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The astrophysical stochastic gravitational wave background (SGWB) originates from numerous faint
subthreshold gravitational wave (GW) signals arising from the coalescing binary compact objects. This
background is expected to be discovered from the current (or next-generation) network of GW detectors by
cross-correlating the signal between multiple pairs of GW detectors. However, detecting this signal is
challenging and the correlation is only detectable at low frequencies due to the arrival time delay between
different detectors. In this work, we propose a novel technique, Spectrogram Correlated
Stacking (SpeCS), which goes beyond the usual cross-correlation (and to higher frequencies) by
exploiting the higher-order statistics in the time-frequency domain which accounts for the chirping nature
of the individual events that comprise SGWB. We show that SpeCS improves the signal-to-noise for the
detection of SGWB by a factor close to 8, compared to standard optimal cross-correlation methods which
are tuned to measure only the power spectrum of the SGWB signal. SpeCS can probe beyond the power
spectrum and its application to the GW data available from the current and next-generation GW detectors
would speed up the SGWB discovery.

DOI: 10.1103/PhysRevD.109.023029

I. INTRODUCTION

The direct detection of gravitational waves (GWs) by
the LIGO/Virgo/KAGRA (LVK) Collaboration has been
sourced by individual coalescences of compact binaries
for which the signal shows up as coherent and resolved
waveforms in the detectors [1–3]. Based on the current
event-rate estimations, these loud events only form a tiny
fraction of the gravitational wave sky (e.g., [4,5]). It is
expected that numerous unresolved stellar-mass binary
mergers would add up incoherently and lead to the
production of a stochastic gravitational wave background

(SGWB), e.g., [6–12]. While some backgrounds, such as
the one due to inflationary tensor modes are generated as a
(nearly-Gaussian quantum) stochastic process [13–15],
others (e.g., due to unresolved astrophysical sources such
as black hole binaries [9,16,17]) would appear stochastic
due to the observational limitation of current detectors to
identify individual merger events. For the astrophysical
SGWB of the second kind, it is by definition at the
threshold of detection and thus, one can interpret it as a
detector-dependent observable [18].
The conventional approach to detect the SGWB consists

of performing a cross-correlation-based analysis on the
strain measurements obtained by a pair of GW detec-
tors [6,11,19–21]. Based on this technique, the LVK
Collaboration has placed upper limits on the strength of the
isotropic and anisotropic SGWBs in the frequency range
20–1726 Hz [5,22,23] using the latest third observation
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(O3) run, limiting the dimensionless energy density to
ΩGWðfÞ ≤ 3.4 × 10−10 at 25 Hz for a GW background
signal of the form ΩGWðfÞ ¼ fα with a spectral index
of α ¼ 2=3.
Though this measurement, based on the strain

(cross-)power spectrum, has obtained the most stringent
bounds on the SGWB to date, one of its key aspects which
remains unexplored (at least in real data) is the temporal
fluctuation of the SGWB power due to nonoverlapping
nature (or low duty cycle) of the merger events that
comprise the signal [24,25]. In other words, the low-duty
cycle results in a non-Gaussian stochastic background,
which can be probed using higher-order statistics. Several
methods have been proposed to study the non-Gaussian
aspect of the SGWB [24–31]. Higher-order detection
statistics (e.g., as proposed in [32,33]) can trace/extract
the excess information present in the SGWB “popcorn”
signal and show noticeable sensitivity gain when the signal
has intrinsic non-Gaussianity.
In this paper, we introduce a novel time-frequency

domain (fourth-order) statistical estimator which can cap-
ture the time-dependent SGWB signal. This new method of
Spectrogram Correlated Stacking (SpeCS) is based on
performing a cross-correlation of the spectrograms, which
is obtained by performing a short-time Fourier-transform
on the GW strain as measured by different detectors. In
order to test various features of this detection statistics, we
simulate two sets of SGWBs by injecting individual low-
amplitude (low signal-to-noise ratio) binary merger events
into synthetic LIGO noise (generated using the PSD of
the O3 run for LVK detectors [34]) and demonstrate the
performance of this method for different merger rates of
binary objects.
The paper is organized as follows. The key motivation

behind this method is described in Sec. II and the formalism
of the technique SpeCS is shown in Sec. III. In Sec. IV, we
show the application of the technique on the simulated GW
time series and its measurability from a network of GW
detectors. We also contrast the SpeCS performance with
the standard cross-correlation method. Finally, in Sec. V we
discuss the conclusion and the future outlook.

II. MOTIVATION BEHIND SPECTROGRAM
SEARCH OF SGWB

The astrophysical SGWB is observable in the high-
frequency band (f ≥ 20 Hz) of GW which is detectable
from the ground-based network of GW detectors such as
LVK [35,36] and in the future from the Einstein Tele-
scope [37,38] and Cosmic Explorer [39]. As the contribution
from these sources is extremely weak in comparison to the
detector noise, they are not detectable as individual events.
One of the key physical aspects of the astrophysical SGWB
signal detectable in the high-frequency band is that the GW
signals are nonoverlapping with each other, or in other
words, the duty cycle D of the GW signal defined as [8,17]

Dð> fminÞ≡
Z
fmin

df
Z

dzdMzRðz;MzÞ
dτd
df

; ð1Þ

is < 1 for frequencies above fmin ∼ 20 Hz with the merger
rates feasible according to the latest measurements from
GWTC-3 [5,8,25]. In the above equation, RðzÞ is the
merger rate as a function of the cosmological redshift z
and the term dτd

df denotes the duration that the GW signal
spends at frequency f

dτd
df

ðMz; fÞ ¼
5c5

96π8=3G5=3M5=3
z f11=3

; ð2Þ

where Mz is the redshifted chirp mass of the GW sources.
For values of the duty cycleDðf > fminÞ < 1, the observed
SGWB is dominated by the nonoverlapping GW signal
as the timescale between the two events TRðzÞ ∼
½R Rðz;MzÞdMz�−1 is large compared to the time the
signal of each event spends above our minimum frequency,
i.e., ∼fmin

dτd
df . In the opposite limit, if the rate of the events

is very large for example, then TRðzÞ can become small and
hence the sources contributing to the SGWB will be
overlapping. The presence of a nonoverlapping GW signal
implies that every individual signal though hidden in noise
will still be distinguishable from each other in the time
domain. This produces an interesting time-dependent
aspect in the analysis of SGWB signal which is the moti-
vation behind developing SpeCS. As shown in Fig. 1, the
SpeCS method is based on stacking the cross-correlation
of the spectrograms of the GW strain signals, as measured
by two different detectors, which is naturally a function of
the difference in time and frequencies of the two indepen-
dent data streams, Δt and Δf.1

The presence of the nonoverlapping signal implies that
each GW source will preserve its unique chirp behavior
without mixing it up with another GW signal at the same
observation time and frequency. Though the GW signal is
completely buried under the noise fluctuation of the detec-
tors, it can still preserve the very intrinsic chirp behavior.
The chirp behavior of the GW signal will lead to a coherent
structure in the time-frequency domain, across the detec-
tors, that will be distinguishable from the (uncorrelated)
noise properties of individual detectors [24,25]. Although
this signal will be much weaker than the noise fluctuation,
three aspects will make it possible to distinguish from
detector noise: (i) the chirping property will be similar for
every source in all the detectors, but will be shifted in time,
depending on the time difference for the GW signal to reach

1More sensitive detectors can see higher-redshift and fre-
quency ranges, eventually leading to overlapping signals. How-
ever, since SpeCS is quartic in the strain of the GW source, it will
be dominated by the brightest subthreshold sources that are likely
to remain nonoverlapping.
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two detectors, which will depend on the sky position of
the GW sources; (ii) GW signal will show a correlation
between different frequencies as a function of time; and
(iii) the noise property of every detector will be different
and will not have have coinciding chirp behavior every
time GW signal is present in the data. These three aspects
make it possible to isolate the signal from the noise.
Though glitchlike noises can also produce chirplike
behavior, it does not happen every time a signal is present
in the data of all the detectors. However, due to the weak
nature of the individual signal in comparison to the noise,
individual spectrograms are not measurable and one needs
to combine multiple events over a large observation time
over different pairs of detectors in order to detect them as
a SGWB.
One of the main advantages of a spectrogram search

of the SGWB signal instead of the usual cross-correlation
power spectrum searches comes from the fact that it
takes into account the correlation between different
frequencies of the GW signal. Such a combination of a
signal at different frequencies can help in extracting more
information about the GW signal which is beyond the
power spectrum analysis. The sporadic and chirp nature of
the GW signal leads to an intrinsic non-Gaussian time-
dependent structure, which can be captured by the new
method proposed in this work. Furthermore, the spectro-
gram analysis can possibly also help in achieving a better
understanding of the source parameters than only a power
spectrum analysis.

III. TIME-FREQUENCY DOMAIN DETECTION
STATISTICS

In this section, we introduce the time-frequency domain
spectrogram estimator, SpeCS, which can be applied for
the search of SGWB signal beyond the currently existing
technique [5,6,10]. Let us consider N gravitational wave
detectors whose data are given as dimensionless strain
measurements skðtÞ, where k ¼ 1; 2 � � �N labels the detec-
tor. We can decompose this measurement in terms of the
contribution from signal and noise as

skðtÞ ¼ ĥkðtÞ þ nkðtÞ; ð3Þ
where ĥkðtÞ ¼

P
i F

k
i ðtÞhiðtÞ is the observed GW signal as

seen by a detector, with hiðtÞ denoting the actual signal for
the polarization state “i,” and the corresponding detector
antenna pattern Fk

i ðtÞ. The noise in the detector is denoted
by nkðtÞ. This signal can be represented in the time-
frequency domain by performing a discrete short-time
Fourier transform as

Wsiðtm; fÞ ¼
X∞
n¼−∞

siðtnÞgðtn − tmÞe2πiftn ; ð4Þ

FIG. 1. Flow chart of the proposed SpecCS method. We note
that during a real application of the method, the signals of
interest are not expected to be individually resolvable. The overall
amplitudes here are exaggerated for visualization purposes. The
axes are in arbitrary units.
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where Wsi is the signal in the time-frequency domain,
gðtn − tmÞ is a window function, and tm is the discrete time.
In practice, we use this particular transformation (4) in
order to maintain uniform time resolution at different
frequency bins.
The cross-spectrum at a finite time difference Δt and

finite frequency difference Δf can be written as

Ssi;sjðΔt;ΔfÞ≡
X
t

X
f

Wsiðt; fÞWsjðtþΔt; fþΔfÞ: ð5Þ

The above expression for Δf ¼ 0 calculates the cross-
correlation power spectrum of the signal estimated at
some value of Δt. One can further construct an optimal
estimator based on Eq. (5) by using Weiner filtering. This
would further maximize the SNR, as explored in previous
studies [40] but it is beyond the scope of this paper.

A. Spectrogram correlated stacking

The higher-order correlation between a pair of detectors
can be expressed in a similar way in terms of the
spectrogram (autocorrelation signal) Ssiðt; fÞ defined as

Ssiðt; fÞ ¼ jWsiðt; fÞj2: ð6Þ

Here, the variables ðt; fÞ can be either discrete or continu-
ous depending on the method/algorithm used for mapping
the signal into the time-frequency domain.
For the detection and analysis of the SGWB signal,

we define the new SpeCS statistic in terms of the spectro-
gram as

PccðΔt;ΔfÞ≡
X
t

Xfmax

f¼fmin

Ss1ðt; fÞSs2ðt − Δt; f − ΔfÞ; ð7Þ

Δt and Δf denote the time and frequency lag corre-
spondingly. This detection statistics Pcc can be further
decomposed in terms of the detector noise and SGWB
contribution to the spectrogram as2

PccðΔt;ΔfÞ ¼
X
t

Xfmax

f¼fmin

�
Sh1 þ Sn1

��
Sh2 þ Sn2

�

¼
X
t

Xfmax

f¼fmin

�
Sh1Sh2 þ Sh1Sn2

þ Sn1Sh2 þ Sn1Sn2
�
: ð8Þ

Since the individual pixels of the spectrogram denote
the power of the signal at a given frequency and time,
the cross-correlation between the spectrogram of the noise
and signal (or noise from the two different detectors) would
not be zero.
The quantity PccðΔt;ΔfÞ is not an unbiased estimation

as it will include contamination from noise. However, the
noise feature in the time-frequency domain will exhibit
different features from the signal. The signal will exhibit a
strong correlation primarily around Δt ¼ 0, and Δf ¼ 0.
There will be a spread in the frequency domain due to the
chirping behavior of the signal or noise. When combining
different pairs of detectors, the signal will show up as a
constructive power, which is more in comparison to the
noise fluctuations. This is because the signal will be
common between all the detectors, but noise will not be
common. In order to study the properties of the SGWB
from the stacked spectrograms, we need to reduce the
contamination from the background noise.
The realistic noise on each individual detector can be

non-Gaussian, nonstationary and have glitches, the multi-
ple detector noise will not show such behavior at all times
when an astrophysical signal is present in the detectors.
Although the value of Δt ¼ 0 (that is when signals are
detected with maximum correlation in two different detec-
tors) plays a special role for the signal, it is not a special
point for the detector noise. The contamination to
PccðΔt;ΔfÞ due to noise will be similar at all values of
Δt due to stationarity. We can assume translation symmetry
of the noise power spectrum of the detectors over the
timescale over which the signal is present in the time-
frequency domain spectrogram analysis. For any value
of Δf, the contribution of noise to PccðΔt;ΔfÞ can be
estimated by the average (or median) value of PccðΔt;ΔfÞ
for Δt ≠ 0 and its neighborhood which depends on the
typical timescale of the GW signal.

B. Signal extraction and noise statistics

In order to characterize the noise distribution and extract
the contribution of the signal from the Δt;Δf ≃ 0 region
we can define an aperture intensity (like aperture photom-
etry in astronomical imaging) in the time-frequency
domain as

Paperture
cc ðΔti � ϵ;ΔfÞ≡ 1

2ϵ

XΔtiþϵ

x¼Δti−ϵ
Pccðx;ΔfÞ; ð9Þ

where ϵ (i.e., the half-size of the aperture) is the time-
scale over which we define the aperture intensity. Here we
consider ϵ to be such that the cross correlation due to the
signal peaking at ðΔt;ΔfÞ ¼ 0 spreads out to Δt ≃ 0� ϵ.
Considering Nt independent segments for jΔtj > ϵ and
estimating Paperture

cc ðΔti;ΔfÞ we obtain a sample distribu-
tion of the noise cross-correlation Pback as

2For the spectrogram of the signal Ssiðt; fÞ ≠ Shi þ Sni , but in
this case, while taking the cross-correlation of the spectrograms
within the integral the given decomposition holds. This is true
because the cross-term involving the noise and GW signal in the
time-frequency domain becomes negligible while integrating
over t.
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PbackðΔfÞ ≔ �
Paperture
1 ðΔt1 � ϵ;ΔfÞ;

Paperture
2 ðΔt2 � ϵ;ΔfÞ;…; Paperture

Nt
ðΔtNt

� ϵ;ΔfÞ�: ð10Þ

Now, to obtain the behavior of the noise cross-correlation
over the given range of Δf, we consider the average of
Pback, given as

P̄backðΔfÞ≡ hPbackðΔfÞi for jΔtij > ϵ: ð11Þ

The obtained mean subtracted noise distribution is shown
in Fig. 2 at various values of Δf (see Sec. IVA for more
details about the simulated noise and SGWB signal used
for making this plot). As can be seen, for the synthetic
noise that we have used for the analysis in the paper, the
distribution is approximately Gaussian. In the presence of
glitches, the distribution of Pback will be non-Gaussian. In
such scenarios, one needs to estimate the noise background
from the actual distribution of observed data.
We can now define a background-cleaned unbiased

estimator as

Pclean
cc ðΔt;ΔfÞ≡ PccðΔt;ΔfÞ − P̄backðΔfÞ: ð12Þ

Further, as the signal is only expected within Δt ¼ 0� ϵ
we can further take the average of Pclean

cc within this range to
estimate a total flux,

Psig ¼ 1

2ϵ

X0þϵ

Δt¼0−ϵ
Pclean
cc : ð13Þ

The covariance of the background noise is given as

CðΔf;Δf0Þ≡ Cov
�
PbackðΔfÞ;PbackðΔf0Þ�: ð14Þ

The signal-to-noise ratio (SNR), combining the different
frequency bins, can then be written as

ρpðΔt¼ 0� ϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
ΔfΔf0

P̂sig
cc ðΔfÞC−1ðΔf;Δf0ÞP̂sig

cc ðΔf0Þ
s

:

ð15Þ

It is expected that the covariance matrix, CðΔf;Δf0Þ,
obtained using the LIGO detector noise will have large
off-diagonal terms, and the number of independent infor-
mation in each Δf will be less. The covariance matrix for
the synthetic LIGO noise used in the paper (see Sec. IVA
for more details) is shown in Fig. 9). The total SNR
estimation can be made only within the frequency bin width
(δf) around Δf ¼ 0.
This estimator captures additional information present in

the stochastic GW signal on top of the power spectrum

FIG. 2. The plot shows the mean subtracted Pback − P̄back distribution as given in Eqs. (10) and (11) for different values of Δf. The red
vertical lines denote the value of the SpeCS estimator computed for the injected signal as obtained from Dataset I at various values of
Δf using Eq. (13).
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estimation. By combining multiple pairs of GW detectors
the total SNR for the detector network is given as

ρ2total ¼
X
I;J>I

ðρ2pÞIJðΔt ¼ 0� ϵÞ; ð16Þ

where I, J denotes all the detectors in the network.

IV. APPLICATION OF SpeCS ON
SIMULATED SGWB

To test the efficiency and properties of the proposed
estimator Eq. (7), we simulate mock SGWBs by generating
low-amplitude (individually unresolved) black hole binary
merger waveforms and injecting them in noise. We con-
sider two distinct scenarios of SGWB based on different
merger rates. Firstly, the merger rate is taken as relatively
high and this is to show how SpeCS would work in an
optimistic, signal-dominant case. Secondly, we consider a
relatively low merger rate giving us a low density of events
in order to emulate a case closer to what is expected to be
observed by LVK from the low-redshift merger rate.

A. Simulation setup

Dataset I: We start with 3 × 104 second segments of
synthetic LIGO/VIRGO noise, generated with PyCBC [41]
using the PSDs of L, H, and V detectors (in particular for
the O3 observational run). 104 individual nonoverlapping
BH binary merger waveforms were generated using the
IMRPhenomXAS model [42] and projected individually
for the L, H, and V detectors. This was done by randomly
sampling the sky location parameters (from a uniform
distribution) as well as taking into account the appropriate
time lag between the individual signals depending on
the source location. The simulated signals were then
injected into the synthetic LIGO noise with randomised
time spacing between consecutive events Fig. 3. For the
simulated BH merger waveforms the masses were taken
between 10–90M⊙, spin ð−0.8; 0.8Þ and distance
6 × 103–3 × 104 Mpc. Figure 4 shows the SNR distribu-
tion of the individual waveform injections.
Dataset II: We start with a 5 × 105 second segment of L

and H detector noise, generated by PyCBC using the PSD for
the O3 observational run of LIGO. 104 individual BH
binary merger waveforms (with parameter range same as
the case I) were injected into the synthetic detector noise
after projecting the waveforms in the respective (L and H)
detector frames for randomized sky location. For this
dataset a significantly low merger rate is taken compared
to Dataset I. Figure 5 shows a 103 sec segment of the
simulated waveform for L and H detectors (without the
inclusion of noise).
The simulated time series signals (having a sampling rate

of 4096 Hz) were first whitened using the respective noise
PSD’s and then converted into spectrograms by performing

a short-time Fourier transform (sampling rate ¼ 4096 Hz,
length of each segment ¼ 78=4096 sec, number of points
to overlap between segments ¼ 64=4096 sec, Tukey
window). In Fig. 6, a 10 seconds segment of the spectro-
gram of noise and the GW waveforms is shown for
Dataset I. As the high-frequency SGWB signal is not
relevant for the analysis we cropped the spectrograms
at fmax ¼ 640 Hz.

FIG. 3. In this plot we show a 3 × 103 seconds segment of
synthetic LIGO noise along with the merger waveforms injected
in the noise (shown by the orange line). Subplot: The GW
waveforms generated by the IMRPhenomXAS model for Dataset
I are shown.

FIG. 4. The distribution of SNR for the individual events that
were injected in the synthetic LIGO (Livingston) noise is shown.
Events with SNR < 8 are considered subthreshold. This SNR
was computed using the PSD obtained from the O3 run of LIGO
(Livingston) noise.
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B. SpeCS analysis and results

In order to search for a SGWB signal, the dataset
(which can extend for hours, days or even years) is usually
split into shorter segments. For Datasets I and II we
consider segments of 500 seconds and then compute

PccðΔt;ΔfÞ of N such segments (denoted by Pi
cc). Let

p ≔ fP1
cc; P2

cc;…; PN
ccg be a set of measurements obtained

by computing the cross-correlation of the N statistically
independent fragments of the dataset. The mean of this
stack is given as

hpi ¼ 1

N

XN
i¼1

Pi
cc: ð17Þ

This mean of the SpeCS estimator, as computed for the
SGWB signal, would contain noise contamination as the
signal is noise dominated. Following Eq. (12), we can
perform the background subtraction on hpi in order to get
the unbiased estimator for the correlated GW signal
(as shown in Fig. 7 for Dataset I). Further for Dataset I,
Psig as given in Eq. (13) is shown in Fig. 8.
For both Datasets I and II, after computing the corre-

sponding Psig we use Eq. (14) to compute the covariance as
shown in Fig. 9. In order to finally compute the SNR we
use the obtained Psig and CðΔf;Δf0Þ in Eq. (15). In Fig. 10
the SNR obtained by choosing the aperture at different
values of Δt is shown. For this computation, we choose
ϵ ¼ 0.02 seconds (i.e., 12 Δt bins) and perform the Δf
summation from Δf ¼ þ18 Hz to Δf ¼ −18 Hz (i.e.,
4 Δf bins centered around Δf ¼ 0). We observed that a
specific choice of these parameters does not affect the SNR
significantly unless we select a value that cuts off the peak

FIG. 7. The cross-correlation of the spectrogram, Pclean
cc , gen-

erated using Dataset I for L and H detectors. The peak in the
ðΔt;ΔfÞ ¼ 0 region indicates the presence of the correlated GW
background signal.

FIG. 5. A 103 sec segment of the simulated stochastic GW
signal (Dataset II) is shown for the L1 and H1 detectors in the
absence of noise.

FIG. 6. The spectrograms generated from the simulated GW
waveforms and noise are shown here. On top, we show the
waveforms generated for the L1 detector (Dataset I) and the
bottom plot shows the synthetic noise generated using the PSD
of the L1 detector. Here, only for illustration we showed the
spectrograms till 250 Hz but for our analysis, we choose
fmax ¼ 640 Hz.
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in the correlation abruptly (Fig. 7). We add both positive
and negative Δf bins to get the final SNR as Psig contains
unique information for positive and negative values of Δf.
This is due to the fact that the SpeCS estimator cross-
correlates signal from two different detectors having
independent detector frequencies for the signal. Further,
from Fig. 9 it is evident from the small values of the
covariance matrix at fþΔf;−Δfg that the information
content is unique at positive and negative Δf. The averaged
peak value at jΔtj < 0� ϵ for Datasets I and II denotes the
strength of the signal. The values at jΔtj > 0� ϵ denote the
contribution from the noise. For Datasets I and II we
obtained a peak SNR of 8.1 and 4.2, respectively.

In Dataset II, even though the effective merger rate was
taken to be much lower compared to Dataset I, the SpeCS
method was able to efficiently isolate the signal from the
dominant background noise. Figure 11 shows how ρP
builds up with an increase in the total time of integration for
both Datasets I and II. Also, as shown in Appendix B the
overall detection SNR increases while combining signals
from multiple detectors as commonly done by the LVK
Collaboration.

FIG. 10. Plot of ρp obtained for Datasets I (top) and II (bottom)
by computing Psig at various different values of Δt.

FIG. 11. ρpðΔtÞ obtained for Datasets I and II considering
various length (T) of the datasets.

FIG. 8. This plot shows the behavior of Psig as a function ofΔf.
The blue solid line is for Psig computed using the L and H signal
from Dataset I and the orange dotted line is the same quantity
computed for the waveforms of Dataset I but without injecting
them into noise. For the dashed orange curve (i.e., the one
obtained without the noise) we did not perform any background
subtraction as given in Eq. (12) and hence the amplitude is
comparitively higher.

FIG. 9. The covariance matrix of the background noise
obtained using Eq. (14). For this illustration we choose
jΔfj < 180 Hz.
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C. Comparison with standard cross-correlation
estimator

In order to study and compare the efficiency of the
SpeCS method with the standard optimal cross-correlation
estimator Eq. (C1) we compute the SNR of Dataset I using
both methods. For this comparison, we compute the SNR
using only the GW waveforms from Dataset I without
injecting them into the synthetic detector noise. This was
done in order to remove the influence of different noise
realisations on the SNR enabling us to infer the factor by
which SpeCS improves the SNR for the given dataset. One
must note that in order to obtain the SNR the variance
[Eq. (C5)] and the covariance matrices [Eq. (14)] were
computed for the respective synthetic detector noise.
For the standard cross-correlation method, we consider a

set of maximum frequencies ffmax
1 ; fmax

2 ;…; fmax
i g up to

which the summation in Eq. (C4) was performed for each
element of ffmax

i g followed by computing the correspond-
ing σðfmax

i Þ each time and then finally obtaining
SNRCCðfmax

i Þ using Eq. (C6) for the entire set of fmax
i .

For the SpeCSmethod, firstly, we compute Pccðfmax
i Þ as

given in Eq. (7) by using the spectrogram, Ssiðt; fmax
i Þ,

calculated upto the fmax
i frequencies. Using this Pccðfmax

i Þ
we calculate ρpðfmaxÞ for each element in ffmax

1 ;
fmax
2 ;…; fmax

i g. As shown in Fig. 12 this enables us to
study how SNR builds up as a function of frequency till it
saturates at some high value of fmax. For Dataset I using the
noiseless signal, the SNR saturates at 1.2 while using the

standard CC method and it saturates at 9.8 using SpeCS.
From this, we can conclude that the SpeCS method
performs ≈8 times better in detecting the SGWB signal
when compared to the standard CC method. Given that
SpeCS is model-agnostic, it is not an optimal estimator for
parameters of any particular model. Therefore, as seen in
Fig. 12, its SNR can decrease due to contamination by
noisy data as we increase fmax. In future work, we will
explore the performance of SpeCS for different models and
explore how we can achieve optimal measurement of the
signal depending on the noise covariance matrix.

V. DISCUSSION AND CONCLUSION

In this paper, we proposed a novel method, SpeCS, to
constrain/detect the time-dependent astrophysical stochas-
tic gravitational wave background originating from non-
overlapping binary sources, having a low-duty cycle.
Firstly, we obtained the spectrograms of the GW signal
by mapping the time-domain GW detector strain to the
time-frequency domain using a short-time Fourier trans-
form. Then the SpeCS method is implemented which is
based on computing the time-frequency domain cross-
correlation between the spectrograms.
The main advantage of SpeCS is that since it is a higher-

order detection statistics, it probes the non-Gaussian time-
dependent aspect of the signal. Since the GW signal is a
chirp in the time-frequency domain, SpeCS would take
into account correlations present between different fre-
quency bins of the signal thus probing the excess informa-
tion hidden in the chirping nature of the nonoverlapping
GW events. Further, the time-frequency correlation
between various detectors helps to distinguish it from
the background noise. The noise properties of each detector
would be very particular and would not exhibit such a high
degree of time or frequency correlations thus enabling us to
detect/extract the GW signal which would remain the same
(apart from a phase difference) across multiple detectors.
These features make the higher-order SpeCS method more
efficient in extracting information from the SGWB signal
and complement the more traditional cross-correlation
method used by LVK [3,6]. We show that the SNR obtained
using the SpeCS method is ≈8 times higher than the SNR
obtained using the standard cross-correlation technique
Fig. 12. For this comparison, we computed the SNR of
Dataset I using the SpeCS method and the standard cross-
correlation method but without injecting the waveforms
into the corresponding detector noise.
In this paper, we mainly focused on introducing the

SpeCS formalism, and thus its efficiency was tested using
a simulated SGWB dataset generated using synthetic LIGO
noise(based on the PSD of the O3 run [43]). For the real-
world application of this method on the time-series signal
as obtained/detected by LVK, the presence of glitches
would be a concern. Glitches and more general nonsta-
tionary noise would influence the overall value of the

FIG. 12. This figure compares the SNR obtained using the
SpeCS method as proposed in this paper with the standard
optimal cross-correlation SNR [6] for different fmax frequencies.
Here we computed the SNR using just the GW waveforms,
and without injecting them into noise (except the variance was
computed using noise). This is done in order to make the
estimator explicitly unbiased so that any bias/fluctuations in
the SNR due to different noise realizations are removed and we
get the factor by which SpeCS improves the detectability of the
SGWB signal as compared to the standard method. The SpeCS
SNR shows a peak at fmax ∼ 100 Hz as the noise contamination
increases at higher frequencies where the signal is not dominantly
present (see text for discussion).
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cross-correlation and interfere with the underlying SGWB
signal. Glitches, for example, can be dealt with by applying
gating where they are removed from the time-series data by
using a suitable window [5], but we defer a detailed study
of the impact of nonstationary noise on SpeCS to future
work. Another possible systematic is the correlated noise in
between detectors, e.g., caused by the Schumann resonan-
ces in the Earth’s magnetosphere, which must be modeled
alongside with an astrophysical SGWB contribution to
SpeCS [10,44,45]. Furthermore, in an ongoing study, we
are exploring the applicability of the SpeCS to perform
parameter estimation [10,46] and extract information about
the BH population and event rates. From the tilt/slope of the
correlation function in the time-frequency domain one can
possibly break the degeneracy amongst mass distribution,
the merger rate, and other astrophysical parameters while
performing the parameter estimation of the SGWB.
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APPENDIX A: SPECTROGRAM
RESOLUTION AND SNR

The time and frequency resolution of the spectrogram
(determined by the sampling rate of the signal, the width of
the window function, and overlap) can strongly influence
the efficiency of the SpeCS method. If we choose a time
resolution that is extremely high/fine the signal will get
overresolved, and random noise fluctuations in the spectro-
gram will start contributing spuriously to the cross-
correlation. On the other hand, if the time resolution is not
high enough the waveforms will not be resolved adequately
and their contribution to the cross-correlation would be
blurred by the noise. The optimal situation is to be in the
intermediate regime where the signal is resolved properly
and the SpeCS estimator is not overly sensitive to small
changes in the resolution. To establish the robustness of the
proposed SpeCS estimator to variations in resolution, we
perform the cross-correlation analysis for a range of time
resolutions (obtained by varying the width of the window
and the overlap) and present the results in Fig. 13. There is
a plateau in the time-resolution axis where the peak value of
ρðΔtÞ remains stable and for the analysis done in this paper
we choose the parameters of the spectrogram in such a way
that the resolution lies well within this stable regime.

FIG. 13. Top: the plot shows the variation of the maximum
value of ρp at jΔtj < ϵ with respect to the different temporal
resolutions of the spectrogram. The temporal resolution is the
window size used for generating the spectrogram.
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APPENDIX B: THREE DETECTOR ANALYSIS

The optimal strategy for the detection of SGWB involves
performing a cross-correlation analysis with the signal
detected by multiple detectors and then computing the
combined SNR [48].
We use the simulated signals obtained for all three

detectors in Dataset I and implement the SpeCS method
on the spectrograms of the signal obtained for three
possible combinations of detector pairs (LH, LV, HV).
For the three detectors, the combined SNR ρtotal ¼ 8.7 (16)
is shown in Fig. 14.

APPENDIX C: STANDARD CROSS-
CORRELATION ANALYSIS

In this section, we compare the efficiency of SpeCS
to the conventional cross-correlation based optimal search
techniques used by LIGO. Given two GW detectors a cross-
correlation statistic CðfÞ can be defined as

CðfÞ ¼ 2

T
Re½s�I ðfÞsJðfÞ�
γTðfÞS0ðfÞ

; ðC1Þ

where T is the total duration of the signal, sðI;JÞ is the
Fourier transform of the strain for each detector that we are
considering, S0ðfÞ is the spectral shape of the expected GW
background,

S0ðfÞ ¼
3H2

0

10π2f3
; ðC2Þ

and γTðfÞ is the overlap reduction function [3,6].
In Dataset I, since the waveform injections are made into

a definitive realisation of the detector noise we can compute
CðfÞ for noiseþ SGWB as well as for just the signal.
The variance of the estimator CðfÞ, in the absence of

correlated noise and in the small SNR limit is given as

σ2ðfÞ ¼ 1

2TΔf
PIðfÞPJðfÞ
γ2IJðfÞS20ðfÞ

; ðC3Þ

where T is the observation time, γ is the overlap reduction
function, PI and PJ are the noise power spectrum for each
detector and Δf is the frequency resolution.
Using CðfÞ as given in Eq. (C1) one can construct an

optimal estimator [10] where the contribution from various
frequency bins are combined and given as

Ĉ ¼
P

k CðfkÞσ−2ðfkÞP
k σ

−2ðfkÞ
: ðC4Þ

The variance of this optimal estimator is given as

σ ¼
"X

f

σ−2ðfÞ
#−1=2

: ðC5Þ

The SNR is given as

SNRcc ¼
Ĉ
σ
: ðC6Þ

We compute the SNRCC for Dataset I using (C6) by
diving the data stream into segments of 192 s which are
Hann-windowed having an overlap of 50%, then compute
the discrete Fourier transform of each segment and resam-
ple the resulting spectrum to a frequency resolution of
1=32 Hz. Figure 12 shows the cumulative SNR as a func-
tion of frequency. For Dataset I we get a maximum SNR of
1.2 when using just the waveforms without injecting them
into noise.
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