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We study the Hartle-Hawking no-boundary proposal in the framework of Hořava-Lifshitz gravity. The
former is a prominent hypothesis that describes the quantum creation of the universe, while the latter is a
potential theory of quantum gravity that ensures renormalizability and unitarity, at least in the so-called
projectable version. For simplicity, we focus on a global universe composed of a set of local universes
each of which is closed, homogeneous, and isotropic. Although applying the no-boundary proposal to
Hořava-Lifshitz gravity is not straightforward, we demonstrate that the proposal can be formulated within
the Hořava-Lifshitz gravity utilizing the Lorentzian path integral formulation of quantum gravity. In
projectable Hořava-Lifshitz gravity, the no-boundary wave function of the global universe inevitably
contains entanglement between different local universes induced by “dark matter as integration constant.”
On the other hand, in the nonprojectable version, the no-boundary wave function of the global universe is
simply the direct product of wave functions of each local universe. We then discuss how the no-boundary
wave function is formulated under Dirichlet and Robin boundary conditions. For the Dirichlet boundary
condition, we point out that its on-shell action diverges due to higher-dimensional operators, but this
problem can in principle be ameliorated by taking into account the renormalization group flow. However,
utilizing the Picard-Lefschetz theory to identify the relevant critical points and performing the complex
lapse integration, we find that only the tunneling wave function can be obtained, as in the case of general
relativity. On the other hand, for the Robin boundary condition with a particular imaginary Hubble
expansion rate at the initial hypersurface, the no-boundary wave function can be achieved in the
Hořava-Lifshitz gravity.
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I. INTRODUCTION

Given that quantum theory is universally applicable, the
entire universe is also regarded as requiring a quantum
approach. For late-time cosmology, the classical theory
may be appropriate because the universe is sufficiently
large and the expansion rate is sufficiently low. However, in
the early days of the universe, quantum effects are believed
to have played a central role. Considering the quantum
fluctuations inherent to the universe, it is plausible that the
universe originated from nothing devoid of any spacetime.
This idea is a cornerstone of quantum cosmology, with a
long history dating back to Lemaitre [1]. The most robust
formulations of this idea, such as the no-boundary proposal
[2], the tunneling proposal [3], and DeWitt’s proposal [4]
are given by imposing certain boundary conditions on the
wave functional of quantum gravity, called the wave

function of the universe. In quantum cosmology, a conven-
tional approach to describing the wave function of the
universe utilizes the path integral of quantum gravity over
specific four-dimensional geometry, represented as Ψ½g� ¼R
Dgð4ÞeiS½gð4Þ�=ℏ. Here, the four-dimensional metric gð4Þ is

restricted to those inducing the spatial metric g on the
three-geometry, and the diffeomorphism invariance is
properly treated. Conversely, an alternative approach to
formulating the wave function of the universe involves
the canonical quantization of quantum gravity, and
seeks solutions to the Wheeler-DeWitt (WDW) equation,
Ĥ½g�Ψ½g� ¼ 0 with boundary conditions where Ĥ½g�
denotes the Hamiltonian operator.
Historically, the Hartle-Hawking no-boundary proposal

postulated that the wave function of the universe is char-
acterized by a path integral over all compact Euclidean
geometries that possess solely a three-dimensional boun-
dary [2]. However, in more contemporary interpretations,
this path integral is evaluated from a three-geometry
that is essentially of null volume or nothing, to a finite
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three-geometry [5]. Notably, recent progress has been
achieved in the rigorous analyses of the Lorentzian path
integral for both the no-boundary and tunneling proposals,
elucidating that these are, in fact, identical [6] and pertur-
bations around the background geometry are unstable [7,8].
Although there have been numerous studies and discus-
sions on this issue [7–23], the only solution that seems
plausible is to change the boundary conditions or the
boundary terms of the background geometry at the price
of abandoning the Dirichlet boundary condition, i.e., the
notion of a sum over compact and regular geometries in the
no-boundary proposal [18,19].1 Consequently, it is consid-
ered that alterations to the framework of the no-boundary
proposal, such as the modification of boundary conditions
or the boundary terms of the background geometry, are
inevitable. There has been some work on Lorentzian
quantum cosmology based on these different boundary
conditions [18,19,24–26].
On the other hand, these consequences of quantum

cosmology are usually discussed only in the framework
of general relativity (GR) and may need to be verified in the
framework of the ultraviolet (UV) completion of quantum
gravity. As is well known, the pursuit of the quantum field
theory of gravity has encountered numerous challenges.
One of the most enduring issues is the nonrenormalizability
of GR. This nonrenormalizability induces uncontrolled
UV divergences, causing the theory to break down pertur-
batively. Although it is possible to achieve renormaliz-
ability [27], or even super-renormalizability [28], by
introducing higher curvature operators into the Einstein-
Hilbert action, this approach unfortunately introduces
massive ghosts. These ghosts manifest as a nonunitary
quantum theory in the UV domain. Consequently, the
challenge of reconciling renormalizability and unitarity
has consistently impeded the construction of a consistent
theory of quantum gravity.
Hořava-Lifshitz (HL) gravity [29] is a theory of quantum

gravity that aims to harmonize the renormalizability with
unitarity beyond GR. The theory is based on the so-called
anisotropic scaling, or Lifshitz scaling between time and
space coordinates,

t → bzt; x⃗ → bx⃗; ð1Þ

where t is the time coordinate, x⃗ represents the spatial
coordinates vector, and z is a number called the dynamical
critical exponent. This results in the inclusion of only
higher-order spatial curvature operators making the
theory power-counting renormalizable, and the equations
of motion in HL gravity are restricted to up to second-
order time derivatives, thus avoiding the presence of
Ostrogradsky ghosts. The anisotropic scaling in the UV

regime in 3þ 1 dimensions is with z ¼ 3, which breaks
Lorentz symmetry but ensures renormalizability. In the
infrared (IR) regime, the usual scaling of z ¼ 1 is recovered.
Additionally, an anisotropic scaling of z ¼ 3 also provides a
mechanism for generating scale-invariant cosmological per-
turbations, thereby solving the horizon problem [30] without
the need for inflation and offering a possible solution to the
flatness problem [31].
In this paper, we discuss the Hartle-Hawking no-

boundary proposal in the framework of the HL gravity.
As already mentioned, the HL gravity provides a picture of
the early universe on the basis of the renormalizability of
quantum gravity [30,31], and in the framework of quantum
cosmology, this theory liberates DeWitt’s proposal [4],2

which suggests that the wave function of the universe
should vanish at the classical big-bang singularity, from the
perturbation problem [21,22]. On the other hand, however,
it is found that application of the Hartle-Hawking no-
boundary proposal to the HL gravity is not straightforward
[31,33], and for instance, the Euclidean on-shell action
diverges due to the higher-order curvature terms in HL
gravity, indicating the breakdown of the semiclassical
approximation for the no-boundary wave function. This
problem also exists when we define the wave function
using the WDW equation. Around the initial singularity,
the superpotential diverges due to the higher-order curva-
ture terms, making it suitable to take DeWitt’s boundary
condition [4] instead of the no-boundary proposal.
However, we show that the modern framework of the
no-boundary proposal, utilizing the Lorentzian path inte-
gral formulation of quantum gravity with the modification
of boundary conditions or the boundary terms of the
background manifold [18,19] liberates the above issue
and allows for a systematic analysis of the no-boundary
wave function based on the HL gravity. We also discuss the
possibility that the divergence of the on-shell action due to
higher-dimensional operators may be ameliorated by taking
into account the renormalization group (RG) flow.
We consider the projectable version of HL gravity, which

has been definitively demonstrated to be perturbatively
renormalizable [34,35]. While the HL gravity is power-
counting renormalizable, the projectable version extends
this property to be absolutely and perturbatively renorma-
lizable, without any theoretical inconsistencies. Also, the
projectable theory is phenomenologically viable as a theory
of gravity if a dimensionless coupling constant, usually
denoted as λ, sufficiently quickly flows to 1 in the IR under
the RG flow so that the IR instability of the scalar graviton
does not show up [36] and that an analog of the Vainshtein
mechanism takes place [36–38]. On the other hand, the

1In Refs. [14,15] the authors proposed a boundary term for the
gravitational action of the linearized perturbations to satisfy the
Robin boundary condition.

2Formulating the wave function based on DeWitt’s proposal
using path integral formulation is not straightforward. For a
formulation of DeWitt’s proposal based on the path integral, see
Ref. [32].
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recovery of Lorentz invariance in the matter sector remains
an open issue in Hořava-Lifshitz gravity in general (see,
e.g., [39]). Besides, as we will elaborate on this, the pro-
jectable HL gravity does not have the local Hamiltonian
constraint but imposes the global Hamiltonian constraint on
the system. Thus, the Lorentzian path integral approach in
projectable HL gravity is nontrivial, and we first discuss the
need to consider the Lorentzian path integral over a global
universe composed of a set of local universes in projectable
HL gravity.
Then, we investigate the HL wave function of the global

universe, composed of a set of local universes under various
boundary conditions, focusing especially on Dirichlet and
Robin boundary conditions. For the Dirichlet boundary
condition, the Lorentzian path integral formulation gives
the HL wave function describing the quantum creation of
the universe from nothing, although its on-shell action
diverges due to higher-dimensional operators. We comment
that this problem can in principle be ameliorated by taking
into account the RG flow. However, even if avoiding
the on-shell divergences, employing the Picard-Lefschetz
theory to identify the relevant critical points and performing
the integration over the complex lapse, we find that only the
tunneling wave function can be obtained, as in the case of
GR. On the other hand, for the Robin boundary condition,
the HL wave function is consistently given if the Hubble
expansion rate is finite on the initial hypersurface. In
particular, if the initial Hubble expansion rate is finite
and imaginary, the no-boundary wave function can be
obtained. However, we note that the analysis of the HL
wave function using the saddle-point method based on the
Picard-Lefschetz theory becomes technically challenging
in this case.
The rest of the present paper is organized as follows. In

Sec. II, we provide a brief review of the construction of the
projectable HL gravity in 3þ 1 dimensions. In Sec. III, we
review the Hartle-Hawking no-boundary proposal based
on the Lorentzian path integral formulation and discuss its
application to the projectable HL gravity. In Sec. IV,
we discuss the Hartle-Hawking no-boundary proposal
involving various boundary conditions and related terms
for the background spacetime manifold. In particular, we
focus on the Dirichlet and Robin boundary conditions and
discuss how the no-boundary wave function is realized in
the framework of projectable HL gravity. In Sec. V we
conclude our work.

II. PROJECTABLE HOŘAVA-LIFSHITZ GRAVITY

In this section, we briefly introduce the basic framework
of HL gravity. The basic variables are the lapse function N,
the shift vector Ni, and the spatial metric gij with the
positive definite signature ðþ;þ;þÞ. In the IR, one can
construct the (3þ 1)-dimensional metric out of the basic
variables as in the Arnowitt, Deser, and Misner (ADM)
formalism [40]

ds2 ¼ N2dt2 þ gijðdxi þ NidtÞðdxj þ NjdtÞ: ð2Þ

The shift vector Ni and the spatial metric gij in general
depend on all four coordinates. On the other hand, we
assume that the lapse function N is a function of time only,
i.e., N ¼ NðtÞ, in the projectable HL gravity. While a naive
nonprojectable extension would lead to phenomenological
obstacles [41] and theoretical inconsistencies [42], one can
obtain a classically consistent nonprojectable version by the
inclusion of terms depending on the spatial derivatives of
the lapse function in the action. However, consistency at the
quantum level, such as renormalizability,3 has not been
established for the nonprojectable version. In the present
paper, we mainly focus on the projectable HL gravity, but
our main results can extend to the nonprojectable version as
we shall discuss later.
The (3þ 1)-dimensional action S describing projectable

HL gravity is written by [36]

S¼M2
HL

2

Z
dtd3xN

ffiffiffi
g

p ðKijKij−λK2þc2gR−2ΛþOz>1Þ;

ð3Þ

where MHL is the overall mass scale. The extrinsic
curvature tensor Kij is defined by Kij ¼ ð∂tgij − gjk∇iNk−
gik∇jNkÞ=ð2NÞ, with ∇i being the spatial covariant deriva-
tive compatible with gij, Kij ¼ gikgjlKkl, K ¼ gijKij, and
R is the Ricci scalar of gij, where gij is the inverse of gij.
The constants Λ and cg are the cosmological constant and
the propagation speed of tensor gravitational waves. The
higher-dimensional operators Oz>1 are given by

Oz>1

2
¼ c1∇iRjk∇iRjk þ c2∇iR∇iRþ c3R

j
iR

k
jR

i
k

þ c4RR
j
iR

i
j þ c5R3 þ c6R

j
iR

i
j þ c7R2: ð4Þ

All coupling constants in the action, Λ and cg mentioned
above as well as λ and cn (n ¼ 1;…; 7), are subject to
running under the RG flow. In the UV regime, terms with
two time derivatives and those with six spatial derivatives
are dominant. Conversely, in the IR regime, the higher
derivative terms become less significant, leading the theory
to the standard scaling with z ¼ 1. Furthermore, as the
parameter λ approaches unity in the IR limit, and if this
convergence is fast enough, the theory reverts to GR
(plus built-in dark matter) via a mechanism analogous to
the Vainshtein mechanism [36–38]. Also, the linear IR

3The strategy of [34] cannot be applied to the nonprojectable
version. However, this does not necessarily mean that the
nonprojectable theory is nonrenormalizable. Therefore, it is still
an open question whether the nonprojectable theory is renorma-
lizable or not.
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instability associated with the scalar graviton does not show
up under a certain condition [36].
We assume the three-dimensional space of the model to

be the union of connected pieces Σα (α ¼ 1;…), each of
which we call a local three-dimensional universe. The
union of all Σα would thus represent the entire universe. In
such a configuration, we have a set of shift vectors Ni ¼
Ni

αðt; xÞ and spatial metrics gij ¼ gαijðt; xÞ, which are
different for different local universes Σα, while the lapse
function N ¼ NðtÞ is common to all pieces. The variation
of the projectable HL action with respect to N yields the
global Hamiltonian constraint

X
α

Z
Σα

d3xHg⊥ ¼ 0; with

Hg⊥ ¼ M2
HL

2

ffiffiffi
g

p ðKijKij − λK2 − c2gRþ 2Λ −Oz>1Þ: ð5Þ

While this constraint sets the sum of contributions from all
Σα to vanish, each contribution does not have to vanish, i.e.,Z

fΣαg
d3xHg⊥ ≠ 0: ð6Þ

Therefore, if we are interested in one local universe, i.e., an
element of fΣαg, the Hamiltonian constraint does not need
to be enforced. This results in “dark matter as integration
constant” [43,44]. On the other hand, the nonprojectable
version imposes the local Hamiltonian constraint at each
spatial point in each local universe. As a result, the non-
projectable theory does not allow dark matter as integration
constant, contrary to the projectable theory.

III. LORENTZIAN PATH INTEGRAL FOR
PROJECTABLE HOŘAVA-LIFSHITZ GRAVITY

In this section, we will introduce the wave function of the
universe based on the Lorentzian path integral. Originally,
in the Hartle-Hawking no-boundary proposal, the wave
function of the universe is suggested to be given by a path
integral over all compact Euclidean geometries that have
a three-dimensional geometry configuration as the only
boundary. This elegantly explains the quantum birth of the
universe in principle but is considered to be certainly
incomplete for various technical reasons. For instance,
the conformal factor problem arises due to the fact that
the Euclidean action of gravity is not bounded from below
and suggests that the Euclidean path integral diverges and
is not well-defined [45]. Recently, the no-boundary and
tunneling proposals in minisuperspace quantum cosmology
have been investigated by the Lorentzian path integral
formulation [6,9]. Integrals of phase factors such as eiSGR=ℏ

usually do not manifestly converge, but the convergence
can be achieved by shifting the contour of the integral
onto the complex plane by applying the Picard-Lefschetz
theory [46]. According to Cauchy’s theorem, if the integral

does not have poles in a region on the complex plane, the
Lorentzian nature of the integral is preserved even if the
integration contour on the complex plane is deformed
within such a region. In particular, as we will show later,
the path integral can be rewritten as an integral over the
gauge-fixed lapse function N, and directly performed,
unlike the Euclidean path integral formulation.
Hereafter, based on the previous discussions about

projectable HL gravity in which the local Hamiltonian
constraint is not imposed, but the global Hamiltonian
constraint is enforced, we make two assumptions. First,
we assume that each connected space Σα is a closed
universe. Second, for simplicity, we assume that each
closed universe is described by a closed Friedmann-
Lemaître-Robertson-Walker (FLRW) metric,

Ni
α ¼ 0; gαij ¼ a2αðtÞ½ΩijðxÞ�; ð7Þ

where Ωij is the metric of the unit 3-sphere with the
curvature constant set to 1, i.e., the Riemann curvature of
Ωij is simply δikδ

j
l − δilδ

j
k. Given this definition, the spatial

indices i; j;… are thus raised and lowered by Ωij and Ωij,
respectively.
We shall start the projectable HL action of the following

form:

S½faαg; N� ¼
Z

tf

ti

dt
X
α

Vðpaα ȧα − NHðfaα; paαgÞÞ; ð8Þ

where paα is the canonical momentum conjugate to the scale
factor of each local universe, aα, and V ¼ M2

HLV3 in which
V3 ¼

R
d3x

ffiffiffiffi
Ω

p
is the volume of the unit 3-sphere, N

represents a Lagrange multiplier which enforces the global
Hamiltonian constraint, Hðfaα; paαgÞ ¼ 0. As previously
mentioned, while the projectable HL gravity does not ensure
the local Hamiltonian constraint, it enforces the global
Hamiltonian constraint. Consequently, the action of the
global universe, which comprises several local universes,
is formally analogous to the system of point particles in a
parametrized form. As demonstrated in [47] for GR, the
comprehensive method introduced by Batalin, Fradkin, and
Vilkovisky can be applied to the projectable HL gravity.
In the following discussion, we shall utilize the

Batalin-Fradkin-Vilkovisky (BFV) formalism [48,49] to
construct the gravitational propagator preserving the global
Hamiltonian constraint, and the BFV path integral reads [47]

G½faαg�≡
Z Y

α

DaαDpaαDΠDNDρDc̄Dρ̄Dc

× expðiSBRS=ℏÞ; ð9Þ

SBRS ≡
Z

tf

ti

dt
X
α

Vðpaα ȧα − NHþ ΠṄ þ ρ̄ ċþc̄ ρ̇−ρ̄ρÞ;

ð10Þ
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where SBRS is the Becchi-Rouet-Stora (BRS) invariant
action, including the Hamiltonian constraint HðfaαgÞ, a
Lagrange multiplierΠ, and ghost fields ρ, ρ̄, c, c̄, preserving
the BRS symmetry, i.e., invariant under the following
transformation:

δaα ¼ λ̄c
∂H
∂paα

; δpaα ¼ −λ̄c
∂H
∂aα

; δN ¼ λ̄ρ;

δc̄¼ −λ̄Π; δρ̄¼ −λ̄H; δΠ¼ δc¼ δρ¼ 0; ð11Þ

where λ̄ is a variable parameter. The ghost and multiplier
parts can be integrated out, and eventually, we obtain

G½faαg� ¼
Z

dNðtf − tiÞ
Z Y

α

DaαDpaα

× exp

�
i
Z

tf

ti

dt
X
α

Vðpaα ȧα − NHÞ=ℏ
�

¼
Z

dNðtf − tiÞ
Z Y

α

Daα exp ðiS½faαg; N�=ℏÞ;

ð12Þ

which is the integral over Nðtf − tiÞ between the initial and
final configurations.
With these assumptions the projectable HL action reads

S½faαg; N� ¼
X
α

V
Z

tf

ti

dtðNa3αÞ
�
3ð1 − 3λÞ

2

�
ȧα
Naα

�
2

þ α3
a6α

þ α2
a4α

þ c2g
3

a2α
− Λ

�
: ð13Þ

Here, αi are constants that are linear combinations of
coupling constants in the action. Redefining the variable
qαðtÞ≡ 2

3
aαðtÞ3=2 and constants

gK ¼ 3c2g

�
9

4

�1
3 1

3ð3λ − 1Þ ; gΛ ¼ Λ
�
9

4

�
1

3ð3λ − 1Þ ;

g2 ¼ α2

�
4

9

�1
3 1

3ð3λ − 1Þ ; g3 ¼ α3

�
4

9

�
1

3ð3λ − 1Þ ;

V ¼ 3ð3λ − 1ÞV; ð14Þ

we obtain the following HL action for the global universe,
which comprises several local universes:

S½fqαg; N� ¼
X
α

V
Z

tf

ti

Ndt

�
−

q̇2α
2N2

þ gKq
2
3
α − gΛq2α

þ g2q
−2
3

α þ g3q−2α

�
: ð15Þ

For the above action, the gravitational propagator can be
written as

G½fqαðtfÞg; fqαðtiÞg� ¼
Z

dN
Z fqαðtf¼1Þg

fqαðti¼0Þg
DqeiS½fqαg;N�=ℏ;

ð16Þ

where we proceed with the lapse integral and the path
integral over all configurations of the scale factor fqαgwith
the given initial ðti ¼ 0Þ and final ðtf ¼ 1Þ values. To
evaluate the above path integral we proceed with the
semiclassical analysis and utilize the classical solutions
of the HL action where we add possible boundary con-
tributions SB localized on the hypersurfaces at ti;f ¼ 0; 1,

S½fqαg; N� ¼
X
α

S½qα; N� þ SB

¼
X
α

V
Z

tf¼1

ti¼0

Ndt

�
−

q̇2α
2N2

þ gKq
2
3
α − gΛq2α

þ g2q
−2
3

α þ g3q−2α

�
þ SB: ð17Þ

Hereafter, we proceed with the variation of the action and
derive the equation of motion. Since the HL action S½qα; N�
depends on qα, q̇α, the variation of the action is given by

δS½qα;N� ¼ V
Z

tf¼1

ti¼0

dt

�
∂S
∂qα

δqα þ
∂S
∂q̇α

δq̇α

�
þ δSB

¼ V
Z

tf¼1

ti¼0

Ndt

�
q̈α
N2

þ 2

3
gKq

−1
3

α − 2gΛqα

−
2

3
g2q

−5
3

α − 2g3q−3α

�
δqα −

V
N
q̇αδqαjtf¼1

ti¼0 þ δSB:

ð18Þ

To obtain the equation of motion for the scale factor qα,

q̈α
N2

¼ −
2

3
gKq

−1
3

α þ 2gΛqα þ
2

3
g2q

−5
3

α þ 2g3q−3α ; ð19Þ

we have several choices of boundary conditions for qα
(Dirichlet, Neumann, and Robin ones) as well as the
specific boundary terms SB localized on the hypersurfaces
at ti;f ¼ 0; 1.
When the boundary conditions are specified and we have

solved the equation of motion (19), we can evaluate the
gravitational propagator under the semiclassical analysis as

G½fqαðtfÞg; fqαðtiÞg�

¼
Z

dN
Z

DqeiS½q;N�=ℏ

¼
ffiffiffiffiffiffiffiffi
iV
2πℏ

r Z
∞

0;−∞

dN

N1=2 exp

�
iSon−shell½fqαðtiÞ; qαðtfÞg; N�

ℏ

�
;

ð20Þ

HARTLE-HAWKING NO-BOUNDARY PROPOSAL AND … PHYS. REV. D 109, 023504 (2024)

023504-5



where Son−shell½fqαðtiÞ; qαðtfÞg; N� is the on-shell action
for the background geometries. Here, for simplicity, the
variables are written assuming the Dirichlet boundary con-
dition. For different boundary conditions, e.g. Neumann
and Robin boundary conditions, the variables of the path
integral are changed. Although the above integration does
not converge, the Picard-Lefschetz theory complexifies the
variables themselves and provides a unique way to find
convergent integration contours along the steepest descent
paths, which is called Lefschetz thimbles J σ . This theory
proceeds with the above integral as

G½fqαðtfÞg; fqαðtiÞg�

¼
ffiffiffiffiffiffiffiffi
iV
2πℏ

r X
σ

nσ

Z
J σ

dN

N1=2

× exp

�
iSon−shell½fqαðtiÞ; qαðtfÞg; N�

ℏ

�
; ð21Þ

where nσ is the intersection number hKσ;Ri between the
steepest ascent path Kσ and the original contour R. By
utilizing the Picard-Lefschetz theory [46], the integration
over N in Eq. (20) of the propagator can be evaluated by
identifying the relevant saddle points and Lefschetz thim-
bles J σ in the complex N-plane.
For simplicity, we shall take the small universe limit

qα ≲ ðg3=gKÞ3=8, i.e. the z ¼ 3 anisotropic scaling limit and
assume that the higher-order term g3 is dominated. In this
approximation (we simply set gΛ ¼ 0 and g2 ¼ 0), from the
HL action we derive the equations of motion,

q̈α
N2

−
2g3
q3α

¼ 0; ð22Þ

whose general solution is

qαðtÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2α1ðbα2 þ tÞ2 þ 2g3N2

p
ffiffiffiffiffiffiffi
bα1

p : ð23Þ

Physically, qαðtÞ expresses the squared scale factor and
should be positive for the Lorentzian direction or real axis.
Thus, we can neglect the negative sign. By using them we
have the following on-shell action,

Son−shell½fqαðtÞg; N� ¼
X
α

V
� ffiffiffiffiffiffiffi

2g3
p �

tan−1
�
bα1ðbα2 þ 1Þffiffiffiffiffiffiffi

2g3
p

N

�

− tan−1
�
bα1bα2ffiffiffiffiffiffiffi
2g3

p
N

��
−
bα1
2N

�
; ð24Þ

where we have set SB ¼ 0. For the Neumann and Robin
boundary conditions, we need to add appropriate boundary
terms to the HL action as shown later.
Up to this point we have not yet performed the path

integral over the lapse. Therefore, the classical solution (23)

(after imposing proper boundary conditions) and the on-
shell action (24) (after adding proper boundary terms) are
applicable to both projectable and non-projectable theories,
and still contain the contribution from “dark matter as
integration constant” [43,44] in each local universe.
Once the path integral over the lapse is performed,

however, the projectable and non-projectable theories
deviate from each other. In the non-projectable theory,
each local universe is equipped with an independent lapse
function and, as a result, the integration over all lapse
functions under the saddle-point approximation forces the
“dark matter as integration constant” component in each
local universe to vanish. In the non-projectable theory,
therefore the no-boundary wave function of the global
universe is simply the direct product of wave functions of
each local universe. On the other hand, in the projectable
theory, the path integral over the common lapse function in
the saddle-point approximation does not force the “dark
matter as integration constant” component in each local
universe to vanish but leads to (anti) correlation between
the “dark matter as integration constant” components in
different local universes. After summing over all possible
values of the “dark matter as integration constant” compo-
nents that are consistent with the global Hamiltonian
constraint, the no-boundary wave function of the global
universe in the projectable theory inevitably contains
entanglement between different local universes. In the next
section, we perform the path integral over the lapse,
focusing on the projectable theory.

IV. HARTLE-HAWKING NO-BOUNDARY
PROPOSAL

In this section, we shall discuss the no-boundary
proposal based on the Lorentzian path integral, considering
various boundary conditions and associated boundary
terms for the background spacetime manifold. The
Hartle-Hawking no-boundary proposal suggests that the
wave function of the universe is defined by a path inte-
gral over all compact Euclidean geometries, with just a
3-dimensional boundary on which the 3-dimensional
induced metric is required to agree with the argument of
the wave function. However, in its conventional and mod-
ernistic interpretation, the no-boundary path integral initiates
from a universe with zero size and extends to one of finite
size [5]. Within the framework of Lorentzian quantum
cosmology, the Dirichlet boundary condition is frequently
utilized. We first address the Dirichlet boundary condition,
followed by discussions on the Neumann and Robin boun-
dary conditions for both initial and final hypersurfaces.

A. Dirichlet boundary condition for initial
and final hypersurfaces

We consider the Dirichlet boundary condition in the
Lorentzian path integral, where we fix the value of the
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squared scale factor at the two endpoints, qαjtf¼1

ti¼0 . If we do
not add any boundary term to the HL action, SB ¼ 0, then
the Dirichlet boundary conditions for the squared scale
factor qα at ti;f ¼ 0; 1 are compatible with the variation of
the action (18) as

qαjtf¼1

ti¼0 ¼ fixed ⇒ −
V
N
q̇αδqαjtf¼1

ti¼0 ¼ 0: ð25Þ

We note that in the Einstein-Hilbert action of GR, we have
to impose the well-known Gibbons-Hawking-York (GHY)
term [50,51],

R
d3x

ffiffiffi
γ

p
K for the Dirichlet boundary con-

ditions where γ denotes the determinant of the induced
metric on the boundary. However, by definition, there is no
need to introduce such boundary terms in the HL action.
We fix the squared scale factor qαðtÞ on the initial and

final hypersurfaces at ti;f ¼ 0, 1, and impose the following
Dirichlet boundary conditions,

qαðti ¼ 0Þ ¼ qαi; qαðtf ¼ 1Þ ¼ qαf; ð26Þ

on the solution (23). In this way, we can fix the integration
constants as

bα1 ¼ q2αi þ q2αf ∓ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q
;

bα2 ¼ −
q2αi ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q
q2αi þ q2αf ∓ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q : ð27Þ

By using the above values of the integration constants,
we have the on-shell action for the Dirichlet boundary
conditions,

Son−shell½fqαi; qαfg; N�

¼
X
α

V

8<
:∓ ffiffiffiffiffiffiffi

2g3
p 0

B@tan−1

2
64∓q2αi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q
ffiffiffiffiffiffiffi
2g3

p
N

3
75

þ tan−1

2
64∓q2αf þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q
ffiffiffiffiffiffiffi
2g3

p
N

3
75
1
CA

−
q2αi þ q2αf ∓ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2αiq

2
αf − 2g3N2

q
2N

9=
;: ð28Þ

Given that the global universe consists of individual local
universes, the wave functions of these local universes
influence each other and then, the critical points of the
lapse function, which dictate the behavior of the overall
wave function, are affected by the behavior of each
individual local universe.

First, we consider the case with only one local universe
q1ðtÞ. In this case, the critical points Nc are given by setting
the derivative of the on-shell action with respect to the lapse
to zero, dSon−shell½q1i; q1f; N�=dN ¼ 0, as

Nc ¼ c1
iðq20 − q21fÞ
2

ffiffiffiffiffiffiffi
2g3

p ; ð29Þ

with c1 ∈ f−1;þ1g, where we have set fq1ig ¼ q0. We
note that this result applies to each local universe in the
non-projectable version as well.
Next, we consider the case with a global universe con-

sisting of two local universes fq1ðtÞ; q2ðtÞg. In this case the
critical points Nc given by dSon−shell½q1i; q1f; q2i; q2f; N�=
dN ¼ 0 are

Nc¼c1
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16q80þ8ðq41f−6q22fq

2
1fþq42fÞq40þðq21fþq22fÞ4

q
4

ffiffiffiffiffiffiffi
2g3

p ð2q20þq21fþq22fÞ
;

ð30Þ

where c1 ∈ f−1;þ1g and we have set qαi ¼ q0 for simplic-
ity. We plot Re½iSon−shell½N�� for the two local universes with
the on-shell action (28) over the complex plane in Fig. 1. As
with GR, by approximating the critical points, the tunneling
wave function can be found with the critical points with
Im½N� > 0 where the lapse N integration contour runs
along the steepest descent paths and passes the critical
points. On the other hand, the no-boundary wave function
is given by the critical points with Im½N� < 0. The positive
value of the critical points c1 ¼ þ1 corresponds to
Im½N� > 0, while the negative value c1 ¼ −1 corresponds
to Im½N� < 0. Naively, the lapse N integration contours to
pass the no-boundary critical point correspond to the steepest
ascent paths, so we cannot obtain the no-boundary wave
function. The issue of the no-boundary wave function using
Lorentzian path integral methods has been extensively dis-
cussed in Refs. [6,9]. In the projectable HL gravity with the
Dirichlet boundary conditions, the Lorentzian path integral
results in a tunneling wave function similar to GR. However,
we note that the analysis of the HL wave function using the
Lefschetz thimble method based on the Picard-Lefschetz
theory becomes challenging in this case.We can only perform
the complex integral through the tunneling critical point by
integrating along the imaginary axis avoiding the branch cut.
Now, let us consider the quantum creation of the universe

from nothing, where the Dirichlet boundary condition is
imposed for the vanishing size of the scale factor at the
initial time, i.e., the limit q0 ¼ ϵ → 0, and leads to the
coefficients

lim
ϵ→0

bα1 ¼ q2αf ∓2i
ffiffiffiffiffiffiffi
2g3

p
N; lim

ϵ→0
bα2 ¼

N

−2N∓ iq2αfffiffiffiffiffi
2g3

p
: ð31Þ
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In this case, we have the following on-shell actions:

lim
ϵ→0

Son−shell½fϵ; qαfg; N� ¼
X
α

V
� ffiffiffiffiffiffiffi

2g3
p �

∓itanh−1
�
1� iq2αfffiffiffiffiffiffiffi

2g3
p

N

�
∓ itanh−1ð1Þ � i

�
−
q2αf
2N

�
; ð32Þ

where tanh−1ð�iÞ ¼ �i∞ and the above on-shell action
diverges. On the other hand, under the z ¼ 3 anisotropic
scaling, the marginal and irrelevant boundary terms local-
ized on the initial hypersurface at ti ¼ 0 cannot contain
more than one time derivative, more than three spatial
derivatives, or any mixed derivatives, meaning that they are
not divergent and that the divergent bulk contributions to
the on-shell action cannot be canceled by boundary con-
tributions. Therefore, for the Dirichlet boundary conditions
with fqαig ¼ 0 the semi-classical approximation should
break down. In this situation, it is expected that the RG
running of coupling constants should be significant. In the
literature, it has been argued that the UV fixed point of
the RG flow is characterized by the limit λ → ∞, where
the theory is weakly coupled [52,53]. Also, in the UV, g3
plays an important role. It is therefore natural to consider
the RG flow of λ, g3. One can show that under a specific
phenomenological parametrization of the RG flow of λ, g3,
the divergences of the on-shell action (32) introduced by
the higher-dimensional operators can be eliminated. We
provide a detailed discussion in Appendix A.

Under the above consideration, let us neglect the con-
tribution from the on-shell action at qαi → 0. The derivative
of the on-shell actions reads

lim
ϵ→0

dSon−shell½fϵ;qαfg;N�
dN

¼
Xn
α¼1

V
�
q2αf∓2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2g3N2

p
2N2

�

¼V
�P

n
α¼1q

2
αf∓2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2g3N2

p
2N2

�
;

ð33Þ
where we have counted the number (α ¼ 1;…; n) of the
local universes. Therefore, we find the critical points Nc
given by dSon−shell½fqαfg; N�=dN ¼ 0,

lim
ϵ→0

Nc ¼
ic1

P
n
α¼1 q

2
αf

2n
ffiffiffiffiffiffiffi
2g3

p ; ð34Þ

with c1 ∈ f−1;þ1g. For a global universe consisting of
a couple of local universes, this agrees with (30) in the
limit q0 ¼ ϵ → 0. The corresponding critical points are

FIG. 1. We plot Re½iSon−shell½N�� for the on-shell action of (28) with ∓ signs in the complex lapse plane. We fix q0 ¼ 0.01, g3 ¼ 1,
V ¼ 1 and take − and þ signs of the on-shell action (28) in (a)–(h) figures, respectively. The critical points are given by
Nc ¼ �0.353518i, �4.59616i for q1f ¼ q2f ¼ 1, q1f ¼ 1, and q2f ¼ 5. White lines express the branch cut on the complex N-plane.
Here, in (a), (b), (c), (d), where the − sign is chosen for the on-shell action, the complex integral can be performed through the critical
point by integrating along the imaginary axis avoiding the branch cut. On the other hand, in (e), (f), (g), (h), which corresponds to
the þ sign of the on-shell action, the complex N-plane is divided by branch cuts, and the Lefschetz thimble method cannot be applied
since these do not have pertinent saddle points.
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imaginary, which means that the global universe satisfying
the global Hamiltonian constraint behaves in a quantum
way as long as g3 > 0. In the limit ϵ → 0 and with
approximating the critical points the HL wave function
of the global universe only including two local universes
fq1ðtÞ; q2ðtÞg can be given by

Ψðq1f; q2fÞ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2V
ffiffiffiffiffiffiffi
2g3

p
c1πℏðq21f þ q22fÞ

s
exp

�
c1V

ffiffiffiffiffiffiffi
2g3

p
ℏ

�
tanh−1

×

�∓ðq21f þ q22fÞ þ 4q21f
c1ðq21f þ q22fÞ

�

þ tanh−1
�∓ðq21f þ q22fÞ þ 4q22f

c1ðq21f þ q22fÞ
�

− 2ð∓1þ 1Þ
��

: ð35Þ

From Fig. 1 we can only perform the complex integral
through the tunneling critical point with c1 ¼ 1 by inte-
grating along the imaginary axis avoiding the branch cut
and approximately get

Ψðq1f;q2fÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2V
ffiffiffiffiffiffiffi
2g3

p
πℏðq21f þq22fÞ

s �
4q21fq

2
2f

ðq21f −q22fÞ2
�V

ffiffiffiffi
2g3

p
ℏ

; ð36Þ

where we used tanh−1ðxÞ ¼ log ð1þ x=1 − xÞ12.

B. Robin boundary condition for initial
and final hypersurfaces

As previously mentioned, the Dirichlet boundary con-
dition can be employed to reduce the size of the universe to
zero on the initial hypersurface, embodying the concept
of quantum creation of the universe from nothing. This
boundary condition, however, introduces challenges in the
stability of perturbations in the framework of quantum
cosmology. These perturbative stability concerns have been
highlighted in recent studies [7,8,23], shedding light on the
need for alternative approaches, e.g., considering nontrivial
boundary conditions in gravitational theories. As previ-
ously discussed, the on-shell action in HL gravity diverges
due to the higher-dimensional terms when the universe’s
size is set to zero, and therefore, we need to consider the
RG flow of g3 and λ. In the following, we will explore
nontrivial boundary conditions, i.e., Neumann and Robin
boundary conditions within the framework of projectable
HL gravity, and show that the above issues can easily be
avoided by such nontrivial boundary conditions.
The Neumann boundary condition fixes the derivative

of the field at the two endpoints, q̇αjtf¼1

ti¼0 [54]. In the HL
gravitywe have to impose theGHY termSB to theHLaction,

SB ¼
1

ζ

X
α

Z
Σα

d3x
ffiffiffi
γ

p
K ¼

X
α

V
N
qαq̇αjtf¼1

ti¼0 ; ð37Þ

where ζ ¼ 3
2ð3λ−1Þ is a constant. Here, the constants of the

boundary terms exhibit RG dependence. The variation of the
boundary term removes the term in δqα and replaces it with a
term in δq̇α only,

1

N
qαδq̇αjtf¼1

ti¼0 ¼ 0 ⇒
1

N
q̇αjtf¼1

ti¼0 ¼ fixed: ð38Þ

Although the Neumann boundary conditions can specify the
momentum of early and late timescale factors, it has been
pointed out that the Euclidean initial momentum is crucial
for the success of the no-boundary proposal. Imposing the
Euclidean (imaginary) Neumann boundary conditions on
the initial hypersurface, the perturbative instability can be
avoided in GR [18,19]. Unfortunately, it is found that the HL
action does not provide the analytical and explicit solutions
qαðtÞ or the on-shell action. For this technical reason, we do
not adopt the Neumann boundary conditions in this paper.
Next, we will study the Robin boundary condition. The

Robin boundary condition is a mixed boundary condition
that includes both the field value and its derivative,
combining aspects of both the Dirichlet and Neumann
boundary conditions. It introduces a balance between the
field value and its derivative at the boundary, providing a
more flexible approach to the boundary issues. Although
not as common as the Dirichlet and Neumann boundary
conditions, Robin boundary conditions have proved their
usefulness in gravitational problems as perturbation prob-
lems of Euclidean gravity [55]. On the other hand, it is not
straightforward to impose Robin boundary terms cova-
riantly in GR. Ensuring that the boundary terms are defined
in a covariant way is crucial for maintaining the validity of
the gravitational theory [50,51,56].4

4For example, to impose the Robin boundary condition we can
impose the boundary term on the action [56]

SB ¼ 1

ζ

X
α

Z
Σα

d3x
ffiffiffi
γ

p
K þ 1

ς

X
α

Z
Σα

d3x
ffiffiffi
γ

p
;

where ζ and ς are constants. From our metric, the variation of the
action leads to

qα
N

δq̇αjtf¼1

ti¼0 þ 2qα
ς̃

δqαjtf¼1

ti¼0 ¼ qαδ

�
q̇α
N

þ 2qα
ς̃

�
jtf¼1

ti¼0 ¼ 0;

where ς̃ ¼ 4ð3λ−1Þ
3

ς. Taking the specific boundary conditions we
have

1

N
q̇α
qα

jtf¼1

ti¼0 ¼ −
2

ς̃
¼ 3

2ð1 − 3λÞς ;

which corresponds to the Hubble expansion rate. However, the
constant ς; ς̃ pertains solely to the covariant boundary term and is
not associated with individual local universes. As a result, these
boundary terms do not allow one to use the Hubble expansion rate
as the boundary data or the argument of the wave function of the
universe. Thus, we do not adopt this boundary term.
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To impose the Robin boundary condition that allows one
to fix the Hubble expansion rate for the initial and final
configurations, we shall utilize the following boundary
term:

SB ¼ 1

2ζ

X
α

Z
Σα

d3x
ffiffiffi
γ

p
K ¼

X
α

V
2N

qαq̇αjtf¼1

ti¼0

¼
X
α

V
2N

q2α
q̇α
qα

				tf¼1

ti¼0

; ð39Þ

and the variation of the boundary term leads to

δSB ¼
X
α

V
N
qαδqα

q̇α
qα

				tf¼1

ti¼0

þ
X
α

V
2N

q2αδ

�
q̇α
qα

�				tf¼1

ti¼0

¼
X
α

V
N
q̇αδqα

				tf¼1

ti¼0

þ
X
α

V
2N

q2αδ

�
q̇α
qα

�				tf¼1

ti¼0

: ð40Þ

The variation of the HL action including the above
boundary term removes the term in δqα and replaces it
with a term in δq̇α only,

1

N
q2αδ

�
q̇α
qα

�
¼ 0 ⇒

1

N
q̇α
qα

				tf¼1

ti¼0

¼ fixed: ð41Þ

Thus, we obtain the boundary condition on the Hubble
expansion rate at the initial and final hypersurface,
Hα ¼ 1

Naα
daα
dt ¼ 2

3N
q̇α
qα
, and the Robin boundary condition

seems to be very convenient and physical. The method with
the above boundary term to introduce the Robin boundary
conditions is not known. Therefore, for comparison, we
discuss the case of GR in Appendix B.
Hereafter, we will assume such Robin boundary con-

ditions on the initial hypersurface and the final hypersur-
face for the scale factor,

1

2N
q̇αðti ¼ 0Þ
qαðti ¼ 0Þ ¼

1

ξαi
;

1

2N

q̇αðtf ¼ 1Þ
qαðtf ¼ 1Þ ¼

1

ξαf
; ð42Þ

where ξαi and ξαf are constants. By imposing these
conditions on the solution (23), we can fix the integration
constants as

bα1 ¼ ∓ 2i
ffiffiffiffiffi
g3

p
N3=2ðξαi − ξαf þ 4NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ξαiξ
2
αf − ξ2αiξαf þ 8N3 þ 8ξαiN2 − 8ξαfN2 þ 2ξ2αiN þ 2ξ2αfN − 6ξαiξαfN

q ; ð43Þ

bα2 ¼
ξαf − 2N

ξαi − ξαf þ 4N
: ð44Þ

By substituting the solutions (23) with (43) and (44) to the action with the above boundary terms SB (39), we can obtain
the on-shell action for the Robin boundary condition (42),

Son−shell½fξαg; N� ¼
Xn
α¼1

V
�
i

ffiffiffiffiffiffiffi
2g3

p �
tanh−1

� ∓ ffiffiffiffiffiffiffi
2N

p ð2N − ξαfÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðξαi þ 2NÞð2N − ξαfÞðξαi − ξαf þ 2NÞp �

∓ tanh−1
� ffiffiffiffiffiffiffi

2N
p ðξαi þ 2NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðξαi þ 2NÞð2N − ξαfÞðξαi − ξαf þ 2NÞp ���

; ð45Þ

where we have counted the number (α ¼ 1;…; n) of the local universes. We note that the on-shell action does not diverge
unless the initial or final Hubble ratio is taken to infinity and the no-boundary proposal does not necessarily require an
infinite Hubble expansion rate at the initial hypersurface. Thus, we can consider the finite initial and final Hubble expansion
rates. The derivative of the on-shell action with respect to the lapse reads

dSon−shell½fξαg; N�
dN

¼
Xn
α¼1

V
�
∓ i

ffiffiffiffiffi
g3

p ðξαi − ξαf þ 4NÞffiffiffiffi
N

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðξαi þ 2NÞð2N − ξαfÞðξαi − ξαf þ 2NÞp �
¼ 0: ð46Þ

First, we consider the case with only one local universe
q1ðtÞ. In this case, the critical points Nc are given by setting
the derivative of the on-shell action with respect to the lapse
to zero, dSon−shell½ξ1i; ξ1f; N�=dN ¼ 0, as

Nc ¼
ξ1f − ξ1i

4
: ð47Þ

Next, taking ξαi ¼ 0 we can obtain

dSon−shell½fξαg; N�
dN

¼
Xn
α¼1

V
�
∓ i

ffiffiffiffiffi
g3

p ð4N − ξαfÞffiffiffi
2

p ffiffiffiffi
N

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nð2N − ξαfÞ2

q �

¼ 0: ð48Þ
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For the global universe only including two local uni-
verses fq1ðtÞ; q2ðtÞg, we find the critical points Nc,

Nc ¼
3ξ1f þ 3ξ2f þ c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ξ21f − 14ξ2fξ1f þ 9ξ22f

q
16

; ð49Þ

with c1 ∈ f−1;þ1g. For a real Hubble expansion rate at the
final hypersurface, they are also real.
As already mentioned, in GR it has been known that by

imposing the imaginary Neumann boundary conditions on
the initial hypersurface, the perturbative instabilities can
be avoided and the no-boundary wave function can be
obtained without mixing with tunneling wave function
[18,19]. Hereafter, following this, in HL gravity, we shall
explore the Robin boundary condition with a particular
imaginary Hubble expansion rate at the initial hypersur-
face. According to the Picard-Lefschetz theory, given a
saddle point, the behavior of the integral can be exactly
estimated. However, it is not always possible to evaluate the
integral using the Lefschetz thimble method, and in the on-
shell action of the HL gravity, in particular, with regard to
Robin boundary conditions, the deformation of the integral
path by the Lefschetz thimbles is nontrivial. Therefore, to
obtain a meaningful result, we will consider the appropriate
integration path in the complex plane by using the contour
plots with specifying numerical values.

In Fig. 2, we plot Re½iSon−shell½N�� for the two local
universes with the on-shell action (45) over the complex
plane. To take the Robin boundary conditions with a
particular imaginary Hubble expansion rate at the initial
hypersurface, we fixed ξ0 ¼ −i, g3 ¼ 1,V ¼ 1 and take− or
þ sign of the on-shell action (45) in the top and bottom
figures. The corresponding and initial Robin boundary
condition implies

1

2N
q̇αðti ¼ 0Þ
qαðti ¼ 0Þ ¼

1

−i
¼ þi: ð50Þ

There are several branch cuts of the on-shell action (45), and
each is derived from the square root

ffiffiffi
z

p
or inverse hyperbolic

function tanh−1ðzÞ, which has branch cuts at−1 and 1 on the
real axis. In particular, in the on-shell action (45) has− signs,
and we can perform the complex integral with avoiding
branch cuts. The complex path of the integral always
corresponds to Im½N� < 0, and the Hartle-Hawking no-
boundary wave function is realized. By taking the imaginary
and initial Hubble ratio Im½ξ0� < 0, we can derive the no-
boundary wave function. Conversely, with Im½ξ0� > 0, we
obtain the tunneling wave function. However, the tunneling
wave function is known to exhibit perturbative instability,
as shown by [7,8], and perhaps this Im½ξ0� > 0 should not
be taken.

FIG. 2. We plot Re½iSon−shell½N�� for the on-shell action of (45) with∓ signs in the complex lapse plane. We fix ξ0 ¼ −i, g3 ¼ 1, V ¼ 1
and take − andþ signs of the on-shell action (45) in (a)–(h) figures, respectively. There are several branch cuts of the on-shell action for
the Robin boundary condition, and each is derived from the square root

ffiffiffi
z

p
or inverse hyperbolic function tanh−1ðzÞ, which has branch

cuts at −1 and 1 on the real axis. In particular, in (a), (b), (c), (d) figures, where the on-shell action has the − sign, we can perform the
complex integral avoiding branch cuts. The complex path of the integral always corresponds to Im½N� < 0 and the no-boundary wave
function is achieved.
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V. DISCUSSIONS AND CONCLUSIONS

In this work, we have studied the Hartle-Hawking
no-boundary proposal within the framework of HL gra-
vity, mainly focusing on the projectable theory. The no-
boundary proposal is a prominent hypothesis that describes
the quantum creation of the universe from nothing, while
the HL gravity is a potential theory of quantum gravity
that ensures renormalizability and unitarity, at least in the
projectable version. We have adopted the modern formu-
lation of the no-boundary proposal by using the Lorentzian
path integral that enables us to describe the quantum
evolution of the universe from nothing. For simplicity, we
have focused on a global universe composed of a set of local
universes each of which is homogeneous, isotropic, and
closed. It has been found that the application of the
no-boundary proposal to the HL gravity is not inherently
simple. In particular, because of the presence of the higher-
order curvature operators in the HL gravity, the on-shell
action for the no-boundary proposal naively diverges for the
Dirichlet boundary condition.We then discuss the possibility
that the divergence of the on-shell action due to higher-
dimensional operators may be ameliorated by taking into
account the RG flow of coupling constants λ and g3. For the
Robin boundary condition, the on-shell action does not
diverge as long as the initial or final Hubble ratio is taken
to finite. For these boundary conditions, we have explored
the complex N-integral to obtain the Hořava-Lifshitz wave
function. For the Dirichlet boundary condition, we identify
pertinent critical points and integration contour, and the
complex integral can be performed through one critical point
by integrating along the imaginary axis avoiding the branch
cut. On the other hand, in the on-shell action (45) under
Robin boundary conditions, the deformation of the integral
path by the Lefschetz thimbles is nontrivial. We have
encountered several branch cuts of the on-shell HL action
originating from the square root

ffiffiffi
z

p
or inverse hyperbolic

function tanh−1ðzÞ. For the Robin boundary condition with a
positively imaginary Hubble rate at the initial hypersurface,
we can perform the complex integral while avoiding branch
cuts. The complex path of the integral that avoids branch cuts
always corresponds to Im½N� < 0 and the Hartle-Hawking
no-boundary wave function is realized. Although we have
indeed demonstrated that no-boundary and tunneling wave
functions can be formulated within the framework of HL
gravity, their formulations are conditional, as discussed in this
paper. On the other hand, the DeWitt wave function is readily
formulated and consistent with perturbation theory as shown
in our previous works [21,22]. Our results shed light on the
nontrivial relationship between the framework of quantum
gravity theory and the wave function of the universe.
In projectable HL gravity, the wave function of the global

universe with multiple local universes inevitably contains
entanglement between local universes. The origin of the
entanglement is the global Hamiltonian constraint, which
states that the total sum of the “dark matter as integration

constant” [43,44] should be zero. For example, for a global
universe consisting of two local universes, if the energy
density of the “dark matter as integration constant” in
each local universe with the volume V1;2 is ρDM1;2, then
the global Hamiltonian constraint states that ρDM1V1 þ
ρDM2V2 ¼ 0, showing the anticorrelation between the
amount of the dark matter as integration constant,
ρDM1;2V1;2, in the two local universes. The no-boundary
wave function of the global universe contains contributions
from realizations of the global universe with all possible
values of ρDM1;2V1;2 with the complete anticorrelation
between the two local universes. For this reason, the wave
function of the global universe inevitably contains entangle-
ment between the local universes.
On the other hand, in nonprojectable HL gravity, each

local universe has its own local lapse function and thus its
own local Hamiltonian constraint. The local Hamiltonian
constraint sets the dark matter as integration constant to
vanish at each point in each local universe.As a result, the no-
boundary wave function of the global universe in non-
projectable HL gravity is simply the direct product of wave
functions of each local universe, without any entanglement
between local universes. Therefore, as far aswe are interested
in observables in one of the local universes in the no-
boundary proposal of nonprojectable HL gravity, there is no
difference between the case with only one local universe and
that with multiple local universes. Hence, it suffices to
consider the global universe consisting of one local universe
and, as a result, the no-boundary wave function in non-
projectable HL gravity is obtained by simply restricting that
in projectable HL gravity to the casewith the global universe
consisting of only one local universe.
In the present paper, we have mainly focused on the

application of the projectable HL gravity to the Hartle-
Hawking no-boundary proposal, restricting our considera-
tion to the anisotropic scaling limit of z ¼ 3. Beyond the
anisotropic scaling limit, the analysis of the no-boundary
wave function up to the IR limit as the usual scaling of z ¼ 1
is left as futurework. If thiswave function can be analytically
evaluated up to the IR, it might be possible to qualitatively
assess the probabilistic predictions and quantum entangle-
ment of the wave function of each local universe dominated
by dark matter as an integral constant. Furthermore, we have
focused only on the wave function for the background and
have not evaluated the perturbations. The treatment of
perturbations in quantumcosmology is a notoriously difficult
problem, and a thorough examination of the perturbation
analysis in the wave function of this universe is necessary.
However, the perturbation problem is expected to be resolved
by the renormalizability of the HL gravity or the Robin
boundary condition.
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APPENDIX A: UV SALVATION
FOR ON-SHELL DIVERGENCES

In this appendix, we shall demonstrate that the diver-
gence of the on-shell action with the Dirichlet boundary
condition (32) can in principle disappear once the RG flow
of λ and g3 is taken into account.
Since the divergence of the on-shell action stems from

the higher spatial derivative terms, we set α2 ¼ c2g ¼ Λ ¼ 0
in (13). For the same reason, we ignore the dark matter as
integration constant, which means that it suffices to con-
sider the global universe consisting of only one local
universe. Then the HL action becomes

S½faαg; N� ¼ V
Z

tf

ti

dtNa3
�
−
3ð3λ − 1Þ

2

�
ȧ
Na

�
2

þ α3
a6

�
;

ðA1Þ
where we have supposed α3 > 0 for classical stability. As
stated in the main text, since the semiclassical approxima-
tion breaks down, we need to take into account the RG
running of coupling constants. However, since the RG
properties of HL gravity have not yet been understood well
and we do not know how to implement the RG running
of coupling constants into the computation of the path
integral, we adopt a phenomenological approach where the
coupling constants in the action are promoted to functions
of a as

3ð3λ − 1Þ
2

→ fðaÞ; α3 → hðaÞ; ðA2Þ

so that

S½faαg; N� ¼ V
Z

tf

ti

NdtL;

L ¼ a3
�
−fðaÞ

�
ȧ
Na

�
2

þ hðaÞ
a6

�
: ðA3Þ

We then suppose that fðaÞ and hðaÞ have the following
parametrized forms near a ¼ 0:

fðaÞ ∝ a−2α; hðaÞ ∝ a2β ðnear a ¼ 0Þ; ðA4Þ

where α > 0 so that λ runs towardþ∞ in the UV, i.e., in the
limit a → þ0, as suggested by [52,53].
The equation of motion for a then leads to

a2−α−β∂τa ¼ const ðnear a ¼ 0Þ; ðA5Þ
where we have introduced the proper time τ as usual by
dτ ¼ Ndt. By assuming 3 − α − β > 0 and properly shift-
ing the origin of τ so that a → þ0 as τ → þ0, we obtain

a ∝ τ
1

3−α−β ðnear τ ¼ 0Þ: ðA6Þ
By substituting this to L, we obtain

L ¼ −
2hðaÞ
a3

∝ τ−1þ
β−α

3−α−β ðnear τ ¼ 0Þ: ðA7Þ

Therefore, the on-shell action does not exhibit the UV
divergence if

0 < α < β < 3 − α: ðA8Þ

APPENDIX B: ROBIN BOUNDARY CONDITION
IN GENERAL RELATIVITY

As discussed in the body of the paper, it is not easy to
impose Robin boundary terms covariantly in gravitational
theories. Within the GR framework, the simplest boundary
terms that implement Robin boundary conditions were
introduced in the literature [56]. Subsequent research,
particularly the work of [19], explored the Lorentzian path
integral to the Robin boundary conditions for the no-
boundary proposal. Our current work presents a different
Robin boundary term in the HL gravity. In the following
appendix, we will consider the implications of the no-
boundary proposal with this Robin boundary term in GR
for comparison.
First, we assume a closed FLRW universe,

N ¼ NðtÞ; Ni ¼ 0; gij ¼ a2ðtÞ½ΩijðxÞ�: ðB1Þ
With these assumptions (3þ 1)-dimensional action in GR
reads

S½a;N� ¼ 2π2
Z

dtðNa3Þ
�
−3

�
ȧ
Na

�
2

þ 3

a2
− Λ

�
; ðB2Þ

where we take the Planck mass unit with MPl ¼ 1=ffiffiffiffiffiffiffiffiffi
8πG

p ¼ 1. To simplify our analysis in GR, we introduce
the new time coordinate τ that is related to t by

aðtÞdt ¼ dτ: ðB3Þ

For the closed FLRWuniverse, the gravitational propagator
can be written as

G½qðτfÞ; qðτiÞ� ¼
Z

dN
Z

DqeiS½q;N�=ℏ; ðB4Þ
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where the lapse N has been gauge fixed to be time
independent by the BFV procedure, qðτÞ ¼ a2ðτÞ. We
then proceed with the lapse integral and the path integral
over all configurations of the scale factor with the given
initial ðτi ¼ 0Þ and final ðτf ¼ 1Þ values.
To evaluate the above path integral we proceed with the

semiclassical analysis and utilize the classical solutions of
the action where we add possible boundary contributions
SB localized on the hypersurfaces at τi;f ¼ 0; 1,

S½q; N� ¼ 2π2
Z

τf¼1

τi¼0

Ndτ

�
−

3

4N2
q02 þ 3 − Λq

�
þ SB;

ðB5Þ
where 0 means the derivative of τ. Hereafter, we proceed
with the variation of the action and derive the equation of
motion. Since the action S½q; N� depends on q, q0, the
variation of the action is given by

δS½q; N� ¼ 2π2
Z

τf¼1

τi¼0

Ndτ

�
3

2N2
q00 − Λ

�
δq

− 2π2
�

3

2N
q0δq

				τf¼1

τi¼0

�
þ δSB: ðB6Þ

Thus, we derive the equation of motion for the squared
scale factor q,

3

2N2
q00 ¼ Λ; ðB7Þ

whose general solution is

qðtÞ ¼ b2tþ b1 þ
3

4
ΛN2t2: ðB8Þ

Now, we have to impose the boundary conditions for qðtÞ
as well as to add specific boundary terms SB localized on
the hypersurfaces at τi;f ¼ 0; 1. As discussed in Sec. IV we

consider the Robin boundary condition at the initial and
final hypersurface, and we shall utilize the following
boundary term:

SB ¼ −
2

3

Z
d3x

ffiffiffi
γ

p
K ¼ 2π2

�
1

N
q0q

				τf¼1

τi¼0

�

¼ 2π2
�
1

N
q3=2

q0

q1=2

				τf¼1

τi¼0

�
; ðB9Þ

where K ¼ − 3
N
ȧ
a and the variation leads to

δSB ¼ 2π2
�

3

2N
q0δq

				τf¼1

τi¼0

�
þ 2π2

�
1

N
q3=2δ

�
q0

q1=2

�				τf¼1

τi¼0

�
:

ðB10Þ

The variation of the HL action including the above
boundary term results in a term with δðq0=q1=2Þ only,

1

N
q3=2δ

�
q0

q1=2

�
¼ 0 ⇒

1

N
q0

q1=2

				τf¼1

τi¼0

¼ fixed: ðB11Þ

Thus, we obtain the Robin boundary condition at the
initial and final hypersurfaces. This boundary condition
precisely corresponds to the Hubble expansion rate given
byH ¼ 1

Na
da
dt ¼ 1

2N
q0

q1=2
, as discussed in Sec. IV, and suggests

its relevance in considering the evolution of the universe
from a physical perspective.
Hereafter, we will assume such Robin boundary con-

ditions on the initial hypersurface and the final hyper-
surface,

1

N
qðτi ¼ 0Þ0
qðτi ¼ 0Þ1=2 ¼

1

ξi
;

1

N

qðτf ¼ 1Þ0
qðτf ¼ 1Þ1=2 ¼

1

ξf
; ðB12Þ

where ξi and ξf are constants. By imposing these con-
ditions on the solution (B8), we can get the coefficients

b1 ¼
ξ2i ð3Λξ2f − 1Þð2c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N4ð3Λξ2f − 1Þð3Λξ2i − 1Þ

q
þ N2ð3Λðξ2f þ ξ2i Þ − 2ÞÞ

4ðξ2f − ξ2i Þ2
; ðB13Þ

b2 ¼
−c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N4ð3Λξ2f − 1Þð3Λξ2i − 1Þ

q
− 3ΛN2ξ2f þ N2

2ðξ2f − ξ2i Þ
; ðB14Þ

with c1 ∈ f−1;þ1g.
When the boundary conditions are specified and we

have solved the equation of motion (B7), we can evaluate
the gravitational propagator (B4) under the semiclassical
analysis and obtain the following expression by using the
Picard-Lefschetz theory:

G½ξi;ξf� ¼
X
σ

nσ

Z
J σ

dNPðℏ;NÞexp
�
iSon−shell½ξi;ξf;N�

ℏ

�
;

ðB15Þ
where Pðℏ; NÞ is the prefactor and Son−shell½ξi; ξf; N� is the
on-shell action for the background geometries,
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Son−shell½ξi; ξf; N� ¼ π2N
8ðξ2f − ξ2i Þ2

ðc1ðΛξ2fð12Λξ2i þ 1Þ þ Λξ2i − 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N4ð3Λξ2f − 1Þð3Λξ2i − 1Þ

q
þ ξ4fð18Λ3N2ξ2i − Λ2N2 þ 48Þ þ ξ2fð18Λ3N2ξ4i − ξ2i ð13Λ2N2 þ 96Þ − ΛN2Þ
þ N2ð3Λξ2f − 1Þð3Λξ2i − 1Þ þ ξ4i ð48 − Λ2N2Þ − ΛN2ξ2i þ N2Þ: ðB16Þ

Utilizing the Picard-Lefschetz theory [46], the integration over N of the propagator can be evaluated by identifying the
relevant critical points and Lefschetz thimbles J σ in the complex N-plane. The derivative of the on-shell action reads

dSon−shell½ξi; ξf; N�
dN

¼ 3π2

8ðξ2f − ξ2i Þ2
ðc1ðΛξ2fð12Λξ2i þ 1Þ þ Λξ2i − 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N4ð3Λξ2f − 1Þð3Λξ2i − 1Þ

q
þ ξ4fð18Λ3N2ξ2i − Λ2N2 þ 16Þ þ 2ξ2fð9Λ3N2ξ4i − 2ξ2i ðΛ2N2 þ 8Þ − 2ΛN2Þ
þ ξ4i ð16 − Λ2N2Þ − 4ΛN2ξ2i þ 2N2Þ: ðB17Þ

Therefore, we found the critical points Nc given by dSon−shell½ξi; ξf; N�=dN ¼ 0,

Nc ¼ 4c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 þ c3A2 − 2

A3

s
; ðB18Þ

where

A1 ¼ ΛðΛξ4fð1 − 18Λξ2i Þ þ ξ2fð2Λξ2i ð2 − 9Λξ2i Þ þ 4Þ þ Λξ4i þ 4ξ2i Þ;
A2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3Λξ2f − 1Þð3Λξ2i − 1ÞðΛξ2fð12Λξ2i þ 1Þ þ Λξ2i − 2Þ2

q
;

A3 ¼ Λ2ðΛðΛξ4fð1 − 18Λξ2i Þ2 þ ξ2fð11 − Λξ2i ð36Λξ2i þ 71ÞÞ þ Λξ4i þ 11ξ2i Þ − 1Þ; ðB19Þ

with c2;3 ∈ f−1;þ1g. When limiting ξi → 0 and positing that the universe originates from the initial singularity, the critical
points Nc reduce as

Nc ¼
4c2ξ2fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ξ4f �


4Λξ2f − 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΛξ2f − 2Þ2ð1 − 3Λξ2fÞ

q �r : ðB20Þ

For example, assuming 0 < ξf <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð5 ffiffi

5
p

−11Þ
2Λ

q
, the corresponding critical points Nc through which the Lefschetz thimbles J σ

pass are real. This implies that the universe behaves classically. We have confirmed these facts numerically. For the Dirichlet
boundary condition applied to a closed universe in GR, it is important to note that the critical points are complex.
Conversely, under the Robin boundary condition, if the boundary condition is real, the corresponding critical points are also
real. This result is consistent with HL gravity, as shown in Sec. IV.
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