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Unified transverse diffeomorphism invariant field theory for the dark sector
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In this work we present a unified model for the cosmological dark sector. The theory is based on a simple
minimally coupled scalar field whose action only contains a canonical kinetic term and is invariant under
transverse diffeomorphisms (TDiff). The model has the same number of free parameters as lambda cold
dark matter (ACDM). We confront the predictions of the model at the background level with data from
Planck 2018 CMB distance priors, Pantheon+ and SHOES SNIa distance moduli, BAO data points from
6dFGS, BOSS, eBOSS and DES and measurements of the Hubble parameter from cosmic chronometers.
The model provides excellent results in the joint fit analysis, showing strong and very strong evidence
compared to ACDM in the Bayesian evidence and deviance information criterion (DIC) respectively. We
also show that the Hubble tension between Planck 2018 and SHOES measurements can be alleviated in the

unified TDiff model although further analysis is still needed.
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I. INTRODUCTION

General relativity’s (GR) symmetry group is the group of
diffeomorphisms (Diff). This symmetry arises as a conse-
quence of Einstein’s equivalence principle (EEP) which
states geodesic motion, Lorentz invariance and local
position invariance (LPI) [1,2]; which in turn translates
into the principle of general covariance. This principle
essentially means that a physical equation is generally
covariant, i.e., it remains in the same form under a general
coordinate transformation [2]. When performing an infini-
tesimal diffeomorphism generated by the vector field & (x)

B =+ (x), (1)

the metric tensor transforms with the Lie derivative, i.e.,
09 = Legu = =2V (,6,). Consider now the action

S = SEH[g;w] + Sm [g/wv V/i]’ (2)
where

Sen = ——— [ dtxyaR (3)
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is the Einstein-Hilbert action, g = |det(g,, )| and S,,[g,,. y']
is the matter action that depends on the metric tensor as
well as on the matter fields y'. Diffeomorphism invariance
implies 555 = 0, which, in turn, implies the conservation of
the energy-momentum tensor over solutions of the equa-
tions of motion of the matter fields [3],

Vv, 1" = 0. (4)

The purpose of this work is to study the breaking of this
symmetry down to transverse diffeomorphisms (TDiff) in
the matter sector. In 1919 Einstein himself was the first to
introduce unimodular gravity [4], where the determinant of
the metric tensor is subject to the condition g = 1. As a
result, the dynamical equations are the traceless Einstein’s
equations and the symmetry group is TDiff, i.e. diffeo-
morphisms subject to the condition

9,8 = 0. (5)

The main appeal of this theory is that a cosmological
constant-type term does not gravitate which could provide a
solution to the vacuum-energy problem [5]. Note that in
these theories the symmetry is broken in the geometrical
sector, however more recently the effects of Diff breaking
in the matter sector have been explored in [6—8] for simple
scalar field theories. There, it is shown that these models
behave as ordinary Diff invariant theories in the geometric

© 2024 American Physical Society
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optics approximation, i.e., for modes well inside the
Hubble radius, where we recover the standard propagation
properties of free particles along geodesics, together with
the standard scaling of energy density for relativistic and
nonrelativistic particles. However for long-wavelength
modes, with frequencies smaller than the Hubble param-
eter, the behavior can be drastically different from that of
the Diff models, thus opening a new avenue for cosmo-
logical model building.

Particularly simple cases are the minimally coupled TDiff
scalar theories with purely kinetic terms. These models are
modifications of the Diff scalar theories parametrized by a
single function of the metric determinant f(g). They have
been seen to be equivalent to perfect adiabatic fluids with an
effective equation of state given by [7,8]

F
Oy =T (6)
with
dinf
F = 7
dlng’ )

In particular, for simple power law models f(g) = ¢,
the equation of state is just a constant given by

; (8)

which as expected, recovers the standard stiff fluid behavior
wy; =1 in the Diff case with @ = 1/2. However, other
choices are possible. Thus models with @ = 0 would behave
as nonrelativistic matter fluid, not only at the background
level but also for perturbations, since in this simple case
o wy =0 (being ¢, the speed of sound) providing an
extremely simple model for dark matter based on a purely
kinetic scalar field.

The simplicity of these results suggests the possibility of
using these kinetic TDiff models for a unified description
of the dark sector with a single field. With that purpose,
appropriate f(g) functions which allow an interpolation
between a dark matter behavior at early times and a dark
energy behavior at late times should be identified.

The first unification models considered in the literature
were based on the so called generalized Chaplygin gas [9].
These models are based on a single perfect fluid description
of the dark sector with an equation of state given by

1
P:—Ap—av 9)

with A a positive constant so that for ¢ > 0 the behavior is
the expected for the dark sector. As a matter of fact, at the
background level, the cosmological evolution in this model
allows to reduce the H, tension to the lo level [10].

The model contains one extra parameter compared to
ACDM. When comparing the matter power spectrum with
LSS data a stringent limit on the extra parameter is
introduced, so that |a| < 107>, [11]. This constraint implies
that the model effectively behaves as ACDM and the
solution of the tension is no longer achieved. Imperfect
fluid models with bulk viscosity have also been considered
for an unified description in [12].

Unified models built out of a single scalar field have also
been proposed in recent years. Thus, certain k-essence
models with a Lagrangian density

L =G(X) (10)

with X = 3 ¢*0,¢0,¢ and G(X) a quadratic function of X
have been proposed in [13]. The model avoids the problem
with the matter power spectrum measurements, although
the price to pay in this case is the inclusion of four extra
parameters as compared to ACDM.

In this work we will start the analysis of the possibilities
of purely kinetic TDiff theories for the construction of
viable unification models. We will limit ourselves to the
background evolution and the comparison with observables
related to the expansion history, in particular Hubble
diagrams from SNIla Pantheon+&SHOES, cosmic chro-
nometers, BAO measurements and CMB distance priors.

This paper is organized as follows: in Sec. II we present
some general aspects of TDiff invariant actions for scalar
fields, we derive the equations of motion for the field and
the consistency condition that ensures conservation of the
energy-momentum tensor for TDiff theories. In Sec. III we
build the unified model for the dark sector, where we find
Einstein’s equations for our universe, which take the simple
usual form of the Friedmann and acceleration equations.
We give the expression for the energy density of the scalar
field, treated as a perfect fluid and present the Hubble rates
of the theory. In Sec. IV we present the cosmological data
we used to build the likelihood to find the constraints on the
parameters of the model. Section V is devoted to present
and discuss the results of the fitting process and in Sec. VI
we present our conclusions. Finally, in the Appendix we
show the basic derivation of the TDiff invariant action for a
scalar field.

Throughout this manuscript we will use the metric
signature (+, —, —, —) and natural units # = ¢ = 1.!

I1. TDiff INVARIANT ACTION
FOR A SCALAR FIELD

Let us start by writing the TDiff invariant action for a
simple minimally coupled scalar field in the kinetic regime
(see the Appendix for details)

'"The Hubble parameter H, will be expressed sometimes in
units of km/s/Mpc to ease the comparison with other results in the
literature where this convention is commonly used.
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S:SEH+S¢
1 1

=——— [ d R d* —g"a, o 11
oG | AR+ [ dxf@)5a 00, (1)

where f(g) is a positive function of the metric determinant.
This guarantees a stable theory which respects the weak
equivalence principle in the geometric optics approximation
[7]. The gravitational sector is described by the standard
Einstein-Hilbert action so that only the scalar sector breaks
Diff invariance down to TDiff.? Notice that the standard Diff
invariant theory is recovered in the case f(g) = /9.

A. TDiff models in cosmological backgrounds

We now would like to specify the geometry in order to
build cosmological models for homogeneous scalar fields,
i.e. coupled to a homogeneous and isotropic spacetime such
as Robertson-Walker (RW). In this cosmological case, in
which we have a spacetime whose constant time hyper-
surfaces are maximally symmetric subspaces, symmetry
implies that, in the general case, only 2 metric components
are truly independent, up to the sign of the curvature of
these hypersurfaces. We will work with flat spatial sections,
so the line element of the most general homogeneous and
isotropic spacetime is [2]

ds* = b*(7)d7* — a*(z)dx?, (12)

where a(7) and b(r) are the two independent components
of the metric.

It is most common to define a new time coordinate,
known as cosmological time dr = b(z)dr which finally
leaves us with only one function a(z) to solve for. Note that
this is only possible in the case of a full Diff theory. In
general there is no way to perform a coordinate trans-
formation satisfying the TDiff condition that allows us to
write (12) using cosmological time #(z).

B. Equations of motion for ¢(7)

The scalar field equations of motion obtained from (11)
read

0,(f(9)9"0,9) = 0. (13)

Let us consider the evolution of a homogeneous scalar
field only depending on time, so that the equations of
motion satisfied by ¢(z) in the geometry (12) are [7]

f/ b/ L/
i 7_27 o — - /:0’ 14
9"+ < PRV = e (14)
where the prime denotes the derivative with respect to the
coordinate time 7, and

*See [14] for a detailed study of gravity models which break
Diff invariance in the geometrical part of the action.

~
—~
Q
—~
Q
~—
~

L(z) = (15)

It is easy to check that in the f(g) = /g case, we recover
the well-known results for a Diff invariant scalar field.
Equation (14) can be rewritten as a total derivative

—(L¢) =0, (16)

() =75 (17)

with Cy a constant.

Even though it is not possible to set b = 1 with a TDiff
coordinate transformation, we can always rewrite (14) in
cosmological time df = b(z)dr so that we obtain

. J .
b+ =0. (18)
where

J=Lb=

J_c a’ L (19)
b Vg

and dot denotes derivative with respect to the cosmological
time 7.

C. Einstein’s equations and
the energy-momentum tensor

The field equations derived from the action (11) with
unconstrained variations with respect to the metric tensor

2 6
2y, (20)
V909
are the Einstein’s equations
G,, = 82GT}, (21)
where
flg
1t =18 0,000~ Fo)ur oo, (22

with F(g) given in (7).

Notice that because of the breaking of Diff invariance
in the scalar sector, T,‘fy is not necessarily conserved on
solutions of the scalar field equations of motion. In spite of
that, since Einstein’s equations (21) still hold, Bianchi
identities imply the conservation of the energy-momentum
tensor (22) over solutions of the Einstein’s equations.
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Since our goal is to build a cosmological model, we
would like to interpret our field as a perfect fluid,’
whose energy-momentum tensor is well-known to be
parametrized as

Ty = pyu'u” — pyh, (23)

where u* is the 4-velocity of the fluid, and as such it must
obey the normalization condition g, u*u” =1, and
h,, = g, — u,u, is the metric tensor on the hypersurfaces
orthogonal to the direction of the timelike vector u”.
We can read the energy density p, and the pressure p,
of our fluid to be

po =100 = L (1= )™, (24)
Ty _ f(9)

=- 2 25
po = = s FO 25)
From these two expressions we are able to define an
equation of state for the fluid in the usual way

pyla) = wyp,(a), where

F
- . 2
Oy =T_F (26)

Notice that the equation of state parameter solely depends
on our choice of f(g). It is worth mentioning that the
problematic case F/ = 1 is excluded since it implies p, = 0
in (24). It is already possible to draw some conclusions on
how the fluid behaves from (26). If we had a power law
f « g%, then

, (27)

which is time independent. In order to have positive energy
density we must have a < 1. To recover a nonrelativistic/
dark matter type behavior we simply need o = 0, whereas
a — oo implies a cosmological constant behavior
w4 = —1. We can interpolate between these two limiting

cases with an exponential function f(g) o e, resulting in

_ Py

where g < 1 = w, = 0 while fg > 1 = @, = —1. The
condition required for a positive energy density is now

Bg > —1[7].

3See [8] for a discussion of the condition to be met in order to
describe the scalar field component that breaks Diff invariance
down to TDiff as a perfect fluid.

Computing V, T4 yields*

V”T"” =u’(u'Vypy + (py + py)V,u")

v /

M
vy <p¢+3

As expected for a RW geometry, there is actually just one
independent equation5

(py + p¢)> =0. (29)

/

a
Py + 35 (pg + py) = 0. (30)

The compatibility of Eq. (30) and the equations of motion
of the field (14) will impose a condition on b(z). Though
not always possible to find such a condition in an explicit
way, in the kinetic domination regime it can actually be
realized [7]. By expressing pﬁﬁ in terms of p,, which
requires the use of the equations of motion (14), since py, +
Py = py/ (1 = F) we get rid of the energy density explicit
dependence and only terms involving the geometry b, a,
and f(g) will appear. After some manipulations we find

dJ 1 F' a\ F-1%
= F-= =6(—)—2, 31
g 2 +1—F a)l-F (31)

which is written in such a way that is trivially satisfied
when F =1/2 = F' =0. Multiplying both sides by
(1—F)/(F —1/2) we finally arrive at’

g 2F a

g (1=F) - 1-2F a (32)
Integration yields [7]

I _(1-2F(qg)) = C,a (33)

f(9) S

with C, a constant. For TDiff invariant models, we must
solve this equation for a given f(g) in order to have a
conserved energy-momentum tensor. This will give us a
relation between the two functions b(7) and a(7), i.e., b(a).

“We have used the fact that for a homogeneous and isotropic
geometry there are no pressure gradients at a given spacelike
hypersurface of 7 = const, i.e., #*V,p =0; which ensures
geodesw motion u*V,u* = 0.

>Note that despite the fact that " does not explicitly appear on
(30), the energy density and the pressure of the fluid do depend
on b(z), and hence a dependence on b’ is implicit in p,.

®Note that this expression no longer recovers the GR 1dent1ty
as a consequence of implicitly dividing by zero when F = 1/2 in
the last step of the derivation.
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II1. A UNIFIED MODEL FOR THE DARK SECTOR

Once we have discussed what it means to have a TDiff
invariant action for a scalar field, and what conditions must
be satisfied in order to build a consistent model with it,
we shall put this knowledge to use to construct a TDiff
invariant theory for the dark sector in cosmology. We would
like to extend the action in (11) to also account for the
well-known physics, that is, the particles of the Standard
Model. To do so, we proceed as usual by including a full
Diff action for baryonic matter (B) and photons plus
massless neutrinos, which will be referred to as radiation
(R), all of them treated as perfect fluids.

So, how to model dark matter and dark energy with a
single TDiff invariant scalar field? As discussed in last
section, we saw that for an exponential function

flg)=e" (34)

we could interpolate between a matter-type behavior at
early times (w,(a — 0) = 0) and a cosmological constant-
type one (w,(a — 1) = —1) at late times. This will be our
choice since it allows for a unified description for both dark
matter and dark energy. The action reads

S = Sgn + Spir + Sy (35)

where Sgy is given in (3), Sg,r takes into account the
baryon and radiation contributions, and

1
Sy = / d“xe-f’ﬂ<2g/‘”aﬂ¢ay¢>, (36)

for the TDiff scalar sector. This means that Einstein’s
equations are

G, = 8aG(TB/R +T4,), (37)

where T5,® corresponds to the energy-momentum tensor

of baryons and radiation and Tff,, represents the contribution
from the dark sector. As a good approximation we can
consider that baryons and radiation do not interact at the
background level with each other which means that both
are self-conserved. In the case of baryons the energy
density evolves according to pg(a) = pga™’ whereas its
equation of state is wp = 0. The energy density, as a
function of the scale factor, of radiation can be written in
terms of photon’s energy density [p,(a)] as follows

) = (18 (2) o o9

"When we do not indicate the explicit dependence in the scale
factor or in the redshift, for the energy densities we are referring
to the corresponding present value.

where N = 3.046 is the effective number of neutrino
species and p,(a) = p,a~*. The equation of state for the
radiation fluid is wg = 1/3. As for the dark sector we can
take advantage of the novel result obtained in [8]. In this
reference it is shown that, as long as the derivative of the
scalar field d,¢ is a timelike vector, from the conservation
of the energy-momentum tensor, in the kinetic domain, the
energy density associated to the scalar field can be
expressed as follows

pola) = s (39)

@y — 1)/’

where C, is a constant that needs to be fixed so that the
cosmic sum rule is fulfilled.
The two independent components of the FEinstein

tensor are
G =3(2)" (40)

=) (F-253(5)) @
Pinta) gl e P T
(£) =" bata) ) + gl (42)

@ _a¥ 1 (—) — —4Glppla) + pyla)lt®.  (43)

As we have mentioned before, if we had set b = 1 from
the beginning, no simultaneous solutions for the field
equations (14) and the conservation of energy (33) could
have been found [7]. However, once we have obtained the
equations of motion, it is possible to perform a change of
variables to cosmological time dt = b(z)dz. After doing so
we obtain the equivalent to the usual Friedmann and
acceleration equations that take the standard form

H? = &TTG lps(a) +prla) +pyla)l, (44)

g: —Mé[pg(a) +prla) + pyla) +3pg(a) +3p,(a)l.

(45)

where we have used (44) to obtain (45) and H = d/a is just
the Hubble rate. Notice that although at first glance it might
look as if there was no explicit b(¢) dependence, the energy
density and pressure of the dark sector do depend on it. It is
there were the consistency relation b(a) (33) comes into
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play. Imposing f(g) = ¢ and F(g) = —fg it can be
written as

b2eP (14 2Ba°b%) = C,. (46)

We can fix the value of the constant C, by evaluating the
left hand side at present time, namely a = b = 1, which
automatically implies that the determinant of the metric is
normalized as g(a = 1) = 1. We end up with the following
expression for the constraint

bze/}(a6b2_l) (1 + 2ﬂaﬁb2)

T amiat (47)

Thanks to the above expression we will be able to

get b = b(a,p).
The Hubble rate can be obtained from (44)

H(a) = Ho\/Qpa™ + Qpa™ + Qy(a).  (48)

where we have considered the definitions Q;(a) =2 fl)(“),g

with i = B,R,¢ and being p. = 3H3/(872G) the value
today of the critical energy density.
The cosmic sum rule evaluated at present time reads

1=Qp + Qg +Q, (49)

As stated before Cy, in (39) can be fixed with relation (49).
By doing so we get

(50)

Qy(a) = Q, (M) 1

wy(a) =1 N

Once we have (47) and (50) we can study the high
redshift limit. From (47) we get the following approxima-
tion b ~+/1 +2ﬂez which in turn allows us to find an
approximate expression for the energy density of the scalar
field valid at short times

Q(a) = Qfya~, (51)
where we have used

s VTT 28

Qeff — Q{
DM — /’ 1 + ﬁ

(52)
This does not come as a surprise since as we have stated
previously when g << 1 the equation of state tends to the
value w, = 0, therefore it behaves as nonrelativistic matter.

At the background level we can separate the contribution
of the scalar field as if it were composed of an effective dark

*Itis important to note that with this definition the cosmic sum
rule is only fulfilled at present time.

matter contribution, whose expression is determined by
Eq. (51) and an effective dark energy component:

pyla) = pin(a) + pii(a) = pQya™ + ppi(a).  (53)

po(a) = phu(a) + phi(a) = opp(a)ppi(a).  (54)
As stated previously, due to the form of the equation of state
parameter (28) the scalar field behaves as nonrelativistic
matter at early times and as dark energy at late times.
Therefore, considering the above equations we can tell
when the effective dark energy component has a quintes-
sencelike behavior and when it has a phantomlike behavior.
The expression for the equation of state parameter is the
following one

py(a)
pyla) — piity(a)’

eff

whp(a) = wy(a) (55)

As an example, in Fig. 1 we plot its evolution for the values
of the cosmological parameters in Table III. As it can be
seen, wfil (a) ~ —2, at high redshift, something that can be
checked from the analytical expression (55). This asymp-
totic value is determined by the particular form of the f(g)
function in (34) regardless the specific value of 5. The value
of w¥l(a) remains in the phantom region for most of the
cosmic history, however, as we get closer to present time its
value starts to increase until it crosses the phantom divide.
This is the opposite of other unified models such as the
generalized Chaplygin gas in which no crossing of the
phantom divide line occurs in the effective dark energy
equation of state. The crossing of the phantom divide line
has been shown in [15] to be a necessary condition to solve
the H, and og tensions in models of dark energy.

FIG. 1. The effective equation of state parameter of the dark
energy component for the TDiff model (55). The values of the
cosmological parameters can be seen in Table III.
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—— ACDM
---- TDIff

0 2 4 6 8 10
z

FIG. 2. Comparison of the equation of state for the dark sector.

For the ACDM wjcpm(z) = (Pom(z) + pa)/ (Pom(2) + pa)
whereas for the TDiff model w(z) is written in (28). The values

of the cosmological parameters can be seen in Table III.

Despite the different behavior of the TDiff effective dark
energy equation of state with respect to a cosmological
constant, the full dark sector behaves similarly to ACDM.
Thus in Fig. 2 we compare the dark sector equation of state
given by

~ pom(z) + pa
wrcpm(z) = 7PDM(Z) ¥ pa (56)

in ACDM with w(z) written in (28) for the TDiff model
for the cosmological parameters in Table III.

A. Preferred coordinate time

A unique feature arising from the breaking of the full
Diff symmetry is the existence of a preferred coordinate
time. In general relativity the lapse function b(z) is a pure
gauge component in cosmological space-times which can
be set to b(¢) = 1 with a time coordinate transformation.
However, in TDiff models b(z) is a physical metric
component which sets the privileged coordinate time which
is related to the cosmological time (that measured by
comoving observers) by b = %. We can interpret this
timescale factor as the rate of change of cosmological time
with respect to the privileged time z, so that, whenever b is
constant, means that the two times are essentially the same
up to a constant factor. In Fig. 3 we show b(z) for the TDiff
model with the cosmological parameters in Table III. We
see the constant behavior from the early universe up until
the beginning of the accelerated expansion, where it starts
to quickly decrease. Notice that the preferred time is unique
up to time translations since no time reparametrization was
possible via a coordinate transformation satisfying the
TDiff condition (A7) while maintaining the spatial coor-
dinates that ensure homogeneity and isotropy.

z

FIG. 3. Time scale factor b as a function of redshift z =
1/a — 1 given by the consistency relation (47) that follows from
the conservation of the energy-momentum tensor and the
equations of motion of the field. The values of the cosmological
parameters can be found in Table III.

We can now define the analogue to the usual (space)
Hubble rate H = ¢, but for the lapse function b(1), ie., a
time Hubble rate

b dinb
b dlna

Hy(a) = H(a) = B(a)H(a), (57)
where B(a) can be written in terms of the following
combination of F(g)

3F(3 +2F)
1-F(5+42F)

B(a) = (58)

20 1

15 A

10 1

FIG. 4. The normalized Hubble rate E(z) = HL(,% and E;, =
The values of the cosmological parameters can be foun
Table III.

15
Ho b
d in
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We find that both Hubble rates are related via the
—adb

function B(a) = $42. This is a consequence of the con-
sistency relation (33), which essentially implies that the
timescale factor is a function of the spatial scale factor. We
then conclude that b cannot evolve with time unless a does.
Nonetheless this is not necessarily true the other way
around, as seen in Fig. 3.

Figure 4 shows both Hubble rates in units of H as a
function of redshift. H(z) decreases with time whereas
H,,(z) goes to zero at large redshifts, so b(z) is constant at
the matter dominated era, which is consistent with the
discussion above. This is in agreement with the fact that at
early times f(g) = e™#9 ~ ¢°, so it behaves as a power law
for which b(a) o aie with @ = 0, s0 b =~ const [7]. The fact
that H,, is negative implies that B(a) < 0.

IV. DATA AND METHODOLOGY

The model we have just introduced contains the same
number of free parameters as ACDM. Thus, in the flat
ACDM, we have at the background level, three free
parameters: (Qy, Qp, Hy) where Q) = Qp + Qpy con-
tains the contribution from baryons and dark matter.” As for
the TDiff cosmological model, we also have three free
parameters (3, Qg, Hy), where the parameter /3, somehow,
plays a similar role to Q) in ACDM [see (52)]. It is
important to note that in addition to the main cosmological
parameters that we have just mentioned we also have to
consider the nuisance parameter M which stands for the
absolute magnitude in the supernovae data. We shall
provide more details about it when we describe the
corresponding likelihood. In the following we describe
the cosmological datasets employed in this work.

CMB: Instead of considering the full likelihood for
Planck 2018 data here we use the CMB distance priors,
which for those models that do not depart too much from
the ACDM predictions at high redshift, turns out to be
an efficient way of compressing the information (see
Sec. 5.1.6 of [16] for more details). The two distance
priors that we utilize here are the shift parameter R and the
acoustic length #, that can be computed from

R=/Q,H3(1+2,)DA(z.), (59)

£, =n(1+z,) -2 (60)

The above expressions contain the angular distance

We consider that the radiation contribution is precisely known
from the CMB temperature measurement and the effective
number of neutrino species and is given in (38). Since we work
in natural units the Hubble parameter is defined by
Hy' =2997.9h~! Mpc'.

1 2 d7
(1+2z2) )0 HZ)’

Da(z) = (61)

evaluated at the decoupling redshift z,, which depends on
the free cosmological parameters. In order to get its value
we consider the fitting formulas presented in [17]:

z. = 1048[1 + 0.001240;078)[1 + g 0],  (62)

0.0783w; 0238
g1 = 7170763’ (63)
1 +39.5w,
0.560
9 (64)

T 142105

where o, = Qzh? and ,, = Q,,h*. For the TDiff model
we do not have the parameter ,,, however, since the
above formulas are meant to compute z, ~ O(10?), we are
allowed to use (52) hence QSlf = QM 4 Q. The term r,
stands for the radius of the sound horizon

o) = [T (69)

evaluated at the decoupling epoch ry = r(z,) being c,(z)
the speed of sound in the photon-baryon fluid. In addition
to the two distance priors we also consider the value of
the baryon density w;,. For the Planck 2018 TT,TE,
TE + lowE + lensing [18] data we obtain:

w, = 0.02239 + 0.00015, (66)
£, = 301.529 £ 0.083, (67)
R = 1.7497 + 0.0041, (68)

with the corresponding correlation matrix

1 —0.2164 —0.6417
-0.6417 0.3553 1

BAO: From isotropic and anisotropic estimators we
consider 12 data points, probing the redshif range
0.122 < 7z £ 2.334. Here we consider the likelihoods with-
out the growth rates points. The list of measurements
utilized in our analysis (for the sake of convenience in some
cases we do not show all the decimals of the measurements
and the covariance matrices though in the analysis all of
them have been considered) can be seen in Table I, and the
quantities that appear are, the transverse comoving distance

Dy (z) = (1 +2)Da(2), (70)
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TABLE I. BAO measurements.

Zoff Measurement References
0.122 Dy(rqga/rqs)Mpc] = 539 £ 17 [Mpc] [19]
0.38 Dy /ry = 10.2341 £0.1691 [20]
0.38 Dy /ry = 24.9806 + 0.7285 [20]
0.51 Dy /ry = 13.3660 £+ 0.2037 [20]
0.51 Dy/ry =22.3166 +0.5717 [20]
0.698 Dy /rq = 17.8582 +0.3281 [20,21]
0.698 Dy/ry = 19.3258 +0.5327 [20,21]
0.835 Dy /rgs =18.92+0.51 [22]
1.48 Dy /rq =30.6876 £ 0.7983 [23.24]
1.48 Dy /rq = 13.2609 £+ 0.5520 [23,24]
2.334 Dy/rq=315%7 [25]
2.334 Dy/ry = 899707 [25]

Note: For the data point at z = 0.122 the sound horizon size (at
the drag epoch), for the fiducial values, computed using (65) is
Tifid = 148.11 MpC [19]

the Hubble radius

and the angle-averaged distance
Dy(z) = [2D3(2)/H(2)]'". (72)

As usual the observational data points obtained from the
BAO analysis are provided as relative distances with
respect to the radius of the sound horizon evaluated at
the drag epoch r; = r(z,). In order to compute the value of
Z4» which depends on the value of the cosmological
parameters, we make use of the fitting formulas provided
in [17]:

0.251

m by
Zd:1345W[1+blwb]’ (73)
by = 0.313w,24"[1 + 0.607w0™], (74)
b, = 0.238w%2%3. (75)

Finally we provide the corresponding covariance matrices.

Dy(z) = ——, (71) The covariance matrix between measurements for the
H(z) BOSS Galaxy data [20] is given by
|
0.02860520  —0.04939281 0.01489688 —0.01387079
—0.04939281  0.5307187  —0.02423513  0.01767087
COVBOSS—Galaxy = (76)
0.01489688  —0.02423513  0.04147534  —0.04873962
—0.01387079 0.01767087 —0.04873962  0.3268589

For the two data-points obtained with eBOSS LRG data
[20,21] the covariance matrix is

0.1076634

~0.0583182
(77)
~0.0583182

Coveposs-LrG = < 0.2838176

whereas for the eBOSS Quasar data [23,24]

0.63731604  0.1706891 ) (78)

COVC -Quasar —
BOSS-Q ( 0.1706891  0.30468415

Finally the covariance matrix for the Lya forest data is
given by

13225
Covize = _0.1000

Cosmic chronometers: We include in our analysis 32
measurements of H(z;), covering the redshift range
0.07 < z £ 1.965, obtained with the differential age tech-
nique. For those data points that are correlated with each
other (see [26] for more details) the corresponding

—-0.1009 ) . (79)

0.0380

covariance matrix can be computed with the script provided
here.'® The list of measurements of the Hubble parameter can
be seen in Table II. Those that appear without the corre-
sponding error bars are the ones that are correlated with
each other.

SNIa: We employ the data from the Pantheon +
&SHOES compilation [32,33] which contains 1701 light
curves obtained from 1550 distinct SNIa with redshifts in
the range 0.001 <z <2.26. Within these 1550 SNIla
there are 42 SNIa (with 77 light curves associated) in
37 Cepheid host galaxies, whose distance moduli have
been obtained by measuring the characteristic period-
luminosity relation of these variable stars. These
measurements have been carried out by the SHOES
collaboration [34]. The fact of using the 77 distance
moduli provided by the SHOES team turns out to be
fundamental to break the well-known degeneracy between
the Hubble parameter H, and the absolute magnitude,
which here we denote by M. Let us provide some specifics
of the formulation used in the corresponding likelihood.

10https:// gitlab.com/mmoresco/CCcovariance/-/blob/master/
examples/CC_covariance.ipynb.
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TABLE II. Hubble parameter data.

z H(z) (kms™' Mpc™') References
0.07 69.0 £19.6 [27]
0.09 69.0 £12.0 [28]
0.12 68.6 +26.2 [27]
0.17 83.0£8.0 [28]
0.2 729 £29.6 [27]
0.27 77.0 £ 14.0 [28]
0.28 88.8 +36.6 [27]
0.4 95.0+17.0 [28]
0.47 89.0 £50.0 [29]
0.48 97.0 £ 62.0 [30]
0.75 98.8 +33.6 [31]
0.88 90.0 +40.0 [30]
0.9 117.0 £23.0 [28]
1.3 168.0 £ 17.0 [28]
1.43 177.0 £ 18.0 [28]
1.53 140.0 £ 14.0 [28]
1.75 202.0 £40.0 [28]
0.1791 7491 [26]
0.1993 74.96 [26]
0.3519 82.78 [26]
0.3802 83.0 [26]
0.4004 76.97 [26]
0.4247 87.08 [26]
0.4497 92.78 [26]
0.4783 80.91 [26]
0.5929 103.8 [26]
0.6797 91.6 [26]
0.7812 104.5 [26]
0.8754 125.1 [26]
1.037 153.7 [26]
1.363 160.0 [26]
1.965 186.5 [26]

The basic observable is the apparent magnitude m which
can be expressed as follows

m(zup, ZueL) = #(Zups ZneL) + M., (80)

being p the distance modulus

M) (81)

#(zup» ZueL) = 25 + 510%10( 1 Mpc

where the quantity ZiL(ZHD7 zger) can be understood as a
corrected luminosity distance. Therefore we have:

- l+z
) = (T8 gy ). (62
HD

being the expression for the luminosity distance in a
spatially flat universe the usual one

dp(zup) = < +HEHD) /OZHD ECZ/’) (83)

In the above expressions zyp stands for the Hubble diagram
redshift whereas zyg; represents the heliocentric redshift.
When the light curve considered is one of the 77 mentioned
before (they are labeled with IS_. CALIBRATOR = 1 in the
data file) instead of using (81) to compute the distance
modulus, we consider SHOES’ measurement for this quan-
tity. This constraints greatly the value of the absolute
magnitude M (which in our analysis has the role of a
nuisance parameter) thus breaking the existing degeneracy
between Hy — M.
We consider the following joint y2-function

)(tzot :)(%:MB +)(213Ao "‘Zﬁ "‘ZgNIa (84)

in order to study the performance of the ACDM and TDiff
cosmological models when they are confronted with the
dataset previously described. The dataset considered
in (84) will be referred to as baseline. We explore the
parameter-space that characterizes each of the models
with the Markov chain Monte Carlo analysis, making use
of the Metropolois-Hastings algorithm [35,36]. Once the
converged chains have been obtained we utilize the GetDist
code [37] to obtain the mean values of the different
cosmological parameters, the associated confidence inter-
vals and the posterior distributions. When exploring
the parameter-space we have set the following priors
for the three common parameters 0.01 < Q, < 0.1, 40 <
Hy [km/s/Mpc] < 100 and —-20 <M < —18. In the
ACDM case we have considered 0.1 < Q,, < 0.5 whereas
for the TDiff model 1.7 < f# < 2.3. We want to compare
the performance of the ACDM model and the TDiff
model, therefore in this work we use the deviance
information criterion (DIC) [38], whose value can be
computed from

DIC = 4*(0) + 2pp. (85)

In the above expression, pp, = x> — 7%(0) stands for the

effective number of parameters, ;(2 is the mean value of the
y>-function and 6 contains the mean value of the free
parameters. We define the difference with respect to the
ACDM model as follows

ADIC = DICACDM — DICTDiffv (86)

as a consequence if we obtain positive values of ADIC
means that the TDiff model is favored over the ACDM
models whereas negative values indicate the other way
around. Having defined the difference in the DIC values as
in (86), according to the usual standards if we find values
0 < ADIC < 2 we say there is weak evidence in favor of
the TDiff model. If we get values 2 < ADIC < 6 we speak
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of positive evidence whereas values 6 < ADIC < 10 point
out to strong evidence in favor of the TDiff. Finally,
finding values ADIC > 10 would allow us to claim very
strong evidence. As we mentioned before negative values
would indicate evidence in favor of the standard model.

In order to complement the DIC we also make use of the
Bayesian evidence which has been computed following the
procedure detailed in [39]. Here we define the Bayes’ ratio as

Ern:
B= TDiff : (87)
E ACDM

where E stands for the Bayesian evidence. With the above
definition, and as with the DIC, positive values indicate that
the TDiff model is favored over the ACDM model with
different levels of significance. Therefore if In B < 1 there is
inconclusive evidence, for 1 < InB < 2.5 we get moderate
evidence whereas if we obtain 2.5 < In B < 5 we speak of
strong evidence. Finally if we find values In3 > 5 we are
allowed to claim very strong evidence in favor of the TDiff
model. For negative values of In B is the other way around.

V. RESULTS

The best-fit values and the corresponding 68% confi-
dence intervals, obtained after considering the baseline
dataset [see Eq. (84)], can be found in Table III and in
Figs. 5 and 6. We see that the TDiff model provides an
excellent fit to the considered dataset with a minimum y?
below that of ACDM with same number of free parameters.
As a matter of fact ADIC = 10.39 indicates very strong
evidence whereas In B = 4.02 indicates strong evidence in
favor of the TDiff model when it is confronted against the
ACDM. The main difference appears in the mean value of
the Hubble parameter which is larger than in the ACDM
and with similar error bars. As we will show below, this will
mainly explain the better fit to the complete dataset.

TABLE IIl. Mean values with the 68% confidence interval for
the cosmological parameters considered obtained by analyzing
the Baseline dataset [see Eq. (84)]. We also show the minimum
value of the ;(Z—function, the incremental value of the DIC and the
value of In .

Baseline

ACDM TDiff
Qp 0.04775 £ 0.00042 0.04647 £ 0.00035
Qu 0.3012 + 0.0049 e
H, [km/s/Mpc] 68.82 +0.38 69.46 + 0.34
p e 2.045 4+ 0.027
M —19.398 £0.011 —19.369 + 0.010
;(fmn 1338.34 1327.97
ADIC e 10.39
InB A 4.02

As commented before, at high redshift, the TDiff scalar
field mimics the nonrelativistic matter behavior as it is clear
from (51) and consequently the effective matter density
parameter at that time is Q5 = QS + Qp = 0.3005 +
0.0043 (computed as a derived parameter obtained with the
Baseline dataset), which can be compared with the ACDM
value Q;; = 0.3012 4 0.0049. Therefore, the behavior of
the TDiff model is very similar to the ACDM model at
high-redshift, when the contribution from dark energy is
negligible.

On the other hand if we want to study the behavior of the
TDiff model at late times, we may look at the equation
of state parameter, which at present time, takes the value
wy(z = 0) = —0.6746 £ 0.0029. The equivalent quantity
for the ACDM model would be wxcpm(z =0)=
—0.7383 £ 0.0044 with @w,cpy defined in (56). The low-
redshift evolution of both parameters can be seen in Fig. 2.
The fact that the value in the ACDM model is, in absolute
value, greater than the value in the TDiff model indicates
that the behavior of the scalar field is quintessencelike. This
is confirmed thanks to the effective equation of state
parameter for the dark energy component defined in
Eq. (55), whose present value ofif(z =0) = —0.9156 +
0.0016 lies in the quintessence region. As shown in Fig. 1,
the TDiff model evolves from a phantom effective dark
energy equation of state @il (z) = —2 at high redshift to a
quintessencelike value at present.

We also find some differences between the models when it
comes to the redshift value that marks the transition from a
decelerated to an accelerated expanding universe. Whereas
for the ACDM we have z, ~0.668 for the TDiff we get
z; = 0.794 and the corresponding value of the b(a) parameter
b, ~3.1314. In Fig. 3 we show the behavior of b(z) which is
constant in the matter dominated era, being this constant

value b(z > 1) = /T + 2fe* ~ 6.272.

A. The H-tension

The persisting mismatch between the value obtained by
the Planck collaboration (H, = 67.36 & 0.54 km/s/Mpc
from TT,TE, EE + lowE + lensing data [18]) and the
SHOES measurement (H, = 73.04 + 1.04 km/s/Mpc [34]
which hereafter will be denoted by H3MES), obtained with
the inverse cosmic distance ladder method, has become a
central topic of study in cosmology in recent years. In order
to calculate the tension between two given values we utilize
the following estimator

-
Ty, =1 (88)

0
Vo + ok

Therefore the tension between the mentioned values
reaches the astonishing level of Ty ~4.850. At this stage
it is still not clear whether the tension is somehow caused
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FIG. 5. For the ACDM model contour plots at 1o, 206 and 30 confidence level, as well as, the one-dimensional posterior distributions
for the Baseline dataset. The H|, parameter is expressed in km/s/Mpc units.

by some sort of unknown systematic or if it is actually
the clearest hint we have so far of physics beyond the
standard model.

This section is specifically aimed to check how the TDiff
model deals with the H-tension. It has been argued [40]
that no low-redshift solution can completely solve the
tension. The authors consider a very flexible parametrization
of the equation of the state parameter to prove that the
1-dimensional posterior distribution of the H, parameter
(Hy = 68.08 £ 0.97 km/s/Mpc), obtained from a CMB +
BAO + SNIa (the SNIa data do not contain SHOES meas-
urement unlike the one we consider here) dataset, does not
overlap with SHOES’ measurement posterior distribution.

For the sake of comparison we have tested the TDiff model
with a combination of data CMB + BAO + SNIa*, where
the * indicates that in this occasion the SNIa data do not
contain the SHOES contribution. Regarding the Hubble
parameter we get the following result H, = 68.95+
0.37 km/s/Mpc, which is perfectly compatible with the
value provided in [40].

If we have a look at Tables IV and V we can see the
results obtained when first only the CMB and then only the
SNIa data (in addition we consider a model-independent
BBN prior for the density of baryons w, = 0.02244 +
0.00069 [41] determined by D/H abundances) are consid-
ered, whereas in Table VI we provide the results when both
of these datasets are jointly considered. In Table IV we can
see that for the TDiff model we get Hy = 69.49 +
0.51 km/s/Mpc which is in 3.1 tension with H3HOES,
representing a clear reduction with respect to the result
obtained for the ACDM (H, = 67.72 + 0.57 km/s/Mpc
showing a discrepancy of 4.5¢ with the SHOES measure-
ment). On the other hand, when only the likelihood for the
SNIa data is taken into account we get almost the same
results for both models (see Table V). It is when we analyze
both datasets together (results provided in Table VI) when
we are able to appreciate the different performance of the
two models when it comes to fitting the data. We obtain
A DIC = 15.80 and In B = 6.90 which according to the
statistical standards indicates a very strong evidence in
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FIG. 6. Same as in Fig. 5 but for the TDiff model.

favor of the TDiff model when it is compared with the
standard model. In Figs. 7 and 8 we display the contour
plots for the ACDM and the TDiff models respectively.
While for the standard model there are panels where the
contours do not overlap at more than 3¢ c.l., which is of
course a reflection of the previously presented H-tension,
in the case of the TDiff we observe that the model shows

TABLEIV. Mean values with the 68 % confidence interval for the
cosmological parameters when only CMB data are considered.

CMB

ACDM TDift
Qp 0.04882 +0.00062  0.04638 + 0.00049
Qu 0.3158 £ 0.0078 e
H, [km/s/Mpc] 67.72 £ 0.57 69.49 £ 0.51
p e 2.049 £0.041
zzmin 0 0
ADIC : -0.97
InB —-0.09

greater capacity to fit both datasets, CMB and SNIa,
simultaneously. It is worth noticing that the TDiff model
can alleviate the Hy-tension without including extra
parameters, with respect to the ACDM model, which
normally increases the size of the error bars thus reducing

TABLE V. Mean values with the 68% confidence interval for
the cosmological parameters when only SNIa data and the prior
wp, = 0.02244 + 0.00069 [41] are considered.

SNIa + prior on w,

ACDM TDiff
Q 0.0414 £ 0.0019 0.0415 +0.0019
Qy 0.329 4 0.020 e

H [km/s/Mpc] 737+ 1.1 73.6+ 1.1

B = 1.92:012

M —19.244 4 0.033 —19.243 +0.032
Xin 1277.13 127748
ADIC e 0.23

In B -0.16
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TABLE VI. Mean values with the 68% confidence interval for the
cosmological parameters when SNIa + CMB data are considered.
CMB + SNIa

ACDM TDiff
Qp 0.04770 £ 0.00053 0.04587 £ 0.00044
Qy 0.3007 £ 0.0064 e
Hy [km/s/Mpc] 68.86 +0.49 70.10 £ 0.45
p e 2.098 £ 0.036
M —19.396 £ 0.014 —19.351 +£0.013
pn 1310.06 1294.13
ADIC e 15.80
InB e 6.90

the tension. In fact, they are smaller than in the standard
model which means that the softening of the tension
actually comes from an increase of the mean value.
Additionally, this goes hand-in-hand with a fit of

observational data comparable, if not better, to the one
of the ACDM model, something that despite the number of
cosmological models studied in the literature [10], is not
easy to achieve.

Even in the light of these promising results we are not
claiming that the H,-tension is solved within the context
of the TDiff cosmological model. When CMB data are
considered the level of tension, with respect to the local
measurement H3MES | is still ~36 which although it is not
as alarming as the ~5¢ tension found for the ACDM when
the full Planck 2018 TT, TE, EE + lowE + lensing like-
lihood is analyzed, it is still quite high and consequently it
cannot be ignored. It is also important to remember that in
this work we have used an approximation for the CMB
likelihood [see (66) and (69)] therefore some variations in
the cosmological parameter constraints may be expected
when considering the full likelihood, something that the
authors are currently studying. All in all, we find that the
TDiff model presents an interesting flexibility when it

I SNla
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I SNla+CMB
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FIG. 7. For the ACDM model contour plots at 1o, 20, and 3¢ confidence level for the SNIa + prior on @w,, CMB and SNIa + CMB

data. The H, parameter is expressed in km/s/Mpc units.
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comes to push up the value of the H, parameter, thus
loosening the discrepancy with the H3MES measurement
but more detailed studies are needed in order to confirm
these results.

VI. CONCLUSIONS

In this work we have presented a unified model for the
dark sector with a simple canonical kinetic term in the
action. This theory is based on a scalar field ¢ that
explicitly breaks the full diffeomorphism invariance of
the action down to transverse diffeomorphisms, i.e., the
action (11) is invariant under coordinate transformations
that do not change the determinant of the metric tensor.
The function characterizing the Diff breaking is a simple
exponential f(g) = e™9. The model has the same number
of free parameters as ACDM, being the common ones Qp,
H, and the nuisance parameter M and where the f
parameter replaces the €;, parameter of ACDM.

76

-19.3 -19.2

Same as in Fig. 7 but for the TDiff model.

Unlike General Relativity, in the TDiff case there are two
physical scale factors in the metric tensor at the background
level, namely: a(z) and b(z), being 7 a privileged time,
established by the TDiff symmetry and related with the
cosmological time ¢ through b = dt/dxz. This is so because
no time reparametrizations with fixed spatial coordinates
(to maintain homogeneity and isotropy) are allowed by the
symmetry. Even at the background level, the TDiff time =
differs from the time ¢ that a comoving observer would
measure, so that for a process that takes a fixed Az amount
of time, since b decreases with cosmological time ¢, the
corresponding At becomes smaller. This can be thought of
as some kind of time dilation of = with respect to z.

As stated previously we consider a unified fluid playing
the role of both dark matter and dark energy, therefore, the
expression chosen for f(g) is such that the equation of state
parameter (28) of the fluid interpolates between a matter-
type behavior and a cosmological constant-type one. In
fact, at the background level we can effectively separate the
contribution from the scalar field into two components,
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one mimicking the evolution of the nonrelativistic matter
and another one behaving as if it were a dark energy
component which evolves from a phantom phase in the
early universe to a quintessencelike behavior at present.
Other forms of the f(g) function can be analyzed, but the
simple exponential expression considered in this work
already shows the flexibility of TDiff models to describe
the dark sector without introducing additional parameters.

Previous works [6—-8,14] aim at presenting viable models
on cosmological backgrounds with this reduced TDiff
symmetry, however, this is the first time that a consistent
model is actually compared with experiment and constraints
on its parameters are presented. We have considered different
datasets in order to test the model in different scenarios. The
results obtained after analyzing the baseline dataset, com-
posed by the chain of data CMB + BAO + H(z) + SNIa,
can be seen in Table III and in Figs. 5 and 6. Encouraging
signals are gathered indicating that the TDiff model can
surpass the performance of the standard ACDM model when
it comes to fitting the data. However, these promising results
are to be confirmed by including in the analysis the full
likelihood for the CMB data and by considering the
perturbation equations. The potential modification in the
evolution of perturbations could affect some of the observ-
ables considered in the analysis. In particular, the CMB
distance priors and BAO scales could be affected a priori.
Those observables are determined by the acoustic scale at the
time of recombination (drag epoch), however at high redshift,
the TDiff scalar behaves exactly as a matter fluid, so that we
do not expect any modification in the evolution of perturba-
tions in the radiation or matter eras with respect to ACDM.
Nevertheless, a confrontation with growth rate data or the
full matter power spectrum would require a more detailed
determination of the evolution of perturbations at low red-
shift which could deviate from ACDM.

We have also delved into the study of the well-known
H-tension. Interestingly we observe that the TDiff model
is able to alleviate the tension, when compared with the
ACDM model, not stretching the error bars but rather
pushing the mean value of Hubble parameter toward
higher values.

In light of the results obtained in this work we conclude
that the general class of transverse diffeomorphism invariant
models not only present an appealing theoretical framework,
where there may be a way out of the cosmological constant
problem, but also provides an interesting alternative to
explain the cosmological data and what is more to alleviate
some tensions that affect the ACDM model.
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APPENDIX: TDiff INVARIANT SCALARS

Let us consider an infinitesimal general coordinate
transformation

= x4 & (x). (Al)

The corresponding transformation law for the metric
tensor reads

(A2)

so that its determinant transforms as a tensor density

9(%) et ol Zg(x) (A3)

=|d . A
ox*

At an infinitesimal level, by wusing the identity

det(1 +A) =1 +tr(A) + O(A?), we get
ox o
det < 0)%”) det <5ﬂ - 0)%”)

where we have also made use of the fact that the derivatives
of &(x) with respect to the new coordinates ¥ can be
replaced with the derivatives with respect to the old
coordinates to linear order in & (x). This means that since

2

T 1-20,8(0) + O@).

(A4)

9(%) = (1 =29,8")g(x), (AS)
d*3 = (1+0,8)d*x, (A6)
for any coordinate transformation that satisfies
9,8 =0, (A7)
then any action term of the form
5= / &xf(9)L, (A8)

where f(g) is an arbitrary function of the metric determinant
and L is a scalar function of the matter fields, its derivatives
and the metric tensor, is invariant under these transforma-
tions. Coordinate transformations that satisfy the condition
(A7) are referred to as transverse diffeomorphisms.

Thus, to lowest order in metric derivatives, the most
general TDiff invariant action up to quadratic terms in
derivatives of a real scalar field reads [6,7]
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Sp= / dheL = / dx (%fK(g)g””aﬂcb@utﬁ—fv(g)V(¢)>,

(A9)

where f(g) and f(g) are arbitrary functions of the metric determinant. Notice that in principle, other (nonminimal) terms
could be included involving derivatives of the metric tensor, but we will limit ourselves to the simplest minimal couplings.
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