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We use the full-mission Planck PR4 data to measure the CMB lensing convergence (κ)–thermal
Sunyaev-Zel’dovich (tSZ, y) cross-correlation signal, Cyκ

l . This is only the second measurement to date of
this signal, following Hill and Spergel [J. Cosmol. Astropart. Phys. 02 (2014) 030]. We perform the
measurement using foreground-cleaned tSZ maps built from the PR4 frequency maps via a tailored needlet
internal linear combination (NILC) code in our companion paper [F. McCarthy and J. C. Hill, companion
paper, Phys. Rev. D 109, 023528 (2024).], in combination with the Planck PR4 κ maps and various
systematic-mitigated PR3 κ maps. A serious systematic is the residual cosmic infrared background (CIB)
signal in the tSZ map, as the high CIB—κ cross-correlation can significantly bias the inferred tSZ—κ cross-
correlation. We mitigate this contamination by deprojecting the CIB in our NILC algorithm, using a
moment deprojection approach to avoid leakage due to incorrect modeling of the CIB frequency
dependence. We validate this method on mm-wave sky simulations. We fit a theoretical halo model to our
measurement, finding a best-fit amplitude of A ¼ 0.82� 0.21 (for the highest signal-to-noise PR4 κ map)
or A ¼ 0.56� 0.24 (for a PR3 κ map built from a tSZ-deprojected CMB map), indicating that the data are
consistent with our fiducial model within ≈1-2σ. Although our error bars are similar to those of the
previous measurement [J. C. Hill and D. N. Spergel, J. Cosmol. Astropart. Phys. 02 (2014) 030], our
method is significantly more robust to CIB contamination. Our moment-deprojection approach lays the
foundation for future measurements of this signal with higher signal-to-noise κ and y maps from ground-
based telescopes, which will precisely probe the astrophysics of the intracluster medium of galaxy groups
and clusters in the intermediate-mass (M ∼ 1013–1014h−1M⊙), high-z (z ≲ 1.5, c.f. z≲ 0.8 for the tSZ
auto-power signal) regime, as well as CIB-decontaminated measurements of tSZ cross-correlations with
other large-scale structure probes.

DOI: 10.1103/PhysRevD.109.023529

I. INTRODUCTION

The cosmic microwave background (CMB) photons
have been traveling through the Universe almost since it
began, having been released about 380,000 years after the
big bang. They carry valuable information not only about
the state of the Universe at that time, but also about the
structures they have encountered along the way, including
information about the growth of structure and astrophysical
signals. These late-Universe effects, referred to as CMB
“secondary” anisotropies, have long been appreciated as
late-Universe large-scale structure (LSS) probes. CMB

lensing and the Sunyaev-Zel’dovich effect are particularly
well-known examples.
CMB lensing—the anisotropies induced by the weak

gravitational lensing deflection of CMB photons as they
pass near matter overdensities and underdensities—is an
extremely well-understood LSS probe and traces the
growth of all of the post-recombination structure in the
Universe (along our past light cone). First detected
statistically in cross-correlation with galaxy surveys [1]
using WMAP data, it has been detected at high signifi-
cance by the Atacama Cosmology Telescope (ACT), the
South Pole Telescope (SPT), and Planck [2–6]. CMB
lensing probes matter at nearly all redshifts, but is
particularly sensitive to structure in the range z ∼ 0.5–5.
CMB lensing is usually detected by reconstructing a
convergence (κ) map from the observed CMB temperature
and polarization anisotropies using optimal quadratic
estimators (see, e.g., [7,8]), which exploit the well-under-
stood non-Gaussian statistics induced in a Gaussian
primary CMB by lensing.
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The Sunyaev-Zel’dovich (SZ) effect [9,10] is sourced by
the Compton scattering of CMB photons from free elec-
trons in the late Universe. These are electrons which fill the
Universe after “reionization” at z ∼ 7–10, when the radi-
ation from the first stars reionized the hydrogen atoms
which had been neutral since recombination (the release of
the CMB). In particular, the thermal SZ (tSZ) effect is
sourced when the electron in the interaction has a high
temperature and up-scatters the CMB photon, changing its
frequency and sourcing a spectral distortion in the CMB.
The tSZ anisotropies are subdominant with respect to the
primary CMB anisotropies, but the unique tSZ frequency
dependence can be exploited to separate the primary CMB
and the anisotropies induced by the tSZ effect using
multi-frequency measurements. While it was first detected
by making targeted observations of clusters in millimeter
wavelengths [11,12], it is now used to discover clusters at
high signal-to-noise [13–15] and can be studied at the
map (or power spectrum) level by making an all-sky
y-map [16–21]. As the electrons that source the tSZ effect
must have very high temperature, it is mostly a very low-z
probe (z≲ 1), as the massive clusters with the highest
temperatures (which dominate the signal) take nearly a
Hubble time to form.
CMB lensing and the tSZ effect provide complementary

probes of cosmology. As a very well-theoretically under-
stood, mostly linear signal, CMB lensing can be used to
robustly infer cosmological parameters [5,22,23] via the
power spectrum of a lensing convergence map, which is a
direct probe of the (redshift-integrated) matter power
spectrum. In contrast, the tSZ effect is sensitive to cosmo-
logy primarily as a probe of the halo mass function (HMF),
which quantifies the abundance of collapsed objects as a
function of their mass. In particular, as the tSZ effect probes
the highest-mass objects (and thus the rarest density-field
peaks) in the Universe, it probes directly the high-mass tail
of the HMF, which is especially sensitive to cosmology.
This information can be accessed either by making a cluster
catalog from high signal-to-noise ratio tSZ-selected
objects or through measuring the power spectrum (or
various other N-point statistics, including the bispec-
trum/skewness [24–26] or 1-point PDF [27,28]) of an
all- (or partial-)sky tSZ map. Simultaneously, the tSZ
effect probes the astrophysics of the intracluster medium
(ICM) in which the electrons live, probing the pressure
profile of galaxy clusters. Any cosmology constraint
derived from the analysis of a single statistic of the tSZ
field is thus degenerate with astrophysical uncertainties.
As the tSZ effect is primarily sourced by objects at lower

redshifts than those that dominate the CMB lensing redshift
kernel, the two signals contain significant independent
information, with a correlation coefficient (on perfectly
measured signals) predicted to be around 30%–40% (for
current tSZ models) [29]. Their cross-correlation weights
the higher-z contribution to the tSZ signal higher than in the

tSZ auto-power spectrum, and thus probes higher-z
ICM physics (and thus physics of clusters with lower
mass) than the tSZ signal alone. In addition, because
somewhat lower-mass halos (which are much more
common than the highest-mass halos) contribute most of
the CMB lensing signal, the tSZ–lensing cross-correlation
probes lower-mass halos than the tSZ auto-correlation does.
Importantly, the degeneracy between ICM astrophysics and
cosmological parameters is in a slightly different direction
than for the tSZ auto-spectrum, and so the combination of
these two signals (e.g., in a joint analysis of the auto- and
cross-spectra) can break these degeneracies and separately
constrain astrophysics and cosmology. The tSZ—CMB
lensing cross-correlation signal has been detected only
once before, in Ref. [29] (hereafter HS14), using the
nominal-mission Planck data. In this work, we measure
the signal with the final PR4 (NPIPE) release of the Planck
data [30].
To measure the signal, we construct all-sky Compton-y

maps (tSZ maps) from the single-frequency NPIPE
maps, using a needlet internal linear combination
(NILC) method [31]. We describe our NILC pipeline
and characterize our y-maps in detail in a companion
paper [21] (hereafter “Paper I”). The needlet ILC method
allows us to build a linear combination of frequency maps
with weights localized in both pixel and harmonic space.
We cross-correlate our y-maps with various publicly
available κ maps constructed from the Planck data, each
with complementary systematics, including maps built
from both the 2018 (PR3) data [5] and the PR4 (NPIPE)
data [32]. In particular, we use: (1) a PR3 κ map
reconstructed with tSZ-deprojected temperature maps, in
order to avoid spurious hyyyi three-point correlations in the
measured signal; (2) a PR3 κ map with the signal at
the location of tSZ clusters restored (it is standard to mask
the brightest tSZ sources in the sky in the κ analysis mask),
to avoid a systematic low bias to our measurement; and
(3) the standard minimum-variance NPIPE κ map [32],
which has lower noise than that of the 2018κ maps, but no
mitigation of any of the previously mentioned systematics.
Our measurements with all the different κ maps are
consistent.
Any measurement of an all-sky mm-wave signal neces-

sarily includes some contamination from the cosmic infra-
red background (CIB), which is an unresolved, diffuse (at
the resolution of CMB experiments) emission sourced by
dusty star-forming galaxies at high redshift. As the redshifts
that are most efficient for CMB lensing overlap signifi-
cantly with the redshifts at which the CIB is sourced, the
CIB has a very high correlation coefficient with CMB
lensing, reaching 80–90% [33,34]—much larger than that
of the tSZ signal. Thus, the bias induced by the correlation
of residual CIB in a tSZ map with the CMB lensing
convergence is a significant systematic in any measurement
of the tSZ–CMB lensing signal. We avoid this bias by
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deprojecting the CIB in our NILC tSZ map, i.e., requiring
that the NILC weights have zero response to an assumed
CIB spectral energy distribution (SED). However, such a
method is sensitive to the modeling of the CIB SED, which
encodes its frequency dependence; additionally, it assumes
that the CIB can be described as (e.g.) a perfect modified
blackbody with no interfrequency decorrelation. This is not
a fully valid assumption, as the CIB does in fact display up
to ≈10% decorrelation between frequency channels (or
higher, if the channels are widely separated), because
different frequency channels are sensitive to the emission
at different redshift ranges that has been redshifted into the
appropriate frequency (with high-frequency channels more
sensitive to low-z emission that has experienced less
redshift) [35–38]. We avoid these systematics by using a
moment-based approach, as suggested in [39]. This
approach desensitizes our measurement to CIB SED
modeling systematics, as we verify using detailed simu-
lations of the microwave sky that include both Galactic
foregrounds from PySM3 [40] and extragalactic signals
from Websky [41]. Using these simulations, we show that
we can recover an unbiased measurement of the tSZ—
CMB lensing cross-correlation signal after appropriate
moment-based CIB deprojection.
We constrain the astrophysics of the halos sourcing the

tSZ–CMB lensing cross-correlation by comparing our Cyκ
l

measurements to a theoretical model, in particular by fitting
a scale-independent amplitude parameter A to the data,
where A ¼ 1 corresponds to the prediction of our fiducial
model, based on the pressure profile of Ref. [42]. Our
tightest constraint (from the NPIPE κ cross-correlation) is
A ¼ 0.82� 0.21; i.e., our measurement is consistent at
≈1σ with the fiducial model. For the other κ maps, our
cross-correlation measurements remain broadly consistent,
although the measurement with the tSZ-deprojected κ of
A ¼ 0.56� 0.24 is roughly 2σ lower than the fiducial
model. These results are in 1 − 2σ agreement with the
measurement of HS14, who found A ¼ 1.10� 0.22 for the
same fiducial model. Taken at face value, our measurement
has similar error bars to those of HS14, which is surprising
given the improved data quality in our work, but we
emphasize that our signal-to-noise is significantly reduced
by our use of the moment deprojection method to clean the
CIB. Without this penalty, our signal-to-noise would
surpass that of HS14 significantly, but we find that such
methods are needed in order to obtain a robust measure-
ment of the signal. We note that most previous such
measurements, including, e.g., that of HS14 and [43–45],
were not validated on detailed, non-Gaussian sky simu-
lations containing tSZ, CIB, lensing, and other fields with
realistic correlations, whereas ours is.1 We thus emphasize

that our Cyκ
l measurement is much more robust to CIB

contamination than that of HS14, which employed a
simpler CIB-cleaning method that required an (unphysical)
assumption that the intrinsic CIB-y cross-correlation van-
ishes. While our final astrophysical constraints are similar
to those of HS14, their robustness and stability are
validated with significantly more powerful and thorough
methods.
This paper is structured as follows. In Sec. II we describe

the theory of the tSZ signal and CMB lensing signal, and
the halo model that we use to model their cross-correlation.
In Sec. III we describe the datasets we use to detect the
signal. In Sec. IV we discuss the foreground mitigation
techniques for the ISW and CIB biases, including describ-
ing the components we deproject from our NILC y-maps
and discussing the frequency coverage in the y-map
construction. In Sec. V we describe our measurement of
the tSZ—CMB lensing cross-correlation signal Cyκ

l and
present the results. Section V B in particular explicitly
illustrates our use of different combinations of y-maps
released in Paper I in order to remove CIB residuals in our
final measurement. In Sec. VI we present the results of our
pipeline validation on simulations, demonstrating that our
measurement is unbiased to CIB systematics, and comment
on the consistency with the previous measurement of this
signal. In Sec. VII we analyze the signal, quantifying the
significance of our detection and constraining separately
the ICM physics that controls the pressure-mass relation,
and cosmological parameters. We discuss our results and
conclude in Sec. VIII.
We assume the cosmology of [48] throughout:

fH0¼ 67.32 km=s=Mpc;σ8¼ 0.812;ns¼ 0.96605;Ωbh2¼
0.022383;Ωcdmh2¼ 0.12011g, where H0 ≡ 100h is the
Hubble parameter today; σ8 is the amplitude of linear
fluctuations on a scale of 8h−1 Mpc today (i.e., the linear
matter power spectrum integrated over all scales, smoothed
with a top-hat window function of 8h−1 Mpc); ns is the
spectral index of the primordial fluctuation power spec-
trum; Ωbh2 is the physical density of baryons today; and
Ωcdmh2 is the physical density of dark matter today.

II. THEORY

We model the tSZ signal and the CMB lensing signal
using the halo model. In this section, we present the theory
and model we use to calculate their cross-power spec-
trum Cyκ

l .
We perform all theory calculations throughout with

CLASS_SZ
2 [49–51], which is an extension of the cosmo-

logical Boltzmann solver CLASS
3 [52]. Sample code

showing how to use CLASS_SZ to calculate the observables

1Validation using Websky-based simulations, similar to ours,
was performed for the tSZ–galaxy weak lensing cross-correlation
measurements in Refs. [46,47].

2https://github.com/borisbolliet/class_sz.
3https://lesgourg.github.io/class_public/class.html.
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is available at https://github.com/fmccarthy/tSZ_kappa_
halomodel_classsz.

A. The tSZ anisotropies

The tSZ temperature anisotropy at sky position n̂
observed at frequency ν is given by

ΔT tSZðn̂; νÞ
TCMB

¼ gνyðn̂Þ; ð1Þ

where gν is the spectral function of the tSZ effect [10]:

gν ¼ x coth

�
x
2

�
− 4; ð2Þ

with x≡ hν
kBTCMB

. Here h is Planck’s constant; kB is
Boltzmann’s constant; TCMB ¼ 2.726 K is the mean tem-
perature of the CMB [53–55]; and yðn̂Þ is the dimension-
less (and frequency-independent) Compton y-parameter
that quantifies the integral of the electron pressure along
the line of sight (LOS):

yðn̂Þ ¼ σT
mec2

Z
LOS

dχaðχÞPeðχ; n̂Þ: ð3Þ

Here σT is the Thomson scattering cross-section; me is the
electron mass; c is the speed of light; aðχÞ is the scale factor
at comoving distance χ; and Peðχ; n̂Þ is the electron
pressure at ðχ; n̂Þ. The integral is done over comoving
distance χ from today to the beginning of the epoch of
reionization at redshift z ∼ 7–10.
We model the distribution of Peðχ; n̂Þ within the halo

model; the details are given below in Sec. II D.

B. The CMB lensing potential

The CMB lensing convergence at sky position n̂ is given
by a line-of-sight integral over δðχ; n̂Þ, which denotes the
matter overdensity at ðχ; n̂Þ:

κðn̂Þ ¼
Z

χS

0

dχWκðχÞδðχ; n̂Þ ð4Þ

where the CMB lensing convergence kernel WκðχÞ is
given by

WκðχÞ ¼ 3

2

�
H0

c

�
2Ωm

a
χ

�
1 −

χ

χS

�
; ð5Þ

with χS the comoving distance to the surface of last
scattering, at which the CMB was released (corresponding
to z ≃ 1100), and Ωm the matter density parameter. For a
review of CMB lensing theory, see [56].

C. The halo model

The halo model (see, e.g., [57] for a review) has long
been used to model the distribution of the large-scale
structure of our Universe [58,59]. Within the halo model,
the continuous overdensity field is replaced by a discrete
distribution of “halos,” which cluster according to the
underlying density field but with a bias that is scale-
independent on large scales. These halos are modeled as
having a spherically symmetric density profile ρðrÞ, where
r is the distance from the center of the halo. In the simplest
picture, all halo properties and observables are functions
only of the halo mass M and the redshift z. The halos are
distributed according to the halo mass function (HMF)
dN
dM ðM; zÞ, which gives the comoving differential number
density of halos of mass M at redshift z. Note that the halo
model makes several unrealistic simplifying assumptions,
such as assuming that all halos are spherical and that
all properties of the halo and its constituent galaxy (or
galaxies) are functions only of the host halo mass
and redshift, neglecting real effects due to scatter and
environment.
Within the halo model, all correlation functions are split

into various N-halo terms, where N is the number of halos
whose profiles appear in that term of the correlation
function. For the two-point correlation function, this means
that there is a 2-halo term, which describes the correlations
between two different halos (due to clustering), and a
1-halo term, which describes the correlations within a
single halo. The halo mass function is an important quantity
for calculating these correlations, as is the halo bias, which
is important on scales where halo clustering is relevant (i.e.,
the two-halo term). The halo bias quantifies the bias of the
halo distribution with respect to the underlying dark matter
distribution:

δhðM; zÞ ¼ bhðM; zÞδ ð6Þ

where δ is the underlying (continuous) dark matter over-
density; δh is the halo overdensity; and bhðM; zÞ is the halo
bias. It is assumed that halos are spherically symmetric and
that the dark matter within them follows a continuous
density profile; in our case we take this to be a Navarro-
Frenk-White (NFW) profile [60]

ρðr;M; zÞ ¼ ρs

�
r
rs

�
−1
�
1þ r

rs

�
−2

ð7Þ

where ρs is a characteristic density and rs is a characteristic
NFW scale radius. In our halo model calculations, we use
the halo mass function of [61] and the halo bias of [62], as
implemented in CLASS_SZ (for implementation details, see
the Appendices of [51]).
In general, to define quantities that depend on a halo

mass, one requires a definition of halo mass. Several
common definitions exist; for example, the spherical
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overdensity (SO) mass, which is the massMΔc;m within the
radius RΔc;m within which the mean density of the halo isΔ
times either the critical density ρcrðzÞ (in the case of the
subscript c) or the mean background matter density ρmðzÞ
(in the case of the subscript m). The halo mass function
of [61] was defined forMΔm, at several values of Δ. As the
pressure profiles we will use to describe the tSZ signal
(see below in Sec. II D) are defined forM200c, we use a halo
mass function that is defined for this mass, by using MΔm
with a z-dependent Δ ¼ 200=ΩmðzÞ, which is appropriate
as ρmðzÞ ¼ ΩmðzÞρcrðzÞ (as implemented directly in
CLASS_SZ).
In all our integrals overmass, we use the integration limits

1010h−1M⊙ < M < 1015.5h−1M⊙. In our integrals over z,
we use the integration limits 0.005 < z < 10. Note that this
neglects the contribution from halos below the lower mass
integration limit, for which the HMF is not calibrated. We
account for the contribution from these halos using counter-
terms [63] (see Appendix B2 of [51] for further details).
Additionally, we extrapolate the HMF to higher z than
where it was calibrated; following the recommendation of
Ref. [61], we deal with this regime by removing the
z-evolution of the halo multiplicity function fðσÞ and
replacing it with its values at z ¼ 2.5 for all z > 2.5.
Finally, we cut all of our radial profiles at r ¼ 2R200m.

This is a choice, and in practice observables depend on
this cutoff as the NFW profile does not converge as r → ∞
(although the profiles we use for the tSZ signal do
converge). We choose this value as we find that it
allows us to reproduce most accurately a measurement
of the Cyκ

l signal from the hydrodynamical simulations
from which the tSZ profiles were extracted [64] (see
Fig. 16 in Appendix A). Choosing a cutoff for the
NFW profile that is not equal to the radius we use to
define the mass of our halos leads to some subtleties in the
matter power spectrum calculation; we discuss this in
Appendix A.

D. tSZ power spectrum within the halo model

In [65,66], a halo model prescription for the calculation
of the autopower spectrum of the tSZ effect was presented.
A pressure-mass relation Peðz;MÞ is assumed, and (as
halos are assumed to be spherically symmetric), a three-
dimensional pressure profile P3Dðz;M; rÞ can be written
down that describes the pressure at distance r from the
center of the halo. The power spectrum, which involves the
Fourier transform of this pressure profile, can then be
written as

Cyy
l ¼ Cyy;2h

l þ Cyy;1h
l ð8Þ

where Cyy;2h
l is the two-halo term that depends on the

distribution and clustering of the halos, and Cyy;1h
l is the

one-halo term that probes the distribution of the pressure

within each halo. As Cyy
l is dominated (at l≳ 300) by the

one-halo term, Ref. [66] neglected the two-halo term;
however, for an in-depth discussion and presentation of
this (and the one-halo term), see [67] (see also [65]). The
final expressions (in the flat-sky and Limber approxima-
tions [68]) are

Cyy;2h
l ¼

Z
dχ χ2

�Z
dM

dN
dM

bhðM; zÞỹlðM; zÞ
�

2

× Plin

�
k ¼ lþ 1=2

χ
; z

�
ð9Þ

Cyy;1h
l ¼

Z
dχχ2

Z
dM

dN
dM

jỹlðM; zÞj2; ð10Þ

where Plinðk; zÞ is the linear matter power spectrum and
both expressions depend on ỹlðM; zÞ, the 2-dimensional
Limber projection of the 3-dimensional Fourier transform
of the pressure profile, which is given by

ỹlðM; zÞ ¼ 4πry
l2
y

Z
dxx2

sinððlþ 1=2Þx=lyÞ
ððlþ 1=2Þx=lyÞ

y3Dðx;M; zÞ:

ð11Þ

Here ry is a characteristic scale radius of the three-
dimensional pressure profile, for which we use ry ¼ R200c;

ly ¼ aðχÞχ
ry

is the characteristic multipole moment of ry; and

y3Dðx;M; zÞ is the 3-dimensional Compton-y profile of a
halo of mass M at redshift z for which a model is required
[note the integral in Eq. (11) is in terms of the dimension-
less parameter x ¼ r

ry
while the model for y3Dðx;M; zÞ is

usually expressed in terms of the dimensionful distance r
from the halo center]. The Compton-y profile is directly
related to the pressure profile P3D by

y3D ¼ σT
mec2

P3D: ð12Þ

As our fiducial model for P3D, we use the generalized
NFW-based fitting functions of [42]. These are given by

P3Dðx;M; zÞ ¼ PΔP0ðx=xcÞγð1þ ðx=xcÞαÞ−β ð13Þ

where PΔ, the self-similar amplitude for pressure, provides
the physical dimensions of pressure:

PΔ ¼ GMΔΔρcrðzÞfb
2RΔc

: ð14Þ

Here G is Newton’s constant and fb ≡ Ωb
Ωm

is the baryon
fraction. Recall that the mean density of the halo within RΔc
is ΔρcrðzÞ (we are working with Δ ¼ 200). In Eq. (13), the
amplitude parameter P0, the core-radius parameter xc, and
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the power-law index β are parameters that are fit to
hydrodynamical simulations [69], while α and γ are fixed
at α ¼ 1 and γ ¼ −0.3 [42]. P0, xc, and β are allowed to
have mass and redshift dependence and each are of the form

A ¼ A0

�
M200

1014M⊙

�
αmð1þ zÞαz ; ð15Þ

with A0, αm, and αz fit separately for each parameter. The
best-fit values (to the simulations of [69]) are listed in
Table 1 of [42]; for completeness, we repeat them in
Table I. This model is implemented directly in CLASS_SZ.

E. CMB lensing power spectrum within the halo model

We can also model the matter power spectrum within the
halo model, which can then be weighted appropriately with
the CMB lensing kernel and integrated against redshift to
calculate the CMB lensing power spectrum. Again, there
are both one-halo and two-halo contributions. The final
expressions are similar in form to Eqs. (9) and (10), but
with ỹl replaced by the CMB-lensing-kernel-weighted
2-dimensional mass profile κ̃l:

Cκκ;2h
l ¼

Z
dχχ2

�Z
dM

dN
dM

bhðM; zÞκ̃lðM; zÞ
�

2

× Plin

�
k ¼ lþ 1=2

χ
; z

�
; ð16Þ

Cκκ;1h
l ¼

Z
dχχ2

Z
dM

dN
dM

jκ̃lðM; zÞj2; ð17Þ

with

κ̃lðM; zÞ ¼ 4πrsa2ðzÞWκðχðzÞÞ
ρ̄0ml2

s

×
Z

dxx2
sin ððlþ 1=2Þx=lsÞ

ðlþ 1=2Þx=ls
ρðxrs;M; zÞ;

ð18Þ

where rs is the characteristic scale radius for κ, which is
indeed the NFW scale radius of Eq. (7), and ls is the

characteristic multipole ls ¼ aðχÞχ
rs

.
Care must be taken when the mass integral is evaluated

in the calculation of the matter power spectrum (and thus
the CMB lensing power spectrum). In particular, there is a
significant contribution to the signal from low-mass halos
below the range for which the halo mass function has been
calibrated; also, the result depends critically on any low
mass cutoff imposed in the integral. This is in contrast to
the case of the tSZ power spectrum, where any contribution
from low-mass halos is severely downweighted by their
low gas pressure amplitude.
We account for the contribution from lower-mass halos

as follows. We require that the halo mass function and bias
obey the consistency condition

Z
∞

0

dM
dN
dM

bhðM; zÞ M
ρ̄mðzÞ

¼ 1: ð19Þ

This condition ensures that the dark matter is unbiased with
respect to itself. Following Ref. [63], we write this as

Z
∞

0

dM
dN
dM

bhðM; zÞ M
ρ̄mðzÞ

¼ 1 ¼
Z

Mcut

0

dM
dN
dM

bhðM; zÞ M
ρ̄mðzÞ

þ
Z

∞

Mcut

dM
dN
dM

M
ρ̄mðzÞ

bhðM; zÞ; ð20Þ

where Mcut is the low-mass cutoff of the integral we use in
practice when calculating halo model quantities. This
allows us to define (and explicitly calculate) a counterterm
explicitly as the integral over all the low-mass halos:

bcut ≡ 1 −
Z

∞

Mcut

dM
dN
dM

M
ρ̄mðzÞ

bhðM; zÞ: ð21Þ

We can then replace
R∞
0

dN
dM bhðM; zÞ withR∞

Mcut−ϵ
ðdNdM bhðM; zÞ þ bcutδðM −McutÞÞ, where ϵ is an

infinitesimal mass. This allows us to account for the

contribution from the lower-mass halos in the two-halo
power spectrum while preserving the consistency condi-
tions and also, importantly, not needing to model any
properties of the low-mass halos below the cutoff. Note that
this issue is not as serious in the one-halo term, which is
dominated by the massive halos.

F. tSZ–CMB lensing power spectrum
within the halo model

We can use the halo model formalism to write down an
expression for the tSZ–CMB lensing cross-correlation Cyκ

l .

TABLE I. The best-fit values from Ref. [42] for the three-
dimensional pressure profile of Eq. (13). The parameters A0, αm,
and αz are defined in Eq. (15).

Parameter A0 αm αz

P0 18.1 0.154 −0.758
xc 0.497 −0.00865 0.731
β 4.35 0.0393 0.415
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As in HS14, we use one factor of ỹlðM; zÞ and one factor of
κ̃lðM; zÞ:

Cyκ;2h
l ¼

Z
dχχ2

�
dN
dM

bhðM; zÞỹlðM; zÞ
�

×

�
dN
dM

bhðM; zÞκ̃lðM; zÞ
�
Plin

�
k ¼ lþ 1=2

χ
; z

�

ð22Þ

Cyκ;1h
l ¼

Z
dχχ2

Z
dN
dM

ỹlðM; zÞκ̃lðM; zÞ: ð23Þ

Again, we must replace the contribution from the low-
mass halos to κ̃l in the two-halo term with an appropriate
counter-term as described above. However, while
the counterterms for y are also well-defined according to
the formalism of [63], we choose not to add them.
The counterterms account for the contribution of the
halos below the low-mass limit, which we take to be
M ¼ 1010h−1M⊙; this is already extrapolated far below the
mass range in which the y profiles were fit, and indeed we
expect very little contribution from such low-mass objects.
Thus, the counter-term addition in Cyκ

l probes no gas in
such low-mass halos, and only the clustering of the low-z
lensing halos with the gas in the larger-mass halos through
the 2-halo term.

1. Comparison to simulations

In Appendix A, we explicitly compare our halo model
prediction to a measurement of the tSZ—CMB lensing
cross-power spectrum in the hydrodynamical simulations
from which the pressure profile model was calibrated [64].
While there is good agreement at high l, at l≲ 2000
(which is the regime where we measure the signal), the halo
model under-predicts the total signal.
As the simulations were performed with different cos-

mological parameters than those we use for our theory
model, we cannot use the measurement from simulations as
a template with which to model the signal. However, we

can use it to calibrate a ratio
Cyκ;simulation
l

Cyκ;halo−model
l

(where Cyκ;halo−model
l

is calculated at the same cosmological parameters as the
simulation), which we can assume to be cosmology-
independent at first order. We can then use this ratio to
rescale our halo model calculation to account for this
mismatch, which is likely due to unbound gas blown out of
halos into the IGM.
While we choose to retain the unrescaled halo model

theory prediction in all plots and when we quote our
fiducial constraints, we will also quote constraints on an
amplitude of this rescaled halo model prediction when we
constrain the model in Sec. VII B 1. Of course, the best-fit
amplitude for this model will necessarily be lower than that

of the unrescaled model, as the rescaled model predicts a
higher signal by ∼25% over our multipole range of interest.

G. Halo mass and redshift dependence of the signal

To source the tSZ effect, the electrons involved in the
Compton scattering process must have high temperature.
They inherit this high energy from the gravitational
collapse of massive structures, and thus the highest-temper-
ature electrons are in the most massive clusters (Te ∼M2=3

in a self-similar ICM model [70]). These are primarily
located at low z, as the formation of such large structures
requires nearly a Hubble time. Thus, the tSZ effect is
primarily a low-z probe, with most (> 90% of the con-
tribution to Cyy

l in the range l < 2000) of the signal
sourced at z < 1 (and > 95% of the signal for
l < 1000). The cross-correlation with CMB lensing, while
also being a low-z probe (with closer to ∼70% of the
contribution to Cyκ

l being sourced at z < 1 for l < 2000), is
weighted more toward high redshifts than Cyy

l , as the
objects with high efficiency for CMB lensing are located
at higher z due to the lensing kernel. We illustrate this in
Fig. 1, where we plot Cyy

l ðz > zminÞ and Cyκ
l ðz > zminÞ, i.e.,

the contributions to the respective signals from z > zmin.
In Fig. 2 we show the dependence of the signals on the

highest mass included in the halo model integral. These
plots illustrate the significantly lower mass range probed by
Cyκ
l compared toCyy

l . Roughly 50% of theCyκ
l signal comes

from halos with M > 1014h−1M⊙; the equivalent number
for the auto-power spectrum is ≈90%. This is due to the
combination of two reasons: first, the CMB lensing signal
is sourced at higher z, where there are fewer high-mass
halos, and so is preferentially probing a redshift regime
with lower-mass halos than the tSZ signal. Second, at every
z, the highest mass halos that source the largest tSZ signal
are very rare, and contribute fractionally less of the total
mass at a given redshift than the lower-mass halos. Thus
most of the CMB lensing signal (which is weighted by
overall mass) is sourced by the lower-mass halos that host
most of the mass.

III. DATA

A. Intensity data

We analyze Compton-y maps constructed by applying a
NILC pipeline to the single-frequency maps from the
Planck NPIPE data release (PR4) [30]. Our baseline
dataset includes all maps from 30 to 545 GHz. We compare
various choices of component deprojection in these maps in
order to minimize residual CIB contamination. We discuss
the y-maps and our needlet ILC pipeline in detail in Paper I.

B. CMB lensing data

Maps of the CMB lensing potential ϕ (or convergence κ)
can be reconstructed from CMB temperature and
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polarization anisotropy maps by taking advantage of the
well-theoretically understood non-Gaussianities and stat-
istical anisotropies induced in an underlying (assumed
Gaussian and statistically isotropic) primary CMB map
by the intervening gravitational potential. Optical quadratic
estimators (QEs) [7,8] have been derived for such an
operation. The lowest-noise estimation of κ from Planck
data used the globally optimal estimator (“generalized
minimum variance (GMV) QE”) of Ref. [8] applied to

the PR4 Planck NPIPE maps [32]; previous measurements
used the minimum-variance (MV) QE of Ref. [7] (the
Hu–Okamoto QE).
This lowest-noise NPIPE measurement is not neces-

sarily the optimal one for our analysis, as the lensing
analysis as part of the 2018 Planck data release (PR3) [5]
provides κ estimations with various analysis choices that
are more suitable for a robust measurement of Cyκ

l . We
consider the following κ maps for our Cyκ

l measurement:

FIG. 2. Cyy
l and Cyκ

l as calculated with different maximum masses in the halo model integral. The Cyy
l signal is highly concentrated in

the highest mass range with M > 1014.5h−1M⊙. The Cyκ
l signal probes lower-mass halos, with significant contributions down to

M > 1013.5h−1M⊙. The units of M in the legend are h−1M⊙.

FIG. 1. The contribution to Cyy
l and Cyκ

l from different redshifts. Cyy
l has a significant contribution even from z < 0.1, while Cyκ

l is
more evenly distributed in the redshift range 0 < z < 1, and also receives non-negligible contributions (≈25% of the total signal)
from z > 1.
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(1) The κ reconstruction from the 2018 Planck release
which applied the Hu–Okamoto QE to tSZ-depro-
jected CMB maps to reconstruct a κ map free of any
bias due to residual tSZ signal.4 As any Cyκ̂

l
measurement using a QE is in fact a hTTTi three-
point function (with one T leg coming from the y
estimate and two coming from the quadratic-in-T κ̂
estimate), the deprojection of y in the temperature
map used to estimate κ̂ avoids any potential hyyyi
contribution from the bispectrum of the Compton-y
field in the Cyκ̂

l measurement (or mixed bispectra of
the form hyyTCIBi or hyyTradioi).5

(2) The κ reconstruction from the 2018 Planck release
without the tSZ-selected galaxy cluster mask
applied.6 It is standard to provide κ maps with
analysis masks that mask out these clusters, as the
lensing reconstruction can become biased at these
locations. Measurement of the Cyκ

l signal using such
a mask, which is highly correlated with the tSZ
signal, would bias the signal low (although most of
the tSZ–CMB lensing cross-correlation comes from
much lower halo masses than those found in such a
catalog, as shown in Fig. 2).

(3) The lowest-noise estimation of κ from the NPIPE
Planck data.7

We measure Cyκ
l separately using all three of the above κ

reconstructions from Planck (NPIPE; tSZ-deprojected;
tSZ-clusters-unmasked) and compare the signal and the
signal-to-noise ratio (SNR) in every case. We find broadly
consistent signals with all maps, with the NPIPE meas-
urement having the highest SNR. However, we find below
that the tSZ-deprojected measurement is slightly lower,
by ≈1σ.8

IV. FOREGROUND MITIGATION

In our Paper I we present a set of Compton-y maps with
various deprojection choices to remove other components
from the final y-map. There are, in particular, (at least) two
components that must be removed in order to make an

unbiased detection of the hyκi signal: the integrated Sachs-
Wolfe (ISW) signal [71] signal and the cosmic infrared
background (CIB) signal. These two components are
present in the mm-wave intensity maps that we use to
construct our y-maps and are correlated with large-scale
structure (and thus with κ). Thus, they can induce biases in
our Cyκ

l measurement if they are not sufficiently removed
from the y-map prior to the cross-correlation measurement.
We describe these signals and the associated biases below,
and our techniques to mitigate them.

A. Mitigating the ISW biases

The ISW signal [71] is sourced when primary CMB
photons travel through a time-varying gravitational poten-
tial. In a constant potential, a photon will not gain or lose
energy as it enters and leaves the potential. However, if the
potential evolves while the photon passes through it, it can
result in the photon requiring less or more energy to leave
the potential than it gained entering the potential. This
effect generates anisotropies in the CMB during the periods
in the history of the Universe when potentials were time-
varying. During matter domination, potentials are constant.
However, during the more recent dark energy domination,
potentials have been decaying, and so there is an ISW
signal imprinted on the primary CMB, which is most
significant on large angular scales as these correspond to
the projection of late-time linear modes. Note that the ISW
effect preserves the blackbody spectrum of the primary
CMB photons.
The ISW-κ cross-correlation on large scales is dominant

(or comparable) to the tSZ-κ signal up to l ∼ 100–200 (see,
e.g., Fig. 1 of [72]) at typical tSZ-sensitive frequencies
(e.g., ≈100 GHz), so it is important to deproject the
primary CMB on these scales when building the y-map
for use in our tSZ—CMB lensing cross-correlation meas-
urement. Fortunately, such a deprojection is simple due to
the well-known blackbody SED of the primary CMB
anisotropies. Ideally, we would deproject the CMB every-
where in our NILC y-map, but we will find that we do not
have enough frequency coverage to deproject the CMB
and the CIB along with its first moments on small
scales. As such, we only deproject the CMB in the first
five needlet scales in our y-map; we will refer to this as
CMB5-deprojection.

B. Mitigating the CIB biases

1. CIB mitigation: Constrained ILC

The CIB is highly correlated with the CMB lensing
signal (e.g., [34]), and it is imperative to remove this signal
from the y-map before measuring Cyκ

l . Thus, we need to
deproject the CIB using an estimate of its frequency
dependence. However, unlike the tSZ and the CMB signals,
which display no frequency decorrelation and which have
SEDs that are well-understood from first principles and can

4This map is available at http://pla.esac.esa.int/pla/aio/product-
action?COSMOLOGY.FILE_ID=COM_Lensing-Szdeproj_4096_
R3.00.tgz.

5Of course, Cyκ̂
l also includes contributions from polarization

legs in the lensing reconstruction, e.g., hTEBi, hTTEi, etc.
6This map is available at http://pla.esac.esa.int/pla/aio/product-

action?COSMOLOGY.FILE_ID=COM_Lensing-Sz_4096_R3
.00.tgz.

7This map is available on NERSC at $CFS/cmb/data/
planck2020/PR4_lensing/PR4_klm_dat_p.fits.

8Ideally, we would additionally make the measurement with a
polarization-only κ map, which is immune to many of the
extragalactic foregrounds that are present in the temperature-
based lensing reconstruction. However, this reconstruction (for
Planck) is too noisy to extract any meaningful information in the
tSZ cross-correlation studied here.
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thus be calculated theoretically, the CIB is not described
perfectly by one SED. It is sourced by the line-of-sight-
integrated thermal emission of different objects; in par-
ticular, different frequency channels are sensitive to slightly
different objects, as source emission at different redshifts
will be redshifted into different frequency bands. This leads
to frequency decorrelation between the CIB channels.
However, as the correlation coefficients are ≳90% at the
frequencies of interest [35–38], it is still possible to clean
the CIB using multifrequency measurements. Its SED does
not need to be known or modeled in order for the CIB to be
(partially) cleaned in a standard, unconstrained ILC.
However, if we wish to explicitly deproject it, we must
model its SED and perform a constrained ILC [73,74]. We
model the CIB SED as a modified blackbody:

ΘCIB
ν ¼ νβBνðTeff

CIBÞ ð24Þ

where BνðTÞ is the Planck function

BνðTÞ ¼
2hν3

c2
1

e
hν
kBT − 1

: ð25Þ

The SED ΘCIB
ν depends on two parameters: the spectral

index β and the dust temperature Teff
CIB. In Paper I, we fit this

SED to estimates of the CIB monopole, and find best-fit
parameters of β ¼ 1.77; Teff

CIB ¼ 10.14 K. However, there is
significant uncertainty on these parameters; additionally, it
is not a perfect approximation to the CIB emission to
describe it as an exact modified blackbody. Thus, in
addition to deprojecting the CIB, we also deproject the
first moment(s) of the CIB with respect to these parameters.
We describe this approach in detail in Paper I; in short,
it involves additionally deprojecting components whose
SEDs are exactly defined by the derivative with respect to
the appropriate parameter of the modified blackbody SED.
We refer to these components as δβ (for the β-moment) and
δTeff

CIB (for the Teff
CIB moment).

2. CIB mitigation: Decreased frequency coverage

We note that, while using more frequency channels in the
NILC allows for better characterization of the spatial
structures of foregrounds and lower variance in the final
map, it also requires better characterization of the CIB SED
in order to deproject it. Thus, we explore whether using
fewer frequencies than standard can lead to an improved
CIB deprojection, in particular by dropping the 545 GHz
information from the NILC. We additionally always leave
out the 857 GHz channel, both because it is not calibrated
as precisely as the other channels, and because it requires
extrapolation of the CIB modified blackbody SED to
higher frequencies than we have been using to constrain it.

C. Analysis masks

After performing the NILC analysis to build the y-map,
non-negligible residual foreground power remains in the
dustiest areas of the sky (e.g., close to the Galactic plane),
especially in the δβ-deprojected tSZ map. This can add
significant variance to our measurement. To avoid this, we
mask the dustiest areas of the sky, which we define by
thresholding the highest ð1 − fskyÞ × 100% of pixels in the
Planck 857 GHz single-frequency map, where fsky is the
fraction of sky on which we wish to make our measure-
ment. We use fsky ¼ 0.8 as our fiducial choice; we explore
effects of varying the masked sky area in Appendix B.
Additionally, the reconstructed CMB lensing maps from

Planck are provided with analysis masks applied. We
multiply our fsky-thresholded mask by this analysis mask.
Finally, we also multiply this mask with the union of the
Planck HFI and LFI point source masks, which were used
in the preprocessing of the single-frequency maps before
performing the NILC [21] (as a result, the resulting maps
contain no information at the locations of these point
sources). In principle, this slightly suppresses the
Compton-y signal, due to the tSZ–source correlation, but
this effect is negligible at Planck signal-to-noise [75,76].
We apodize the resulting mask with an apodization scale of
10 arcminutes, using the “C1” apodization procedure of
NaMaster [77].9 Most of the sky area that is covered by
the fsky ¼ 80% threshold mask is indeed covered by the κ
analysis masks, such that our overall masks are essentially
limited by the size of these κ masks.
Note that, as is standard, the κ analysis masks remove

regions containing massive tSZ-selected clusters [32], and
so the use of these masks has the risk of biasing our
tSZ—CMB lensing cross-correlation signal low. To avoid
this, it is desirable to use a κ map which does not mask
these clusters, and so we perform a measurement
with a Planck 2018κ reconstruction in which these clusters
are not masked. However, as discussed in Sec. III B, we
also perform a measurement using the Planck 2018κ
reconstruction performed on tSZ-deprojected temperature
maps, which avoids a potential hyyyi intrinsic bispectrum
bias in our measurement, as well as on the κ reconstruction
from the NPIPE maps, which has the lowest noise. These
final two κ reconstructions are provided with analysis
masks that remove tSZ clusters, meaning that there is
potential for the signal to be biased low. However, we find
that the measurements with the three κ reconstructions are
all statistically consistent, indicating that any low bias due
to the masking of tSZ clusters is negligible.
The relevant masks are shown in Fig. 3. The combination

of the fsky ¼ 0.8 threshold mask and the lensing analysis
mask does not remove a large sky area, with the remaining
sky fraction decreasing from 80% to 61.57% for the

9https://github.com/LSSTDESC/NaMaster.
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tSZ-deprojected κ analysis mask; 62.74% for the tSZ-
clusters-restored mask; and 62.24% for the NPIPE mask.

V. THERMAL SZ–CMB LENSING CROSS-
CORRELATION MEASUREMENT

In this section, we present our measurement of the Cyκ
l

signal. In particular, we describe in Sec. VA our estimate of
the cross-correlation data points and associated covariance.
In Sec. V B we discuss systematics induced by the CIB, in
particular by comparing the data points as measured using
different assumptions for the parameters of the CIB SED in
the deprojection scheme used in the y-map construction
(this analysis provides an explicit example of how to use
the CIB-cleaned y-maps of Paper I to remove CIB residual
bias). In Sec. V C we show our final results for the different
κ maps we use.

A. Power spectrum measurement
and covariance estimation

We measure the cross-power spectrum Cyκ
l between the

tSZ maps and the CMB lensing convergence maps using
NaMaster. We make the measurement in linearly spaced
multipole bins with Δl ¼ 125, using a minimum l of
lmin ¼ 10. The maximum multipole that we use is

lmax ¼ 2010. Thus we use 16 l bins centered on l ¼
f72; 197; 322; 447; 572; 697; 822; 947; 1072; 1197; 1322;
1447; 1572; 1697; 1822; 1947g.
Following from the standard expression for the covari-

ance in the measurement of a cross-power spectrum of
Gaussian fields,

CðĈαβ
l ; Ĉγδ

l0 Þ ¼
δll0

ð2lþ 1Þfsky
�
ðCαγ

l þ Nαγ
l ÞðCβδ

l þ Nβδ
l Þ

þ ðCαδ
l þ Nαδ

l ÞðCβγ
l þ Nβγ

l Þ
�

ð26Þ

(where δll0 is the Kronecker delta function), the error bars
on the power spectrum Ĉyκ

l measured on a fraction of the
sky fsky are given by

σ2ðĈyκ
l Þ ¼ δll0

ð2lþ 1Þfsky
�
ðCyy

l þ Nyy
l ÞðCκκ

l þ Nκκ
l Þ

þ ðCyκ
l þ Nyκ

l Þ2
�
; ð27Þ

where CAB
l are the true underlying power spectra and NAB

l
are the noise power spectra (including instrumental noise
and residual foregrounds). In our case, we use measured

FIG. 3. The various masks used in our analysis; the top two rows include the unapodized masks that we multiply to make the
“combined” masks in the bottom row. Every combined mask is made of the product of the fsky ¼ 80% threshold mask with the point
source mask and one of the lensing masks; the final product has a 100 apodization applied as described in the text.
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auto-power spectra Ĉyy
l and Ĉκκ

l to estimate Cyy
l þ Nyy

l and
Cκκ
l þ Nκκ

l respectively, we use our fiducial theoretical
model (see Sec. II) to calculate the (subdominant) Cyκ

l
term, and we assume Nyκ

l ¼ 0, i.e., that all sources of noise
bias and foreground power on this measurement are zero
(this assumes that any Galactic foregrounds that remain in
the tSZ map do not appear in the κ reconstruction and that
the Planck instrument noise has vanishing skewness).
These assumptions are robust due to the fact that the noise
power spectra of the y-map and CMB lensing map highly
dominate the error bars on Cyκ

l . Again, we use NaMaster
to decouple the mask in the final calculation of our error
bars [using the function gaussian_covariance()];
note that this requires us to interpolate our measured values
of Ĉyy

l and Ĉκκ
l , as this function requires a theoretical

estimate of CXY
l at all multipoles. Note that the decoupling

of the mask with NaMaster induces off-diagonal (l ≠ l0)
terms in the covariance matrix.10

We measure Cyκ
l using y-maps with various deprojection

choices and frequency coverage. In Fig. 4, we plot the data

points for various deprojection choices in the NILC. We
plot separately the points for the cases when we have
different frequency coverage in our NILC (the “standard
frequency coverage” case corresponds to when we include
all frequencies except for 857 GHz). In general, we see an
extremely strong signal in the case when we do not
deproject the CIB (labeled “CMB deprojection”) in the
figures. When we deproject the CIB, the signal is signifi-
cantly lowered, indicating that the non-CIB-deprojected
measurement is biased. Deprojecting further moments
results in points with larger error bars but much less scatter
(with respect to the chosen parameters of the CIB SED),
eventually converging on a stable, robust measurement. We
discuss the different deprojections below.

B. Systematics due to residual CIB contamination

Our first step to remove the CIB contribution to our
measurement is a simple deprojection in the NILC of a
component with the appropriate frequency scaling for the
CIB. We discuss this deprojection in detail in Paper I, in
which we directly fit a modified blackbody to the CIB
monopole calculated in Ref. [36], and find best-fit values
for the spectral index β and the dust temperature Teff

CIB of
ðTeff

CIB; βÞ ¼ ð10.14 K; 1.77Þ. These are the values that we
use for our standard CIB deprojection, as presented
in Fig. 4.

FIG. 4. The tSZ—CMB lensing cross-power spectrum, Cyκ
l , as measured for different frequency coverage (left panel including all

frequencies from 30–545 GHz and right panel with 545 GHz removed) and different deprojection combinations (as labeled in the
legend). Note that, for the case when we exclude 545 GHz, we do not have enough frequency channels to simultaneously deproject the
CIB and both δβCIB and δTeff

CIB on the smallest scales; it would be possible to do so on large scales, but we do not consider such a
measurement. The solid black curve shows our fiducial theoretical model, with the one-halo (two-halo) term shown in dashed (dash-
dotted). Note that, in the legend, CMB5 refers to the CMB deprojected on the largest five needlet scales. Also note that some points are
slightly offset on the x axis to allow for better visualization. Both plots were made with the SZ-deprojected reconstruction of the κ map.

10The non-Gaussian covariance (i.e., the connected trispectrum
of two y and two κ fields) would also induce off-diagonal
elements, but we neglect this contribution as it is much smaller
than the Gaussian error bars in our measurement (e.g., HS14).
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However, there is significant uncertainty on the CIB
SED, including significant parameter degeneracy between
β and Teff

CIB, as well as uncertainties on the CIB monopole
estimate to which the SED is fit, along with the fact that the
CIB is not perfectly described by a modifed blackbody
SED (and that the CIB monopole is not necessarily the
appropriate observable to consider in this case, as it is
sourced at different redshifts and thus has different fre-
quency dependence to the CIB anisotropies). Thus we also
make our measurement for y-maps on which various values
of (β,Teff

CIB), which are drawn from the posterior for these
parameters [21] (with values as indicated in the figure
legend), have been used in the deprojection. The resulting
changes in the data points are shown in Fig. 5, where we
note that we have included the primary CMB deprojection
in the first five needlet scales in all cases. It is clear that
there is a significant systematic uncertainty associated with
the exact CIB SED used in the deprojection, as the spread
of these data points is much larger than the statistical error
bars. However, we note that on small scales (l≳ 1000),
when we drop 545 GHz from the NILC, this systematic is
significantly reduced (see the right panel of Fig. 5).
Thus, in order to reduce the systematic uncertainty

associated with the CIB SED deprojection, we proceed
to measure the tSZ—CMB lensing cross-correlation using
y-maps from which the first moment of the CIB with
respect to β has been deprojected. We show the resulting
measurements in Fig. 6. We note that the scatter in the
“standard-frequency” case is still significantly larger than
the size of the statistical error bars for some multipole bins.

However, in the “no-545 GHz” case, this behavior is no
longer seen. Thus, for the “no-545 GHz” case, we use this
deprojection configuration to make our measurement, as
we have achieved stability. For the final data points that we
use in our analysis, we use the deprojection done with the
best-fit SED (β ¼ 1.77; Teff

CIB ¼ 10.14 K.)
However, for the standard-frequency case it still remains

to find a stable configuration for which we can proceed.
Thus, we additionally deproject the first moment of the CIB
SEDwith respect to Teff

CIB. The resulting points are shown in
Fig. 7. These points are stable, i.e., the variation with the
CIB SED used in the deprojection is much less than the
statistical error bars for all multipole bins. For the final
analysis we use the best-fit CIB SED from Paper I to
perform the deprojections.

1. Summary of the CIB removal and deprojection choices

To summarize, our method for removing the CIB
residual bias is as follows:
(1) Make a standard, nondeprojected (or CMB-

deprojected) NILC y-map with a given frequency
coverage and measure the observable (Cyκ

l ).
(2) Make a CIB-deprojected (or CMB + CIB -

deprojected) NILC map for various choices of the
CIB SED and measure the observable. If the
measurement is stable to the choice of CIB SED,
use this measurement. If it is not, move on to Step 3.

(3) Make a CIBþ δβ-deprojected (or CMBþ CIBþ
δβ-deprojected) NILC y-map for various choices of

FIG. 5. The tSZ–CMB lensing cross-power spectrum, Cyκ
l , measured on maps with the CIB deprojected, for various choices of the CIB

SED parameters. The SED parameters used here are obtained by taking ten samples from the posterior of ðβ; Teff
CIBÞwhich we calculate in

Paper I. On the left, we show the standard-frequency-coverage case (where we include 545 GHz but no 857 GHz), and on the right the
case where we remove 545 GHz from the NILC. In all cases, the primary CMB is deprojected in the first five needlet scales of the NILC.
The points are systematically offset along the x axis for better visibility of overlapping points. Both plots were made with the
SZ-deprojected reconstruction of the κ map.
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the CIB SED and measure the observable. If the
measurement is stable to the choice of CIB SED, use
this measurement. If it is not, move on to Step 4.

(4) Make a CIBþ δβ þ δTeff
CIB-deprojected (or CMBþ

CIBþ δβ þ δTeff
CIB-deprojected) NILC y-map for

various choices of the CIB SED and measure the
observable. If the measurement is stable to the

choice of CIB SED, use this measurement. If not,
continue deprojecting higher moments of the CIB
SED until stability is found.

For the standard-frequency-coverage case, we obtain
stability in our measurement after Step 4 (see Fig. 7). For
the no-545-GHz case, we obtain stability after Step 3 (see
Fig. 6, right-hand side).

FIG. 7. The tSZ—CMB lensing cross-power spectrum, Cyκ
l , measured on y-maps with the CIB deprojected as well as its first moments

with respect to both β and Teff
CIB, for various choices of the CIB SED parameters. The SED parameters are the same as those in Fig. 5. In

all cases, the primary CMB is deprojected in the first five needlet scales of the NILC. The points are systematically offset along the x axis
for better visibility of overlapping points. This plot was made with the SZ-deprojected reconstruction of the κ map.

FIG. 6. The tSZ–CMB lensing cross-power spectrum, Cyκ
l , measured on y-maps with the CIB and the first moment of the CIB SED

with respect to β deprojected, for various choices of the CIB SED parameters. The SED parameters are the same as those in Fig. 5. On
the left, we show the standard-frequency-coverage case (where we include 545 GHz but no 857 GHz), and on the right the case where we
remove 545 GHz from the NILC. In all cases, the primary CMB is deprojected in the first five needlet scales of the NILC. The points are
systematically offset along the x axis for better visibility of overlapping points. Both plots were made with the SZ-deprojected
reconstruction of the κ map.
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C. Results for the different κ maps

We also explore the changes in our measurement
when we use different κ maps. Using the CMB5 þ CIBþ
δβ-deprojected no-545 GHz y-map and the CMB5þ
CIB þ δβ þ δTeff

CIB-deprojected standard-frequency y-map
described above, we show in Fig. 8 the signal as measured
with different κ maps. These include the κ map released
with an analysis mask that restores the signal at the location
of tSZ clusters; the κ map reconstructed from tSZ-
deprojected temperature maps; and the κ map reconstructed
from the Planck PR4 (NPIPE) map. It is encouraging that
our measurements with different κ reconstructions look
broadly consistent, as they have different sensitivity to
systematics (in particular, the tSZ-deprojected map should
not suffer from a potential hyyyi bias from spurious tSZ
signal in the κ map).
While it is encouraging that our measurements are

broadly consistent, we continue to use all three κ maps
to present our results, although for ease of presentation in
Figs. 4–7 we have chosen the tSZ-deprojected κ map for the
plots. The corresponding results with the different κ maps
are similar.

VI. PIPELINE VALIDATION

A. Application on Websky simulations

In the previous section, we performed various null tests
and stability tests on the data that inspire confidence in our
results. The stability with respect to different CIB SED
parameter choices encourages us that we have truly
deprojected the CIB, and the stability of our data points
with respect to different sky fractions (see Appendix B)
reassures us that we are not seeing signal from residual
Galactic foregrounds in the CMB lensing reconstruction
correlating with those in the y-map. However, we wish to

also validate our pipeline on simulations, to ensure that
performing the δβ and δTeff

CIB deprojections satisfactorily
removes the CIB contamination and preserves our signal of
interest.
As such, we build simulations of the microwave sky at

the frequencies we use in our NILC, in particular
f30; 44; 70; 100; 143; 217; 353; 545g GHz. We include
simulated cosmological signals as well as the Galactic
foregrounds, using the Websky [41] simulations for the
cosmological signals and the Python SkyModel (PySM311)
[40] for the Galactic foregrounds. From Websky, we
include the lensed primary CMB (blackbody in its fre-
quency dependence), the CIB, and the tSZ field.12 The
Websky CIB model, which is based on the halo model of
Refs. [35,78], includes appropriate light-cone evolution and
inter-frequency decorrelation at the frequencies at which it
is simulated (ν > 93 GHz). At lower frequencies than this,
we simply scale the lowest-frequency CIB map13 by the
SED of Eq. (24) (note that the CIB is extremely subdomi-
nant to other sky components at these frequencies).
The Galactic foregrounds that we include are those

corresponding to the [d1,s1,a1,f1] model of PySM3.
Thus we include components due to Galactic dust (d1);
synchrotron radiation (s1); anomalous microwave emis-
sion (a1); and free-free emission (f1). The dust is the
dominant foreground at high frequencies, and the synchro-
tron at low frequencies. We refer the reader to the PySM3

FIG. 8. The tSZ—CMB lensing cross-correlation measured on different κ maps, as labeled in the legend. The left (right) panel uses a
NILC y-map built with the CMB5 þ CIBþ δβ þ δTeff

CIB deprojection applied to the standard frequency coverage (CMB5 þ CIB þ δβ
deprojection applied to the no-545-GHz frequency coverage). The measurements are broadly consistent for all three κ maps. Some
points are slightly offset along the x axis for better visibility of overlapping points.

11https://pysm3.readthedocs.io/en/latest/.
12We also check that the simulation analysis results obtained

using our fully deprojected y-maps are unchanged if we include
the Websky radio galaxy component [75] in the simulated
sky maps.

13In fact, we use the 100 GHz CIB map for this rescaling, as it
is the lowest-frequency CIB map at frequencies corresponding to
Planck.
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documentation for details of these models, which are built
from analyses of Planck, WMAP, and other datasets. We
find that these simulations reproduce appropriately well
(for the purposes of this pipeline validation, which we
stress is not aiming to assess the level of Galactic fore-
ground removal but instead the recovery of the true
cosmological signal for our NILC deprojection choices)
the measured power spectra of the Planck data both on the
full sky and on a patch of sky masked by the smallest-area
Galactic mask released by the Planck collaboration, which
has a sky area of 20%.
As we use the true, simulated Websky κ map as our

proxy for the CMB lensing map, it would be futile to build
an overly complicated Galactic foreground map, as our
pipeline validation is not sensitive to the true source of
systematics from Galactic foregrounds, i.e., the correlations
between residual foregrounds in the κ reconstruction and
the NILC y-map. A true pipeline validation would propa-
gate the Galactic biases through the lensing reconstruction
pipeline by performing lensing reconstruction on the
simulated single-frequency maps (or, ideally, on an ILC
combination or for various independent simulations of the
noise). Such a thorough procedure is outside the scope of
this work, as we do not perform lensing reconstruction
ourselves but instead use publicly available κ maps. As we
find results that are stable to large changes in the sky area
used in our measurements (see Appendix B), we do not
expect these Galactic foreground biases to be a significant
issue. However, for future measurements of this signal
(e.g., with forthcoming high-resolution CMB data), such a
simulation validation would be interesting and useful.
After adding the Galactic foregrounds to the cosmo-

logical signals, we convolve our maps with Gaussian
beam window functions with full-width-at-half maxima
(FWHMs) corresponding to those of Planck. These FWHM

values are listed in Table II. Finally, we add isotropic
Gaussian white noise corresponding to the Planck noise
levels, which are also listed in Table II. In particular, we
simulate fields with white-noise power spectra correspond-
ing to

Nl ¼
�

π

180 × 60
Tn

�
2

ð28Þ

where Tn is the noise level in μK arcmin and Nl is the
noise power spectrum in μK2.
Thus our final sky model is

Tðν; n̂Þ ¼ W
�
TCMBðn̂Þ þ gνyðn̂Þ þ TCIBðν; n̂Þ

þ TGalaxyðν; n̂ÞÞ þ Tnðν; n̂
�

ð29Þ

where TCMBðn̂Þ is the Websky lensed CMB tempera-
ture map, yðn̂Þ is the Websky Compton-y parameter
map; TCIBðν; n̂Þ is the Websky CIB temperature map at
frequency ν; TGalaxyðν; n̂Þ is the simulated Galactic
temperature map from PySM3; gν is the spectral response
function of the tSZ effect; Wð·Þ is the beam-convolving
operation in real space (which corresponds to a filtering by
the beam window function

Bl ¼ exp

�
−lðlþ 1Þ

2

θ2FWHM

8 ln 2

�
ð30Þ

in harmonic space); and Tnðν; n̂Þ is the simulated instru-
mental noise. Note that all of our simulations are in units of
μKCMB, i.e., units in which the CMB has unit SED; thus we
need to convert the Websky CIB maps, which are supplied
in Jy=sr, to μKCMB.
After applying our NILC pipeline (see Paper I for details

on the pipeline) to construct y-maps from the simulated
intensity maps, we measure Cyκ

l using the simulated κ map
provided by Websky. While we do not include any
systematics due to the fact that the true κ is reconstructed
from temperature data, we do include a realization of
Gaussian noise with power spectrum matching the noise
power spectrum of the 2018 Planck lensing reconstruction.
We also measure the cross-correlation on a realization of
the lensing map with no noise included, to demonstrate the
effectiveness of the CIB moment deprojections in the limit
of zero CMB lensing noise.
The resulting data points, measured with the CIB

deprojections done using the default best-fit SED, are
shown in Fig. 9. Comparing the measurement on the left
of Fig. 9, which includes appropriate Gaussian lensing
noise, with the measurement on the right, which is
performed on the noiseless κ map, it is clear that (especially
for the cases when>1 components are deprojected) there is
significant scatter due to the lensing noise. Note that the

TABLE II. Characterizing features of the Planck experiment, in
particular the beam FWHM and white noise levels for each
frequency. We quote the noise both in μKarcmin and in μK2; the
conversion between the two is given by Eq. (28). See Ref. [79] for
the LFI characterization and Ref. [80] for the HFI characteriza-
tion. Note that we have applied a Jy=sr-to-μK conversion factor to
the values quoted for 545 GHz, as we simulate the maps in μK.

Frequency
(GHz)

Beam
FWHM
(arcmin)

Noise power spectrum
amplitude (μKarcmin)

Noise
(μK2)

30 32.239 195 0.00322
44 27.005 226 0.00433
70 13.252 199 0.00335
100 9.69 77.4 0.000507
143 7.30 33 9.21 × 10−5

217 5.02 46.8 0.000185
353 4.94 154 0.00200
545 4.83 818 0.0566
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deprojection that we use for our true data points corre-
sponds to the red points, where both δβ and δTeff

CIB are
deprojected. It is also clear, in both cases, that in the case
when no CIB components are deprojected, there is a
significant bias on the measurement. The CIB deprojection
removes some of this bias, but (as is especially clear on the
right) a significant amount remains. The moment depro-
jections remove significantly more of this bias. We inves-
tigate this further in Fig. 10 where we vary the SED used for
the CIB and moment deprojections to illustrate the reduc-
tion in scatter they yield.
In Fig. 10, we show the signal measured on the

simulations for the different moment deprojections as we
vary the CIB SED. Again, we show the points measured
with lensing noise on the left, and without lensing noise on
the right; the biases and scatter are easier to see when there
is no lensing noise. We see that deprojecting δβ indeed
reduces some of the bias induced when the CIB alone is
deprojected with different SEDs; the bias is removed by
jointly deprojecting moments with respect to both para-
meters δβ and δTeff

CIB, in the bottom plots, when we see
scatter no greater than ≈1σ and an unbiased (by eye)
measurement.
Our overall conclusion from these simulation tests is that

a CIBþ δβ þ δTeff
CIB-deprojected map can be used to make

an unbiased estimate of Cyκ
l , for a wide range of SED

parameters assumed for the CIB modified blackbody
spectrum. This reinforces our findings from the actual data
in the previous section, and substantiates the overall
robustness of our measurement.

VII. ANALYSIS

Our final data points, measured with all three κ maps,
with the maximally deprojected y maps (CMB5 þ CIBþ
δβ-deprojection for the no-545 GHz case and
CMB5 þ CIBþ δβ þ δTeff

CIB-deprojection for the stan-
dard-frequency case) are shown in Fig. 11. Also included
on this plot, for comparison, are the data points from HS14;
as the l-binning schemes are similar (in particular, the
widths of the l-bins are identical), the error bars can be
compared directly by eye. It is clear that on large scales, our
measurement has lower SNR than HS14, although on small
scales our error bars are slightly smaller. The data points
measured without 545 GHz and with the standard fre-
quency coverage are broadly consistent. We proceed to fit
theoretical models to the points in Fig. 11.
The tSZ effect is a powerful probe both of cosmology

and of the physics of the ICM. Most of the signal is sourced
in massive clusters in the late Universe (z≲ 1 − 1.5), which
are rare objects; thus, the tSZ signal probes the tail of
the HMF. This signal can be accessed through various
tSZ statistics, for example through the power spectrum
[16,17,49,66,81], cluster counts [82–84], or the 1-point
PDF [27,28]. In every case, while there is high sensitivity to
the cosmological parameters that govern the distribution of
the halos (σ8, which governs the amplitude of matter
clustering on scales of 8h−1 Mpc and Ωm, which para-
metrizes the matter density of the Universe), there is also a
degeneracy with the parameters that describe the tSZ
flux-mass relation (i.e., pressure-mass relation), which is

FIG. 9. Validation on the simulations. Note that the “true signal” that we compare to is estimated by using healpy.anafast() on
the full-sky maps. In both cases, we have applied our NILC pipeline with various deprojections (as labeled) to the simulated microwave
sky maps to build y-maps, and measured Cyκ

l using the true κ map from Websky, with appropriate Gaussian noise added (left) to
approximate the scatter in our own measurement on data, and also with no lensing noise added (right) to illustrate the biases associated
with the different deprojections in the zero-lensing-noise case. Some points are slightly offset along the x axis for better visibility of
overlapping points.
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required to translate from the HMF to the flux distribution
that is measured. Thus, these parameters, which are poorly
constrained in regimes where ICM physics is not well
understood, must be jointly constrained with the cosmo-
logical parameters. In our case, where we consider just one
statistic of the tSZ effect, it is not possible to fully break
the degeneracy between ICM physics and cosmology.
However, as different tSZ statistics depend on various
combinations of these parameters in different ways, this
degeneracy can in principle be broken by combining our
data with different tSZ probes, such as the auto-power
spectrum. We leave such an approach to future work and
instead only constrain ICM physics while holding the
cosmology fixed, or alternatively constrain cosmology
while holding the pressure-mass relation fixed.
The model that we constrain is described in Sec. II. When

we fix the cosmology, and unless otherwise stated, we use
the cosmological parameters from the best-fitΛCDMmodel

to the Planck TTþ TEþ EEþ lowEþ lensing Plik like-
lihood [48]: {Ωbh2 ¼ 0.022383; Ωch2 ¼ 0.12011; H0 ¼
67.32 km=s=Mpc; As ¼ 2.101 × 10−9; ns ¼ 0.96605},
where Ωbh2 is the physical density of baryons today;
Ωch2 is the physical density of cold darkmatter today;H0 ≡
100h km=s=Mpc is the Hubble parameter; andAs and ns are
respectively the amplitude and spectral index of scalar
fluctuations with a pivot scale of 0.05 Mpc−1. For this
cosmology, σ8 ¼ 0.8120.

A. Likelihood for Cyκ
l

To constrain the models for Cyκ
l , we construct a simple

Gaussian likelihood L:

logLðpÞ ∝ −
1

2
χ2ðpÞ; ð31Þ

FIG. 10. Deprojecting the CIB and various first moments thereof, measured on simulations with appropriate lensing noise (left) and no
lensing noise (right). We use the same values for the CIB SED parameters as in the samples we use when we vary the SED parameters for
our deprojections on the data (e.g., in Fig. 5). The points are systematically offset along the x axis for better visibility of overlapping points.
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where

χ2 ¼ ðĈyκ
l − Cyκ

l ðpÞÞTC−1ll0 ðĈyκ
l0 − Cyκ

l0 ðpÞÞ ð32Þ

with Cyκ
l ðpÞ the theoretical model for the signal evaluated

for parameters p (calculated with CLASS_SZ), Ĉyκ
l the cross-

correlation data points, and Cll0 the full covariance matrix.
The theoretical model for the signal is a function of
cosmological parameters (e.g., σ8 and Ωm) and pressure
profile parameters [e.g., AP0

0 and Aβ
0, cf. Eqs. (13) and (15)].

We explore the parameter posteriors with Markov chain
Monte Carlo (MCMC) sampling, using the Metropolis–
Hastings algorithm implementation of Refs. [85,86] in
Cobaya

14 [87,88]. Priors on the sampled parameters are
discussed below. We run all chains until they are converged
with a Gelman-Rubin convergence criterion [89] of
jR − 1j < 0.001 (for the P0 fits) or jR − 1j < 0.01 (for
the cosmology fits). We quote each parameter’s best-fit
value as the point that maximizes the posterior, which is
determined using the BOBYQA [90–92] minimizer imple-
mented in Cobaya. We use GetDist

15 [93] to analyze our chains
and plot our parameter posteriors.

B. Constraints on pressure profile parameters

We constrain the normalization of the amplitude of the
pressure-mass relation, AP0

0 [see Eqs. (13) and (15)]. For
ease of notation, we redefine this amplitude parameter as
simply P0, i.e., P0 ≡ AP0

0 . This procedure is equivalent to
simply fitting a one-parameter amplitude that rescales the
entire theoretical model. In our MCMC sampling, we use a
wide, uninformative, flat prior on P0; we use no other
priors, so the posterior is given by the log-likelihood in
Eq. (31). For convenience, we further rescale P0 by its
fiducial value given in Table I, i.e., we plot P0=Pfid, where
Pfid ¼ 18.1 is the fiducial amplitude of the pressure-mass
relation.
The constraints on P0

Pfid
for different data combinations are

summarized in Table III, and the posteriors for P0=Pfid are
shown in Fig. 12. For comparison, we also constrain the
model using the measurements from HS14. Using the
HS14 data, we find a very similar result to that quoted
in HS14, with P0

Pfid
¼ 1.03� 0.21 (cf. the quoted value of

P0

Pfid
¼ 1.10� 0.22 in that work). The small discrepancy is

due to slightly different choices in the halo model calcu-
lation for the template signal. First, HS14 used a
WMAP9 cosmology [94], which had a slightly lower value
of Ωm than the Planck cosmology we use (Ωm ¼ 0.282
in WMAP9 versus Ωm ¼ 0.3144 in Planck). Second, our

FIG. 11. Our final data points for the tSZ–CMB lensing cross-
power spectrum, measured using the CMB5 þ CIBþ δβ-depro-
jected map with 545 GHz removed (orange), and the
CMB5 þ CIBþ δβ þ δTeff

CIB-deprojected map with standard fre-
quency coverage (blue). We show the data points for all three κ
maps as indicated in the titles, and deproject the primary CMB in
the first five needlet scales. We also include the data points from
HS14 (green) for comparison. We note that, on large scales, our
error bars are significantly larger than those of HS14, as we pay a
large SNR penalty due to our many deprojections needed to
robustly clean CIB contamination (the width of our multipole
bins is the same as in HS14). The black curve is not a fit to the
data, but rather shows our fiducial theoretical model (see Sec. II),
with the one-halo (two-halo) term shown in dashed (dash-dotted).
Some points are slightly offset along the x axis for better visibility
of overlapping points.

14https://cobaya.readthedocs.io/en/latest/.
15https://getdist.readthedocs.io/en/latest/.
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halo model calculation treats the low-mass halos differently
to HS14, with the contribution from halos below
M200m ¼ 1010h−1M⊙ calculated in this work with the
counter-term prescription, which is different to the extra-
polation of the HMF used in HS14, which integrated
directly the contribution of all halos with 105h−1M⊙ <
M200c < 5 × 1015h−1M⊙. Third, we cut our halo profiles
at 2r200m, while HS14 do so at 1.5rvir. Nevertheless, these
differences all lead to relatively small changes in the
template signal, and hence the central value of P0

Pfid
in our

reanalysis of HS14 is quite close to theirs.
All of our constraints are consistent with each other to

within 1σ. We get much better fits from the standard
frequency case than the no-545 GHz case, as well as
tighter constraints. The tightest constraint comes from the
standard-frequency-coverage map in combination with
the NPIPE κ map, resulting in P0

Pfid
¼ 0.82� 0.21. The

SZ-deprojected results are slightly (≈1σ) slower, resulting

in P0

Pfid
¼ 0.56� 0.24, perhaps hinting at a hyyyi bias; the

SZ-clusters-restored measurement is very slightly higher
than the NPIPE measurement. It would be interesting to
perform the measurement on a tSZ-deprojected + cluster-
signal-restored NPIPE map, to see if these conclusions
hold.
It is notable that our final constraints are not tighter than

those from HS14, with all of our error bars comparable
to or larger than theirs, despite the higher-quality data
we use. However, our results are significantly more
robust to potential CIB contamination due to the battery
of deprojection operations implemented in our analysis,
which are also responsible for inflating our error bars
significantly. We show posteriors in Fig. 12 for all
combinations of our fully deprojected y-maps (i.e.,
CIBþ δβ þ CMB5-deprojected for the no-545 GHz
case and CIBþ δβ þ δTeff

CIB þ CMB5-deprojected for the
standard-frequency case) with the three κ maps we

TABLE III. The best-fit and posterior mean values of the amplitude P0=Pfid (quoted with the 1σ errors from the MCMC chains). We
also list the best-fit reduced χ2r ≡ χ2=Ndof , where Ndof ¼ 15 is the number of degrees of freedom, given by the number of data points
(16) minus the number of free parameters (1). We also indicate the probability-to-exceed (PTE).

Configuration Best-fit P0=Pfid Mean P0=Pfid χ2r PTE

SZ-deprojected κ Standard frequency coverage in y map 0.55 0.56� 0.24 1.03 0.42
NPIPE κ Standard frequency coverage in y map 0.82 0.82� 0.21 1.52 0.088
SZ-clusters-restored κ Standard frequency coverage in y map 0.89 0.89� 0.22 1.18 0.29
SZ-deprojected κ No 545 GHz in y map 0.61 0.61� 0.33 1.88 0.020
NPIPE κ No 545 GHz in y map 1.08 1.08� 0.29 2.11 0.0071
SZ-clusters-restored κ No 545 GHz in y map 0.93 0.92� 0.31 1.89 0.019

FIG. 12. Posteriors for the parameter P0, which normalizes the amplitude of the pressure-mass relation. P0=Pfid ¼ 1 corresponds to
the fiducial model. A value of P0 consistent with zero would imply a nondetection. Results are shown for two different y-maps (left and
right panels) and various κ reconstructions (as labeled), as well as for the HS14 data. In both cases we use the maximally deprojected y
maps: CMB5 þ CIBþ δβ-deprojection for the no-545 GHz case, and CMB5 þ CIBþ δβ þ δTeff

CIB-deprojection for the standard-
frequency case. For all of the analyses shown here, the signal is consistent with the fiducial prediction. We find P0=Pfid consistent
with unity at the 1–1.5σ level in all cases except for the tSZ-deprojected κ map analysis in the right panel, which is consistent with unity
at ≈2σ.
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consider. We also list the best-fit values in Table III. It is
generally true that the tSZ-deprojected κ map yields a lower
measurement (by ≈1σ) of P0 than the other two maps.
However, they are all statistically consistent. It is also
generally true that including 545 GHz and deprojecting
δTeff

CIB improves the quality of the fit (and also decreases
the error bars), with the reduced χ2 values decreasing in
every case.

1. Including a correction from hydrodynamical
simulations in the theory

In Appendix A, we compare our halo model to a
measurement of Cyκ

l from the hydrodynamical simulations
from which our P −M relations were calibrated (see
Fig. 16). It is clear that some portion of the signal is
unaccounted for by the halo model in the regime where we
are measuring Cyκ

l . We can incorporate this by measuring
the ratio of the halo model prediction to the simulation
measurement (as calculated for cosmological parameters
corresponding to those in the simulation, as we do in
Appendix A). Under the assumption that this ratio is
cosmology-independent, we can then rescale the halo
model prediction at the Planck cosmology we are using
in this work, in order to include this contribution. When we
do this, and constrain an amplitude for the model, the
posteriors are shown in Fig. 13. As expected, the posterior
means are shifted to lower amplitudes, since the fiducial
model prediction is now higher. Nevertheless, the results
remain consistent with the fiducial model at ≲2σ, apart
from those obtained with the SZ-deprojected κ map, which
lie ≈3σ below unity.

C. Constraints on cosmological parameters

The tSZ effect is a powerful probe of cosmology, in
particular of the matter density and the amplitude of
clustering (parameterized by Ωm and σ8, respectively).
However, the effects of cosmological parameter variations
on tSZ observables are highly degenerate with changes in
the ICM astrophysics. Nonetheless, given a fixed model for
the pressure profile, we can constrain cosmology with our
measurement of the tSZ—CMB lensing cross-power spec-
trum.We find that, for our model, the cross-power spectrum
depends on a combination of Ωm and σ8 in the following
way:

Cyκ
l ∝ P0ðσ8Þ≈5.7ðΩmÞ≈1.3; ð33Þ

with the exact values of the power-law indices depending
on the multipole l. Importantly, this is a different cosmo-
logical dependence to that of the auto-power spectrum,
which displays the following dependence16:

Cyy
l ∝ P2

0ðσ8Þ≈7.5ðΩmÞ≈1: ð34Þ

As the relative dependences between cosmology and
astrophysics [represented by P0 in Eqs. (33) and (34)]
are different, this means that while both probes separately

FIG. 13. Posteriors for the parameter P0, which normalizes the amplitude of the pressure-mass relation. Here, P0=Pfid ¼ 1
corresponds to the simulation-corrected theory model (see Appendix A), i.e., a model that includes contributions from unbound gas and
low-mass halos that our halo model approach may miss. Results are again shown for two different y-maps (left and right panels) and
various κ reconstructions (as labeled), as well as for the HS14 data. In both cases we use the maximally deprojected y maps:
CMB5 þ CIBþ δβ-deprojection for the no-545 GHz case, and CMB5 þ CIBþ δβ þ δTeff

CIB-deprojection for the standard-frequency
case. We find a shift of ≈1σ downward compared to the posteriors in Sec. 12, which is expected due to the additional contributions in the
theory model used here.

16The y signal depends strongly on the baryon fraction
fb ≡ Ωb

Ωc
. Thus the scaling with Ωm depends on what parameters

are held fixed. Here, we have kept Ωb fixed and changed Ωm by
changing Ωc. The scaling with Ωm is much stronger when the
baryon fraction is kept constant, and both Ωb and Ωm changed
consistently.
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cannot separate cosmology and astrophysics, a combined
analysis can break this degeneracy (see, e.g., HS14).
However, in this work we focus on constraining cosmology
only from the cross-power spectrum, leaving a joint
analysis to future work.
Due to the degeneracy between σ8 and Ωm, we can

only constrain simultaneously the product of these param-
eters. We find the tightest constraints on the parameter
combination σ8ðΩmÞ≈1110.25, which is very close to the
best-determined parameter combination σ8ðΩmÞ0.26 found
in HS14.
When we vary the cosmological parameters, we

only vary Ωcdm and σ8, with H0 held fixed to H0 ¼
67.32 km=s=Mpc and Ωbh2 fixed to 0.02383. We impose
a flat prior on σ8 (0 < σ8 < 2) and a flat prior on Ωcdm with
an upper limit that corresponds to 0 < Ωm < 1. We thus
obtain Ωm as a derived parameter in the chains.
The posteriors for the best-determined parameter combi-

nation are shown in Fig. 14. As expected from the
astrophysical constraints, these posteriors are ≈1σ lower
than the fiducial value of σ8ðΩm=0.3144Þ0.25 ¼ 0.812. For
the standard-frequency-coverage case with NPIPE κ, we
find (at 68% confidence) 0.73 < σ8ð Ωm

0.3144Þ0.25 < 0.83.
For the SZ-deprojected measurement, we find 0.53 <

σ8ð Ωm
0.3144Þ0.25 < 0.79 (also at 68% confidence). We find

similar results for the no-545-GHz case, as shown
in Fig. 14.

VIII. DISCUSSION

In this work, we have used our CIB-cleaned y-maps from
Ref. [21] to measure and constrain the cross-correlation of
the tSZ effect and CMB lensing in our Universe, with
Planck PR4 data. The tSZ effect has been cross-correlated
with low-z tracers of LSS (in particular galaxy catalogs and

weak lensing maps) many times (e.g. [43,46,47,95,96]);
however, the cross-correlation with CMB lensing has only
been measured once before, in HS14. The difficulty in this
measurement lies in the fact that at the high redshifts
probed by CMB lensing, the tSZ signal is subdominant in
our mm-wave sky maps to the CIB. Much of our work has
thus focused on removing the CIB from this measurement
in a model-independent way. The result is a less statistically
significant, but much more robust, measurement than that
of HS14.
We have chosen to remove the CIB by making con-

strained ILC maps from the Planck single-frequency maps.
It has been standard for previous y-LSS cross-correlations
to neglect the CIB (for low-z tracers), or to remove only a
component corresponding to the CIB SED, by modeling
the CIB as a modified blackbody with fixed parameters β
and Teff

CIB describing its SED (e.g., in [46,47]). However,
due to the uncertainty on the values of these parameters for
the CIB, we have extended this approach by measuring our
cross-correlation on moment-deprojected maps [39]. This
approach allows us to account for errors incurred due to
choosing incorrect parameter values for the SED, as well as
for the spatial variation and line-of-sight variation of the
CIB SED.
We have verified extensively that such an approach

should measure an unbiased signal, by applying our
NILC pipeline to detailed simulations of the microwave
sky, incorporating appropriate interfrequency decorrelation
of the CIB. We have checked that this approach works on
the simulations regardless of the SED parameters chosen to
deproject the CIB. We have also tested that our measure-
ment on the actual data is stable to the choice of parameters
used for the CIB SED. We report our measurements with
two different y-maps: one with all frequency channels up to
545 GHz used in the NILC and with the CIB and its two

FIG. 14. Constraints on the cosmological parameter combination that is most tightly constrained by our Cyκ
l measurement, namely,

σ8ðΩm=0.3144Þ0.2. The dashed gray line shows the value of this parameter in our fiducial model, which matches the Planck CMB result.
Our data are broadly consistent with this fiducial value.
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first-order moments δβ and δTeff
CIB deprojected, and one

without 545 GHz used, which has the CIB and only δβ
deprojected. Both maps have the CMB deprojected in
the first five needlet scales to avoid ISW bias in the
measurement.
As such, we have made the most robust CIB-free,

unbiased measurement of the tSZ-κ cross-correlation to
date. We have made the measurement with three different
choices for the κ map used in the cross-correlation, each
chosen either to minimize a certain systematic (a κ map
made with tSZ-deprojected T maps to minimize residual
hyyyi bias; a κ map which restores signal in the regions of
the sky where the tSZ clusters are originally masked in the
reconstruction; and the PR4 NPIPE κ map, which has the
largest signal-to-noise). Our measurements are broadly
consistent, both on a point-by-point basis and in the overall
constraint we make on the amplitude of the theory model,
although the tSZ-deprojected amplitude is lower than the
other amplitudes by ≈1σ. Overall, our highest-significance
detection of the cross-correlation is at the level
of ≈3.6σ, with the PR4 κ map and the no-545-GHz
CMB5 þ CIBþ δβ-deprojected y-map. Note that if the
data points perfectly matched the fiducial theory template,
the SNR in this case would reach ≈5σ.
While our detection is not currently at extremely high

significance, we note that the noise in the κ map is a
limiting factor that will be lowered very soon. Indeed, it
will be extremely interesting to make this measurement
with the much lower-noise-per-mode ACT DR6 CMB
lensing map [6,23]. Additionally, improvements in the
small-scale measurement of the y-map [20] using the
ACT DR6 data will allow us to probe this signal on smaller
scales than we have in this work. The methods to remove
the CIB developed here will be of great use for such a
measurement, as well as other future LSS-y cross-correla-
tion measurements, which will need to remove CIB bias
(see, e.g., [97]). Further exploration of the trade-off
between ILC deprojections (to mitigate CIB biases) and
the measurement SNR will also be of interest, e.g., using
the methods of [98]. Such a measurement will allow us to
learn more about currently unprobed astrophysics in the
ICM of high-z groups and clusters.
Finally, we note that it would be of great interest to

combine an analysis of Cyκ
l with a measurement of the

autopower spectrum (or indeed of any other statistic of the
y-map), to break the degeneracies between cosmology and
astrophysics and to access the large potential that the y
signal contains to constrain cosmology.
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APPENDIX A: TRUNCATION RADII
FOR THE HALOS

In this appendix, we discuss the halo-centric radius at
which we cut off our halo model integrals, as well as
compare our signal to a direct measurement from simula-
tions [64]. As these simulations were performed with a
WMAP-like cosmology, we use the appropriate cosmo-
logical parameters throughout in all our plots: fh ¼ 0.72;
Ωm ¼ 0.25;Ωb ¼ 0.043; ns ¼ 0.96; σ8 ¼ 0.8g.

1. Choice of truncation radius for calculation of Cyκ
l

A key ingredient for many halo model observables is the
Fourier transform of the relevant profiles of the halos. For
lensing, the relevant profile is the lensing convergence
profile κðr;M; zÞ, which is a weighted integral of the
density profile ρðr;M; zÞ. For the tSZ effect, the relevant
profile is that of the electron pressure Peðr;M; zÞ.
Formally, the Fourier transform of a spherically sym-

metric profile Aðr;M; zÞ is calculated by performing the
following integral:

Ãðk;M; zÞ ¼ 4π

Z
∞

0

dr r2
sinðkrÞ
kr

Aðr;M; zÞ: ðA1Þ

In particular, the integral on the right-hand side should be
taken to r → ∞. For profiles that decay sufficiently fast as
r → ∞, such that the integral converges, this is not a
problem. In practice, this is the case for the generalized
NFW expressions used to fit the pressure profiles in [99],
which we use in this work. However, the NFW model used
for the density profiles does not decay fast enough for the
integral to converge; this has the related consequence that
the mass of a given halo within an arbitrary radius R, which
is given by

MðRÞ ¼ 4π

Z
R

0

dr r2ρðrÞ; ðA2Þ

diverges as R → ∞.
This means that, in practice, a cutoff (or “threshold”)

radius must be chosen when calculating such integrals. It is
common to choose the virial radius of the halos rvir for this
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cutoff. However, the corresponding integral when calculat-
ing the Fourier transform of the pressure profile ỹl, which
converges as r → ∞, is not converged by r ¼ rvir. Indeed,
calculations of Cyκ

l are much closer to convergence when
we use a cutoff radius of 2r200m.
Thus, we decide to use a cutoff radius of 2r200m when we

calculate ỹlðM; zÞ for use in modeling Cyκ
l . We must also

decide what cutoff to use when calculating the lensing
profile κ̃lðM; zÞ. One option is to use the standard cutoff for
density of rvir (or r200m, which is close to rvir). The effects
of this choice for the density profile cutoff onCκκ

l are shown
in Fig. 15. We find that using a cutoff of r200m (2r200m)
reproduces the nonlinear Halofit [100] prediction to within
10% (1%) in the range l≲ 1000. While using rcut ¼
2r200m is slightly further away from the Halofit prediction
at low l than rcut ¼ r200m, it reproduces the Halofit
calculation to within 3% at l≲ 5000, a much larger range
than the rcut ¼ r200m case.
However, setting a sharp cutoff at a smaller threshold

than we use for calculating ỹlðM; zÞ results in our
model allowing nonzero gas pressure in a region
where there is zero matter density. We thus choose to also
extend our integrals to 2r200m in κ̃lðM; zÞ. This results
in the assignment of more mass to each halo than for the
standard r200m threshold [i.e., Mð2r200mÞ as opposed to
Mðr200mÞ≡M200m, where MðrÞ is defined by Eq. (A2)].
This mass must be accounted for correctly and consistently
when we calculate the amount of mass in an interval of halo
masses via the HMF. In particular, the total mass M
between two halo masses of mass M1 and M2 is

M ¼
Z

M2

M1

dN
dM0 dM

0MðM0Þ ðA3Þ

where M0 in Eq. (A3) is a dummy variable that refers to
some mass definition, which may or not be the same mass
definition that we use to count the mass assigned to each
halo. In practice, we use the HMF of [61], which is defined
for the mass definition M200m. Thus, it counts halos within

a given range of M200m, which is the variable that we
integrate over in our HMF expressions. However, we must
calculateMðM0Þ, the mass within 2r200m for a halo of given
M200m ¼ M0, and count this mass when we perform the
integral. As this quantity does not appear in κ̃lðM; zÞ, the
only thing we change in κ̃lðM; zÞ is the cutoff for
the Fourier transform; however, when we calculate
the counterterms, it is important to modify these as the
consistency condition they preserve is defined in terms of
the total mass of the Universe, which we now calculate
using the modified Eq. (A3).

a. Validity of extending the NFW profile beyond rvir
It is clear that it is not valid to extend the NFW profile to

arbitrarily large radii. For example, the NFWmodel is not a
good fit for the density profiles of halos at extremely large
radii; see, e.g., [101–103]. Ideally we would use a modified
density profile, not NFW, at such large radii, ensuring that
the appropriate integrals converge. We leave such modeling
to future work.

2. Comparison to direct measurement from simulations

In order to validate our choice of rcut, we compute Cyκ
l in

the halo model for various choices of rcut and compare to a
direct measurement of this signal from cosmological
hydrodynamics simulations [64]. Importantly, these are
the same simulations from which our pressure profile
model was extracted [69], and thus such a comparison is
valid as a test of the halo model approximation for our
signal. Note that the direct simulation measurement is an
integral over the full Compton-y and κ fields in the simula-
tion box, including contributions from outside the halos,
and so does not depend on the halo model prescription.
We show our comparisons in Fig. 16. Note that, as the
simulations were performed with a WMAP-like cosmology
(h ¼ 0.72;Ωm ¼ 0.25;Ωb ¼ 0.043; ns ¼ 0.96; σ8 ¼ 0.8),
these are the cosmological parameters we have used for the
halo model calculations in this plot. We find that for
xcut ¼ 2, we capture 75% of the power on large scales,

FIG. 15. In the left two plots, we show the CMB lensing power spectrum computed with the halo model described in the text
(implemented in CLASS_SZ), compared with the linear calculation of CLASS and the nonlinear Halofit calculation (also calculated using
CLASS). We use xcut ¼ 1, 2 as indicated in the titles of the plots. On the right, we show the ratio of the CLASS_SZ calculation with the
Halofit calculation for these values of xcut. Note that xcut is defined as rcut ≡ xcutr200m.
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with the power captured to within 10% on small scales. It is
clear that there is some missing power in our halo model
calculation in the l < 2000 regime where we have mea-
sured the signal in data, due to the unbound gas outside of
halos (the same conclusion was reached by comparing halo
model and simulation results in Ref. [64]). This indicates
that our constraints on P0 are biased slightly high by
neglecting the unbound-gas contributions; to avoid this bias
we can incorporate this mismatch by rescaling our theory

curves by the ratio of the simulation and halo model
calculation in Fig. 16.
Note that, while the mismatch between theory and

simulation in Fig. 16 could be decreased by increasing
rcut, it is unphysical to extended the κ profile to arbitrary
rcut as the total enclosed mass in halos becomes larger than
the total amount of matter in the Universe (i.e., the
counterterms required to account for lower-mass halos
become negative to compensate).

APPENDIX B: SKY AREA

We report our measurements on 61.57% of the sky. In the
absence of Galactic foregrounds, changing the sky area
scales the total SNR by

ffiffiffiffiffiffiffiffi
fsky

p
. However, it is important to

avoid large-scale correlations between residual Galactic
foregrounds in the κ estimate correlating with those in the
y-map. Thus, we wish to make a measurement on the
largest sky area possible that is robust to this leakage of
Galactic power.
To ensure that our measurement is indeed unbiased by

the Galaxy, we perform stability tests on our data points
over a range of values of fsky. We show in Fig. 17 how the
data points change when we change the sky fraction. In
general, we do not see any systematic trend with fsky. Our
standard analysis mask is created by thresholding the
857 GHz map—using this as a tracer of Galactic dust,
we mask the 20% brightest pixels in the 857 GHz map (we
refer to this as the fsky ¼ 80% threshold mask). We then
multiply this mask by the point source mask and the lensing
analysis mask. To explore different fsky values, we create

FIG. 17. The measured data points on different sky areas. In all cases, we use the maximally deprojected y-maps
(CMB5 þ CIBþ δβ þ δTeff

CIB for standard frequencies and CMB5 þ CIBþ δβ-deprojected for the no-545 GHz case), and the
tSZ-deprojected κ map. Overall, we do not see a systematic variation in the data points as we decrease the sky area (and thus
measure on regions of the sky that are less impacted by Galactic foregrounds). On the left is the standard frequency coverage case, and
on the right is the no-545-GHz case.

FIG. 16. A comparison between our halo-model calculation of
the signal and the direct measurement from simulations in
Ref. [64]. The halo model calculation for our fiducial cutoff
choice (xcut ¼ 2) is shown in orange. It is clear that we miss some
power on large scales, which arises from diffuse, unbound gas
outside of halos and/or contributions from low-mass halos.
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similar masks, removing the 40%, 60%, and 80% brightest
pixels (creating fsky ¼ 60%, 40%, and 80% threshold
masks respectively). We then multiply by the lensing
analysis mask and the point source masks and apodize
with a 100 apodization scale; this results in total sky
fractions of 51.44%, 32.92%, and 15.35% respectively

(our fsky ¼ 80% threshold mask results in a 61.57%
final mask).
Due to the stability observed with varying fsky

in Fig. 17, we report our final results in the main text
with the largest sky fraction (i.e., with the 80% thresh-
old mask).
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