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We attempt to rehabilitate a sum rule (proposed long ago by Bernabéu and Tarrach) which relates the
electric polarizability of a particle to the total photoabsorption of quasireal longitudinally polarized photons
by that particle. We discuss its perturbative verification in quantum electrodynamics (QED), which is
largely responsible for the skepticism about its validity. The failure of the QED test can be understood via
the Sugawara-Kanazawa theorem and is due to the nonvanishing contour contribution in the pertinent
dispersion relation. We show another example where this contribution is absent and the perturbative test
works exactly. On the empirical side, we show that the sum rule gives a reasonable estimate of the
πN-channel contribution to the proton electric polarizability. If this sum rule is valid indeed, there should be
a sum rule for the so-called “subtraction function” entering the data-driven calculations of the polarizability
effects in the Lamb shift. We havewritten down a possible sum rule for the subtraction function and verified
it in a perturbative calculation.
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I. INTRODUCTION

In 1975Bernabéu and Tarrach published a sum rule for the
electric dipole polarizability αE1 of a spin-1=2 particle [1],

αE1 −
αemϰ

2

4M3
¼ 1

2π2

Z
∞

0

dν

�
σLðν; Q2Þ

Q2

�
Q2→0

; ð1Þ

where the second term involves the anomalous magnetic
moment of the particle and its mass, ϰ andM; αem ≃ 1=137 is
the fine-structure constant. The right-hand side is given by the
energy-integrated total longitudinal-photoabsorption cross
section σL, function of the photon energy ν and virtuality
Q2, taken in the limit ofQ2 → 0.1 This sum rule is a “virtual
sibling” of the celebratedKramers-Kronig relationwritten for
real photons, and, more specifically, of the Baldin sum rule,
for the sum of electric and magnetic polarizabilities [2]:

αE1þ βM1 ¼
1

2π2

Z
∞

0

dν
σTðνÞ
ν2

; ð2Þ

which involves the cross section of total photoabsorption of
real (transverse) photons σT .
The Baldin sum rule has been instrumental for the data-

driven evaluations of the nucleon polarizabilities, and since
long [3] provides the most stringent empirical constraint on
the sum of proton polarizabilties, see [4] for the state of the
art. In contrast, the Bernabéu-Tarrach (BT) sum rule for
nucleonswas discarded [5] (more recently, in [6]); its use for
nuclei was discussed in [7]. Llanta and Tarrach [8] were first
to discredit the sum rule by showing that it fails a perturba-
tive verification in leading-order quantum electrodynamics
(QED). This calculation will be revisited here (Sec. II) and
complemented by an analogous calculation in chiral per-
turbation theory (χPT). Our main conclusion is that the BT
sum rule is valid, if convergent. This means the proton
electric and magnetic polarizabilities could be evaluated
separately using the two sum rules, which would be
extremely interesting in context of the current controversy
in determination of these polarizabilities via the Compton
scattering experiments at HIγS [9] versus MAMI [10].
Another important implication of the valid BT sum rule

would be the possibility of a data-driven evaluation of the
“subtraction-function contribution” to the proton-structure
effects in the Lamb shift of muonic hydrogen. This
contribution brings one of the significant uncertainties in
the extraction of the proton charge radius from muonic
hydrogen spectroscopy [11–15], see also [16,17] for the
most recent reviews.
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1The smooth Q2 → 0 limit of σL=Q2 is guaranteed by
electromagnetic gauge invariance.
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II. DERIVING THE SUM RULE
AND QED FAILURE

The BT sum rule can be derived from general properties
of the forward doubly-virtual Compton scattering (VVCS),
as reviewed, e.g., in [18–20]. We follow Ref. [20][Ch. 5].
Considering the amplitude for the VVCS of longitudinally
polarized photons, TLðν; Q2Þ, and using its analytic proper-
ties in the complex ν-plane one can write down a dispersion
relation which, by means of the optical theorem (unitarity),2

involves the inclusive photoabsorption cross section σL,

TLðν; Q2Þ ¼ 2

π

Z
∞

ν0

dν0 ν02
σLðν0; Q2Þ
ν02 − ν2

; ð3Þ

where ν0 is the threshold for the virtual-photon absorption.
The pole contributions in the amplitude (coming from the
Born graphs for VVCS) are canceled by the elastic
contribution to σL. Thus, this dispersion relation has the
same form for the nonpole contributions, with ν0 being the
inelastic threshold. A nonpole contribution remaining from
the Born term contains the Pauli form factor F2ðQ2Þ,

TLðnonpole BornÞ ¼ −
παemQ2

M3
F2
2ðQ2Þ; ð4Þ

which in the limit ofQ2 → 0 gives the anomalous magnetic
moment, F2ð0Þ ¼ ϰ. The rest of amplitude, i.e. the non-
Born part, in the limit of Q2 → 0 and ν → 0, gives the
electric polarizability,

TLðnon‐BornÞ ¼ 4πQ2αE1 þOðν2; Q4Þ: ð5Þ
Taking the same low-energy limits for the above dispersion
relation gives us the BT sum rule as written in Eq. (1). Now,
what is wrong with it?
Llanta and Tarrach [8] attempted to verify this sum rule

in QED by computing the left-hand and right-hand sides to
leading order in αem, and the results differed by a constant.
This constant, as they show, is given by the value of TL at
ν → ∞. This is not surprising if one recalls the Sugawara-
Kanazava theorem [21], which basically says that the left-
hand side of the dispersion relation [Eq. (3)] must include
the value at infinity as follows:

TLðν; Q2Þ − TLð∞; Q2Þ: ð6Þ

This asymptotic contribution is usually assumed to be
vanishing, or divergent (in the latter case the dispersion
relation requires subtractions). However, in this perturba-
tive calculation it apparently is finite. Of course, this test by
itself does not invalidate the sum rule, because perturbative
QED is invalid at ν ¼ ∞, but it does cast a shadow over the
sum rule applicability. This failure of the sum rule QED

(pun intended!) has later been exploited by L’vov [5], who
gives more examples and arguments for the sum rule to be
dismissed.
Our aim here is quite the opposite—to rehabilitate the BT

sum rule. First of all, the value of the amplitude at infinity is
there for any dispersion relation and thus may enter any sum
rule, including the Baldin and other sum rules which are
widely used. Empirically there is no way to find out.
Theoretically, it is as an artifact, since we usually do not
know what happens at asymptotically high energies. At the
same time, it is hard to believe that the use of the sum rule for
a low-energy quantity, such as polarizability, depends on
physics beyond the Planck scale. A proper way to show
the irrelevance of the value at infinity in QED, or another
theory, is to cancel it by a ultraviolet completion set at a
high-energy scale (where there is no data), and then see how
little it contributes to a quantity such as, say, the proton
polarizability.
Instead of doing this program for QED, we shall here

identify a perturbative calculation which verifies the BT sum
rule exactly. Incidentally, it is for the proton polarizability.

III. VALIDATION IN BARYON χPT

Consider the manifestly covariant baryon χPT calcula-
tion of the proton polarizabilities to leading order [22,23],
and check whether it can be reproduced by the two sum
rules. For the Baldin sum rule, this exercise was done
in [24,25] by calculating the tree-level pion photoproduc-
tion, see Figs. 1 and 2. Here, we have verified the BT sum
rule, by using the longitudinal cross section σL of charged-
pion photoproduction [26,27] (note that at this order the ϰ2

contribution to the sum rule is 0). We have also verified
explicitly that in this case the VVCS amplitude at infinite
energy is vanishing,

Tπþn-loops
L ð∞; Q2Þ ¼ 0: ð7Þ

FIG. 1. The πþn contributions to the sum rule, where the loops
contribute to the left-hand side and the tree-level cross sections to
the right-hand side.

2Our convention for the virtual-photon flux is such that
ImTLðν; Q2Þ ¼ νσLðν; Q2Þ, for any Q2.
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Hence the sum rule works exactly, and not just up to a
constant.
For the loops involving the neutral pion, corresponding

to the π0p-channel on the cross-section side, the amplitude
at infinity is not vanishing. As in QED, the constant in the
asymptotic value of TL,

3

Tπ0p-loops
L ð∞; Q2Þ ¼ −

αem
12π

g2πN
M3

Q2 þOðQ4Þ ð8Þ

(here gπN is the pion-nucleon coupling constant) comes
from the one-particle-irreducible graph, where both pho-
tons couple to the Dirac fermion in the loop. It suggests that
this artifact may be handled by a simple ultraviolet
completion involving a short-range fermion-fermion inter-
action. In the proton case, that role would be played by the
leading-order nuclear force.
In any case, the sum rule works, albeit only for the πþn

channel it works without the caveat. For an empirical
evaluation of the sum rule, one can safely neglect the value
of the amplitude at infinity. Let us seewhat the sum rulewould
give empirically for the proton. Unfortunately, we have found
only one viable empirical model for ½σL=Q2�Q2¼0 of the
proton—the MAID [30]. Other parametrizations [31,32]
seem to misbehave in the limit of small Q2; we could not
obtain a stable extrapolation to 0. The MAID, however,
provides only one of the contributions to the inclusive cross
sections—the single-pion production (πN) channel. At least
it is the dominant channel at low energies.
We have studied the sum rule integrals as functions of the

upper limit of integration,

IBTðΛÞ ¼
1

2π2

Z
Λ

ν0

dν

�
σLðν; Q2Þ

Q2

�
Q2→0

; ð9aÞ

IBaldinðΛÞ ¼
1

2π2

Z
Λ

ν0

dν
σTðνÞ
ν2

: ð9bÞ

The MAID results are shown in Fig. 3 by dashed curves.
They can be compared to the solid curves representing the
χPT calculation of the πN channel, as explained above.
Note that for the Baldin sum rule the discrepancy between
MAID and χPT is very large because of the Δð1232Þ and
other N� resonances. For the BT sum rule, the leading-
order χPT describes the empirial MAID cross section rather
well, and hence their BT integrals agree at such low cutoffs.
Furthermore, from the χPT calculation we know that

the full BT integral gives, IBTðΛ → ∞Þ ≃ 7 × 10−4 fm3.
Taking into account the anomalous magnetic moment term,

αemϰ
2
p

4M3
p
≃ 0.54 × 10−4 fm3; ð10Þ

we obtain the proton electric polarizability of about 7.5 (in
the usual units). This can be compared to the PDGvalue [33]:
αpE1 ¼ 11.2� 0.4. It is quite plausible that this differencewill
be diminished by inclusion of other channels, predominately
the ππN channel. One can see that for the Baldin sum rule the
single-πN-channel value of about 11.6 is also different from
the inclusive result of14� 0.2. The relative difference here is
smaller than in the BT sum rule, because apparently the
Baldin sum rule converges faster.

IV. SUM RULE FOR THE
SUBTRACTION FUNCTION

It remains to be seen whether the BT sum rule converges,
but if it does, there would be a few important implications.
First of all, it will provide an independent determination of

FIG. 2. The π0p contributions to the sum rule, where the loops
contribute to the left-hand side and the tree-level cross sections to
the right-hand side.

FIG. 3. Saturation of the Bernabéu-Tarrach and Baldin integrals
[Eqs. (9a) and (9b)] for the proton, using the leading-order χPT
and the empirical MAID model.

3The asymptotic values of the Compton amplitudes were
conveniently calculated using Package-X [28,29].
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the nucleon electric polarizability and help to resolve the
large contradiction of two most recent Compton experi-
ments: HIγS [9] versus MAMI [10]. Second, it will allow us
to evaluate the VVCS amplitude TL via the dispersion
relation (3). This is important for the subtraction-function
contribution of the proton polarizability effect in muonic
hydrogen. The subtraction function sits in the transverse
VVCS amplitude T1ðν; Q2Þ, but can be calculated via TL
using Siegert’s theorem [34], which equates (up to a phase
factor) the transverse and longitudinal amplitudes in the
limit of ν → iQ:

T1ðiQ;Q2Þ ¼ −TLðiQ;Q2Þ: ð11Þ

Now, this is all that is needed for the subtraction point of
ν ¼ iQ [35]. More usual is the subtraction at ν ¼ 0, which
implies the following dispersion relation for T1:

T1ðν; Q2Þ ¼ T1ð0; Q2Þ þ 2ν2

π

Z
∞

ν0

dν0
σTðν0; Q2Þ
ν02 − ν2

: ð12Þ

Combining it with the dispersion relation for TLðiQ;Q2Þ
and the Siegert theorem, the conventional subtraction
function has the following expression:

T1ð0;Q2Þ ¼ 2

π
Q2

Z
∞

ν0

dν
ν2þQ2

�
σT −

ν2

Q2
σL

�
ðν;Q2Þ: ð13Þ

We have verified this sum rule exactly in the χPT example
above, including the charged-pion channel. Note that at this
order we only verify the polarizability contribution and not
any of the possible nonpole VVCS contributions coming
from the Born term (expressed by the elastic form factors).
In Fig. 4, we show the non-Born part of the VVCS

amplitudes as functions of Q2 evaluated through the

integrals on the right-hand side of Eq. (13) (left panel)
and Eq. (3) (right panel) using MAID [30]. In order to
obtain the non-Born part, from the above dispersion
relations, one has to subtract the nonpole Born parts.
For TL, it is given by Eq. (4). In the case of T1ð0; Q2Þ
evaluated through Eq. (13), one has to add Eq. (4). At first
glance, this might look counterintuitive, since the nonpole
Born part of T1ðν; Q2Þ is given by T1ðnonpole BornÞ ¼
−4παemF2

1ðQ2Þ=M. The difference comes from the mis-
match of the nonpole parts in Eq. (11): this equality is valid
for the full Born amplitudes, but not separately for the pole
and nonpole contributions. As the result, we have the
following expressions for the non-Born parts of the sub-
traction functions, plotted in Fig. 4:

T1ð0; Q2Þ ¼ −
παemQ2

M3
F2
2ðQ2Þ þ 2

π
Q2

Z
∞

ν0

dν
ν2 þQ2

×

�
σT −

ν2

Q2
σL

�
ðν; Q2Þ; ð14aÞ

TLðiQ;Q2Þ ¼ παemQ2

M3
F2
2ðQ2Þ þ 2

π

Z
∞

ν0

dν ν2
σLðν; Q2Þ
ν2 þQ2

¼ −T̄1ðiQ;Q2Þ; ð14bÞ

where ν0 is again the inelastic threshold. In calculating the
Pauli form factor (F2) contribution, we are using the
empirical parametrizations of the nucleon form factors
from Ref. [36].
In the limit of Q2 ¼ 0, the TLðiQ;Q2Þ=4πQ2 amplitude

yields αE1, cf. Eq. (5), whereas T1ð0; Q2Þ=4πQ2 yields
βM1. Their sum is consistent with the MAID evaluation of
the Baldin sum rule shown in Fig. 3.

FIG. 4. Non-Born part of the subtraction functions, T1ð0; Q2Þ (left panel) and TLðiQ;Q2Þ (right panel), evaluated with MAID [30]
through Eqs. (13) and (3) (black dotted). For comparison we show: the heavy-baryon χPT calculation [15] (gray band); the next-to-
leading-order χPT calculation [26,37] (blue solid with a band); the leading χPT πN-loop contribution (red solid); At the real photon
point, the PDG value for αE1 ¼ ð11.2� 0.4Þ × 10−4 fm3 [33] is shown.
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Besides the data-driven evaluations of the subtractions
functions based on the MAID pion-production cross
sections, we show the leading and next-to-leading χPT
predictions of the amplitudes, and the PDG values of the
proton polarizabilities.
The figure (right panel) shows that the agreement ofBχPT

prediction with the empirical value of αpE1 is only achieved at
the next-to-leading order, where the πΔ-loops are included.
This would correspond to the inclusion of πΔ-production
channel in σL, which goes beyondMAID. Hence one would
need to include at least the two-pion production channel to
saturate the BT sum rule in a data-driven evaluation.

V. VALIDATION IN THE PARTON MODEL

Another interesting regime where the relations (3) and
(13) could be checked theoretically is the domain of
Bjorken scaling. In this limit the virtuality Q2 and the
energy ν of the incoming photon are taken to be very large,
while preserving the finiteness of the Bjorken variable
x ¼ Q2=2Mν. The Bjorken scaling implies the validity of
the perturbative expansion of QCD, with the leading-order
contribution given by the naïve parton model.
In this model the deep inelastic scattering off the proton

is described by the scattering off the individual partons
(quarks) with electric charges eq and parton distribution
functions fqðxÞ. The structure functions F1 and F2 are then
given by (see, e.g., Sec. 18.5 in [38])

F1ðx;Q2Þ ¼ M
αem

X
q

e2qfqðxÞ; ð15aÞ

F2ðx;Q2Þ ¼ 2xF1ðx;Q2Þ; ð15bÞ

while the corresponding forward Compton amplitudes are

T1ðx;Q2Þ ¼ 2

Z
1

0

dξ
ξ

P
qe

2
qfqðξÞ

ðxξÞ2 − 1 − iϵ
; ð16aÞ

T2ðx;Q2Þ ¼ 8
M2x2

Q2

Z
1

0

dξ
ξ

P
qe

2
qfqðξÞ

ðxξÞ2 − 1 − iϵ
: ð16bÞ

The longitudinal structure function FL is given in this
model by

FLðx;Q2Þ ¼
�
1þ 4M2x2

Q2

�
F2ðx;Q2Þ − 2xF1ðx;Q2Þ

¼ 4M2x2

Q2
F2ðx;Q2Þ

¼ M3

αem

X
q

e2qfqðxÞ
8x3

Q2
; ð17Þ

and the corresponding Compton amplitude is

TLðx;Q2Þ ¼
�
1þ ν2

Q2

�
T2ðx;Q2Þ − T1ðx;Q2Þ

¼ T2ðx;Q2Þ ð18Þ
This relation immediately implies the convergence of the
unsubtracted dispersion relation for TL, as long as the
unsubtracted relation is valid for T2.
A remarkable feature of the parton model is the Callan-

Gross relation [39] in Eq. (15b) or, equivalently, in terms of
the cross sections,

σL ¼ Q2

ν2
σT; ð19Þ

which shows that σL falls with energy considerably faster
than σT . Writing the unsubtracted dispersion relations for
the Compton amplitudes in the parton model,

T1ðx;Q2Þ ¼ 2αem
M

Z
1

0

dζ
ζ3

x2F1ðζ; Q2Þ
ðxζÞ2 − 1 − iϵ

; ð20aÞ

T2ðx;Q2Þ ¼ 4Mαem
Q2

Z
1

0

dζ
ζ2

x2F2ðζ; Q2Þ
ðxζÞ2 − 1 − iϵ

; ð20bÞ

one can deduce that the amplitude T2 (and, consequently,
TL) satisfies the unsubtracted dispersion relation, but T1

does not. The latter, however, satisfies the once-subtracted
dispersion relation with vanishing subtraction function.
Using the Callan-Gross relation one trivially verifies the
sum rule for the subtraction function T1ð0; Q2Þ, given by
(13). Hence, we conclude that the dispersion relation for TL
(3) as well as the sum rule for the subtraction function (13)
hold exactly in the naïve parton model.

VI. CONCLUSION

The BT sum rule for the nucleon electric polarizability has
the same level of validity as the commonly used Baldin sum
rule, despite an appreciably worse convergence. We have
established at least one simple example where the BT sum
rule passes the perturbative test—the πþn channel at leading-
order χPT. In other cases, most notably the leading-order
QED [8], the sum rule holds up to a constant yielded by an
unphysical behavior of the VVCS amplitude at infinite
energy.
The naïve parton model also verifies the unsubtracted

dispersion relation for the longitudinal amplitude, crucial
for the validity of the BT sum rule.
As an implication of the good BT sum rule, we have

derived a sum rule for the subtraction function (13), which
will allow for a fully data-driven evaluation of the proton
polarizability contribution to the Lamb shift of (muonic)
hydrogen. To carry out such an evaluation, we need high-
quality and precision parametrization of proton σLðν; Q2Þ
[equivalently, the longitudinal structure functionFLðx;Q2Þ].
High-quality parametrizations of σL are needed as well to
determine the proton electric polarizability from the BT sum
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rule itself. We expect that the inclusion of the two-pion
production channel, in addition to the single-pion production
parametrized byMAID, will be sufficient to saturate the sum
rule to a large extent.
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