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We investigate the K1ð1270Þ − K1ð1400Þ mixing induced by the flavor SUð3Þ symmetry breaking.
Themixing angle is calculated in a purely theoreticalmanner, where it is expressed by aK1A → K1B transition
matrix element of the operators that break flavor SUð3Þ symmetry. The QCD contribution to this matrix
element is assumed to be dominated and calculated with QCD sum rules. A three-point correlation function is
defined and handled both at the hadron and quark-gluon levels. The quark-gluon level calculation is based on
operator product expansion up to dimension-five condensates. A detailed numerical analysis is performed to
determine the Borel parameters, and the obtained mixing angle is θK1

¼ 21.4°� 9° or θK1
¼ 68.6°� 9°.
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I. INTRODUCTION

The flavor SUð3Þ symmetry plays an important role in
the conventional quark model, which classifies hadrons into
various irreducible representations. Although the assump-
tion of perfect flavor SUð3Þ symmetry succeeds in most
phenomenological analyses of hadron decays and spec-
trums [1–8], its breaking effect still cannot be neglected.
One of the physical effects due to flavor SUð3Þ breaking is
the hadron mixing.
According to the quarkmodel, the two axial-vector nonets

with JP ¼ 1þ are expected as the orbital excitation of the q̄q
system. There are two types of P-wave axial-vector mesons:
3P1 and 1P1 with the notation 2Sþ1LJ. Generally, in the flavor
SUð3Þ limit, these two nonets cannot be mixed since they
have distinct C parities, explicitly, JPC ¼ 1þþ; 1þ− for 3P1,
1P1 respectively. However, because of the mass difference
between the strange and light quarks, the kaon nonets
K1Að3P1Þ and K1Bð1P1Þ are distinguished from the mass
eigenstatesK1ð1270Þ andK1ð1400Þ. As a result, there emer-
ges a mixing between these two sets of axial-vector kaons,

� jK1ð1270Þi
jK1ð1400Þi

�
¼

�
cos θK1

sin θK1

− sin θK1
cos θK1

�� jK1Bi
jK1Ai

�
; ð1Þ

where θK1
is the mixing angle. θK1

is an crucial input
parameter in the studies of exotic B meson decays
B → K1lþl−, which provides an ideal platform for searching
new physics [9–19].
Up to now, there have been quite a number of theoretical

studies on θK1
in the literature, with most of them based on

phenomenological analysis. An indirect method of measur-
ing θK1

in D meson decays was proposed in Ref. [20].
An approach to extract the mixing angle from the ratios
of partial wave amplitudes can be found in Ref. [21]. In
Ref. [22], with the use of early experimental information on
masses and the partial rates of K1ð1270Þ and K1ð1400Þ,
the authors obtained θK1

¼ 33° or 57°; Refs. [23,24] phe-
nomenologically analyzed the τ → K1ð1270Þντ and τ →
K1ð1400Þντ decays and obtained θK1

¼ 37° or 58°; Ref. [25]
studied the correlation of the f1ð1285Þ − f1ð1420Þ mixing
angle θ3P1

with θK1
, and obtained θK1

¼ 31.7° or 56.3°. In
Ref. [26], the authors used the correspondence between θK1

and the f1ð1285Þ − f1ð1420Þ, h1ð1170Þ − h1ð1380Þmixing
angles to rule out unreasonable θK1

values and announced a
reasonable range as 28° < θK1

< 30°.
In addition to the pure phenomenological analysis men-

tioned above, there are also studies on θK1
referring to both

phenomenological inputs and theoretical calculations. In
Ref. [27], the authors obtained 34°<θK1

<55° with the non-
relativistic constituent quark model with inputs of the mass
difference between the a1ð1260Þ and b1ð1235Þ mesons, as
well as the ratio of the constituent quarkmasses. In Ref. [28],
θK1

¼ 33° and 58° were obtained by perturbative QCD
(pQCD) calculation referring to the B → J=ψK1ð1270Þ,
J=ψK1ð1400Þ decays. Furthermore, a pure theoretical pre-
diction of θK1

was given with QCD sum rules (QCDSRs)
in Ref. [29]. The authors related θK1

with a two-point
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correlation function, which is calculated with operator prod-
uct expansion and they obtained θK1

¼39°�4°. However,
this QCDSR calculation is not perfect due to the missing
pseudoscalar kaon contribution at the hadron level.
In this work, we perform a purely theoretical calculation

of θK1
, which is independent of various decays referring

to K1ð1270Þ and K1ð1400Þ. The θK1
can be extracted from

a K1A → K1B transition matrix element induced by SUð3Þ
breaking operators, with zero transferring momentum.
This method has been successfully applied to the studies
of Ξc − Ξ0

c mixing [30,31]. The SUð3Þ breaking transition
matrix element is calculated with QCDSRs with a three-
point correlation function, a different method from that
used in Ref. [29]. Some introductions to QCDSRs and their
applications can be found in Refs. [32–39,40].
This paper is arranged as follows: In Sec. II, we

introduce the method to extract θK1
. Section III gives the

hadron level calculation, and Sec. IV gives the quark-gluon
level calculation. Section V presents numerical results.
Section VI is a summary of this work.

II. K1ð1270Þ−K1ð1400Þ MIXING

There are two sources of the flavor SUð3Þ breaking. The
first one comes from the mass difference between s and u, d
(nearly massless) quarks, which only provides QCD con-
tribution to K1ð1270Þ − K1ð1400Þ mixing. Another source
comes from the electric charge difference among the u, d, s
quarks, which involves the QED effect. In this work, we
will focus on the QCD contribution since the QED effect is
expected to be tiny, as shown by our previous work on the
Ξc − Ξ0

c mixing [30,31]. The full QCD Lagrangian of the
quark sector contains both the terms conserving and
breaking the flavor SUð3Þ symmetry: LQCD ¼ L0 þ ΔL,
where L0 reads as

L0 ¼
X
q

q̄ðiD −muÞq; ð2Þ

with D being the QCD covariant derivative, q ¼ u, d, s,
and mu ¼ md ¼ 0 is approximately assumed. The SUð3Þ
symmetry breaking term ΔL, which arises from the quark
mass difference, reads as

ΔL ¼ s̄ðmu −msÞs: ð3Þ
Accordingly, the Hamiltonian is decomposed as H ¼
H0 þ ΔH, with

ΔH ¼
Z

d3xΔHðxÞ ¼ −
Z

d3xΔLðxÞ: ð4Þ

The lowest axial-vector kaons K1ð1270Þ and K1ð1400Þ
are the mass eigenstates of the full Hamiltonian H,

HjK1ð1270Þi ¼ m1270jK1ð1270Þi;
HjK1ð1400Þi ¼ m1400jK1ð1270Þi: ð5Þ

On the other hand, in the SUð3Þ symmetry limit, the
lowest axial-vector kaons are classified into K1Bð1P1Þ
and K1Að3P1Þ states, which are eigenstates of the SUð3Þ
conserved Hamiltonian H0,

H0jK1Bi ¼ m1BjK1Bi;
H0jK1Ai ¼ m1AjK1Ai: ð6Þ

The mixing between the physical doublet jKPi ¼
ðjK1ð1270Þi; jK1ð1400ÞiÞT and the SUð3Þ doublet jKFi ¼
ðjK1Bi; jK1AiÞT is described by a unitary transforming
matrix U with a mixing angle θK1

,

jKPi ¼
�

cos θK1
sin θK1

− sin θK1
cos θK1

�
jKFi ¼ UjKFi: ð7Þ

Here we consider the matrix element for the SUð3Þ
doublet jKFi: hKFðp0ÞjHjKFðpÞi. Both the initial and final
states are set to be static p⃗ ¼ p⃗0 ¼ 0 and on shell p0

1B ¼
m1B, p0

1A ¼ m1A. With the use of the unitary transformation
U defined in Eq. (7) and the physical masses defined in
Eq. (5), we obtain
� hK1Bðλ0ÞjHjK1BðλÞi hK1Bðλ0ÞjHjK1AðλÞi
hK1Aðλ0ÞjHjK1BðλÞi hK1Aðλ0ÞjHjK1AðλÞi

�

¼ 2ð2πÞ3δð3Þð0⃗Þδλλ0

×

�
m2

1270c
2
k þm2

1400s
2
k ðm2

1270 −m2
1400Þcksk

ðm2
1270 −m2

1400Þcksk m2
1270s

2
k þm2

1400c
2
k

�
; ð8Þ

where sk ¼ sin θK1
and ck ¼ cos θK1

. For simplicity, the
momentum dependence of the K1B;1A states are not shown
in the matrix element.
It can be found that the upper-right off-diagonal com-

ponent in Eq. (8) leads to the equation

hK1Bðλ0ÞjHjK1AðλÞi
¼ ð2πÞ3δð3Þð0⃗Þδλλ0 ðm2

1270 −m2
1400Þ sin 2θK1

: ð9Þ
Therefore, the mixing angle θK1

can be extracted as soon as
one calculates the matrix element on the left-hand side
above, which can be further expressed as

hK1Bðλ0ÞjHjK1AðλÞi
¼ ð2πÞ3δð3Þð0⃗ÞhK1Bðλ0ÞjΔHð0ÞjK1AðλÞi; ð10Þ

by integrating out the coordinate. Equating Eqs. (9) and
(10), and setting λ ¼ λ0, we have

sin 2θK1
¼ ms −mu

m2
1270 −m2

1400

hK1Bjs̄sð0ÞjK1Ai: ð11Þ

Generally, the matrix element hK1Bðp2ÞjΔHð0ÞjK1Aðp1Þi
with nonzero initial and final momentums can be para-
metrized as
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hK1Bðp2Þjs̄sð0ÞjK1Aðp1Þi

¼ ϵ�μðp2Þ
�
F1gμν þ

F2

M2
ϵμναβp1αp2β þ

F3

M2
pμ
1p

ν
2

�
ϵνðp1Þ;

ð12Þ

where F1;2;3 are three transition functions of q2 ¼
ðp1 − p2Þ2, and M2 can be the mass of K1A or K1B.
Note that the matrix element we actually need in
Eq. (11) requires p1 ¼ p2. Thus, the F2, F3 terms in
Eq. (12) vanish and only F1ðq2 ¼ 0Þ is relevant.
Accordingly, the mixing angle can be obtained as

sin 2θK1
¼ ms −mu

m2
1400 −m2

1270

F1ð0Þ: ð13Þ

III. HADRON LEVEL CALCULATION

In this section and the next, we will introduce a QCDSR
calculation for the matrix element in Eq. (12). We first
define a three-point correlation function,

Πμνρðp1; p2Þ ¼ i2
Z

d4xd4yeip2·xe−ip1·y

× h0jTfJ1Bμν ðxÞs̄sð0ÞJ1A†ρ ðyÞgj0i; ð14Þ

where J1Aμν and J1Bμν are the currents of K1Að3P1Þ and
K1Bð1P1Þ, respectively,

J1Bμν ¼ q̄σμνs; J1Aρ ¼ q̄γργ5s: ð15Þ
The correlation function defined in Eq. (14) should be
calculated both at the hadron level and the quark-gluon
level. At the hadron level, inserting the complete sets
with the same quantum number of K1B and K1A into the
correlation function and using the following definition of
kaon decay constants:

h0jJ1Bμν ð0ÞjK1Bðp; λÞi ¼ if⊥K1B
ϵμναβϵ

αðp; λÞpβ;

h0jJ1Aρ ð0ÞjK1Aðp; λÞi ¼ −ifK1A
m1Aϵρðp; λÞ;

h0jJ1Aρ ð0ÞjKðpÞi ¼ ifKpρ; ð16Þ
one can express the correlation function as

ΠH
μνρðp1; p2Þ ¼ −mAfAf⊥Bϵμναβp

β
2

�
−gακ þ pα

2p
κ
2

m2
B

�
1

p2
2 −m2

1B

�
F1gκτ þ

F2

M2
ϵκτρσp

ρ
1p

σ
2 þ

F3

M2
p1κp2τ

�

×

�
−gτρ þ

pτ
1p1ρ

m2
1A

�
1

p2
1 −m2

1A
þ fKf⊥1Bϵμναβp

β
2p1ρ

1

p2
2 −m2

1B

�
−gακ þ pα

2p
κ
2

m2
1B

�
p1κ

Gðq2Þ
mK

1

p2
1 −m2

K

þ
Z

∞

sth
1

ds1

Z
∞

sth
2

ds2
ρcontiμνρ ðs1; s2; q2Þ

ðs1 − p2
1Þðs2 − p2

2Þ
þ
Z

∞

sth
1

ds1
ρconti1;μνρðs1; p2; q2Þ

s1 − p2
1

þ
Z

∞

sth
2

ds2
ρconti2;μνρðp1; s2; q2Þ

s2 − p2
2

: ð17Þ

The last three terms above denote the contribution from
the excited and continuous spectrum, which begin at the
thresholds sth1 and sth2 . It should be noted that the axial-
vector current J1Aρ can create both an axial vector and a
pseudoscalar kaon from the vacuum. Therefore, to obtain
Eq. (17), both the K1A and K have been inserted between
s̄sð0Þ and J1Aρ ðyÞ, and we have used the parametrization for
the K → K1B matrix element,

hK1Bðp2Þjs̄sð0ÞjKðp1Þi ¼ ϵ�μðp2Þpμ
1

Gðq2Þ
mK

; ð18Þ

where Gðq2Þ is the corresponding form factor.
Now the hadron level correlation function in Eq. (17)

depends on four form factors: F1, F2, F3,G. However, only
F1 is relevant to the mixing angle as shown in Eq. (13). To
remove the irrelevant form factors, we operate the follow-
ing projection on the correlation function:

ϵμραβpν
1Πμνρðp1; p2Þ ¼ Π̃ðp1; p2Þðpβ

1p
α
2 − pα

1p
β
2Þ: ð19Þ

Π̃ðp1; p2Þ is a newly defined scalar correlation function,
which at hadron level only depends on F1,

Π̃Hðp1; p2Þ ¼
2m1Af1Af⊥1BF1ðq2Þ

ðp2
1 −m2

1AÞðp2
2 −m2

1BÞ
þ � � � ; ð20Þ

where the ellipse denotes the last three terms in Eq. (17)
with the projection defined in Eq. (19) being operated. In
principle, the Π̃ðp1; p2Þ calculated at the hadron level and
the quark-gluon level should be equivalent,

Π̃Hðp1;p2;q2Þ ¼ Π̃QCDðp1;p2;q2Þ

¼ 1

π2

Z
∞

smin
1

ds1

Z
∞

smin
2

ds2
Im2Π̃QCDðs1; s2;q2Þ
ðs1−p2

1Þðs2 −p2
2Þ

;

ð21Þ
where smin

1 ¼ smin
2 ¼ ðms þmqÞ2, where q ¼ u or d are the

quark level thresholds. In the second equation above, we
have expressed the Π̃QCD as its dispersive integration
form, with smin

1 and smin
2 being the quark level thresholds.

According to the quark-hadron duality, the continuous
spectrum contribution at hadron level is equivalent to that
at QCD level. In other words, the ellipse term in Eq. (20) is
equal to

REVISITING K1ð1270Þ − K1ð1400Þ MIXING WITH QCD … PHYS. REV. D 109, 016027 (2024)

016027-3



1

π2

�Z
∞

sth
1

ds1

Z
∞

sth
2

ds2 þ
Z

∞

sth
1

ds1

Z
sth
2

smin
2

ds2

þ
Z

sth
1

smin
1

ds1

Z
∞

sth
2

ds2

�
Im2Π̃QCDðs1; s2; q2Þ
ðs1 − p2

1Þðs2 − p2
2Þ

: ð22Þ

Thus, the continuous spectrum contribution can be
canceled at both the hadron and QCD levels. After
Borel transformation, we arrive at the sum rules
equation,

BT1;T2
fΠ̃Hgðq2Þ ¼ BT1;T2

fΠ̃QCDgðq2Þ;

2m1Af1Af⊥1Be
−
m2
1A
T2
1 e

−
m2
1B
T2
2 F1ðq2Þ ¼

1

π2

Z
sth
1

smin
1

ds1

Z
sth
2

smin
2

ds2 e
−s1
T2
1e

−s2
T2
2Im2Π̃QCDðs1; s2; q2Þ; ð23Þ

where T1, T2 are the two Borel parameters corres-
ponding to p2

1, p
2
2. Now it is clear that F1 can be obtai-

ned through Eq. (23) if the imaginary part of Π̃QCD is
calculated.

IV. QUARK-GLUON LEVEL CALCULATION

A. Perturbative diagram

In this section, we present the QCD level calculation for
Π̃QCD and extract its imaginary part. In the deep Euclidean
region p2

1; p
2
2; q

2 ≪ 0, Π̃QCD can be analytically calculated
by operator product expansion (OPE).
The leading contribution to OPE is from the perturbation

diagram as shown by the left diagram in Fig. 1, with
amplitude

Πpert
μνρðp1; p2; q2Þ

¼ iNc

ð2πÞ4
Z

d4k1d4k2d4kδ4ðp2 − k2 − kÞδ4ðp1 − k1 − kÞ

×
tr½kσμνðk2 þmsÞðk1 þmsÞγργ5�

k2ðk22 −m2
sÞðk21 −m2

sÞ
: ð24Þ

The double imaginary part of the correlation function is
related with its double discontinuity as

Im2Πpert
μνρðp1; p2; q2Þ ¼

1

ð2iÞ2Disc
2Πpert

μνρðp1; p2; q2Þ

¼ 1

ð2iÞ2
iNc

ð2πÞ4 ð−2πiÞ
3

Z
dΦΔðp1; p2; ms; ms; 0Þ

× tr½kσμνðk2 þmsÞðk1 þmsÞγργ5�; ð25Þ

which is obtained by the cutting rules: Discf1=ðp2 −m2þ
iϵÞg ¼ ð−2πiÞδðp2 −m2Þ. In the above expression, we
have introduced a three-body phase space integration
measure dΦΔ for a triangle integration as shown by the
right diagram in Fig. 1,Z

dΦΔðp1; p2; m1; m2; mÞ

¼
Z

d4k1d4k2d4kδðk21 −m2
1Þδðk22 −m2

2Þδðk2 −m2Þ

× δ4ðp2 − k2 − kÞδ4ðp1 − k1 − kÞ; ð26Þ
where the three internal lines are set on shell. The scalar
triangle integration with unit integrand reads as

IΔ ¼
Z

dΦΔðp1; p2; m1; m2; mÞ · 1 ¼ π

2
ffiffiffi
λ

p

× Θ½s1; s2; q2; m1; m2; m�θ½s1 − smin
1 �θ½s2 − smin

2 �;
ð27Þ

FIG. 1. The perturbative diagram contribution to the correlation function, where the lower two vertices denote the kaon currents
defined in Eq. (15) (left). A general triangle diagram corresponding to a three-point correlation function (right).
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where λ ¼ ðs1 þ s2 − q2Þ2 − 4s1s2 with p2
1 ¼ s1, p2

2 ¼ s2.
Θ is a θ function constraining the s1, s2, q2,

Θ½s1; s2; q2; m1; m2; m�
¼ θ½−m4

2s1 −m4
1s2 þm2

2½m2ðq2 þ s1 − s2Þ
þ s1ðq2 − s1 þ s2Þ�
− q2ðm4 þ s1s2 −m2ð−q2 þ s1 þ s2ÞÞ
þm2

1½ðq2 þ s1 − s2Þs2
þm2ðq2 − s1 þ s2Þ þm2

2ð−q2 þ s1 þ s2Þ��: ð28Þ
The rest of the two θ functions ensure that s1, s2 are above
the corresponding quark level thresholds, namely, s1;2 >
smin
1;2 ¼ ðm1;2 þmÞ2. In Eq. (25), one has to set m1 ¼
m2 ¼ ms. The definitions and expressions of higher rank
triangle diagram integrations are given in Appendix A.
The analytical expression of Im2Π̃pertðp1; p2; q2Þ is given
in Appendix B.

B. q̄q condensate diagrams

The dimension-three operator contribution to OPE
comes from the quark condensing diagrams as shown in
Fig. 2. It can be found that the amplitudes of the s quark
condensing diagrams are only proportional to 1=ðp2

1 −m2
sÞ

or 1=ðp2
2 −m2

sÞ, but not 1=ðp2
1 −m2

sÞðp2
2 −m2

sÞ. Therefore,
Figs. 2(b) and 2(c) will vanish under the double Borel
transformation which operates on p2

1 and p2
2 simultane-

ously. The amplitude of Fig. 2(a) reads as

Πq̄q
μνρðp1; p2; q2Þ ¼ i2

Z
d4xd4y eip2·xe−ip1·y

× ½σμνDð0Þ
s ðx; 0ÞDð0Þ

s ð0; yÞγργ5�
× h0jq̄iaðxÞqibðyÞj0i; ð29Þ

where Dð0Þ
s denotes the free s quark propagator. The

nonlocal q̄q condensing matrix element can be expanded
up to dimension-five local operators as [41]

h0jq̄iaðxÞqibðyÞj0i

¼ Nc

�
hq̄qi 1

12
δba þ hq̄Gqi 1

192
ðx − yÞ2δba

�
: ð30Þ

The contribution of the dimension-three operator, namely,
the q̄q condensate, only comes from the first term given
above. The Borel transformed Π̃q̄q reads as

BT1;T2
fΠ̃q̄qgðp1; p2; q2Þ ¼

2

3
Ncmshq̄qie−m2

s=T2
1
−m2

s=T2
2 :

ð31Þ
The second term in Eq. (30) provides a contribution from

the dimension-five operator q̄gsGαβq. The corresponding
amplitude reads as

Πq̄Gqð1Þ
μνρ ðp1; p2; q2Þ

¼ Nc

192
hq̄Gqið−1Þ

�
∂
2

∂pα
2∂p2α

þ ∂
2

∂pα
1∂p1α

þ 2
∂
2

∂pα
1∂p2α

�

× tr½σμνð=p2 þmsÞð=p1 þmsÞγργ5�

×
1

p2
1 −m2

s

1

p2
2 −m2

s
; ð32Þ

where we have transformed x, y to −i∂=∂p2; i∂=∂p1

through the exponential terms in Eq. (29). To simplify
the calculation of Eq. (32), we can omit the terms sup-
pressed by m2

s and obtain

Πq̄Gqð1Þ
μνρ ðp1; p2; q2Þ

¼ −
Nc

12
hq̄Gqimsϵμνραðpα

1 − pα
2Þ

∂

∂M2

×

�
1

ðp2
1 −M2Þðp2

2 −m2
sÞ
−

1

ðp2
1 −m2

sÞðp2
2 −M2Þ

�����
M2¼m2

s

−
Nc

12
hq̄Gqimsϵμνραðpα

1 þ pα
2Þq2

×
∂
2

∂M2
1∂M

2
2

�
1

ðp2
1 −M2

1Þðp2
2 −M2

2Þ
�����

M2
1
¼M2

2
¼m2

s

: ð33Þ

To obtain the above expression, we have introduced
derivatives on auxiliary massesM1, M2 to lower the power
of the denominator, which means

1

ðp2
1;2 −m2

1;2Þ2
¼ ∂

∂M2

1

p2
1;2 −M2

����
M2→m2

1;2

: ð34Þ

(a) (b) (c)

FIG. 2. The q̄q condensate diagramcontribution to the correlation function,where oneof the quark lines is disconnected.Thediagrams in
(b) and (c) will vanish under the double Borel transformation forp2

1 andp
2
2 simultaneously. Diagram (a) is the only nonvanishing diagram.
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Taking the imaginary part, using dispersive integration, and
conducting Borel transformation, we arrive at

BT1;T2
fΠ̃q̄Gqð1Þgðq2Þ ¼ 1

6
Ncmshq̄Gqi

× e−m
2
s=T2

1
−m2

s=T2
2

�
1

T2
1

−
1

T2
2

þ q2

T2
1T

2
2

�
:

ð35Þ

C. q̄Gq condensate diagrams

The quark-gluon condensing diagrams are shown in
Fig. 3, where a quark interacts with a background gluon
field that condensates with the other two disconnected light
quark fields. These diagrams provide the dimension-five
operator contribution in the OPE. The massive and mass-
less quark propagators in the background gluon field read
as [41]

Dsðx; 0Þ ¼ i
Z

d4k
ð2πÞ4 e

−ik·x
�

δij
k −ms

−
gsGA

αβt
A
ij

4

σαβðkþmsÞ þ ðkþmsÞσαβ
ðk2 −m2

sÞ2

−
g2sðtAtBÞijGA

αβG
B
μν½fαβμνðkÞ þ fαμβνðkÞ þ fαμνβðkÞ�

4ðk2 −m2
sÞ2

þ � � �
�
;

Dqðx; 0Þ ¼
iδijx

2π2x4
−
igsGA

αβt
A
ijðxσαβ þ σαβxÞ
32π2x2

þ � � � ; ð36Þ

where

fαβμνðkÞ ¼ ðkþmsÞγαðkþmsÞγβðkþmsÞγμðkþmsÞγνðkþmsÞ; ð37Þ
and we have only present the terms relevant to the OPE up to dimension-five operators in Eq. (36).
It can be found that the diagrams in Figs. 3(b), 3(c), 3(e), and 3(f) in vanish after the Borel transformation due to the same

reason as what happens in the q̄q condensate diagrams. The Fig. 3(d) vanishes after the projection introduced in Eq. (19).
Thus, Fig. 3(a) is the only nonvanishing diagram with amplitude

Πq̄Gqð2Þ
μνρ ðp1; p2; q2Þ ¼ i2

Z
d4xd4yeip2·xe−ip1·y

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4 e

ik1·ye−ik2·x

×

�
σμν

�
−i
4

�
σαβðk2 þmsÞ þ ðk2 þmsÞσαβ

ðk22 −m2
sÞ2

iðk1 þmsÞ
k21 −m2

s
γργ5

�
ab
tAijh0jq̄iaðxÞgsGA

αβð0ÞqibðyÞj0i: ð38Þ

(a)

(f)(e)(d)

(b) (c)

FIG. 3. The q̄Gq condensate diagram contribution to the correlation function, where one of the quark lines emits a soft gluon, which
condenses with the other two disconnected quark fields. (b), (c), (e), (f) Diagrams vanish under double Borel transformation.
(d) Diagram vanishes under the projection introduced in Eq. (19). Diagram (a) is the only nonvanishing diagram.
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Using the quark-gluon condensate formula, keeping the
leading term

h0jq̄iaðxÞgsGA
αβð0ÞqibðyÞj0i ¼

1

192
hq̄GqiðσαβÞbatAji þ � � � ;

ð39Þ

and conducting the projection introduced in Eq. (19), we
can obtain

Π̃q̄Gqð2Þðp1; p2; q2Þ

¼ 1

24
mshq̄Gqi

∂

∂M2

1

ðp2
1 −m2

sÞðp2
2 −M2Þ

����
M2¼m2

s

: ð40Þ

The Borel transformed form reads as

BT1;T2
fΠ̃q̄Gqð2Þgðq2Þ ¼ −

1

6
mshq̄Gqi

1

T2
2

e−m
2
s=T2

1e−m
2
s=T2

2 :

ð41Þ

D. GG condensate diagrams

The gluon-gluon condensate diagrams are shown in
Fig. 4, where the internal quarks interact with two soft
background gluon fields that condensate in the vacuum.
These diagrams provide the dimension-four operator con-
tribution in the OPE. In Fig. 4(a), both the two s quarks
interact with the background gluons, and the corresponding
amplitude reads as

ΠGGðaÞ
μνρ ðp1; p2; q2Þ ¼

Z
d4xd4y eip2·xe−ip1·y

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4

d4k
ð2πÞ4 e

ik1·ye−ik2·xe−ik·ðy−xÞ
�
−
i
4

�
2

× tr

�
−ik
k2

σμν
σαβðk2 þmsÞ þ ðk2 þmsÞσαβ

ðk22 −m2
sÞ2

σκτðk1 þmsÞ þ ðk1 þmsÞσκτ
ðk22 −m2

sÞ2
γργ5

�

× tr½tAtB�g2sh0jGA
αβð0ÞGB

κτð0Þj0i: ð42Þ

Using the gluon condensate formula

g2sh0jGA
αβð0ÞGB

κτð0Þj0i ¼
1

96
hGGiδABðgακgβτ − gατβκÞ; ð43Þ

and extracting the imaginary part by cutting rules, we arrive at

(a) (b) (c)

(f)(e)(d)

FIG. 4. TheGG condensate diagram contribution to the correlation function, where two soft gluons are emitted from the internal quark
lines and condensate with each other. (d)–(f) Diagrams can be neglected in this calculation since (d),(e) are suppressed bym2

s, while (f) is
suppressed by m2. Only the diagrams (a), (b), (c) contribute.
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Im2ΠGGðaÞ
μνρ ðp1; p2; q2Þ ¼

1

3072π

∂
2

∂M2
1∂M

2
2

Z
dΦΔ½p1; p2;M1;M2; 0�

× tr½kσμνðσαβðk2 þmsÞ þ ðk2 þmsÞσαβÞ
× ðσκτðk1 þmsÞ þ ðk1 þmsÞσκτÞγργ5� ð44Þ

× ðgακgβτ − gατβκÞjM2
1
¼m2

s ;M2
2
¼m2

s
: ð45Þ

Note that before doing the derivative on the auxiliary masses we must temporary change the invariant mass square of the k1,
k2 lines to be M2

1, M
2
2. The analytical result of Im2Π̃GGðk1k2Þ is given in Appendix B.

In Figs. 4(b) and 4(c), one of the two condensing gluons comes from the massless quark. The massless quark propagator in
the background gluon field has been given by Eq. (36) with the use of coordinate space. The amplitude of Fig. 4(b) reads as

ΠGGðbÞ
μνρ ðp1; p2; q2Þ ¼

Z
d4xd4y eip2·xe−ip1·y

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4 e

ik1·ye−ik2·x
�
−

i
32π2

��
−
i
4

�
tr½tAtB�

× tr

�ðy − xÞσκτ þ σκτðy − xÞ
ðy − xÞ2 σμν

iðk2 þmsÞ
k22 −m2

s

σαβðk1 þmsÞ þ ðk1 þmsÞσαβ
ðk21 −m2

sÞ2
γργ5

�

× g2sh0jGA
αβð0ÞGB

κτð0Þj0i: ð46Þ

Redefining the coordinate: w ¼ y − x and using the inte-
gration formula in the coordinate space,

Z
d4we−iðp1−k1Þ·w 1

w2
¼ ð−4π2iÞ 1

ðp1 − k1Þ2
; ð47Þ

we have the imaginary part as

Im2Π̃GGðbÞðp1; p2; q2Þðpβ0
1 p

α0
2 − pα0

2 p
β0
2 Þ

¼ −
1

6144π
hGGiϵμρα0β0pν

1

∂

∂M2
1

�
∂

∂pσ
1

þ ∂

∂pσ
2

�

×
Z

dΦΔ½p1; p2;M1; ms; 0�½gακgβτ − gατgβκ�

× tr½ðγσσκτ þ σκτγσÞσμνðσαβðk2 þmsÞ
þ ðk2 þmsÞσαβÞðk21 −m2

sÞγργ5�jM2
1
¼m2

s
; ð48Þ

where the linear term of w has been transformed to the
derivatives of p1, p2. The calculation of Fig. 4(c) is almost
the same, so it will not be presented here.
It can be found that the amplitude of Fig. 4(f) is

proportional to m2, which vanishes by ignoring the u, d
masses. On the other hand, the amplitudes of Figs. 4(d) and
4(e) are proportional tom2

s . Compared with Figs. 4(a)–4(c),
they only produce Oðm2

sÞ suppressed contributions to
F1ð0Þ and thus can be neglected. On the other hand, in
Eq. (13) the expression of sin 2θK1

has already been
proportional to m2

s . Thus, ignoring the terms proportional
tom2

s inF1ð0Þ is reasonable since they only produceOðm3
sÞ

corrections to sin 2θK1
. Therefore, Figs. 4(d) and 4(e) will

not be considered in this work. In Appendix B, we present
the analytical results of Figs. 4(a)–4(c), and take Fig. 4(e) as

an example to show how Figs. 4(d)–4(f) are suppressed by
the quark mass square.

V. NUMERICAL RESULTS

The masses of K1A, K1B and their decay constants are
taken from Ref. [42]: m1A ¼ 1.31� 0.06, m1B ¼ 1.34�
0.08, f1A ¼ 0.25� 0.013, and f1B¼0.19�0.01GeV. In
this work, we set mu ¼ md ¼ 0, and ms ¼ ð0.1�
0.005Þ GeV at the energy scale μ ∼m1A;1B ¼ 1.3 GeV
[43]. The condensate parameters are taken as [44,45]
hq̄qi ¼−ð0.24� 0.01 GeVÞ3, hq̄Gqi ¼m2

0hq̄qi with m2
0¼

ð0.8�0.2ÞGeV2, and hGGi¼ð4π2Þð0.012�0.004ÞGeV4.
In terms of the threshold parameters, note that, since J1Aρ

can create both pseudoscalar and axial-vector kaons, the
next excited states should begin from the pseudoscalar
Kð1460Þ. On the other hand, J1Bμν can only create axial-
vector kaons, thus the next excited states begin from the
axial vectorK1ð1650Þ. Generally, in QCDSRs the threshold
parameter is chosen slightly below the next excited state;
therefore, one has to set sth1 and sth2 in a region nearly below
m2

Kð1460Þ and m2
Kð1650Þ, respectively. For simplicity, we can

correlate sth1 and sth2 and parametrize them by the same
parameter τth,

sth1 ¼ m2
1A þ τthðm2

Kð1460Þ −m2
1AÞ;

sth2 ¼ m2
1B þ τthðm2

Kð1650Þ −m2
1BÞ; ð49Þ

so that sth1 and sth2 increase or decrease simultaneously when
varying τth in the region 0 < τth < 1.0, and both reach the
next excited states m2

Kð1460Þ and m2
Kð1650Þ at τth ¼ 1.0. The

region closely below the excited states corresponds to
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τth ≲ 1.0, which will be chosen as 0.6 < τth < 1.0 for the
following error analysis.
Then one has to check the behavior of F1 as a function of

the Borel parameters when varying sth1;2. Note that the mass
difference between the initial and final kaon is little, and the
Borel parameters are closely related with the corresponding
hadron masses; thus, one can simply choose T1 ¼ T2 ¼ T.
Without loss of generality, q2 can be chosen by an arbitrary
value in the deep Euclidean region when investigating the
T2 dependence. Here we choose q2 ¼ −6 GeV2, and then
the F1ð−6Þ as functions of T2 with different choices of τth
are shown in Fig. 5. It can be found that the variation of
F1ðT2Þ is small when adjusting τth, especially at the region
nearly below the excited states: τth ≲ 1. On the other hand,
all the curves in Fig. 5 turn to be stable when T2 is large,
especially at the region T2 > 1.5 GeV2. However, since
there is no maximum or minimum point appearing in Fig. 5,
one has to use further reasonable requirements to seek the
feasible region of the Borel parameter.

The determination of Borel parameters depends on two
criteria. First, the contribution from the continuous spec-
trum must be suppressed so that it is smaller than the pole
contribution. Quantitatively, this criterion can be expressed
by the constraint

ξconti ≡
R
∞
sth
1

ds1
R
∞
sth
2

ds2 e
−s1
T2
1e

−s2
T2
2Im2Π̃QCDðs1; s2; q2Þ

R∞
0 ds1

R∞
0 ds2 e

−s1
T2
1e

−s2
T2
2Im2Π̃QCDðs1; s2; q2Þ

≲ 0.5; ð50Þ
where the numerator denotes the contribution from the
continuous spectrum, while the denominator denotes all the
spectrum contributions. We still choose q2 ¼ −6 GeV2 and
present ξconti as a function of T2 in the left diagram of
Fig. 6, where the blue and red bands denote the errors
from the uncertainties of condensate parameters and
mK1A

; f1A; f⊥1B, respectively. The purple band shows the
uncertainty of τth in the region 0.6 < τth < 1.0, which as
shown by Eq. (49) describes the threshold parameters
closely below the excited states: m2

Kð1460Þ and m2
Kð1650Þ. It

can be found that ξconti increases with the increasing of T2.
ξconti ¼ 50% occurs at T2 ¼ 1.16–2.39 GeV2, which gives
the range of the upper limit for the Borel parameter,

1.16 < T2
upper < 2.39 GeV2: ð51Þ

The second criterion demands the convergence of OPE.
First, we have to compare the perturbative contribution and
all the condensate contributions. The right diagram of Fig. 6
shows the fraction of the condensate and the perturbative
contribution,

ηcond ≡ jFq̄q
1 þ FGG

1 þ Fq̄Gq
1 j

jFpert
1 j : ð52Þ

1 1.5 2 2.5

25
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100

125

T2[GeV2]
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i
[%

]

1 1.5 2 2.5

5

10

15

20

25

30

T2[GeV2]
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[%
]

FIG. 6. ξconti as a function of T2 (left) and ηcond as a function of T2 (right), with q2 ¼ −6 GeV2. The blue and red bands denote the
errors from the uncertainties of condensate parameters and mK1A

, f1A, f⊥1B, respectively. The purple band comes from the uncertainty of
τth in the region 0.6 < τth < 1.0.

FIG. 5. F1 as a function of T2 at q2 ¼ −6 GeV with different
choices of sth1;2.
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It can be found that ηcond < 1 is safely satisfied in a wide T2

range. Next, we have to exam whether the F1 contributed
from a higher dimension condensate is smaller than that
from a lower one. In other words, the following inequality
equation should be checked:

jFpert
1 j > jFq̄q

1 j > jFGG
1 j > jFq̄Gq

1 j: ð53Þ

The left diagram in Fig. 7 shows the absolute F1 contributed
from various condensate diagrams with q2 ¼ −6 GeV2. It is
obvious that the perturbative diagram contribution is larger
than all the other condensate contributions. Furthermore,
jFq̄q

1 j is also larger than jFGG
1 j and jFq̄Gq

1 j in the large T2

region. However, there seems to be an ambiguity when
comparing jFGG

1 j and jFq̄Gq
1 j. Thus, a detailed comparison

between them is presented by the right diagram in Fig. 7,
where the error bands denote the combined uncertainties
from the condensates hGGi, hq̄Gqi, and the threshold
0.6 < τth < 1.0. Demanding jFGG

1 j > jFq̄Gq
1 j and consider-

ing the uncertainty band, one can obtain the range of the
lower limit for the Borel parameter,

1.17 < T2
lower < 2.64 GeV2; ð54Þ

which intersects with the upper limit range given by Eq. (51).
Therefore, combining Eqs. (51) and (54), one can obtain the
window for T2 as

1.17 < T2 < 2.39 GeV2: ð55Þ

According to Eq. (13), one can obtain θK1
as a function

of T2 directly by knowing the T2 behavior of F1ð0Þ and
then determine the exact value of θK1

in the T2 window:
1.17≲ T2 ≲ 2.39 GeV2. However, instead of the physical
region, with the QCDSR calculation, only the deep
Euclidean region result F1ðq2 ≪ 0Þ is known. Therefore,

F1ðq2 ≥ 0Þ should be obtained by analytic continuation
from the deep Euclidean region. In this work, to realize the
analytic continuation, a single pole formula

F1ðq2Þ ¼
F1ð0Þ

1 − q2=m2
pole

ð56Þ

is used to fit F1ðq2Þ, where F1ð0Þ andmpole play the role of
fitting parameters. The fitting region is chosen as −10 <
q2 < −3 GeV2 so that the spectral integrals can be calcu-
lated safely by applying cutting rules. The mpole as a
function of T2 is shown in the left diagram of Fig. 8. Before
transforming F1ð0Þ to θK1

by Eq. (13), it should be
mentioned that F1ð0Þ has sign ambiguity due to the sign
ambiguity of the decay constants f1A and f⊥1B derived with
QCDSRs in Ref. [42]. The reason is that, when using a
two-point correlation in QCDSRs to calculate f1A or f⊥1B,
one can only determine their square and thus the exact
sign cannot be determined. Considering the sign ambiguity,
we present the absolute value of θK1

as a function of T2 in
the right diagram of Fig. 8. Including the effect of error
bands, we obtain the mixing angle as jθK1

j ¼ 21.4°� 9°.
Note that both θK1

and 90° − θK1
are the solutions to

Eq. (13). Therefore, another possible mixing angle value
is jθ0K1

j ¼ 68.6°� 9°.
In Table I, we compare our result for jθK1

j with those
obtained in the literature by various methods:
(1) using early experimental information on masses and

the partial rates of K1ð1270Þ and K1ð1400Þ [22];
(2) phenomenologically analyzing the τ weak decays:

τ → K1ð1270Þντ and τ → K1ð1400Þντ [23,24];
(3) analyzing the f1ð1285Þ − f1ð1420Þ mixing angle

θ3P1
and its correlation to θK1

[25];
(4) analyzing both the mixing angle of f1ð1285Þ −

f1ð1420Þ and h1ð1170Þ − h1ð1380Þ [26];

F1
pert

F1
q q

F1
GG

F1
q Gq

1 1.5 2 2.5

0
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1

1.5
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F
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GG upper

F1
GG lower

F1
q Gq

F1
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F1
q Gq lower

1.0 1.5 2.0 2.5 3.0
0.0

0.1

0.2

0.3

0.4

T2[GeV2]

F
1

FIG. 7. Absolute F1 contributed from various condensate diagrams at q2 ¼ −6 GeV2 (left). A detailed comparison of the GG and
q̄Gq condensate contributions to the absolute F1 (right), where the error bands denote the combined uncertainties from the condensates
hGGi, hq̄Gqi, and the threshold 0.6 < τth < 1.0.
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(5) using nonrelativistic constituent quark model with
the inputs of the mass difference between the
a1ð1260Þ and b1ð1235Þ mesons, as well as the ratio
of the constituent quark masses [27];

(6) extracting the mixing angle from the B → J=
ψK1ð1270Þ, J=ψK1ð1400Þ branching fractions by
pQCD calculation;

(7) relating θK1
with a two-point correlation function,

which is studied with QCDSRs [29].
It can be found that most of the jθK1

j values in the literature
are in the vicinity of either 33° or 57°. Our result,
jθK1

j ¼ 21°� 9°, is slightly below this range but consistent
with that given by Ref. [26] within the error. In Ref. [26], to
determine θK1

, the authors found the correspondence
between θK1

and the f1ð1285Þ − f1ð1420Þ, h1ð1170Þ −
h1ð1380Þ mixing angles and ruled out unreasonable θK1

values in previous literature. In Ref. [29], a different
QCDSR program was performed to extract θK1

, where
the authors related θK1

with a two-point correlation
function [Eq. (2) in Ref. [29] ] and calculated it with

OPE. However, when introducing the interpolation current
of K1A, the authors missed the contribution from the
pseudoscalar K as illustrated in Sec. III and wrongly
extracted the longitudinal component of the two-point
correlation function.

VI. SUMMARY

In this work, we investigate the K1ð1270Þ − K1ð1400Þ
mixing caused by the flavor SUð3Þ symmetry breaking.
The mixing angle is expressed by a K1A → K1B matrix
element induced by the s quark mass operator that breaks
flavor SUð3Þ symmetry. We focus on the QCD contribution
to this matrix element and calculate it with QCDSRs, where
a three-point correlation function is defined and calculated
both at the hadron and quark-gluon levels. In the calcu-
lation at the quark-gluon level, the operator product
expansion is up to dimension-five condensates. A detailed
numerical analysis is performed to determine the Borel
parameters, and the obtained mixing angle is θK1

¼
21.4°� 9° or θK1

¼ 68.6°� 9°, which is consistent with
the phenomenological analysis on the relation between θK1

and the mixing angle of strangeless axial-vector mesons.
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TABLE I. Comparing the jθK1
j obtained in this work with those

from literature.

References jθK1
j (deg)

This work 21.4� 9 or 68.6� 9
(1) [22] 33 or 57
(2) [23,24] 37 or 58
(3) [25] ð31.7þ2.8

−2.5 Þ or ð56.3þ3.9
−4.1 Þ

(4) [26] 28 < jθK1
j < 30

(5) [27] 34 < jθK1
j < 55

(6) [28] 33 and 58
(7) [29] 39� 4
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FIG. 8. mpole as a function of T2, where the blue band denotes the combined uncertainties of τth in the region 0.6 < τth < 1.0 and the
condensate parameters (left). Absolute value of θK1

as a function of T2 (right), which is calculated from Eq. (13), with F1ð0Þ being fitted
by Eq. (56) in the region −102 < q2 < −3 GeV2. The blue and red bands denote the errors from the uncertainties of the condensate
parameters and mK1A

, f1A, f⊥1B, respectively. The purple band shows the uncertainty of τth in the region 0.6 < τth < 1.0.
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APPENDIX A: TRIANGLE DIAGRAM INTEGRATION

Here we present the rank one and two triangle diagram integrations. They are defined asZ
dΦΔðp1; p2; m1; m2; mÞkμ ¼ ðA1p

μ
1 þ B1p

μ
2ÞIΔ;Z

dΦΔðp1; p2; m1; m2; mÞkμ1kμ2 ¼ ½A2p
μ1
1 p

μ2
1 þ B2p

μ1
2 p

μ2
2 þ C2ðpμ1

1 p
μ2
2 þ pμ1

2 p
μ2
1 Þ þD2gμ1μ2 �IΔ; ðA1Þ

where

A1 ¼
−ðm2ðq2 − s1 þ s2ÞÞ þ s2ð2m2

1 − q2 − s1 þ s2Þ þm2
2ðq2 − s1 − s2Þ

q4 − 2q2ðs1 þ s2Þ þ ðs1 − s2Þ2
;

B1 ¼
−ðm2ðq2 þ s1 − s2ÞÞ þm2

1ðq2 − s1 − s2Þ þ s1ð2m2
2 − q2 þ s1 − s2Þ

q4 − 2q2ðs1 þ s2Þ þ ðs1 − s2Þ2
;

A2 ¼
1

ðq4 þ ðs1 − s2Þ2 − 2q2ðs1 þ s2ÞÞ2
½m4ðq4 − 2q2ðs1 − 2s2Þ þ ðs1 − s2Þ2Þ

þ ð6m4
1 þ q4 þ q2ð4s1 − 2s2Þ þ ðs1 − s2Þ2 − 6m2

1ðq2 þ s1 − s2ÞÞs22 þm4
2ðq4 þ s21 þ 4s1s2 þ s22 − 2q2ðs1 þ s2ÞÞ

− 2m2
2s2ðq4 − 2s21 þ q2ðs1 − 2s2Þ þ s1s2 þ s22 þ 3m2

1ð−q2 þ s1 þ s2ÞÞ
− 2m2ðm2

2ðq4 þ s21 þ s1s2 − 2s22 þ q2ð−2s1 þ s2ÞÞ þ s2ð−2q4 þ ðs1 − s2Þ2 þ 3m2
1ðq2 − s1 þ s2Þ þ q2ðs1 þ s2ÞÞÞ�;

B2 ¼
1

ðq4 þ ðs1 − s2Þ2 − 2q2ðs1 þ s2ÞÞ2
½m4ðq4 þ q2ð4s1 − 2s2Þ þ ðs1 − s2Þ2Þ

þ s21ð6m4
2 þ q4 − 2q2ðs1 − 2s2Þ þ ðs1 − s2Þ2 − 6m2

2ðq2 − s1 þ s2ÞÞ þm4
1ðq4 þ s21 þ 4s1s2 þ s22 − 2q2ðs1 þ s2ÞÞ

− 2m2
1s1ðq4 þ s21 þ s1s2 − 2s22 þ q2ð−2s1 þ s2Þ þ 3m2

2ð−q2 þ s1 þ s2ÞÞ
− 2m2ðm2

1ðq4 − 2s21 þ q2ðs1 − 2s2Þ þ s1s2 þ s22Þ þ s1ð−2q4 þ ðs1 − s2Þ2 þ 3m2
2ðq2 þ s1 − s2Þ þ q2ðs1 þ s2ÞÞÞ�;

C2 ¼
1

ðq4 þ ðs1 − s2Þ2 − 2q2ðs1 þ s2ÞÞ2
½3m4

1ðq2 − s1 − s2Þs2 þm4ð2q4 − ðs1 − s2Þ2 − q2ðs1 þ s2ÞÞ

−m2ð−q6 þ q4s1 þ q2s21 − s31 þ q4s2 − 6q2s1s2 þ s21s2 þ q2s22 þ s1s22 − s32

þ 2m2
2ðq4 þ q2s1 − 2s21 − 2q2s2 þ s1s2 þ s22Þ þ 2m2

1ðq4 þ s21 þ s1s2 − 2s22 þ q2ð−2s1 þ s2ÞÞÞ
þ 2m2

1ð−s2ðq4 − 2s21 þ q2ðs1 − 2s2Þ þ s1s2 þ s22Þ þm2
2ðq4 þ s21 þ 4s1s2 þ s22 − 2q2ðs1 þ s2ÞÞÞ

− s1ð3m4
2ð−q2 þ s1 þ s2Þ þ 2m2

2ðq4 þ s21 þ s1s2 − 2s22 þ q2ð−2s1 þ s2ÞÞ
þ s2ð−2q4 þ ðs1 − s2Þ2 þ q2ðs1 þ s2ÞÞÞ�;

D2 ¼
1

2ðq4 þ ðs1 − s2Þ2 − 2q2ðs1 þ s2ÞÞ
½m4q2 þm4

1s2 þm2
1ðm2

2ðq2 − s1 − s2Þ

þ s2ð−q2 − s1 þ s2ÞÞ þ s1ðm4
2 þ q2s2 −m2

2ðq2 − s1 þ s2ÞÞ
−m2ðm2

2ðq2 þ s1 − s2Þ þm2
1ðq2 − s1 þ s2Þ þ q2ð−q2 þ s1 þ s2ÞÞ�: ðA2Þ

APPENDIX B: ANALYTICAL RESULTS

Here we present the analytical results for the calculation of the perturbative diagram and GG condensate diagrams. The
imaginary part of the correlation function contributed by the perturbative diagram reads as

Im2Π̃pertðp1; p2; q2Þ ¼
Nc

4π
IΔ½m2

sð2A1 þ 10B1 − 1Þ þ B1ð−3q2 − s1 þ s2Þ þ s1�; ðB1Þ

where A1, B1 are taken from Eq. (A2) with m1 ¼ m2 ¼ ms, m ¼ 0. The imaginary parts of the correlation function
contributed by the GG condensate diagrams read as

YU-JI SHI, JUN ZENG, and ZHI-FU DENG PHYS. REV. D 109, 016027 (2024)

016027-12



Im2Π̃GGðaÞðp1; p2; q2Þ ¼
hGGi
48π

∂
2

∂M2
1∂M

2
2

IM1;2
Δ ½M2

1ð2AM1;2
1 þ 8BM1;2

1 − 1Þ

þ BM1;2
1 ð6M2

2 þ 24m2
s − 7q2 − s1 þ s2Þ þ s1�jM2

1
¼M2

2
¼m2

s
; ðB2Þ

Im2Π̃GGðbÞðp1; p2; q2Þ ¼
hGGi
4π

∂

∂M2
1

IM1

Δ ðAM1

1 þ BM1

1 − 1ÞjM2
1
¼m2

s
−

hGGi
96ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2

∂

∂M2
1

× ½M2
1ðq2 − 5s1 þ 5s2Þ þm2

sðq2 þ s1 − s2Þ þ q2ð−3q2 þ 7s1 þ 3s2Þ�
× θ½ðM2

1Þ2ð−s2Þ þM2
1ðm2

sð−q2 þ s1 þ s2Þ þ s2ðq2 þ s1 − s2ÞÞ
− s1ðm4

s −m2
sðq2 − s1 þ s2Þ þ q2s2Þ�θðs1 −M2

1Þθðs2 −m2
sÞjM2

1
¼m2

s

−
hGGi

48ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2
∂

∂M2
1

½ðM2
1Þ2s2 þM2

1ðq2 − s1 − s2Þðm2
s − q2 þ s1 − s2Þ

þm4
ss1 − 2m2

sðq4 − q2ðs1 þ 2s2Þ þ s2ðs2 − s1ÞÞ þ q2ðq4 − 2q2ðs1 þ s2Þ þ s21 þ s1s2 þ s22Þ�

×
sð2Þ2;M1

− sð1Þ2;M1

jsð2Þ2;M1
− sð1Þ2;M1

j
½δðs2 − sð1Þ2;M1

Þ − δðs2 − sð2Þ2;M1
Þ�jM2

1
¼m2

s
−

hGGi
48ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2

∂

∂M2
1

× ½s1ðM2
1ðq2 − s1 þ s2Þ þm2

sðq2 þ s1 − s2Þ þ q2ð−q2 þ s1 þ s2ÞÞ�

×
sð2Þ1;M1

− sð1Þ1;M1

jsð2Þ1;M1
− sð1Þ1;M1

j
½δðs1 − sð1Þ1;M1

Þ − δðs1 − sð2Þ1;M1
Þ�jM2

1
¼m2

s
; ðB3Þ

Im2Π̃GGðcÞðp1; p2; q2Þ ¼
hGGi
8π

∂

∂M2
2

IM2

Δ ðAM2

1 þ BM2

1 − 1ÞjM2
2
¼m2

s
−

hGGi
48ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2

∂

∂M2
2

× ½3M2
2ðq2 þ s1 − s2Þ −m2

sðq2 þ 7s1 − 7s2Þ þ q2ð−3q2 þ 7s1 þ 3s2Þ�θ½−ðM2
2Þ2s1

þm2
sðM2

2ð−q2 þ s1 þ s2Þ þ s2ðq2 þ s1 − s2ÞÞ þM2
2s1ðq2 − s1 þ s2Þ

þm4
sð−s2Þ − q2s1s2�θðs1 −m2

sÞθðs2 −M2
2ÞjM2

2
¼m2

s
−

hGGi
24ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2

∂

∂M2
2

× ½ðM2
2Þ2s1 þM2

2ðq2 − s1 − s2Þðm2
s − q2 − s1 þ s2Þ þm4

ss2

− 2m2
sðq4 − q2ð2s1 þ s2Þ þ s1ðs1 − s2ÞÞ þ q2ðq4 − 2q2ðs1 þ s2Þ þ s21 þ s1s2 þ s22Þ�

×
sð2Þ2;M2

− sð1Þ2;M2���sð2Þ2;M2
− sð1Þ2;M2

��� ½δðs2 − sð1Þ2;M2
Þ − δðs2 − sð2Þ2;M2

Þ�jM2
2
¼m2

s
−

hGGi
24ðð−q2 þ s1 þ s2Þ2 − 4s1s2Þ3=2

∂

∂M2
2

× ½M2
2ðq2 þ s1 − s2Þ þm2

sðq2 − s1 þ s2Þ þ q2ð−q2 þ s1 þ s2Þ�

×
sð2Þ1;M2

− sð1Þ1;M2

jsð2Þ1;M2
− sð1Þ1;M2

j
½δðs1 − sð1Þ1;M2

Þ − δðs1 − sð2Þ1;M2
Þ�jM2

2
¼m2

s
; ðB4Þ

where

ðIM1;2
Δ ; AM1;2

1 ; BM1;2
1 Þ ¼ ðIΔ; A1; B1Þjm1¼M1;m2¼M2;m¼0;

ðIM1

Δ ; AM1

1 ; BM1

1 Þ ¼ ðIΔ; A1; B1Þjm1¼M1;m2¼ms;m¼0;

ðIM2

Δ ; AM2

1 ; BM2

1 Þ ¼ ðIΔ; A1; B1Þjm1¼ms;m2¼M2;m¼0;

sðjÞi;M1
¼ sðjÞi jm1¼M1;m2¼ms

;

sðjÞi;M2
¼ sðjÞi jm1¼ms;m2¼M2

; ðB5Þ
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with sðjÞi defined as

sð1Þ1 ¼ m2
1ðm2

2 þ s2Þ þ ðm2
2 − s2Þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

1 − 2m2
1ðm2

2 þ q2Þ þ ðm2
2 − q2Þ2

p
−m2

2 þ q2Þ
2m2

2

;

sð2Þ1 ¼ m2
1ðm2

2 þ s2Þ − ðm2
2 − s2Þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

1 − 2m2
1ðm2

2 þ q2Þ þ ðm2
2 − q2Þ2

p
þm2

2 − q2Þ
2m2

2

;

sð1Þ2 ¼ −
m4

1 −m2
1m

2
2 −m2

1q
2 −m2

1s1 þ ðs1 −m2
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

1 − 2m2
1ðm2

2 þ q2Þ þ ðm2
2 − q2Þ2

p
−m2

2s1 þ q2s1
2m2

1

;

sð2Þ2 ¼ −
m4

1 −m2
1m

2
2 −m2

1q
2 −m2

1s1 þ ðm2
1 − s1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

1 − 2m2
1ðm2

2 þ q2Þ þ ðm2
2 − q2Þ2

p
−m2

2s1 þ q2s1
2m2

1

: ðB6Þ

It should be noted that, for the GGðaÞ diagram, before doing derivatives onM2
1 andM

2
2, the masses of the k1; k2; k lines are

set as M1;M2; 0. For the GGðbÞ and GGðcÞ diagrams, before doing derivatives, the masses of the k1; k2; k lines are set as
M1; ms; 0 and ms;M2; 0, respectively.
Finally, we take Fig. 4(e) as an example to illustrate why the amplitudes of this diagram as well as Figs. 4(d) and 4(f) are

suppressed. The amplitude of Fig. 4(e) reads as

ΠGGðeÞ
μνρ ðp1; p2; q2Þ ¼

Z
d4xd4yeip2·xe−ip1·y

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4

d4k
ð2πÞ4 e

ik1·ye−ik2·xe−ik·ðy−xÞ
�
−
i
4

�

× tr

�
−ik
k2

σμν
ik2

k22 −m2
s

½fαβκτðk1Þ þ fακβτðk1Þ þ fακτβðk1Þ�
ðk2 −m2

sÞ2
γργ5

�

× tr½tAtA�g2sh0jGA
αβð0ÞGA

κτð0Þj0i: ðB7Þ

Calculating the complex trace as shown above and performing the projection defined in Eq. (19), one can obtain an
expression proportional to m2

s . Accordingly, the imaginary part is

Im2Π̃GGðeÞðp1; p2; q2Þ ¼ m2
s
hGGi
16π

∂

∂M2
1

IΔðM2
1 −m2

sÞ½M2
1ð2AM1

1 þ 8BM1

1 − 1Þ

þ BM1

1 ð2m2
s − 3q2 − s1 þ s2Þ þ s1�jM2

1
¼m2

s
; ðB8Þ

which is proportional to m2
s . Therefore, compared with the amplitudes of Figs. 4(a)–4(c) and 4(e) is Oðm2

sÞ suppressed so
that it can be neglected. The same reason also enables us to neglect Figs. 4(d) and 4(f).
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