elementary flatness condition,
cannot vanish anywhere within the fluid distribution.
Observe that from (A16) and regularity conditions at the
centre, it follows that: G =0 Q = 0.
Next, for the electric (E,53) and magnetic (H ,5) parts of
the Weyl tensor C4,5, we have

Ea - Cm/ﬂé Vl/ V(S,

1
Ha[f = 5 nausp C/féep Vv V(S'

The electric part of the Weyl tensor has only three
independent nonvanishing components, whereas only two

(A21)
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components define the magnetic part. Thus we may also
write

E,y = % (&, + &) <K{,Kﬂ - %h,,/,>
+308,+) (LaL/, = haﬁ>
+ Exr (KoL + KyLy), (A22)
and
Heop = Hy(SoKy + SyK,) + Hy(SeLy + SyL,).  (A23)

The orthogonal splitting of the Riemann tensor is carried
out by means of three tensors Y 5, X4, and Z,; defined as

Yo = R(wﬂ(;V”V‘s, (A24)
1 €p Px VYo
Xep = 5" RV V°. (A25)
and
1 )
Zaﬁ = —€a€pR5ﬁ€pV s (A26)

2

where RY; s = MepsRap™ and €5, = 1,05, V".
The three tensors above may be expressed through the
following scalars functions:

Y =4n(u+3P), (A27)
Y[ = (C/‘] - 477.'1_[], (A28)
Y]I = 511 - 47TH11, (A29)
YKL = SKL - 47THKL, (A30)
X = 8npu, (A31)
XI = —81 - 47[1_[1, (A32)
XII = —511 - 47TH11, (A33)
Xk = —Ekr —4nllgy, (A34)
|
A
(KALY — L'K¥)ay, = ————e
N
1 !/
+ E a][ +

A’B* P + G

Zr = (Hl - 4”Q11),
Zip = (Hz - 4”%)’

Zy = (Hy +4nqy),

Zyy = (Hy +4nq;). (A35)

In the above, the scalars Y, X define the trace of (A24)
and (A25), respectively, whereas the scalars Y;, Yy, Yk,
X7, X;1, Xk, define the trace-free part of (A24) and (A25).

The super-Poynting vector defined by

P,= ewﬁy(Yi;Zﬁ‘S - X;Z‘Sﬂ), (A36)
can be written as
P, =PiKy+ PiLg, (A37)

with

H
PI:?2(2YII+YI_2XII_XI)+HI(YKL_XKL)

4rq
+—L2Y; +2Xr = X; = Y| —dnq; (Xgp + Yir)s
H
Py = ?1 (X, + Xy =Y =2Y))
+Hy(Xkr — Yir) —4nq;(Yir + Xkr)
Az
2 2Y7 +2X7 = Xy = Yy. (A38)

As mentioned before, in the theory of the super-Poynting
vector, a state of gravitational radiation is associated to a
non—vanishing component of the latter (see [8—10]).
Therefore we shall verify the absence of gravitational
radiation if the two components of the super-Poynting
vector vanish.

From the Ricci identities for the vector V,, and the
Bianchi identities the following set of equations are
obtained by contracting with different vectors of the tetrad
(see [2] for details). These are as follows: (1) An evolution
equation for Q [Eq. (BS) in [2]]

1
Q;Vo + 3 (20 + 0, + 61)Q + KV LYa,, =0, (A39)

where

G . By G B
ot A\ T

(A40)

Br)' Al
AZBZ 2< I 2 ,
( r Br + GG -G A)]
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with
. Aaz o a
e Epeie TE A
(2) Two equations relating ¢g; and ¢;; with the kinematical variables [Eqgs. (B6) and (B7) in [2]]
2 0,-Q, L"*+Q(Ls,K'KP — LY ! Q
3B T e +Q( Bip - L) +§01a1 —aadyy
1 1 a 1 a
— gO’[;ﬂK'u — g (201 + 011) (Kl:u - 31> — 5 (20” + O'[) <Lﬁ;MLMK/} - 31) = Sﬂql, (A42)
1 2G anogy " 7] 1
m (7 0, + 2A®.9> + —3 +Q, K" +Q(KY, + L"KPLg.,) + Qa; — ga,,;ﬂut
1 pon Q) 1 po_ G\ _
3 (20; + o) | Lp K’ K" + 3)73 (201 + o) Ly — 3 )= 87q;;- (A43)

(3) Two equations relating the two scalars defining the magnetic part of the Weyl tensor with the kinematical variables

[Egs. (B8) and (B9) in [2]]

1
—Qa, - 5 (KﬂSD + SﬂKD)(Uﬂa + Qm;);ye”y‘s = Hl’ (A44)
1
—Qay; — 3 (L*S, 4 S*L,) (6,5 + Qm;);ye”y‘s =H,. (A45)
And (4) one of equations derived from the Bianchi identities, where one obtains [Eq. (B16) in [2]]
1
—_ §XKL(6U - U]) + Cl]H] + a]]H2 —_ H1,5K6 - I{z.(gL(S - H] (Ki; + K?{SS(SS,,) - HZ(L?{‘S + SESUL?(S)
1 4rnA(q,B) o
= {87[|:/,t+P—3(H[+H11):| - Y[— YII}Q_WW
4nA A’B%*r? + G?
n T |:CIII ( r+G°) (A46)
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