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In the present study, the calculations of two-body decays B0
s → TT [T denotes tensor mesons, a2ð1320Þ,

K�2ð1430Þ, f2ð1270Þ, f02ð1525Þ] in the perturbative QCD approach are presented. The ensuing predictions
encompass branching ratios, polarization fractions, and direct CP violations, all elucidated in compre-
hensive detail. It is discerned that (1) for pure annihilation decay, the longitudinal polarization is around
90.0%, whereas the transverse polarizations manifest comparatively diminutive magnitudes. (2) The direct
CP asymmetry is directly proportional to the interference between the tree and penguin contributions. For
most of the decays investigated within this discourse, the direct CP asymmetry remains modest in
magnitude. (3) There are precisely six distinct categories of Feynman diagrams for B0

s → TT, because the
tensor mesons cannot be produced through the (V � A) currents or (S� P) density, thereby prohibiting
factorizable emission diagrams. The nonfactorizable and annihilation contributions are ascertained to be
pivotal in these decay modes. The calculated branching ratios of our calculation for B0

s → TT are at the
order of 10−6 and 10−7, which can be tested in the LHCb and Belle II experiments. (4) Mixing exists for the
f2ð1270Þ and f02ð1525Þ, just as the η and η0 mixing, the branching ratios about the mixing angle θ are given
in this work. However, it is different from f1ð1285Þ − f1ð1420Þ, the mixing angle is notably small, thereby
resulting in only marginal alterations in the decay branching ratios.
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I. INTRODUCTION

The model elucidating the two-body decay of B mesons
has been the subject of extensive scrutiny over the past two
decades, both from a theoretical [1–4] and experimental
[5–7] perspective. The emergence of charmless hadronic B
decays featuring a light tensor meson in the final state has
invigorated interest in tensor mesons. Based on the
principles of flavor SU(3) symmetry, we investigate nine
mesons [8,9], comprising isovector mesons a2ð1320Þ,
isodoulet states K�2ð1430Þ, and two isosinglet mesons
f2ð1270Þ, f02ð1525Þ, which forms the first 13P2 nonet
[10]. According to the latest experimental data of 2022
PDG [8], the B0

s → K�2ð1430ÞK̄�2ð1430Þ decay has already
appeared, signifying the emergence of numerous decay
modes involving the final state of two tensor mesons may
appear. In Ref. [2], some researchers have calculated the
decay channel about B0

s → VT, at the same time, they also
adopted some other methods to compare. Further, these
calculations indicated that predictions based on the pQCD

that can accommodate experimental data well. By compar-
ing their predictions with the experimental data, we find
that BRðB0

s → ΦðK�2ð1430Þ; K̄�2ð1430ÞÞÞ is similar to
BRðB0

s → ΦðK�ð1430Þ; K̄�ð1430ÞÞÞ, but the magnitude
is smaller. For B0

s → VV; TV, they are similar but a little
different.
In the exploration of two-body decay of B mesons, the

perturbative QCD factorization approach assumes para-
mount significance. This method based on factorization
[11–17] to calculate the decay process of B0

s → M1M2, in
whichMi are composed of light noncharmed mesons. In the
perturbative QCD framework, the factorization scale about
1=b is employed to demarcate the boundary between the
perturbative and nonperturbative regimes. The nonleptonic
decay of the Bmeson is postulated to be primarily governed
by the exchange of hard gluons, permitting the isolation and
direct computation of the hard portion of the decay process
through perturbative methodologies. Simultaneously, the
nonperturbative component is absorbed into the universal
hadron wave function. On this foundation, the two-body
decay amplitude of B0

s meson is generically expressed as

A ¼ H ⊗ ϕB0
s
⊗ ϕh1 ⊗ ϕh2 : ð1Þ

Here the hard decay kernelH represents the contributions
emanating from Feynman diagrams, amenable to compu-
tation through perturbative theory. The nonperturbative
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inputs ϕB0
s
, ϕh1 , and ϕh2 denote the wave functions of B0

s

meson, tensor mesons, respectively. These wave functions
may be deduced via the extraction of pertinent empirical
data or calculated through various nonperturbative
methodologies.
Theoretical investigations into the calculations pertaining

to tensor mesons have garnered the attention of several
researchers. In comparison to vector mesons, tensor mesons
are more special and complex. For B → PT, VT [1,18],
some scholars have investigated the tensor meson in the
final state. However, for B0

s → TT, the case where the final
states are all tensor mesons has not yet been studied in the
literature, and this article is the first in this perspective. For
the decays of B0

s → TT, the amplitude can be defined as
three invariant helicity components: A0, for which the
polarizations of the tensor meson are longitudinal with
the respect to their momenta, andAk, A⊥ are for transversely
polarized tensor meson [19,20].
The branching ratios of B0

s → f2ðf02Þf2ðf02Þ are con-
tingent upon the mixing angle θ of f2ð1270Þ and
f02ð1525Þ, analogous to η and η0 mixing in the pseudo-
scalar sector [4,21–23]. From the experiment that ππ is the
dominant decay mode of f2ð1270Þ, and f02ð1525Þ decays
dominantly into KK, we can know that the physical
f2ð1270Þ − f02ð1525Þ mixing angle is smaller than the
decoupling value: θT;ph − θdec ¼ 29.5° − 35.26° ¼ −5.8°
[10,24], which indicates f2ð1270Þ is nearly fu2 þ fd2, while
f02ð1525Þ is mainly fs2 [25]. The corresponding helicity
amplitudes are characterized as follows [26,27]:

f2ð1270Þ ¼
1ffiffiffi
2
p ðfu2 þ fd2Þ cos θf2 − fs2 sin θf2 ;

f02ð1525Þ ¼
1ffiffiffi
2
p ðfu2 þ fd2Þ cos θf2 þ fs2 sin θf2 ; ð2Þ

where fd2 ¼ dd̄, fu2 ¼ uū, fs2 ¼ ss̄. Moreover, it is
also found that the mixing angle θf2¼7.8° [25] and
ð9�1Þ° [28].
This paper is structured as follows: In Sec. II, we

expound upon the theoretical underpinnings of the per-
turbative QCD (pQCD) framework and elaborate upon the
wave functions integral to our calculation for the B0

s → TT
decays. Section III assembles the helicity amplitudes.
Subsequently, in Sec. IV, we present the numerical results
and engage in discussions. The key content of Sec. V
comprises a summarization of the principal contributions
of this study. Finally, the explicit formulations of all the
helicity amplitudes are provided in the Appendix for
reference.

II. THEORETICAL FRAMEWORK

A. Hamiltonian and kinematics

The pertinent weak effective Hamiltonian governing the
decays B0

s → TT is defined by the following expression
[29,30]

Heff ¼
GFffiffiffi
2
p
�
V�ubVus½C1O1þC2O2�−V�tbVts

�X10
i¼3

CiOi

��
;

ð3Þ

where V�ubVus and V�tbVts are Cabibbo-Kobayashi-Maskawa
factors, the Fermi coupling constant GF ¼ 1.66378×
10−5 GeV−2, and Ci is the Wilson coefficient corresponding
to the quark operator, Oi represents the local four-quark
operators, which can be expressed as

O1 ¼ b̄αγμð1 − γ5Þuβūβγμð1 − γ5ÞXα;

O2 ¼ b̄αγμð1 − γ5Þuαūβγμð1 − γ5ÞXβ;

O3 ¼ b̄αγμð1 − γ5ÞXα

X
X0

X̄0βγμð1 − γ5ÞX0β;

O4 ¼ b̄αγμð1 − γ5ÞXβ

X
X0

X̄0βγμð1 − γ5ÞX0α;

O5 ¼ b̄αγμð1 − γ5ÞXα

X
X0

X̄0βγμð1þ γ5ÞX0β;

O6 ¼ b̄αγμð1 − γ5ÞXβ

X
X0

X̄0βγμð1þ γ5ÞX0α;

O7 ¼
3

2
b̄αγμð1 − γ5ÞXα

X
X0

eX0X̄0βγμð1þ γ5ÞX0β;

O8 ¼
3

2
b̄αγμð1 − γ5ÞXβ

X
X0

eX0X̄0βγμð1þ γ5ÞX0α;

O9 ¼
3

2
b̄αγμð1 − γ5ÞXα

X
X0

eX0X̄0βγμð1 − γ5ÞX0β;

O10 ¼
3

2
b̄αγμð1 − γ5ÞXβ

X
X0

eX0X̄0βγμð1 − γ5ÞX0α; ð4Þ

where α and β are color indices, X0 ¼ u, d, s, c, or b quarks,
and they are the active quarks at the scalemb.O1 andO2 are
current-current operators, Oiði ¼ 3;…; 10Þ are penguin
operators, in which Oiði ¼ 7;…; 10Þ are the electroweak
penguin operators. The operatorsO7γ andO8g are not listed,
because their contribution is neglected.
Within the framework of the pQCD approach, the decay

amplitude can be meticulously into three constituent
components: the hard scattering kernel, the wave functions
characterizing the mesons, and the convolution of the
Wilson coefficients. For B0

s → M1M2 decay, the decay
amplitude is presented as follows [20,31–33]
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A ∼
Z

dx1dx2dx3b1db1b2db2b3db3

· Tr½CðtÞΦBðx1; b1ÞΦM2
ðx2; b2ÞΦM3

ðx3; b3Þ
×Hðxi; bi; tÞStðxiÞe−SðtÞ�; ð5Þ

where xi are the proportions of the momenta for the
spectator quark inside the mesons B0

s , T2, and T3, respec-
tively, with the values ranging from 0 to 1, bi are the
conjugate space coordinates of the transverse momenta ki
for the light quarks. Tr denotes the trace over all Dirac
structure and color indices. CðtÞ is the short distance
Wilson coefficients at the hard scale t. t denotes the largest
energy scale of the hard partH. The threshold resummation
StðxiÞ stems from the large double logarithms [34], which
can remove the end point singularities. The last term
e−SðtÞ is the Sudakov factor, which can suppress soft
dynamics [35].
In the context of the light cone coordinate system, the

associated physical quantities are represented as follows.
Assuming that the initial state of the meson B0

s is stationary,
the tensor mesons T2 and the T3 move in the direction of
the lightlike vector v ¼ ð0; 1; 0⊤Þ and n ¼ ð1; 0; 0⊤Þ,
respectively. Here we use p1, p2, and p3 to represent
the momenta of the mesons B0

s , T2, and T3

p1 ¼
MB0

sffiffiffi
2
p ð1; 1; 0⊤Þ;

p2 ¼
MB0

sffiffiffi
2
p ð1 − r22; r

2
2; 0⊤Þ;

p3 ¼
MB0

sffiffiffi
2
p ðr23; 1 − r23; 0⊤Þ: ð6Þ

Moreover, the momenta of the respective light quarks
associated with the mesons B0

s , T2, and T3 are

k1 ¼
 
0;
MB0

sffiffiffi
2
p x1; k1⊤

!
;

k2 ¼
 
MB0

sffiffiffi
2
p ð1 − r22Þx2; 0; k2⊤

!
;

k3 ¼
 
0;
MB0

sffiffiffi
2
p ð1 − r23Þx3; k3⊤

!
; ð7Þ

where MB0
s
represents the mass of the meson B0

s , and

r2 ¼ MT2
MB0s

, r3 ¼ MT3
MB0s

, MT is the mass of the tensor meson.

B. Wave functions

1. B meson

The wave function of the meson is expressed as a
decomposition of Lorentz structuresZ

d4z
ð2πÞ4 e

ik·zh0jb̄αð0ÞdβðzÞjBsðP1Þi

¼ iffiffiffiffiffiffiffiffi
2Nc
p ð=p1þMBÞγ5

�
ϕBðx1;b1Þþ

nffiffiffi
2
p ϕ̄Bðx1;b1Þ

�
; ð8Þ

where ϕBðx1; b1Þ and ϕ̄Bðx1; b1Þ are the twist distribution
amplitudes, the contribution of ϕ̄Bðx1; b1Þ is relatively
small, so we neglect it. Therefore, the meson B0

s is deemed
to be a heavy-light model, with the wave function defined
as [36–39]

ΦB ¼
iffiffiffiffiffiffiffiffi
2Nc
p ð=p1 þMBÞγ5ϕBðx1; b1Þ; ð9Þ

whereNc ¼ 3 is the number of colors, because we calculate
the relevant parameters in the b space, and the distribution
amplitude ϕB can be expressed as [40,41]

ϕBðx1; b1Þ ¼ NBx12ð1 − x1Þ2 exp
�
−
M2

Bx1
2

2ω2
B

−
1

2
ðωBb1Þ2

�
:

ð10Þ

This distribution amplitude adheres to the normalization
condition Z

1

0

dxϕBðx; b ¼ 0Þ ¼ fB
2
ffiffiffiffiffiffiffiffi
2Nc
p ; ð11Þ

where NB ¼ 91.784 GeV is the normalization constant, fB
is the decay constant. For B0

s meson, we use the shape
parameter ωBs

¼ 0.50� 0.05 GeV [4].

2. Tensor meson

For the spin-2 polarization tensor ϵuvðλÞ with helicity λ,
satisfies ϵuvpv

2 ¼ 0 [42,43], which can be constructed based
on the polarization vectors of vector mesons ϵ, they can be
written as

ϵuvð�2Þ≡ ϵð�1Þuϵð�1Þv;

ϵuvð�1Þ≡ 1ffiffiffi
2
p ½ϵð�1Þuϵð0Þv þ ϵð0Þuϵð�1Þv�;

ϵuvð0Þ≡ 1ffiffiffi
6
p ½ϵðþ1Þuϵð−1Þv þ ϵð−1Þuϵðþ1Þv�

þ
ffiffiffi
2

3

r
ϵð0Þuϵð0Þv: ð12Þ
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With the tensor meson moving in the plus direction of the
z axis, the polarizations ϵ are defined as

ϵuð0Þ ¼
1

mT
ðjPT j; 0; 0; ETÞ;

ϵuð�1Þ ¼
1ffiffiffi
2
p ð0;�1; i; 0Þ; ð13Þ

where ET represents the energy of the tensor meson. In the
subsequent calculations, the introduction of a new polari-
zation vector ϵT for the tensor meson under consideration is
deemed necessary for the sake of convenience [9]

ϵTuðλÞ ¼
1

mB
ϵuvðλÞPv

B; ð14Þ

which satisfies

ϵTuð�2Þ ¼ 0;

ϵTuð�1Þ ¼
1ffiffiffi
2
p

mB

ϵð0Þ · PBϵuð�1Þ;

ϵTuð�0Þ ¼
ffiffiffi
2

3

r
1

mB
ϵð0Þ · PBϵuð0Þ: ð15Þ

The contraction is evaluated as ϵð0Þ · PB=mB ¼
jP⃗T j=mT . It is obvious that the new vector ϵT is similar
to the ordinary polarization vector ϵ, regardless of the

dimensionless constants
ffiffi
1
2

q
jP⃗T j
mT

or
ffiffi
2
3

q
jP⃗T j
mT
.

The decay constants of the tensor mesons are defined
as [9]

hTjjuvð0Þj0i ¼ fTm2
Tϵ
�
uv;

hTjjuvρj0i ¼ −ifTTmTðϵ�uρP2v − ϵ�vρP2uÞ: ð16Þ

Where the currents are expressed as

juvð0Þ ¼
1

2
½q̄1ð0ÞγuiD

↔

vq2ð0Þ þ q̄1ð0ÞγviD
↔

uq2ð0Þ�;

jþuvρð0Þ ¼ q̄2ð0ÞσuviD
↔

ρq1ð0Þ; ð17Þ

with D
↔

u ¼ D⃗u − D⃖u, D⃗u ¼ ∂
!

u þ igsAa
uλ

a=2, and D⃖u ¼
∂
 

u − igsAa
uλ

a=2, respectively. Here we adopted these decay
constants from Ref. [42] that have been calculated in the
QCD sum rules [44–46], which can be seen from Table I.
We can find that the transverse decay constants are

approximately equal to the longitudinal one for a2ð1320Þ,
f2ð1270Þ, but it is different from K�2ð1430Þ and f02ð1525Þ,
their ratio relationship: fTT=fT ∼ ð50% − 65%Þ.
From earlier studies [42], we obtain insights into the light

cone distribution amplitudes of the tensor mesons. The
light cone distribution amplitudes up to twist-3 for generic
tensor mesons are defined as follows:

hTðp2; ϵÞjq1αð0Þq̄2βðzÞj0i

¼ 1ffiffiffiffiffiffiffiffi
2Nc
p

Z
1

0

dxeixp2·z

�
mTϵ

�
•LΦTðxÞ

þ ϵ�•Lp2Φt
TðxÞ þm2

T
ϵ• · v
p2 · v

Φs
TðxÞ

�
αβ

; ð18Þ

hTðp2; ϵÞjq1αð0Þq̄2βðzÞj0i

¼ 1ffiffiffiffiffiffiffiffi
2Nc
p

Z
1

0

dxeixp2·z½mTϵ
�
•TΦv

TðxÞ

þ ϵ�•Tp2ΦT
TðxÞ þmTiϵuvρσγ5γuϵ�v•Tn

ρvσΦa
TðxÞ�αβ: ð19Þ

The convention ϵ0123 ¼ 1 has been adopted.
Equation (18) is for the longitudinal polarization(λ ¼ 0),
and Eq. (19) is for the transverse polarizations ðλ ¼ �1Þ,
respectively. Here n is the moving direction of the tensor
meson and v is the opposite direction. The new vector ϵ•
which plays the same role with the polarization vector ϵ,
which is defined by

ϵ•u ¼
ϵuvvv

p2 · v
mT: ð20Þ

With the momenta and polarizations, which can be
reexpressed as

ϵ•u ¼
2mT

m2
B
pv
Bϵuv: ð21Þ

In earlier studies [9,42,43], the amplitudes are
expressed as

ΦTðxÞ¼
fT

2
ffiffiffiffiffiffiffiffi
2Nc
p ΦkðxÞ; Φt

TðxÞ¼
fTT

2
ffiffiffiffiffiffiffiffi
2Nc
p hðtÞk ðxÞ;

Φs
TðxÞ¼

fTT
4
ffiffiffiffiffiffiffiffi
2Nc
p d

dx
hskðxÞ; ΦT

TðxÞ¼
fTT

2
ffiffiffiffiffiffiffiffi
2Nc
p Φ⊥ðxÞ;

Φv
TðxÞ¼

fT
2
ffiffiffiffiffiffiffiffi
2Nc
p gv⊥ðxÞ; Φa

TðxÞ¼
fT

8
ffiffiffiffiffiffiffiffi
2Nc
p d

dx
ga⊥ðxÞ: ð22Þ

TABLE I. Decay constants (in unit of MeV) of tensor mesons.

fa2ð1320Þ ¼ 107� 6 fK�
2
ð1430Þ ¼ 118� 5 ff2ð1270Þ ¼ 102� 6 ff0

2
ð1525Þ ¼ 126� 4

fTa2ð1320Þ ¼ 105� 21 fTK�
2
ð1430Þ ¼ 77� 14 fTf2ð1270Þ ¼ 117� 25 fTf0

2
ð1525Þ ¼ 65� 12
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The twist-2 distribution amplitudes can be expanded in
terms of Gegenbauer polynomials C3=2

n ð2x − 1Þ, with the
asymptotic form given by

Φk;⊥ðxÞ ¼ 30xð1 − xÞð2x − 1Þ: ð23Þ

Adhering to normalization conditionsZ
1

0

dxð2x − 1ÞΦk;⊥ðxÞ ¼ 1: ð24Þ

The twist-3 distribution amplitudes also assume an
asymptotic form, as delineated in [42]

htkðxÞ ¼
15

2
ð2x − 1Þð1 − 6xþ 6x2Þ;

hskðxÞ ¼ 15xð1 − xÞð2x − 1Þ;
ga⊥ðxÞ ¼ 20xð1 − xÞð2x − 1Þ;
gv⊥ðxÞ ¼ 5ð2x − 1Þ3: ð25Þ

III. DECAY AMPLITUDES

In this section, we provide the perturbative QCD
formulas for all the Feynman diagrams, as illustrated in
Fig. 1. The first row showcases the annihilation-type
diagrams, with the first two being factorizable and the
last two being nonfactorizable. The second row consists of
nonfactorizable emission diagrams. For the B0

s → TT
decays, both the longitudinal polarization and the trans-
verse polarization contribute. The symbol F and M
represent the factorizable and nonfactorizable contribu-
tions, respectively. The superscripts LL denotes the
amplitude of the ðV − AÞðV − AÞ operators, and LR
describe the amplitude of the ðV − AÞðV þ AÞ operators.
The symbol SP is Fierz transformation of LR. Notably, the
decay amplitudes for longitudinal and transverse polar-
izations exhibit the same form after simplification, as
follows in Eqs. (26)–(49).
The longitudinal polarization amplitudes of the factor-

izable annihilation diagrams are

FLL;L
af ¼ 16

3
πCFfBM4

B0
s

Z
1

0

dx2dx3

Z
1
Λ

0

b2db2b3db3f½2r2r3x3ϕs
Tðx2Þϕt

Tðx3Þ − 2r2r3x3ðx3 − 2Þϕs
Tðx2Þϕs

Tðx3Þ

þ ðx3 − 1ÞϕTðx2ÞϕTðx3Þ�EafðteÞhafðα1; β; b2; b3Þ þ ½−2r2r3ðx2 − 1Þϕs
Tðx3Þϕt

Tðx2Þ
þ 2r2r3ð−x2 − 1Þϕs

Tðx2Þϕs
Tðx3Þ þ x2ϕTðx2ÞϕTðx3Þ�EafðtfÞhafðα2; β; b3; b2Þg; ð26Þ

FSP;L
af ¼ −

32

3
πCFfBM4

B0
s

Z
1

0

dx2dx3

Z 1
Λ

0

b2db2b3db3f½2r2ϕs
Tðx2ÞϕTðx3Þ þ r3ðx3 − 1Þϕs

Tðx3ÞϕTðx2Þ þ r3ðx3 − 1Þ

× ϕTðx2Þϕt
Tðx3Þ�EafðteÞhafðα1; β; b2; b3Þ þ ½2r3ðx2 − 1Þϕs

Tðx3ÞϕTðx2Þ þ r2x2ϕs
Tðx3Þϕt

Tðx2Þ
− r2x2ϕs

Tðx2ÞϕTðx3Þ�EafðtfÞhafðα2; β; b3; b2Þg: ð27Þ

(a) (b)

(e) (f)

(c) (d)

FIG. 1. The Feynman diagrams for the B0
s → TT decays. (a) and (b) are factorizable annihilation diagrams, (c) and (d) are the

nonfactorizable annihilation diagrams, (e) and (f) are nonfactorizable emission diagrams.
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The longitudinal polarization amplitudes of the nonfactorizable annihilation diagrams are given below

MLL;L
anf ¼

32

3

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½r2r3ðð1 − x2 þ x3Þϕt
Tðx2Þϕt

Tðx3Þ þ ðx2 þ x3 − 1Þϕt
Tðx2Þϕs

Tðx3Þ
þ ð1 − x2 − x3ÞϕTðx2ÞϕTðx3Þ þ ðx2 − x3 þ 3Þϕs

Tðx2Þϕs
Tðx3ÞÞ

− x2ϕTðx2ÞϕTðx3Þ�EanfðtgÞhanfðα; β1; b1; b2Þ
þ ½−r2r3ðð1þ x2 − x3Þϕs

Tðx2Þϕs
Tðx3Þ þ ðx2 þ x3 − 1Þϕs

Tðx2Þϕt
Tðx3Þ

þ ð1 − x2 − x3Þϕt
Tðx2Þϕs

Tðx3Þ þ ðx3 − x2 − 1Þϕt
Tðx2Þϕt

Tðx3ÞÞ
þ ðx3 − 1ÞϕTðx2ÞϕTðx3Þ�EanfðthÞhanfðα; β2; b1; b2Þg; ð28Þ

MLR;L
anf ¼

32

3

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½r2ð2 − x2Þϕs
Tðx2ÞϕTðx3Þ þ r2ð2 − x2Þϕt

Tðx2ÞϕTðx3Þ
þ r3ðx3 þ 1ÞϕTðx2Þϕs

Tðx3Þ − r3ðx3 þ 1Þϕt
Tðx3ÞϕTðx2Þ�EanfðtgÞhanfðα; β1; b1; b2Þ

þ ½r2x2ðϕs
Tðx2ÞϕTðx3Þ þ ϕt

Tðx2ÞϕTðx3ÞÞ þ r3ð1 − x3ÞðϕTðx2Þϕs
Tðx3Þ

− ϕTðx2Þϕt
Tðx3ÞÞ�EanfðthÞhanfðα; β2; b1; b2Þg; ð29Þ

MSP;L
anf ¼ −

32

3

ffiffiffi
2

3

r
πCFfBM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½r2r3ðð1 − x2 þ x3Þϕt
Tðx2Þϕt

Tðx3Þ − ðx2 þ x3 − 1Þϕt
Tðx2Þϕs

Tðx3Þ
þ ðx2 þ x3 − 1Þϕs

Tðx2Þϕt
Tðx3Þ þ ðx2 − x3 þ 3Þϕs

Tðx2Þϕs
Tðx3Þ

þ ðx3 − 1ÞϕTðx2ÞϕTðx3Þ�EanfðtgÞhanfðα; β1; b1; b2Þ
− ½r2r3ðð1þ x2 − x3Þϕs

Tðx2Þϕs
Tðx3Þ þ ð1 − x2 − x3Þϕs

Tðx2Þϕt
Tðx3Þ þ ðx2 þ x3 − 1Þϕt

Tðx2Þϕs
Tðx3Þ

þ ðx3 − x2 − 1Þϕt
Tðx2Þϕt

Tðx3ÞÞ − x2ϕTðx2ÞϕTðx3Þ�EanfðthÞhanfðα; β2; b1; b2Þg: ð30Þ

The longitudinal polarization amplitudes of the nonfactorizable emission diagrams are as follows:

MLL;L
enf ¼ −

32

3

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z
1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þϕ2ðx2Þ

× f½ðx2 − 1ÞϕTðx3Þ þ r3ðx3 − 1Þϕs
Tðx3Þ − r3ðx3 − 1Þϕt

Tðx3Þ�EenfðtcÞhenfðα; β1; b1; b2Þ
þ ½ðx2 þ x3 − 2ÞϕTðx3Þ − r3ðx3 − 1Þϕs

Tðx3Þ − r3ðx3 − 1Þϕt
Tðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð31Þ

MLR;L
enf ¼

32

3

ffiffiffi
2

3

r
πCFM4

B0
s
r2

Z
1

0

dx1dx2dx3

Z
1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½r3ðx2 − x3 − 1Þðϕs
Tðx2Þϕs

Tðx3Þ − ϕt
Tðx2Þϕt

Tðx3ÞÞ þ ðx2 þ x3 − 1Þðϕs
Tðx3Þϕt

Tðx2Þ − ϕs
Tðx2Þϕs

Tðx3ÞÞ
þ ðx2 − 1ÞðϕTðx3Þϕs

Tðx2Þ − ϕTðx3Þϕt
Tðx2ÞÞ�EenfðtcÞhenfðα; β1; b1; b2Þ

þ ½r3ðx3 − x2Þðϕt
Tðx2Þϕs

Tðx3Þ þ ϕs
Tðx2Þϕt

Tðx3ÞÞ þ ðx2 þ x3Þðϕs
Tðx2Þϕs

Tðx3Þ þ ϕt
Tðx2Þϕt

Tðx3ÞÞ
þ x2ðϕTðx3Þϕs

Tðx2Þ − ϕTðx3Þϕt
Tðx2ÞÞ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð32Þ
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MSP;L
enf ¼ −

32

3

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þϕ2ðx2Þ

× f½ðx2 − x3 − 1ÞϕTðx3Þ þ r3x3ϕs
Tðx3Þ þ r3x3ϕt

Tðx3Þ�EenfðtcÞhenfðα; β1; b1; b2Þ
þ ½−r3x3ϕs

Tðx3Þ þ r3x3ϕt
Tðx3Þ þ x2ϕTðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg: ð33Þ

The transverse polarization amplitudes of the factorizable annihilation diagrams are

FLLðLRÞ;N
af ¼ 4πCFfBM4

B0
s
r2r3

Z
1

0

dx2dx3

Z
1
Λ

0

b2db2b3db3f½ðx3 − 2Þðϕv
Tðx2Þϕv

Tðx3Þ þ ϕa
Tðx2Þϕa

Tðx3ÞÞ − x3ϕv
Tðx2Þϕa

Tðx3Þ

− x3ϕa
Tðx2Þϕv

Tðx3Þ�EafðteÞhafðα1; β; b2; b3Þ þ ½ðx2 − 1Þϕv
Tðx3Þϕa

Tðx2Þ þ ðx2 − 1Þϕa
Tðx3Þϕv

Tðx2Þ
þ ðx2 þ 1Þϕa

Tðx3Þϕa
Tðx2Þ þ ðx2 þ 1Þϕv

Tðx3Þϕv
Tðx2Þ�EafðtfÞhafðα2; β; b3; b2Þg; ð34Þ

FSP;N
af ¼ 8πCFfBM4

B0
s

Z
1

0

dx2dx3

Z 1
Λ

0

b2db2b3db3f½r2ϕa
Tðx2ÞϕT

Tðx3Þ þ r2ϕv
Tðx2ÞϕT

Tðx3Þ�EafðteÞhafðα1; β; b2; b3Þ

− ½r3ϕa
Tðx3ÞϕT

Tðx2Þ þ r3ϕv
Tðx3ÞϕT

Tðx2Þ�EafðtfÞhafðα2; β; b3; b2Þg; ð35Þ

FLL;T
af ¼ 4πCFfBM4

B0
s
r2r3

Z
1

0

dx2dx3

Z 1
Λ

0

b2db2b3db3ϕBs
ðx1; b1Þ

× f½ðx3 − 2Þðϕa
Tðx2Þϕv

Tðx3Þ þ ϕv
Tðx2Þϕa

Tðx3ÞÞ − x3ϕv
Tðx2Þϕa

Tðx3Þ
− x3ϕa

Tðx2Þϕv
Tðx3Þ�EafðteÞhafðα1; β; b2; b3Þ þ ½ðx2 − 1Þϕv

Tðx3Þϕv
Tðx2Þ þ ðx2 − 1Þϕa

Tðx3Þϕa
Tðx2Þ

þ ðx2 þ 1Þϕa
Tðx3Þϕv

Tðx2Þ þ ðx2 þ 1Þϕv
Tðx3Þϕa

Tðx2Þ�EafðtfÞhafðα2; β; b3; b2Þg; ð36Þ

FSP;N
af ¼ −FSP;T

af ; ð37Þ

FLL;T
af ¼ −FLR;T

af : ð38Þ

The transverse polarization amplitudes of the nonfactorizable annihilation diagrams are

MLLðSPÞ;N
anf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½−2r2r3ϕa
Tðx2Þϕa

Tðx3Þ − 2r2r3ϕv
Tðx2Þϕv

Tðx3Þ
− r22ðx2 − 1ÞϕT

Tðx2ÞϕT
Tðx3Þ þ r23x3ϕ

T
Tðx2ÞϕT

Tðx3Þ�EanfðtgÞhanfðα; β1; b1; b2Þ
þ ½r22x2ϕT

Tðx2ÞϕT
Tðx3Þ − r23ðx3 − 1ÞϕT

Tðx2ÞϕT
Tðx3Þ�EanfðthÞhanfðα; β2; b1; b2Þg; ð39Þ

MLR;N
anf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z
1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½r2ðx2 − 2Þϕa
Tðx2ÞϕT

Tðx3Þ þ r2ðx2 − 2Þϕv
Tðx2ÞϕT

Tðx3Þ
− r3ðx3 þ 1ÞϕT

Tðx2Þϕa
Tðx2Þ þ r3ðx3 þ 1ÞϕT

Tðx2Þϕv
Tðx3Þ�EanfðtgÞhanfðα; β1; b1; b2Þ

þ ½r3ðx3 − 1ÞϕT
Tðx2Þϕv

Tðx3Þ − r3ðx3 − 1ÞϕT
Tðx2Þϕa

Tðx3Þ þ r2x2ϕT
Tðx3Þϕa

Tðx2Þ
þ r2x2ϕT

Tðx3Þϕv
Tðx2Þ�EanfðthÞhanfðα; β2; b1; b2Þg; ð40Þ

MLR;N
anf ¼ −MLR;T

anf ; ð41Þ
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MLL;T
anf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½2r2r3ϕa
Tðx2Þϕv

Tðx3Þ þ 2r2r3ϕv
Tðx2Þϕa

Tðx3Þ
− r22ðx2 − 1ÞϕT

Tðx2ÞϕT
Tðx3Þ − r23x3ϕ

T
Tðx2ÞϕT

Tðx3Þ�EanfðtgÞhanfðα; β1; b1; b2Þ
þ ½r22x2ϕT

Tðx2ÞϕT
Tðx3Þ þ r23ðx3 − 1ÞϕT

Tðx2ÞϕT
Tðx3Þ�EanfðthÞhanfðα; β2; b1; b2Þg; ð42Þ

MLL;T
anf ¼ −MSP;T

anf : ð43Þ

For B0
s → TT decays, the transverse polarization amplitudes of the nonfactorizable emission diagrams are as follows:

MLL;N
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s
r2

Z
1

0

dx1dx2dx3

Z
1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½ð1 − x2Þϕa
Tðx2ÞϕT

Tðx3Þ þ ð1 − x2ÞϕT
Tðx3Þϕv

Tðx2Þ�EenfðtcÞhenfðα; β1; b1; b2Þ
− ½2r3ðx2 þ x3Þϕa

Tðx2Þϕa
Tðx3Þ þ 2r3ðx2 þ x3Þϕv

Tðx2Þϕv
Tðx3Þ − x2ðϕT

Tðx3Þϕa
Tðx2Þ

þ ϕT
Tðx3Þϕv

Tðx2ÞÞ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð44Þ

MLR;N
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z
1
Λ

0

b1db1b2db2ϕBs
ðx1; b1ÞϕT

Tðx2Þ

× f½r3x3ϕa
Tðx3Þ − r3x3ϕv

Tðx3Þ − r22ðx2 − 1ÞϕT
Tðx3Þ þ x3r23ϕ

T
Tðx3Þ�EenfðtcÞhenfðα; β1; b1; b2Þ

þ ½r3x3ϕa
Tðx3Þ − r3x3ϕv

Tðx3Þ þ r22x2ϕ
T
Tðx3Þ þ x3r23ϕ

T
Tðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð45Þ

MSP;N
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s
r2

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½2r3ðx3 − x2 þ 1Þϕv
Tðx2Þϕv

Tðx3Þ − 2r3ðx3 þ 1 − x2Þϕa
Tðx2Þϕa

Tðx3Þ
þ ðx2 − 1ÞϕT

Tðx3Þϕv
Tðx2Þ − ðx2 − 1ÞϕT

Tðx3Þϕa
Tðx2Þ�EenfðtcÞhenfðα; β1; b1; b2Þ

þ ½x2ϕT
Tðx3Þϕa

Tðx2Þ − x2ϕv
Tðx2ÞϕT

Tðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð46Þ

MLL;T
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s
r2

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½ðx2 − 1Þϕa
Tðx2ÞϕT

Tðx3Þ þ ðx2 − 1ÞϕT
Tðx2Þϕv

Tðx3Þ�EenfðtcÞhenfðα; β1; b1; b2Þ
þ ½2r3ðx2 þ x3Þϕa

Tðx2Þϕv
Tðx3Þ þ 2r3ðx2 þ x3Þϕv

Tðx2Þϕa
Tðx3Þ − x2ϕT

Tðx3Þϕa
Tðx2Þ

− x2ϕT
Tðx3Þϕv

Tðx2Þ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð47Þ

MLR;T
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1ÞϕT

Tðx2Þ

× f½r3x3ϕv
Tðx3Þ − r3x3ϕa

Tðx3Þ − r22ðx2 − 1ÞϕT
Tðx3Þ − x3r23ϕ

T
Tðx3Þ�EenfðtcÞhenfðα; β1; b1; b2Þ

þ ½r3x3ϕv
Tðx3Þ − r3x3ϕa

Tðx3Þ þ r22x2ϕ
T
Tðx3Þ − x3r23ϕ

T
Tðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg; ð48Þ

MSP;T
enf ¼ 8

ffiffiffi
2

3

r
πCFM4

B0
s
r2

Z
1

0

dx1dx2dx3

Z 1
Λ

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½2r3ðx2 − x3 − 1Þϕv
Tðx2Þϕa

Tðx3Þ − 2r3ðx3 þ 1 − x2Þϕa
Tðx2Þϕv

Tðx3Þ
þ ðx2 − 1ÞϕT

Tðx3Þϕa
Tðx2Þ − ðx2 − 1ÞϕT

Tðx3Þϕv
Tðx2Þ�EenfðtcÞhenfðα; β1; b1; b2Þ

þ ½x2ϕT
Tðx3Þϕv

Tðx2Þ − x2ϕa
Tðx2ÞϕT

Tðx3Þ�EenfðtdÞhenfðα; β2; b1; b2Þg: ð49Þ
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IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we initiate our calculations by enumerat-
ing the input parameters. These encompass the decay
constant fB, the Wolfenstein parameters, the masses of
B meson and tensor mesons, and the corresponding life-
time, as detailed in Table II [47].
Our numerical calculations within the pQCD framework

are focused on branching ratios, direct CP violations, and
polarization fractions, as summarized in Tables III–V. It is
crucial to acknowledge that there exist uncertainties in
our calculation results. In Table III, the errors stem from
induced by the uncertainties in the shape parameter ωB ¼
ð0.50� 0.05Þ GeV pertaining to the B0

s meson distribution
amplitude [4]. The second source of uncertainty pertains
to the B0

s meson and the final state tensor mesons, as
documented in Table I. The third error arises from
ΛQCD ¼ ð0.25� 0.05Þ GeV, and varies 20% from hard
scale tmax ¼ ð1.0� 0.2Þt detailed in the Appendix. Other
uncertainties such as the Cabibbo-Kobayashi-Maskawa
matrix elements V from the η̄ and ρ̄, angles of the unitary
triangle that can be neglected.
With the amplitudes calculated in Sec. III, the decay

width is determined as

Γ ¼ ½ð1 − ðr2 þ r3Þ2Þð1 − ðr2 − r3Þ2Þ�1=2
16πmB

X
i

jAij2: ð50Þ

The branching ratio is got through BR ¼ Γ · τB0
s
. In

Refs. [48,49], we can learn about direct CP violations, Adir
CP

is defined by

Adir
CP ¼

jĀf̄j2 − jAfj2
jĀf̄j2 þ jAfj2

: ð51Þ

Here the two amplitudes are defined as follows

Af ¼ hfjHjBi;
Āf̄ ¼ hf̄jHjB̄i; ð52Þ

where the B̄meson has a b quark and f̄ is the CP conjugate
state of f. The results of the polarization fractions fi, which
are defined as

f0;k;⊥ ¼
jAij2P
ijAij2

; ð53Þ

where Aiði ¼ 0; k;⊥Þ is the amplitude of the longitudinal
or transverse polarization contributions. Based on the
helicity amplitudes Aiði ¼ 0; k;⊥Þ for longitudinal, paral-
lel, and perpendicular polarizations, the three part ampli-
tudes are given as

TABLE II. Various parameters involved in the calculation process.

Mass of mesons MB0
s
¼ 5.367 GeV Ma2ð1320Þ ¼ 1.317 GeV MK�0

2
ð1430Þ ¼ 1.432 GeV

MK��
2
ð1430Þ ¼ 1.427 GeV Mf0

2
ð1525Þ ¼ 1.517 GeV Mf2ð1270Þ ¼ 1.275 GeV

mb ¼ 4.18 GeV ms ¼ 0.093 GeV
Decay constants of mesons fB0

s
¼ 0.24� 0.02 GeV

Lifetime of meson τB0
s
¼ 1.509 ps

Wolfenstein parameters A ¼ 0.836� 0.015 λ ¼ 0.22453� 0.00044
η̄ ¼ 0.355þ0.012−0.011 ρ̄ ¼ 0.122þ0.018−0.017

TABLE III. The CP-averaged branching ratios of the B0
s → T1T2 decay (in unit of 10−6), the errors attributed to the shape parameter,

decay constants, hard scale, and QCD scale.

Decay modes B0 Bk B⊥ Btotal

B0
s → a02a

0
2 0.28þ0.01þ0.08þ0.18−0.03−0.02−0.01 0.03þ0.00þ0.01þ0.00−0.00−0.00−0.00 0.00 0.31þ0.01þ0.09þ0.18−0.03−0.02−0.01

B0
s → aþ2 a

−
2 0.42þ0.01þ0.04þ0.32−0.03−0.02−0.01 0.06þ0.01þ0.02þ0.00−0.01−0.01−0.02 0.00 0.48þ0.02þ0.06þ0.32−0.04−0.03−0.03

B0
s → K�02 K̄�02 2.03þ1.74þ0.91þ1.45−1.64−0.65−1.20 0.22þ0.17þ0.08þ0.10−0.10−0.07−0.06 0.47þ0.33þ0.20þ0.24−0.18−0.14−0.20 2.72þ2.24þ1.18þ1.79−1.92−0.86−1.46

B0
s → K�þ2 K�−2 1.86þ1.62þ0.83þ1.34−1.40−0.59−1.11 0.21þ0.16þ0.08þ0.09−0.09−0.06−0.01 0.19þ0.13þ0.08þ0.17−0.08−0.06−0.08 2.26þ1.91þ0.99þ1.60−1.57−0.71−1.20

B0
s → f2f2 0.50þ0.04þ0.08þ0.24−0.05−0.04−0.01 0.04þ0.00þ0.01þ0.00−0.00−0.00−0.00 0.00 0.54þ0.04þ0.09þ0.24−0.05−0.04−0.01

B0
s → f2f02 1.86þ1.13þ0.76þ1.68−0.65−0.57−0.87 0.16þ0.14þ0.07þ0.17−0.07−0.05−0.01 0.44þ0.31þ0.08þ0.42−0.17−0.07−0.30 2.46þ1.58þ0.91þ2.27−0.89−0.69−1.18

B0
s → f02f

0
2 6.03þ0.84þ1.68þ4.51−2.38−1.86−3.49 0.42þ0.38þ0.14þ0.01−0.21−0.12−0.02 1.23þ1.23þ0.47þ0.01−0.65−0.38−0.16 7.68þ2.45þ2.29þ4.53−3.24−2.36−3.67
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A0 ¼ ξm2
B0
s
AL; Ak ¼ ξ

ffiffiffi
2
p

m2
B0
s
AN;

A⊥ ¼ ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr2 − 1Þ

q
m2

B0
s
r2r3AT; ð54Þ

here ξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

FPc

ð16πm2
BΓÞ

r
, and the ratio r ¼ P2·P3

ðm2
Br2r3Þ

.

Table III displays the pertinent data. Several observations
can be made: (1) For B0

s → a02a
0
2; a
þ
2 a

−
2 ; f2f2, they are only

the pure annihilation diagrams, whose branching ratios are at
the order of 10−7. For B0

s → f02f
0
2; f2f

0
2; K

�0
2 K̄�02 ; K�þ2 K�−2 ,

they have the annihilation and emission diagrams, whose
branching ratios are at the order of 10−6. Under the SUð3Þ
limit, since the Bose statistics are satisfied, the meson wave
function will be antisymmetric when the momenta fractions
of the quark and antiquark of tensor mesons are exchanged
[42,43]. Due to the commutative antisymmetry of the tensor
meson wave function, the nonfactorizable emission dia-
grams will be more pronounced and provide a greater
contribution [42,43]. Take B0

s → f02f
0
2 for example, if with-

out nonfactorizable emission contributions, the branching
ratio will decrease 90%, and its longitudinal polarization
fraction will also reduce largely, which is different from
the B0

s → f1ð1420Þf1ð1420Þ in Ref. [26]. For B0
s →

f1ð1420Þf1ð1420Þ, the annihilation diagrams could con-
tribute a large imaginary part and play an important role in
calculating the branching ratios. The reason for the differ-
ence may be that, relative to the commutative antisymmetry
of the tensor meson wave function, nonfactorizable emission
contributions do not get offset but enhanced.
(2) From the Ref. [2], we find that BRðB0

s →
ϕðK�−2 ð1430Þ; K̄�02 ð1430ÞÞÞ and BRðB0

s → ϕðK�−ð1430Þ×
K̄�0ð1430ÞÞÞ are at the same order, but the former is a
little small. The authors observed that only small effects
when K�0ð1430Þ is substituted by K�2ð1430Þ. We observe
the corresponding decays in Ref. [8], such as B0

s →
K��0 ð1430ÞK� and B0

s → K�0ð1430ÞK̄0, the branching ratio
is also at the order of 10−5 when vector mesons are replaced
by tensor mesons. The branching ratio of B0

s →
K�0ð1430ÞK̄�02 ð1430Þ or B0

s → K�02 ð1430ÞK̄�0ð1430Þ is at
the order of 6 × 10−6 ∼ 9 × 10−6, and the branching ratio of
B0
s → K�02 ð1430ÞK̄�02 ð1430Þ is at the order of 2.71 × 10−6

in this paper, which also supports the view of the authors
of Ref. [2].
(3) For B0

s → VTða2; f2Þ, when a vector meson is
emitted, the factorizable emission contribution of the
penguin diagrams will offset the contribution of the tree
annihilation diagrams, and the branching ratio turn to be
very small. However, the contribution of the annihilation
diagrams does not get offset due to the absence of
factorizable emission diagrams in B0

s → TT. Therefore,
the branching ratio of B0

s → TTða2; f2Þ is one or two orders
of magnitude larger than that of B0

s → VTða2; f2Þ, making
it more beneficial to experimental observation.

(4) For B0
s → f2ðf02Þf2ðf02Þ decays with f2ð1270Þ −

f02ð1525Þ mixing, just as the η − η0 mixing. To see the
variation clearly with the mixing angle, we show the
branching ratios B ðB0

s → f2ðf02Þf2ðf02ÞÞ varying with
θ∈ ½0; π� in Fig. 2. In Ref. [26], the authors plotted the
related figures about the branching ratios of B0

s → f1f1
decays dependent on the free parameter θ. By comparing
figures about B0

s → f1f1 and B0
s → f2ðf02Þf2ðf02Þ, we can

find that when the θ is large enough, and its influence on the
branching ratio is more obvious, which can be seen from the
line shapes. When θ reaches a certain angle, the branching
ratios of B0

s → f2ðf02Þf2ðf02Þ and B0
s → f1f1 will vary an

order of magnitude. But for f2ð1270Þ − f02ð1525Þ mixing,
in the contrast to f1ð1285Þ − f1ð1420Þ, the mixing angle is
very small. From the Refs. [24,25,50], we have known that
the mixing θ is about 5.8° ∼ 10°, and the related branching
ratios are close to that of 0°. In addition, the branching ratio
of the B0

s → f02ð1525Þf02ð1525Þ decay is larger than that of
the B0

s → f2ð1270Þf2ð1270Þ decay by one order of mag-
nitude, which is caused due to the reason that the former has
more Feynman diagrams.
B0
s mesons can be produced in theϒð5SÞ decays to B0

sB̄0
s ,

B0
sB̄�s , B�sB̄0

s , or B�sB̄�s intermediate decay [51]. Since of the
kinematic smearing from excited B�s production and con-
tamination from Bþ=0 decays, measurements are not as easy
as at the ϒð4SÞ. Although full B0

s reconstruction would
mitigate Bþ=0 background, such a technique will only be
possible with Belle II [52]. The number of B0

s mesons in a

dataset can be calculated as NB0
s
¼ 2 × σϒð5SÞ

bb̄
× fs × L.

The parameter fs is a key component to calculate the total
B0
s yield in the sample. L is the integrated luminosity of the

FIG. 2. The branching ratio of B0
s → f2ðf02Þf2ðf02Þ decay on the

mixing angle θ, in which the red, the yellow, and the blue solid
lines correspond to the B0

s decays with final states
f2ð1270Þf2ð1270Þ, f02ð1525Þf02ð1525Þ, and f2ð1270Þf02ð1525Þ,
respectively.
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data and σϒð5SÞ
bb̄

is the cross section of the process eþe− →

bb̄ [51,53]. By using the values from the Refs. [54,55], the
number of B0

s mesons is estimated to be ∼5.9 × 108 in the
dataset ofL ¼ 5 ab−1 taken atϒð5SÞ in Belle II [51], which
indicates that a 5 ab−1ϒð5SÞ sample contains approxi-
mately 300 million B0

sB̄0
s pairs. The branching ratios of

our calculation for B0
s → TT are at the order of 10−6 and

10−7. Therefore, the decays of B0
s → TT will hopefully be

observed by the Belle II experiments in the near future.
Moving on to Table IV, we delve into predictions

pertaining to the polarization fraction of mesons. The
pQCD approach has effectively elucidated the theoretical
underpinnings of pure annihilation diagrams about B0

s →
πþπ− and B0 → D−

SK
þ theoretically, and corresponding

numerical results has been confirmed by experiments.
Based on this success, it is plausible to assert that the
pQCD approach holds substantial predictive power for
processes primarily governed by annihilation diagrams
[4,56–58]. In line with prior research [3,59], it has been
ascertained that the contributions to these processes are
chiefly orchestrated by longitudinal polarization in the case
of pure annihilation of two-body decays. The fractions
pertaining to these decays have been observed to approach
nearly 100%. This trend corroborates our predictions of

B0
s → f2f2, B0

s → a02a
0
2, and B0

s → aþ2 a
−
2 . Notably, the

longitudinal polarizations of these three decays approximate
90%, underscoring the indispensability of accounting for
transverse polarization, which can yield noteworthy con-
tributions in pure annihilation decays. To illustrate this
point, we take B0

s → a02a
0
2 and B0

s → f2f2 as an example,
from Table VI reveals that the contribution of longitudinal
polarization surpasses that of transverse polarization, ren-
dering the former the predominant factor.
Across all the decays calculated in this study, longi-

tudinal polarization predominantly steers the main decay
modes. Through a factorial power estimation, it is evident
that longitudinal polarization will play a leading role in the
B meson decay [60,61]. For B0

s → TT, in the longitudinal
polarization part, the contribution of nonfactorizable emis-
sion diagrams is substantial, and the extent of cancellation
with annihilation diagrams is notably feeble. Conversely, in
the transverse polarization segment, nonfactorizable emis-
sion diagrams contribute minimally, and this contribution
effectively counterbalances the annihilation contribution.
Consequently, longitudinal polarization prevails, and the
transverse polarization fraction is about 10%–30%.
Direct CP asymmetries of B0

s → TT decays are listed
in Table V. The magnitude of the direct CP violation
is proportional to the ratio of the penguin and tree

TABLE IV. Presents the polarization fraction of the decay. The accompanying errors arise from considerations
encompassing the shape parameter, decay constants, hard scale, and QCD scale.

Decay modes f0 fk f⊥
B0
s → a02a

0
2 90.92þ0.11þ0.15þ3.58−0.45−0.05−0.53 % 8.88þ0.46þ0.06þ0.56−0.12−0.14−3.56 % 0.19%

B0
s → aþ2 a

−
2 88.24þ0.29þ0.65þ6.83−0.83−1.81−0.52 % 11.66þ0.84þ1.79þ0.54−0.30−0.65−6.82 % 0.09%

B0
s → K�02 K̄�02 75.02þ1.22þ0.43þ2.40−25.37−0.55−14.29% 8.08þ7.58þ0.14þ12.27−0.16−0.30−1.05 % 16.89þ18.01þ0.42þ2.03−1.05−0.13−1.38 %

B0
s → K�þ2 K�−2 82.50þ1.01þ0.43þ0.46−15.80−0.38−11.02% 9.16þ7.70þ0.16þ9.44−0.41−0.35−1.46 % 8.34þ8.10þ0.22þ0.99−0.60−0.09−1.64 %

B0
s → f2f2 93.7þ0.01þ0.77þ2.35−0.07−0.74−0.38 % 6.78þ0.08þ0.73þ0.40−0.02−0.75−2.33 % 0.14%

B0
s → f2f02 75.78þ1.44þ2.22þ2.70−1.61−2.78−7.92 % 6.32þ0.99þ0.18þ15.90−0.88−0.30−3.18 % 17.91þ0.60þ3.07þ0.47−0.57−2.47−7.99 %

B0
s → f02f

0
2 78.56þ3.78þ0.31þ7.94−10.88−1.28−15.12% 5.44þ2.45þ0.19þ4.42−0.77−0.01−1.96 % 16.99þ8.43þ1.09þ10.69−3.02−0.06−5.99 %

TABLE V. The CP-violating asymmetries of the B0
s → T1T2 decay, the errors come from the shape parameter, decay constants, hard

scale, and QCD scale.

Decay modes Adir
CP Adir

CPð0Þ Adir
CPðkÞ Adir

CPð⊥Þ
B0
s → a02a

0
2 ð3.30þ3.34þ11.88þ13.19−3.75−1.77−38.50 Þ% ð3.39þ4.05þ15.04þ17.03−4.62−2.19−44.62 Þ% ð2.21þ0.61þ0.13þ0.31−0.62−0.15−0.24 Þ% ð13.80þ0.88þ1.23þ1.10−0.90−1.23−1.58 Þ%

B0
s → f2f2 ð−6.12þ3.06þ5.93þ9.96−3.00−3.45−33.23Þ% ð−6.73þ3.25þ6.34þ10.71−4.64−2.35−34.63 Þ% ð1.80þ0.48þ0.14þ0.25−0.46−0.15−0.31 Þ% ð9.14þ0.64þ0.89þ1.87−0.03−0.90−1.59 Þ%

B0
s → K�02 K̄�02 0.00% � � � � � � � � �

B0
s → f2f02 ð1.04þ0.19þ1.81þ8.43−0.68−0.35−4.58 Þ% ð1.04þ0.31þ0.25þ3.38−0.55−0.29−7.51 Þ% ð−71.35þ2.18þ0.10þ19.17−1.68−0.11−7.38 Þ% ð26.72þ6.84þ2.83þ18.02−6.20−0.57−4.90 Þ%

B0
s → f02f

0
2

0.00% � � � � � � � � �
B0
s → aþ2 a

−
2 ð2.09þ2.58þ11.87þ10.92−3.03−1.46−22.78 Þ% ð2.21þ2.58þ11.87þ10.92−3.03−1.46−22.78 Þ% ð1.06þ0.30þ0.07þ61.22−0.29−0.07−0.12 Þ% ð17.54þ0.98þ1.84þ0.81−1.02−1.79−1.84 Þ%

B0
s → K�þ2 K�−2 (2.61þ3.94þ0.77þ6.18−36.51−0.70−5.13Þ% ð3.57þ3.74þ0.99þ6.66−53.07−0.99−9.60Þ% ð−2.44þ0.05þ0.12þ3.51−0.33−0.43−3.87 Þ% ð−0.91þ6.62þ0.70þ2.48−0.84−0.28−4.33 Þ%

STUDY OF B0
s → TTða2ð1320Þ; K�2ð1430Þ; f2ð1270Þ; f02ð1525ÞÞ … PHYS. REV. D 109, 016024 (2024)

016024-11



contributions [50]. For the B0
s → VV and B0

s → VT, when
penguin contributions and tree contributions stay at the
same level, the direct CP violation appears. Since the
decays presented in this paper are dominated by the penguin
contributions, so the direct CP violation is very small.
However, we can find that the direct CP violations of some
special channels in the transverse polarization are sizable,
and the tree contributions become comparable, which brings
relatively large direct CP violation.
For pure annihilation-type decay, the CP-violating asym-

metry is small, which has been pointed out in previous
predictions of two-body decays [3,59]. From Table V,
the CP-violating asymmetries about B0

s → a02a
0
2; f2f2,

and aþ2 a
−
2 , which also suggest that the CP-violating

asymmetry of pure annihilation decay is very small. For
B0
s → K�02 ð1430ÞK̄�02 ð1430Þ, f02ð1525Þf02ð1525Þ (without

considering the mixing angle), in the standard model, there
is no contribution of the tree diagrams operator, so the direct
CP violation is zero.

V. SUMMARY

In this study, we predicted the relevant parameters of
decays B0

s → TT in the pQCD approach, where the tensor
mesons are a2ð1320Þ, f2ð1270Þ, K�2ð1430Þ, and f02ð1525Þ.
We calculate the branching ratios, the polarization fractions,
and the directCP violations of these decays. Our calculation
results suggest that (1) the production of tensor mesons via
either vector or tensor currents is prohibited, highlighting
the significance of nonfactorizable emission and annihila-
tion contributions. Notably, the nonfactorizable emission

diagram exhibits an augmented contribution owing to the
antisymmetry inherent in the tensor meson wave function.
(2) For decays characterized exclusively by annihilation
processes, the branching ratio is situated at an order of
10−7. And for f02ð1525Þ, K�2ð1430Þ, they have a sizable
branching ratio with the order of 10−6, which would be
easy to be verified experimentally. (3) Regarding polari-
zation fractions, the preponderance of the decay processes
investigated in this paper predominantly manifests longi-
tudinal contributions, particularly in the case of pure
annihilation decay, where it can reach around 90%.
(4) The direct CP violations associated with these decays
are of nominal magnitude. The interference between
penguin and tree contributions will bring the direct
violations, and the two components assessed in this paper
are not comparable. Consequently, the direct CP violations
in the majority of channels remain negligible, with only
select channels exhibiting relatively pronounced direct CP
violation appears. In conclusion, we anticipate that our
results can be scrutinized through forthcoming experi-
ments at LHC-b and Belle II. Furthermore, we hope that
these findings contribute positively to our understanding of
the QCD behavior of tensor mesons.
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APPENDIX: FORMULAS FOR THE CALCULATION USED IN THE TEXT

In this section, we list the helicity amplitudes for every considered two-body decays of B meson.

AhðB0
s → a02ð1320Þa02ð1320ÞÞ ¼ GF

�
V�ubVus

��
C1 þ

1

3
C2

�
FLL;h
a þ C2M

LL;h
a

�

− V�tbVts

��
2C3 þ

2

3
C4 þ 2C5 þ

2

3
C6 þ

1

2
C7 þ

1

6
C8 þ

1

2
C9 þ

1

6
C10

�
FLL;h
a

þ
�
2C4 þ

1

2
C10

�
MLL;h

a þ
�
2C6 þ

1

2
C8

�
MSP;h

a

��
ðA1Þ

TABLE VI. Decay amplitudes (in unit of 10−3 GeV3) of the B0
s → T1T2 modes with three polarizations in the pQCD approach, where

only the central values are quoted for clarification.

Components
classification

B0
s → a02a

0
2

Tree diagrams
B0
s → a02a

0
2

Penguin diagrams
B0
s → f2f2

Tree diagrams
B0
s → f2f2

Penguin diagrams

AL 0.157 − 0.130i −0.082 − 0.224i −0.290 − 0.304i −0.353 − 0.615i
AN −0.014þ 0.025i 0.104þ 0.135i −0.015þ 0.030i 0.130þ 0.148i
AT 0.010þ 0.017i −7.887 × 10−3 þ 3.704 × 10−3i 0.011þ 0.020i −9.728 × 10−3 þ 3.298 × 10−3i
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and B0
s → f2ð1270Þf2ð1270Þ decay has the same amplitude as B0

s → a02ð1320Þa02ð1320Þ decays.

AhðB0
s → K�2ð1430ÞK̄�2ð1430ÞÞ ¼ −GF

�
V�tbVts

��
7

3
C3 þ

5

3
C4 −

7

6
C9 −

5

6
C10

�
FLL;h
a

þ 2

�
C5 þ

1

3
C6 −

1

2
C7 −

1

6
C8

�
FLR;h
a þ

�
−
1

2
C8 −

1

6
C7 þ C6 þ

1

3
C5

�
FSP;h
a

þ
�
C3 −

1

2
C9

�
MLL;h

e þ
�
C5 −

1

2
C7

�
MLR;h

e þ
�
C3 þ 2C4 −

1

2
C9 − C10

�
MLL;h

a

þ ð2C6 − C8ÞMSP;h
a þ

�
C5 −

1

2
C7

�
MLR;h

a

��
; ðA2Þ

AhðB0
s → f02ð1525Þf02ð1525ÞÞ ¼ −GFV�tbVts

��
4

3
C3 þ

4

3
C4 −

2

3
C9 −

2

3
C10

�
FLL;h
a

þ
�
C5 þ

1

3
C6 −

1

2
C7 −

1

6
C8

�
FLR;h
a þ

�
C6 þ

1

3
C5 −

1

2
C8 −

1

6
C7

�
FSP;h
a

þ
�
C3 þ C4 −

1

2
C9 −

1

2
C10

�
MLL;h

e þ
�
C5 −

1

2
C7

�
MLR;h

e

þ
�
C3 þ C4 −

1

2
C9 −

1

2
C10

�
MLL;h

a þ
�
C6 −

1

2
C8

�
MSP;h

a

þ
�
C5 −

1

2
C7

�
MLR;h

a þ
�
C6 −

1

2
C8

�
MSP;h

e

�
; ðA3Þ

AhðB0
s → f2ð1270Þf02ð1525ÞÞ ¼

GF

2

�
V�ubVus½C2M

LL;h
e � − V�tbVts

��
2C4 þ

1

2
C10

�
MLL;h

e

þ
�
1

2
C8 þ 2C6

�
MSP;h

e

��
; ðA4Þ

AhðB0
s → aþ2 ð1320Þa−2 ð1320ÞÞ ¼

GFffiffiffi
2
p
�
V�ubVus

��
C1 þ

1

3
C2

�
FLL;h
a þ C2M

LL;h
a

�

− 2V�tbVts

��
2C3 þ

2

3
C4 þ 2C5 þ

2

3
C6 þ

1

2
C7 þ

1

6
C8 þ

1

2
C9 þ

1

6
C10

�
FLL;h
a

þ
�
2C4 þ

1

2
C10

�
MLL;h

a þ
�
2C6 þ

1

2
C8

�
MSP;h

a

��
; ðA5Þ

AhðB0
s → K�þ2 ð1430ÞK̄�−2 ð1430ÞÞ ¼

GFffiffiffi
2
p
�
V�ubVus

��
C1 þ

1

3
C2

�
FLL;h
a þ C2M

LL;h
a þ C1M

LL;h
e

�

− V�tbVts

��
7

3
C3 þ

5

3
C4 þ

1

3
C9 −

1

3
C10

�
FLL;h
a þ

�
2C5 þ

2

3
C6 þ

1

2
C7 þ

1

6
C8

�
FLR;h
a

þ
�
−
1

2
C8 −

1

6
C7 þ C6 þ

1

3
C5

�
FSP;h
a þ ðC3 þ C9ÞMLL;h

e

þ ðC5 þ C7ÞMLR;h
e þ

�
C3 þ 2C4 þ

1

2
C9 − C10

�
MLL;h

a

þ
�
2C6 þ

1

2
C8

�
MSP;h

a þ
�
C5 −

1

2
C7

�
MLR;h

a

��
: ðA6Þ
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Based on the mixing scheme, the helicity amplitudes of B0
s → fnfnðfsfsÞ and B0

s → fnfs decays are given by [26]

AhðB0
s → f2ð1270Þf02ð1525ÞÞ ¼ sinð2θÞ½AhðB0

s → fnfnÞ − AhðB0
s → fsfsÞ� þ cosð2θÞAhðB0

s → fnfsÞ; ðA7Þ

ffiffiffi
2
p

AhðB0
s → ðf2ð1270Þf2ð1270ÞÞ ¼ 2cos2θAhðB0

s → fnfnÞ − sinð2θÞAhðB0
s → fnfsÞ þ 2sin2θAhðB0

s → fsfsÞ; ðA8Þ

ffiffiffi
2
p

AhðB0
s → ðf02ð1525Þf02ð1525ÞÞ ¼ 2sin2θAhðB0

s → fnfnÞ þ sinð2θÞAhðB0
s → fnfsÞ þ 2cos2θAhðB0

s → fsfsÞ: ðA9Þ

In this part, we summarize the functions that appear in the previous sections. For the factorizable annihilation diagrams
that the first two diagrams in the Fig. 1, whose hard scales ti can be written by

te ¼ Max
�
α1MB0

s
; βMB0

s
;
1

b2
;
1

b3

�
;

tf ¼ Max

�
α2MB0

s
; βMB0

s
;
1

b2
;
1

b3

�
;

hafðαi; β; b2; b3Þ ¼
�
iπ
2

�
2

Hð1Þ0 ðβMB0
s
b2Þ × ½θðb2 − b3ÞHð1Þ0 ðαiMB0

s
b2ÞJ0ðαiMB0

s
b3Þ

þ θðb3 − b2ÞHð1Þ0 ðαiMB0
s
b3ÞJ0ðαiMB0

s
b2Þ�Stðx3Þ; ðA10Þ

with

α1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − r22Þx3

q
;

α2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1 − r23Þx2 þ r23�ð1 − r22Þ

q
;

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1 − r22Þð1 − x3Þ�½r23 þ x2ð1 − r23Þ�

q
: ðA11Þ

The parametrized expression of the threshold resumma-
tion function StðxÞ is [34]

StðxÞ ¼ ½xð1 − xÞ�c
21þ2cΓ

	
3
2
þ c



ffiffiffi
π
p

Γð1þ cÞ ; ðA12Þ

where c ¼ 0.04. The evolution factors EafðtÞ in the matrix
elements are given by

EafðtÞ ¼ αsðtÞ exp½−S2ðtÞ − S3ðtÞ�: ðA13Þ

The Sudakov exponents can be written as

SBðtÞ ¼ s

 
x1

MB0
sffiffiffi
2
p ; b1

!
þ 5

3

Z
t

1=b1

dμ̄
γqðαsðμ̄ÞÞ

μ̄
;

SiðtÞ ¼ s

 
xi
MB0

sffiffiffi
2
p ; bi

!
þ s

 
ð1 − xiÞ

MB0
sffiffiffi
2
p ; bi

!

þ 2

Z
t

1=b
dμ̄

γqðαsðμ̄ÞÞ
μ̄

; ðA14Þ

where the Sudakov factors sðQ; bÞ are derived from the
double logarithmic summation. Its specific expression can
be found in the Ref. [62]. For the nonfactorizable con-
tribution, due to the small numerical effect, we drop the
threshold resummation function [28]. For the nonfactor-
izable annihilation diagrams, the scales and the hard
functions are [63]
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tg ¼ Max

�
αMB0

s
;
ffiffiffiffiffiffiffiffi
jβ1j

p
MB0

s
;
1

b1
;
1

b2

�
;

th ¼ Max

�
αMB0

s
;
ffiffiffiffiffiffiffiffi
jβ2j

p
MB0

s
;
1

b1
;
1

b2

�
;

EanfðtÞ ¼ αsðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�jb2¼b3 ;

hanfðα; βi; b1; b2Þ ¼
iπ
2
½θðb1 − b2ÞHð1Þ0 ðαMB0

s
b1ÞJ0ðαMB0

s
b2Þ þ θðb2 − b1ÞHð1Þ0 ðαMB0

s
b2ÞJ0ðαMB0

s
b1Þ�

×

(
iπ
2
Hð1Þ0 ðMB0

s
b1

ffiffiffiffiffiffiffijβijp Þ; βi < 0

K0ðMB0
s
b1

ffiffiffiffi
βi
p Þ; βi > 0

; ðA15Þ

with i ¼ 1, 2

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þð1 − r22Þ½r23 þ x2ð1 − r23Þ�

q
;

β1 ¼ 1 − ½ð1 − r23Þð1 − x2Þ − x1�½r22 þ x3ð1 − r22Þ�;
β2 ¼ ð1 − r22Þð1 − x3Þ½x1 − x2ð1 − r23Þ − r23�: ðA16Þ

For the nonfactorizable emission diagrams, the rest functions are follows

tc ¼ Max

�
MB0

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r22Þx1x3

q
;MB0

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j½ð1 − r23Þðx2 − 1Þ þ x1�½r22 þ x3ð1 − r22Þ�j

q
;
1

b1
;
1

b2

�
;

td ¼ Max

�
MB0

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r22Þx1x3

q
;MB0

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j½ðr23 − 1Þx2 þ x1�x3ð1 − r22Þj

q
;
1

b1
;
1

b2

�
: ðA17Þ

The function henf can be determined by

henfðα; βi; b1; b2Þ ¼ ½θðb2 − b1ÞI0ðαb1ÞK0ðαb2Þ þ θðb1 − b2ÞI0ðαb2ÞK0ðαb1Þ�

×

(
iπ
2
Hð1Þ0 ðMB0

s
b2

ffiffiffiffiffiffiffiffi
jβ2i j

p
Þ; β2i < 0

K0ðMB0
s
b2βiÞ; β2i > 0

; ðA18Þ

with i ¼ 1, 2

EenfðtÞ ¼ αsðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�jb1¼b3 ;

α ¼ MB0
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r22Þx1x3

q
;

β21 ¼ ½ð1 − r23Þðx2 − 1Þ þ x1�½r22 þ x3ð1 − r22Þ�;
β22 ¼ ½ðr23 − 1Þx2 þ x1�x3ð1 − r22Þ: ðA19Þ
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