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Gravitational waves (GWs) from stellar-mass compact binary coalescences (CBCs) are expected to be
strongly lensed when encountering large agglomerations of matter, such as galaxies or clusters. Searches for
strongly lensed GWs have been conducted using data from the first three observing runs of the LIGO-Virgo
GW detector network. Although no confirmed detections have been reported, interesting candidate lensed
pairs have been identified. In this work, we delineate a preliminary analysis that rapidly identifies pairs to be
further analyzed by more sophisticated Bayesian parameter estimation (PE) methods. The analysis relies on
the Gaussian/Fisher approximation to the likelihood and compares the corresponding approximate posteriors
on the chirp masses of the candidate pair. It additionally cross-correlates the rapidly produced localization sky
areas (constructed by Bayestar sky-localization software). The analysis was used to identify pairs involving
counterparts from targeted subthreshold searches to confidently detected superthreshold CBC events. The
most significant candidate “super-sub” pair deemed by this analysis was subsequently found, by more
sophisticated and detailed joint-PE analyses, to be among the more significant candidate pairs, but not
sufficiently significant to suggest the observation of a lensed event [J. Janquart et al., Follow-up analyses to
the O3 LIGO-Virgo-KAGRA lensing searches, Mon. Not. R. Astron. Soc. 526, 3 (2023)].

DOI: 10.1103/PhysRevD.109.023028

I. INTRODUCTION

The LIGO-Virgo-KAGRA [1–3] network of ground-
based, interferometric, gravitational wave (GW) detectors
has completed three observing runs: O1, O2, and O3. These
runs have provided ∼100 detections of compact binary
coalescence (CBC) events [4–9]. The majority of these
correspond to binary black hole (BBH) mergers, although
binary neutron star (BNS) [10,11] and neutron star black
hole (NSBH) [12] binary mergers have also been observed.
These detections have enabled many novel probes of

various aspects of astrophysics, cosmology, and fundamen-
tal physics, including constraints on the populations of
stellar-mass compact binaries that merge within Hubble
time [13], distance-ladder-independent measurements of
the Hubble constant [14], unique tests of general relativity
in the strong-field regime [15], and the nature of matter
at extreme densities via constraints on the neutron star
equation of state [16]. Nevertheless, several discoveries
involving GWs still remain to be made. Among them is the
anticipated observation of gravitationally lensed GWs.
Propagating GWs, like light, will have their paths deviated

if they encounter matter inhomogeneities [17–20].
In particular, when GWs from stellar mass CBCs, detect-
able by LIGO-Virgo, encounter galaxies or clusters, they
will be strongly lensed, resulting in the possible production
of multiple temporally resolvable images [21–24]. These
images are (de)magnified copies of the source separated by
time delays that span minutes to weeks for galaxy lenses
and up to a few years for galaxy cluster lenses. Thus, they
will have identical phase evolution, although their ampli-
tudes will generally differ by a multiplicative constant
factor (see, e.g., [25]). In addition, a constant phase
difference of either 0, π=2, or π, called the Morse phase,
will be incurred between the images, depending on the
image type (type I, II, or III [26,27]).
Several techniques have been devised to search for such

strongly lensed pairs of GW events, most of which rely on
the identical phase evolution of the images, the superposed
GW localization sky areas of the images [28], and the Morse
phase. These include two low-latency techniques. One is a
machine learning (ML)-based method that compares time-
frequency maps and localization sky areas of individual
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events in a candidate lensed pair [29]. The other is a posterior
overlap (PO) method that compares the existing Bayesian
posterior distribution of the (intrinsic and sky location)
parameters of individual events acquired from large-scale
Bayesian parameter estimation (PE) exercises [25]. Other
more comprehensive though computationally expensive
methods involve sampling a joint likelihood, constructed
from the GW likelihoods of the individual events in the
candidate lensed pair [30–33]. Each of these methods has
been employed to search for lensed pairs involving super-
threshold/confidently detected GWevents from O1, O2, and
O3 [4,34,35]. No candidate pair was deemed sufficiently
significant to claim detection of GW lensing [36–38].
It has been suggested in the literature that the rate of

lensed events—where one event in a lensed pair is a
superthreshold GWevent, while the other is a subthreshold
event whose reduced significance could be due to one (or
more) of several reasons, including demagnification—is
larger by a factor of few than the rate of lensed pairs where
both GW events are superthreshold [39]. It is therefore
worthwhile to search for such “super-sub” lensed pairs.
A lensed GW counterpart can be missed by the usual
matched-filter searches due to its low signal-to-noise ratio
(SNR) as a result of lensing demagnification or reduced
sensitivity of the detector for certain parameters of the
source. Hence, a separate matched-filter search is done to
find the possible subthreshold lensed counterparts for each
of the targeted superthreshold events [40,41]. This is done
by utilizing the posteriors of intrinsic parameters of the
superthreshold events to construct a reduced template bank
that enables a deeper search for subthreshold events by
reducing the background noise. The candidate super-sub
pairs have been found through these searches during
O2 [41,42] and O3 [38]. However, till now, no confident
detection has been made.
While all the superthreshold candidates [events having a

search false-alarm rate (FARÞ<2=day and pastro > 0.5 as
per the GW transient catalogs, GWTC-2.1 [43] and
GWTC-3 [4] ] have PE posteriors readily available,1 the
subthreshold candidates generally do not. This is in part
because there is not sufficient evidence to suggest that they
are of astrophysical origin and therefore worthy of PE
follow-up.
Moreover, acquiring PE samples for all the subthreshold

candidates is computationally taxing, which makes most
of the existing lensing-identification methods mentioned
above too computationally expensive and time consuming
to be feasibly used. This is true even for the low-latency
approaches. PO requires PE posteriors on the intrinsic
parameters of both events in the lensed pair candidate to be
analyzed [25]. On the other hand, the ML-based method
needs extensive training and testing involving subthreshold

events, which has yet to be completed [29]. To mitigate the
increase in candidate pairs by including subthreshold
events, we introduce another method that rapidly constructs
interpretable, albeit approximate, statistics to rank the
candidate lensing counterparts to the superthreshold events
that are found by the targeted subthreshold searches. The
method then provides a preliminary identification of super-
sub lensed candidate pairs.
Our method is akin to PO, although the data products

used can be generated rapidly without taxing computational
resources. In particular, the GW likelihood is approximated
as a Gaussian using a Fisher analysis [46]. This enables a
rapid, though approximate, construction of posterior dis-
tributions on the chirp masses of the super-/subthreshold
events. For each super-sub candidate pair, the chirp-mass
posteriors of the events in the pair are quantitatively
compared using the Bhattacharyya distance [47]. Another
coefficient is produced by cross-correlating the Bayestar
sky maps [48], generated in low latency, of each of the
events in the pair. A third coefficient, exploiting the
expected time delay distribution of detected strongly lensed
events, is also constructed. The coefficient values are then
sorted in descending order to identify any super-sub
candidate pair with large values across all three coefficients.
All super-sub candidate pairs were found to be insig-

nificant by one or more of these statistics, with the notable
exception of one solitary outlier, GW191230_180458–
LGW200104_180425, which we call simply GW191230-
LGW200104 from now on. This pair lies in the top-fifth
percentile of all super-sub pairs across all three statistics.
The event pair was reanalyzed by PO and more sophis-
ticated joint-PE methods [31,32] and found to be among
the more significant candidate pairs, though not suffi-
ciently significant to claim observation of lensing. We
point the reader to [49] for more detailed analyses of this
event pair.
The rest of the paper is organized as follows: Section II

describes the construction of the approximate statistics.
Section III describes the results, including the performance
of the approximate statistic on synthetic lensed and unlensed
events as compared to PO, as well as the output of themethod
applied to the super-sub pairs. Section IV summarizes the
paper and discusses the scope for future improvements.

II. METHODS

Given a pair of CBC events, we wish to determine
whether they have a common provenance (lensed), or
whether they are unrelated (unlensed). In the geometrical
optics limit, each strongly lensed copy of the GW strain
gets an overall magnification, time delay, and a (Morse)
phase shift, although the phase evolution remains unaf-
fected. In addition, the angular separation of the images
[Oð100Þ or smaller] is orders of magnitude smaller than what
can be resolved with GW detectors [which provide sky
areas of Oð10Þ sq. deg or larger].

1The posterior samples are found in the data releases [44]
and [45].
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Hence, apart from luminosity distance, time of arrival,
and coalescence phase, the Bayesian inference of intrinsic
and extrinsic parameters should yield posterior distribu-
tions that overlap well. The PO statistic exploits this fact
to distinguish between the lensed and unlensed candidate
pairs. However, its reliance on the availability of PE
posteriors makes it difficult to employ to identify sub-
threshold image counterparts to superthreshold GWevents.
This is because PE posteriors are computationally expen-
sive and time-consuming to produce and are thus usually
unavailable for subthreshold events.
On the other hand, the matched-filter-based search

pipelines give point estimates of the intrinsic parameters
and the GW network’s signal-to-noise ratio (SNR).
Furthermore, the chirp mass of a CBC is expected to be
the best measured among all intrinsic parameters, certainly
for those events whose in-band signal is dominated by the
inspiral. We use this to construct a statistic, Bmasses, that
estimates a “distance” separating the chirp-mass posteriors
evaluated using a Fisher analysis.
Additionally, we use the Bayestar [48] sky localization

software to rapidly reconstruct the localization sky maps. We
then cross-correlate them to evaluate another statistic, Bsky,
that measures the degree of overlap between these sky maps.
And finally, we use the Rgal [25,50] statistic to assess if

the time delay of the candidate is more consistent with the
distribution of temporal separations of randomly distributed
events within the observation time, or the distribution of
simulated image time delays constructed from an assumed
distribution of galaxy lenses and sources.

A. Bayestar sky maps

“Bayestar” is sky localization software that can produce
sky maps in seconds by exploiting the fact that the intrinsic
and extrinsic parameters of a CBC are semi-uncorrelated. It
pins the intrinsic parameters to their matched-filter search
point estimates and rapidly marginalizes out the remaining
nuisance parameters using Gaussian quadrature methods,
to provide a posterior on the right ascension (α) and
declination (δ) of the source [48].
Following [29], we project the Bayestar sky maps to a

Cartesian grid (Nα × Nδ) of the sky coordinates (α, δ).
For each of the two images d1 and d2, we then have the
probability of an event happening in bin ðαi; δjÞ as P1

i;j

and P2
i;j. With these matrices, we evaluate the following

statistic, which is motivated by the PO statistic [25]:

Bsky ¼
Z

Pðα; δjd1ÞPðα; δjd2Þ
Pðα; δÞ sin δdαdδ

≈
8π3

Nα × Nδ
ΣiΣjP1

i;jP
2
i;j: ð1Þ

If the two images do not overlap at all, then Bsky ¼ 0.
Numerically, to evaluate this statistic, we used Nα ¼ 800

and Nδ ¼ 400, which we found to be accurate enough for
the typical sky resolution of the GW events by current-
generation detectors.

B. Chirp masses

The search pipelines report the detector frame matched-
filtered chirp mass, Mdet

c , and the SNR for the triggers
based on the best match template at each detector.
Following [51], we construct a likelihood on the chirp
mass for each image, pðdijMdet

c Þ, as a Gaussian with the
mean as the average of matched-filtered chirp masses over
detectors and standard deviation as

ΔðlogMdet
c Þ ¼ 0.08ðρthreshÞ=ρ; ð2Þ

where ρ is the network SNR for the triggers and ρthresh ¼ 8.
The Bhattacharyya coefficient in chirp mass (Bmasses) is
defined as

Bmasses ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pðd1jMdet
c ÞPðd2jMdet

c Þ
q

dMdet
c ; ð3Þ

which is our second statistic for rapid lensing identification.
Note that unlike the PO statistic [Eq. (5)], the
Bhattacharyya coefficient is normalized, ranging from 0
to 1. The integral in Eq. (3) is simplified for the Gaussian
probability distributions and can be written in terms of
means and standard deviations of the two Gaussians.
In Gaussian noise, the matched-filter SNR is an optimal

statistic. However, non-Gaussianities in real noise can
produce spuriously large SNRs. Furthermore, even in
Gaussian noise, noise fluctuations and discreteness of
the template bank could result in signals being recovered
by templates whose parameters are significantly biased
with respect to the true source parameters.
We compare in Fig. 1 the estimates of chirp mass from

PE with the matched-filter estimates for GWTC-3 events.
The PE estimates are taken from GWOSC [52], whereas the
matched-filter estimates are taken from GraceDB, as
reported by the search pipelines [53–55]. About 13 out
of 81 events have a Mdet

c from the matched-filter values
that is significantly different (mostly overestimated) with
respect to the PE estimates. This is seen in the figure as
points sufficiently deviated from the diagonal such that
neither the vertical nor the horizontal error bar intersects the
diagonal. Most of these events are in the chirp mass range
40–60M⊙. We do not find any correlation with the SNR for
these biases. In addition to the chirp mass, the matched-
filter searches also output the best-fit template’s mass ratio
and spins. This information can in principle be considered
for lensing identification; however, we leave this for
future work.
The lower chirp mass binaries are less biased than the

high ones due to their longer inspiral in the frequency band
of LIGO-Virgo detectors. This is clearly a caveat but is
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partially mitigated by the fact that the Bhattacharyya
coefficient is not used in isolation, but in conjunction with
other statistics in this section which are not susceptible to
template biases.

C. Time-delay distributions

The time of arrival of GW signals is measured at OðmsÞ
precision by matched-filter searches. It is therefore worth-
while to construct a statistic that uses arrival times as a
means to discriminate between lensed and unlensed events.
To that end, an Rgal statistic is constructed.
The distribution of time delays for unlensed pairs of GW

signals PðΔtjHUÞ can be estimated by assuming the arrival
times to follow a Poisson process [see Eq. (31) in [32] ].
Conversely, the distribution of time delays for detectable
lensed pairs depends on the distribution of lens parameters,
source parameters, and the relative separations between the
Earth, the lenses, and the sources.
For galaxy-scale lenses, the time delays could vary

from several minutes to several weeks. For cluster-scale
lenses, the time delays could even span months or years.
Assuming an appropriate model for the distribution of
galaxy-lens parameters, as well as the redshift distribu-
tions of lenses and sources, we can construct a distribution
of time delays PðΔtjHLÞ [50] pertaining to detectable
strongly lensed BBHs.
To construct this distribution, we simulate the lensed

BBH populations by following the prescription which is
mentioned in the appendix of [25]. In particular, the BBH

mergers are distributed over redshift following Oguri
et al. [56]. The mass spectrum of BBHs is assumed to
be the power-lawþ peakmodel [13]. We assume the
galaxy lens profile to be the singular isothermal ellipsoid
(SIE) with which the lens equation is solved. The param-
eters, including redshifts, of the lens, are assumed to follow
the SDSS catalog [57]. We set the detectability criteria2

to be network SNR > 8.
The Rgal statistic is constructed from time-delay dis-

tributions of lensed and unlensed events as [25]

Rgal ¼ PðΔt0jHLÞ
PðΔt0jHUÞ

; ð4Þ

where Δt0 is the measured time delay between a given pair
of signals. Figure 2 shows theRgal statistic as a function of
the time delay between the events, assuming the observa-
tion time of the full O3 run. The Rgal statistic favors
small time delays and falls off rapidly with increasing time
delays. Though this is a model-dependent statistic and
valid only for galaxy lenses, it improves our capability of
identifying lensed events from unlensed ones [25].

III. RESULTS

A. Assessment of the method with simulations

To assess the performance of our method, we first
apply it to simulated lensed and unlensed events. These
are injected in Gaussian noise, generated using the

FIG. 2. Rgal statistic as a function of the time delay between the
events, assuming the O3 observation time. This is a model-
dependent statistic—the galaxy lens is assumed to be a singular
isothermal ellipsoid, and the lens parameters are fit to the SDSS
catalog. Lens redshifts are also assumed to follow the SDSS
catalog, while source masses assume a power-law + peak model.

FIG. 1. Chirp mass estimates from PE and matched-filter-based
searches for the GWTC-3 events. About 10%–15% of events are
significantly biased—the mean value of the detector-frame chirp
mass lies outside the 90% confidence range of the corresponding
PE posteriors (vertical error bars) and matched-filter chirp masses
(horizontal error bars) coming from Eq. (2). If these error bars
cross the diagonal, then the corresponding events should not be
considered as significantly biased. The lower chirp mass binaries
are less biased than the high ones due to their longer inspiral in
the frequency band of LIGO-Virgo detectors.

2The subthreshold events in O3 have SNR > 7 (see Fig. 4);
however, the time-delay distributions do not change noticeably
with this choice.
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zero-detuned high-power PSDs of Advanced LIGO and
Advanced Virgo at their design sensitivities [58,59], as
implemented in PYCBC [53,60]. We compare the perfor-
mance of our method with the PO statistic, using the
injection set given in [25] which consists of roughly 300
lensed pairs and 5 × 105 unlensed pairs. The PO statistic is
given by the following integral:

Boverlap ¼
Z

pðθ⃗jd1Þpðθ⃗jd2Þ
pðθ⃗Þ

dθ⃗; ð5Þ

which in practice is evaluated by performing a Gaussian
kernel density estimation on the posterior samples from
the parameter-estimation runs of the individual events.
This integral can be evaluated over all the parameters of
the binary except the luminosity distance, coalescence
phase, and coalescence time, as they would be biased due
to lensing.
To calculate Bmasses, we assume the likelihood inMdet

c to
be Gaussian with the mean as the maximum-likelihood
estimates from the PE runs (already performed over the
mentioned injection set for the results of [25]) and use the
SNR of the injection to calculate the standard deviation [see
Eq. (2)]. We compare the performance of Bmasses to the PO
statistic Boverlap evaluated using the posteriors in compo-
nent mass, setting θ⃗ ¼ fm1; m2g in Eq. (5). The maximum-
likelihood estimates of the masses are a proxy for the
matched-filter search estimates—a proxy that is expected
to be a good approximation for Gaussian noise. For a
templated search involving real noise, apart from the non-
Gaussian nature of the latter, we would have an additional
source of error in chirp mass estimation incurred due to
template-bank discreteness.
To construct Bsky, we generate the Bayestar sky maps

using the same injection parameters and noise properties
as used in the PE runs mentioned above, and fixing the
intrinsic parameters to their true values. We compare Bsky to
the PO statistic Boverlap evaluated using the PE posteriors in
the sky location, setting θ⃗ ¼ fα; δg in Eq. (5).
We plot the receiver operating characteristics (ROCs)

graphs in Fig. 3 for each statistic. The ROCs display the
efficiency (i.e., the fraction of lensed events truly identified
as lensed) at a given false positive probability (FPP, the
fraction of unlensed events falsely identified as lensed).
An ideal classifier would have an efficiency of 1 for all

FPPs. However, during lensing identification, false pos-
itives can arise due to chance overlaps of the posteriors of
unrelated events. Hence, as we increase the threshold of a
statistic to identify a pair as lensed, the number of false
positives reduces, but at the cost of reducing the effi-
ciency. As seen in the figure, both the mass-based and
sky-map-based statistics produce reduced efficiencies
relative to the PO method but are still better than a
random classifier.

B. O3 targeted subthreshold search triggers

In the case of strongly-lensed gravitational waves,
a subthreshold event with the same intrinsic parameters
as the superthreshold event is expected. We consider the
GstLAL-based TargetEd Sub-threshold Lensing seArch
(TESLA) method [61] to search for subthreshold lensing
counterparts. This is done using the posterior samples from
the targeted superthreshold event to reduce the background
noise. Since the lensed counterpart can be demagnified
and obscured by noise, making it difficult to detect, it is
necessary to minimize the impact of background noise. By
reducing the amplitude and thus the optimal SNR, we
generate these signals and inject them into actual data,
which is analyzed using TESLA with a general template
bank used in O3. We retain the templates that detect these
injected signals and construct a reduced targeted bank.
Finally, this targeted bank is used to identify potential
lensed candidates for the targeted event from all possible
data. For interested readers, please find the detailed
description in [61].
As part of the LVK collaboration-wide paper to search

for lensing signatures in the full third observation [38], the
TESLA method was applied to all superthreshold events
with a probability of astrophysical origin pastro > 0.5
documented in [4] to search for their possible subthreshold
lensed counterparts, should they exist. For each targeted
search, we keep all candidates with a FAR < 1 in 30 days

FIG. 3. Comparison of the rapid identification statistics against
the PE-based PO method. There is only a partial loss in efficiency
using these statistics relative to PO, and they all perform better
than a random classifier that classifies a given pair as lensed or
unlensed with probability 0.5, resulting in its efficiency being
equal to the false positive probability (gray) curve.
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(i.e., <3.86 × 10−7 Hz) and that pass a preliminary sky
map overlap test [28] (See Ref. [38] for details).
For all the O3 events, altogether 472 possible subthresh-

old lensed candidates were found as a deeper internal
candidate list,3 of which only a small subset is reported in
Table I [38]. Figure 4 shows the distribution of network
SNRs of those superthreshold and subthreshold events.
As expected, the subthreshold signals have lower SNRs
as compared to superthreshold ones. Nevertheless, they all
have SNR > 7. Moreover, 40% of the subthreshold events
have SNR > 8. This is not necessarily surprising, given
that in real noise, SNR is known to be suboptimal, relative
to its performance in Gaussian noise. A more robust
statistic, pastro [63,64], is therefore used to segregate signals
of astrophysical and terrestrial origin.

C. Rapid identification of the super-sub lensed
candidates in O3

During the LVK full O3 lensing searches [38], only two
out of all the above-mentioned targeted super-sub lensed
pair candidates, pertaining to subthreshold events with the
lowest FAR (i.e., the rate at which noise can falsely trigger a
GW-like event) were followed up by a joint-parameter
estimation analysis as implemented in the GOLUM pipe-
line [31]. None of those candidates showed any signatures
of lensing. Here, we consider all the 472 search triggers and
perform a preliminary analysis to rapidly identify the most
interesting super-sub lensed candidates using the matched-
filter estimates and the Bayestar sky maps. The chirp mass
and sky maps overlap for the GW event pairs are captured
in Bmasses and Bsky, respectively (see Sec. II).
In order to calculate the chirp mass overlap statistic

Bmasses, for the O3 super-sub pairs, we use the matched-
filter estimates of Mc and ρ for the subthreshold triggers;
whereas for the super-threshold events, we use the
PE-based measurements from the open data available in
GWOSC [52,65]. Note that PE and matched-filter chirp
mass estimates can deviate significantly for a small fraction
of events, as shown in Fig. 1.
Assuming a Gaussian distribution of the chirp mass

likelihoods, using Eqs. (2) and (3), we calculate the

TABLE I. Triggers for the target event GW191230_180458, whose median Mdet
c ½M⊙� ¼ 61.68. The last three

columns are the statistics calculated using the method proposed here (see Sec. II). LGW200104_184028 favors
lensing through all three statistics. The rest of the triggers show no sufficient evidence of being lensed counterparts.

Subthreshold trigger Mdet
c [M⊙] SNR FAR ½yr−1� Δt [days] Rgal Bsky Bmasses

LGW200104_184028 58.20 8.48 6.59 5.02 4.43 1.77 0.91
LGW200301_075426 45.70 7.15 5.61 61.58 0.18 0.15 0.12
LGW200201_192756 20.50 7.80 5.11 33.06 0.57 0.02 0.00
LGW190818_232544 63.00 8.51 3.34 −133.78 0.02 0.03 0.99

FIG. 4. Inverse cumulative distribution function of the network
SNRs. The subthreshold triggers have lower SNRs as compared
to superthreshold ones, but all of them have SNR > 7. In fact,
40% of the subthreshold events have SNR > 8.

FIG. 5. Mean chirp mass estimates for the O3 super-sub
candidate pairs and their Bmasses. As expected, the majority of
events with large Bmasses lie along the diagonal. The coefficient’s
value decreases for events situated away from the diagonal.

3The candidates having 90% credible region sky map overlap
>0, taken from Table I of the data released in [62].
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Bhattacharyya coefficient Bmasses for each of the super-sub
pairs. Figure 5 shows the mean estimates of chirp masses
for the O3 super-sub pairs and their corresponding Bmasses.
As expected, the Bmasses is maximum along the diagonal—
i.e., when the masses of the super-sub pair are similar. Note
that Bmasses depends both on the mean and on the standard
deviation of the two Gaussians; therefore, as we move away
from the diagonal, it falls off, but not monotonically.
Next, we calculate the sky overlap statistic Bsky [Eq. (5)],

using the Bayestar sky maps of the subthreshold events
and the more accurate PE sky maps of the superthreshold
events. Finally, we estimate the Rgal by using the trigger
time information of the events. Figure 6 shows the time-
delay statistic Rgal, the chirp-mass overlap Bmasses, and the
sky-overlap Bsky statistics for each of the super-sub pairs.
The dashed lines correspond to the top-fifth percentile
statistic values of all the O3 pairs, which are found to be at
Rgal ¼ 2.95, Bsky ¼ 0.47, and Bmasses ¼ 0.87, respectively.
These are estimated from the distribution of the statistics
for O3 super-sub pairs, as shown in Fig. 7. Since lensing is
a rare event (rates of strong lensing vary from 0.01% to
0.1% [66,67]), we want to find the event pairs which are
in the tails of the distribution of the three statistics as the
lensing candidates. It should, however, be noted that the
analysis could suffer from spurious biases (see Fig. 1),
and hence should be followed up by a more compre-
hensive analysis.
The only pair which is in the top-fifth percentile of

all three statistics is GW191230-LGW200104, with

LGW200104 as the subthreshold counterpart to the super-
threshold target event GW191230. Moreover, this pair has a
time delay of only ∼5 days, which is more consistent with a
lensed time delay than the temporal separation of two
unrelated events drawn randomly from a Poisson process.
The statistics values for this pair is Rgal ¼ 4.43,
Bsky ¼ 1.77, and Bmasses ¼ 0.9. The good overlap of the
sky maps for the pair is evident from Fig. 8. We conclude
from our analysis that this pair is a (possibly lensed) outlier

FIG. 6. Statistics for the individual super-sub pairs which were found by TESLA during the LVK full O3 lensing searches [38]. Black
dashed lines represent the statistic value corresponding to the top-fifth percentile of all the pairs. An obvious, solitary outlier is identified
in the top-right corner of the plot. In addition to being in the top-fifth percentile of the two statistics on the x and y axes, it is also in the
top-fifth percentile of the statistic on the color bar (see the dashed black line there). We also highlight the triggers corresponding to the
target events GW191103 (green), GW191105 (blue), and GW191230 (black).

FIG. 7. Inverse cumulative distribution function of the statistics
for the O3 super-sub pairs. The dashed lines correspond to the
top-fifth percentile of the estimated values, which are found to be
at Rgal ¼ 2.95, Bsky ¼ 0.47, and Bmasses ¼ 0.87, respectively.
Only one event lies within this percentile across all three
statistics, which is shown as a cross-mark (×).
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among the remaining population of (unlensed) O3 super-
sub threshold pairs.
This pair was followed up by PE-based lensing analysis

such as PO and joint-PE, in [49]. It turns out that after

incorporating the lensing models and selection effects [32],
this pair has the highest significance (i.e., the highest
probability of being lensed) among all the O3 pairs,
including the super-super threshold ones, with a caveat
that LGW200104 might be of terrestrial origin, given that
during the LVK online unlensed superthreshold searches,
the event was found with the SPIIR [68,69] and CWB [70]
pipelines, which reported a pastro of 1% and a FAR of
4824.6=yr. This is in contrast to the FAR of 6.59=yr
estimated by TESLA. We report these numbers for the
benefit of the reader, and do not attempt to draw any
conclusions about the nature (noise or signal) of
LGW200104. Our method gives a preliminary assessment
of whether LGW200104 is a lensed counterpart to
GW191230, assuming the former is a signal, which it
may well not be. We follow the LVK naming convention
of the GW candidates—i.e., GWYYMMDD_hhmmss—
encoding the date and coordinated Universal Time

FIG. 8. Sky maps of GW191230 and LGW200104. The dark
(light) shaded region represents the 50% (90%) contour. There is
a significant visual overlap between the two sky maps. This is
further corroborated by the high sky map overlap statistic value.

TABLE II. Triggers for the target event GW191105_143521, whose median Mdet
c ½M⊙� ¼ 9.62. The last three

columns are the statistics calculated using the method proposed (see Sec. II). LGW191106_200820 has a significant
time-delay statistic (Rgal), but it is ruled out by the remaining two. The rest of the triggers show no signatures of
being lensed counterparts.

Subthreshold trigger Mdet
c [M⊙] SNR FAR ½yr−1� Δt [days] Rgal Bsky Bmasses

LGW191106_200820 14.40 8.36 0.53 1.23 15.95 0.10 0.00
LGW200128_115458 17.60 7.80 7.57 83.89 0.08 0.28 0.00
LGW191207_050023 20.30 7.87 3.04 31.60 0.61 0.02 0.00
LGW191229_024823 32.20 9.08 12.05 53.51 0.24 0.05 0.00
LGW200303_074125 17.50 8.13 5.87 118.71 0.03 0.17 0.00
LGW200126_135203 11.90 7.72 6.75 81.97 0.09 0.06 0.17
LGW200315_070710 14.10 7.70 10.91 130.69 0.02 0.10 0.01

TABLE III. Triggers for the target event GW191103_012549, whose median Mdet
c ½M⊙� ¼ 10.01. The last three

columns are the statistics calculated using the proposed method (see Sec. II). None of the candidates shows
signatures of being lensed.

Subthreshold trigger Mdet
c [M⊙] SNR FAR ½yr−1� Δt [days] Rgal Bsky Bmasses

LGW191118_113217 14.00 8.08 6.02 15.42 1.49 0.25 0.02
LGW191213_164018 78.60 10.40 0.32 40.64 0.41 0.20 0.00
LGW190919_131654 33.00 9.15 2.89 −44.51 0.35 0.18 0.00
LGW190926_133040 78.60 7.10 7.57 −37.50 0.47 0.12 0.00
LGW190828_192315 54.30 7.37 6.24 −66.25 0.15 0.13 0.00
LGW200102_033257 78.60 7.18 0.57 60.09 0.19 0.05 0.00
LGW200211_024259 9.44 8.11 5.87 100.05 0.05 0.16 0.81
LGW200323_135352 8.59 8.25 9.02 141.52 0.02 0.46 0.33
LGW190805_134348 10.40 8.79 0.29 −89.49 0.07 0.08 0.87
LGW190813_125024 78.60 7.14 5.61 −81.52 0.09 0.06 0.00
LGW200312_144311 78.60 7.29 8.14 130.55 0.02 0.24 0.00
LGW190727_144658 8.97 8.39 2.76 −98.44 0.06 0.08 0.55
LGW190517_114359 78.60 7.40 0.85 −169.57 0.01 0.28 0.00
LGW190401_190150 54.30 8.31 5.68 −215.27 0.00 0.36 0.00
LGW200305_153119 13.00 8.61 4.92 123.59 0.03 0.02 0.06
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(UTC) of the signal [4]. Table I shows the rest of the
triggers found in the searches with the target event
GW191230. All of them have at least one of the statistics
whose value is low enough to be relegated as unworthy of
follow-up.
Special target events: GW191103_012549 and

GW191105_143521. During the LVK full O3 strong
lensing searches [38], events pair GW191103_012549–
GW191105_143521, which we call GW191103-
GW191105 from now on, was found to be among the
more significant (∼1σ) pairs, though unlikely to be lensed.
The pair is also analyzed in detail in [49], finding no
conclusive evidence for lensing. Typically, galaxy lenses
can produce more than two images of a GW source. Any
additional subthreshold lensed counterpart to the pair
GW191103-GW191105, if found, can help us in increasing
its significance of being lensed, in the reconstruction of
lens configuration and in localizing the source to a host
galaxy through cross-matching of electromagnetically
observed lensed galaxy catalogues [37,71]. In the O3 data,
15 potential counterparts for GW191103 and 7 for
GW191105 were found by the TESLA method (see
Sec. III B), but none of them is in common for both the
targeted events. The rapid statistics for each of them are
shown in Tables II and III. LGW191106_200820 was also
considered to be a potentially lensed counterpart of
GW191105, by virtue of having the highest Rgal ¼ 15.95.
However, the poor sky map overlap (Bsky ¼ 0.1) and even
poorer Bhattacharya coefficient value resulted in this event
being relegated as unworthy of follow-up. The sky maps
for this pair are shown in Fig. 9. In summary, we conclude
that no obvious strongly lensed subthreshold counterpart
to the GW191103-GW191105 pair is found with our
preliminary analysis.

IV. SUMMARY AND OUTLOOK

A large number of targeted subthreshold events opens
the possibility of one or more of them being lensed
(demagnified) counterparts of confidently detected super-
threshold events. Identifying such subthreshold lensed

counterparts using conventional methods involving large-
scale parameter estimation exercises overburdens computa-
tional resources. Thus, a preliminary method that rapidly
weeds out “obviously” unlensed super-sub candidate pairs
is required. In this work, we have proposed one possible
rapid and computationally inexpensive identification
scheme. The method is conceptually similar to the PO
statistic while relying on approximations to posteriors on
chirp masses and sky location pertaining to the subthresh-
old counterpart.
A Bhattacharyya coefficient, Bmasses, is constructed from

the approximations of the chirp mass likelihood. A sky map
overlap statistic, Bsky, is constructed from Bayestar sky
maps of subthreshold events and PE sky maps of super-
threshold events. The method additionally uses prior
information on expected lensed time delays, assuming a
lens profile and a SDSS-catalog-fitted model for lens
parameter distributions, to further enhance its discriminat-
ing abilities. Accordingly, an Rgal statistic is constructed.
Using this method, the vast majority of subthreshold

events were found to be unrelated to the superthreshold
events that were targeted. However, one interesting super-
sub candidate pair was found to be an outlier—its
Bmasses;sky, and Rgal statistic values were all found to be
within the highest-fifth percentile of the super-sub candi-
date pair values analyzed. The follow-up analysis of the
pair in [49] by more sophisticated joint-PE analyses, that
also include selection effects [32], deemed this event to
be among the more significant lensed candidates among
all analyzed candidate pairs—super-super and super-sub,
assuming a singular isothermal ellipsoid lens profile. While
the significance of the event was still not sufficient to claim
the detection of a lensed pair, in part because LGW200104
had a very low pastro, the identification of this event using
our method motivates the need for rapid and computation-
ally inexpensive analyses for future observing runs,
where the number of candidate pairs is expected to grow
drastically.
In future work, we intend to further assess the perfor-

mance of our method in more realistic simulated datasets.
In particular, we plan to inject subthreshold lensed and
unlensed events, in addition to superthreshold events, in
real noise. We then plan to perform a matched-filter search
for these events to acquire matched-filter parameter values
of chirp masses and arrival times. Using these, and the
Bayestar sky maps, we plan to reconstruct the ROCs to
assess the performance in comparison to the PO statistic,
to check if the loss in efficiency relative to PO is still
acceptable.
Typically, a PE run of a BBH event takes OðdaysÞ and

OðweeksÞ for joint-PE lensing analysis, whereas the
methodology developed here takes OðminutesÞ to recon-
struct the posteriors and evaluate the three statistics. In
future observing runs, the number of events is expected to
grow exponentially; therefore, our approximate method

FIG. 9. Sky maps of GW191105 and LGW191106. The dark
(light) shaded region represents the 50% (90%) contour. The sky
map overlap is even visually seen to be modest and is also
evidenced in the low sky map overlap statistic value.
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could be very useful. We additionally plan to explore the
possibility of using PE products from PE algorithms
that can rapidly generate posterior samples, such as
heterodyning methods [72–74] and machine-learning-
based [29,75,76] methods, among others [77]. These
products will likely be a nontrivial improvement over those
that were used in the method presented in this work,
although this conjecture needs to be tested, especially for
subthreshold events.
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