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In the present study, the calculations of two-body decays B — TT [T denotes tensor mesons, a,(1320),
K3(1430), f,(1270), f5(1525)] in the perturbative QCD approach are presented. The ensuing predictions
encompass branching ratios, polarization fractions, and direct CP violations, all elucidated in compre-
hensive detail. It is discerned that (1) for pure annihilation decay, the longitudinal polarization is around
90.0%, whereas the transverse polarizations manifest comparatively diminutive magnitudes. (2) The direct
CP asymmetry is directly proportional to the interference between the tree and penguin contributions. For
most of the decays investigated within this discourse, the direct CP asymmetry remains modest in
magnitude. (3) There are precisely six distinct categories of Feynman diagrams for B — TT, because the
tensor mesons cannot be produced through the (V £ A) currents or (S & P) density, thereby prohibiting
factorizable emission diagrams. The nonfactorizable and annihilation contributions are ascertained to be
pivotal in these decay modes. The calculated branching ratios of our calculation for BY — TT are at the
order of 107° and 1077, which can be tested in the LHCb and Belle II experiments. (4) Mixing exists for the
f2(1270) and f%(1525), just as the 7 and ' mixing, the branching ratios about the mixing angle 6 are given
in this work. However, it is different from f(1285) — f(1420), the mixing angle is notably small, thereby

resulting in only marginal alterations in the decay branching ratios.

DOI: 10.1103/PhysRevD.109.016024

I. INTRODUCTION

The model elucidating the two-body decay of B mesons
has been the subject of extensive scrutiny over the past two
decades, both from a theoretical [1-4] and experimental
[5-7] perspective. The emergence of charmless hadronic B
decays featuring a light tensor meson in the final state has
invigorated interest in tensor mesons. Based on the
principles of flavor SU(3) symmetry, we investigate nine
mesons [8,9], comprising isovector mesons a,(1320),
isodoulet states K3%(1430), and two isosinglet mesons
£2(1270), f5(1525), which forms the first 1>P, nonet
[10]. According to the latest experimental data of 2022
PDG [8], the B — K3(1430)K3(1430) decay has already
appeared, signifying the emergence of numerous decay
modes involving the final state of two tensor mesons may
appear. In Ref. [2], some researchers have calculated the
decay channel about BY — VT, at the same time, they also
adopted some other methods to compare. Further, these
calculations indicated that predictions based on the pQCD
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that can accommodate experimental data well. By compar-
ing their predictions with the experimental data, we find
that BR(BY — ®(K3(1430), K3(1430))) is similar to
BR(BY — ®(K*(1430), K*(1430))), but the magnitude
is smaller. For BY — V'V, TV, they are similar but a little
different.

In the exploration of two-body decay of B mesons, the
perturbative QCD factorization approach assumes para-
mount significance. This method based on factorization
[11-17] to calculate the decay process of BY — MM, in
which M; are composed of light noncharmed mesons. In the
perturbative QCD framework, the factorization scale about
1/b is employed to demarcate the boundary between the
perturbative and nonperturbative regimes. The nonleptonic
decay of the B meson is postulated to be primarily governed
by the exchange of hard gluons, permitting the isolation and
direct computation of the hard portion of the decay process
through perturbative methodologies. Simultaneously, the
nonperturbative component is absorbed into the universal
hadron wave function. On this foundation, the two-body
decay amplitude of BY meson is generically expressed as

A=HQ dp ® ¢, Q ¢y, (1)

Here the hard decay kernel H represents the contributions
emanating from Feynman diagrams, amenable to compu-
tation through perturbative theory. The nonperturbative
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inputs ¢po, ¢y, , and ¢, denote the wave functions of BY
meson, tensor mesons, respectively. These wave functions
may be deduced via the extraction of pertinent empirical
data or calculated through various nonperturbative
methodologies.

Theoretical investigations into the calculations pertaining
to tensor mesons have garnered the attention of several
researchers. In comparison to vector mesons, tensor mesons
are more special and complex. For B — PT, VT [1,18],
some scholars have investigated the tensor meson in the
final state. However, for BY — TT, the case where the final
states are all tensor mesons has not yet been studied in the
literature, and this article is the first in this perspective. For
the decays of BY — TT, the amplitude can be defined as
three invariant helicity components: A,, for which the
polarizations of the tensor meson are longitudinal with
the respect to their momenta, and A, A | are for transversely
polarized tensor meson [19,20].

The branching ratios of B — f,(f%)f2(f) are con-
tingent upon the mixing angle 6 of f,(1270) and
f5(1525), analogous to 1 and #' mixing in the pseudo-
scalar sector [4,21-23]. From the experiment that zz is the
dominant decay mode of f,(1270), and f(1525) decays
dominantly into KK, we can know that the physical
f2(1270) — f%,(1525) mixing angle is smaller than the
decoupling value: 67, — 04, = 29.5°—35.26° = —5.8°
[10,24], which indicates f,(1270) is nearly f4% + f4, while
f5(1525) is mainly f3 [25]. The corresponding helicity
amplitudes are characterized as follows [26,27]:

f2(1270) = —= (f4 + f4) cos 0y, — f5sin6;,

S-Sl

f5(1525) = —=(f4 + f9) cos Oy, + f5sinb;,  (2)

where f4=dd, f4=ui, f5=s5. Moreover, it is
also found that the mixing angle 6, =7.8° [25] and
(9+1)° [28].

This paper is structured as follows: In Sec. II, we
expound upon the theoretical underpinnings of the per-
turbative QCD (pQCD) framework and elaborate upon the
wave functions integral to our calculation for the B — TT
decays. Section III assembles the helicity amplitudes.
Subsequently, in Sec. IV, we present the numerical results
and engage in discussions. The key content of Sec. V
comprises a summarization of the principal contributions
of this study. Finally, the explicit formulations of all the
helicity amplitudes are provided in the Appendix for
reference.

II. THEORETICAL FRAMEWORK

A. Hamiltonian and kinematics

The pertinent weak effective Hamiltonian governing the
decays BY — TT is defined by the following expression
[29,30]

G 10
Hegr = 7% { Vi Vius[C101 + C,0,] = V5,V [ Cioi] }
i=3
(3)

where V?, V. and V}, V, are Cabibbo-Kobayashi-Maskawa
factors, the Fermi coupling constant Gp = 1.66378 x
1073 GeV~2, and C; is the Wilson coefficient corresponding
to the quark operator, O; represents the local four-quark
operators, which can be expressed as

01 = by, (1 = 75)uglyr(1 = r3)Xo,
02 = bur, (1 = r)uaityr(1 = 15)X;,

0; = bayﬂ(l - }/S)XGZX/[}YM(I - yﬁ)X;i’
X/

04 = bar,(1=75)Xp ) X" (1 = 75) Xt
X/

Os = bary(1 = 15)X:D_Xyr" (1 +15)Xj,
X/

O = bay,(1 - YS)X/)’Z)ZI/)’Y”O +75)Xo
X/

3 :
07 = Ebah(l - 75)X1126X’X//}}'ﬂ(1 +75)X}.
X/

3_ _
Os = Sbar,(1 = 75)X, Y _exX'gr" (1 +15)Xe
X/
3_ -
0y = Ebayﬂ(l - 75>XaZeX/X,ﬂyﬂ(l - yS)X/ﬁ’
X/
3_ _
Oy = 2 bayﬂ(l - YS)XﬂZeX/X//}W(l —75)Xa (4)
X/

where a and f are color indices, X' = u, d, s, ¢, or b quarks,
and they are the active quarks at the scale m,,. O and O, are
current-current operators, O;(i = 3,...,10) are penguin
operators, in which O;(i =7, ...,10) are the electroweak
penguin operators. The operators O, and Og,, are not listed,
because their contribution is neglected.

Within the framework of the pQCD approach, the decay
amplitude can be meticulously into three constituent
components: the hard scattering kernel, the wave functions
characterizing the mesons, and the convolution of the
Wilson coefficients. For B? — MM, decay, the decay
amplitude is presented as follows [20,31-33]
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A ~ / dxldxzdx3b1db1b2db2b3db3

- Tr[C(6)®@p(x1, b1) Py, (X2, b2) Py, (X3, b3)
X H(x;. by, 1)S,(x;)e=50)], (5)

where x; are the proportions of the momenta for the
spectator quark inside the mesons BY, T,, and T, respec-
tively, with the values ranging from O to 1, b; are the
conjugate space coordinates of the transverse momenta k;
for the light quarks. Tr denotes the trace over all Dirac
structure and color indices. C(r) is the short distance
Wilson coefficients at the hard scale . ¢ denotes the largest
energy scale of the hard part . The threshold resummation
S,(x;) stems from the large double logarithms [34], which
can remove the end point singularities. The last term
e is the Sudakov factor, which can suppress soft
dynamics [35].

In the context of the light cone coordinate system, the
associated physical quantities are represented as follows.
Assuming that the initial state of the meson B is stationary,
the tensor mesons 7, and the 73 move in the direction of
the lightlike vector » = (0,1,0¢) and n = (1,0,07),
respectively. Here we use p;, p,, and p3 to represent
the momenta of the mesons BY, T,, and T

Mg
p1= \/5 (1,1,07),

My
Py = \/5 (1=r3,73,07),

MBO
p3 = \/5 (r3,1=13,07). (6)

Moreover, the momenta of the respective light quarks
associated with the mesons BY, T, and T are

o= 0,28y k
= b = x b 9,
1 \/§ 1 1T

M
kZ = ( B»? (1 - r%)x2a 07 kZT) )

k= [0.M2 (1 22y k (7)
3 ’\/z 3)A3, R3T |

where Mg represents the mass of the meson BY, and

M .
Ty = 2, 13 = —Is M is the mass of the tensor meson.
Mo MB?

K

B. Wave functions

1. B meson

The wave function of the meson is expressed as a
decomposition of Lorentz structures

4
/ (3,54 e*2(0[b, (0)dy(2)|B,(P)))

i n -
= + M X1, b + — X1, b ) 8
\/W(ﬂl )5 |¢s(x1.b1) \/§¢B( o) | (8)
where ¢(x;,by) and ¢p(x, b;) are the twist distribution
amplitudes, the contribution of ¢p(x;,b;) is relatively
small, so we neglect it. Therefore, the meson B? is deemed

to be a heavy-light model, with the wave function defined
as [36-39]

i
(D pu—
B~ 2N,

where N, = 3 is the number of colors, because we calculate
the relevant parameters in the b space, and the distribution
amplitude ¢ can be expressed as [40,41]

(P + Mp)yshp(xi,by), )

M%xlz 1
—~(wghy)?|.

¢p(x1. b)) = NBX12(1 - x1)2 exXp [—
(10)

This distribution amplitude adheres to the normalization
condition

/B
22N,

where Ny = 91.784 GeV is the normalization constant, fp

is the decay constant. For BY meson, we use the shape
parameter wg = 0.50 + 0.05 GeV [4].

/ldx¢3(x,b—0) _ (11)
0

2. Tensor meson

For the spin-2 polarization tensor €“(1) with helicity 4,
satisfies €,, p5 = 0[42,43], which can be constructed based
on the polarization vectors of vector mesons ¢, they can be
written as

e(E2) = (1) (1),
cun(H1) = = lel£1),6(0), +e(0),e(+1),
S € - e(-1),¢e

2
+ \@G(O)MG(O)U. (12)
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With the tensor meson moving in the plus direction of the
z axis, the polarizations e are defined as

.(0) =miT< )
1 )
Ul 1) = 75 (0.£1.5.0), (13)

where E; represents the energy of the tensor meson. In the
subsequent calculations, the introduction of a new polari-
zation vector 7 for the tensor meson under consideration is
deemed necessary for the sake of convenience [9]

ered) = oW}, (14)
which satisfies
€Tu(:i:2) = O’
er(1) = (0] P, (£1)
€Tu(j:0> = \/%mLBE(O) : PBeu(O)' (15)

The contraction is evaluated as

. €(0) - Pg/mg =
|P7|/mz. It is obvious that the new vector e7 is similar

to the ordinary polarization vector e, regardless of the

: : P P
dimensionless constants \ﬂ LIPrl o \ﬁﬂ
my 3 mp

The decay constants of the tensor mesons are defined
as [9]

approximately equal to the longitudinal one for a,(1320),
f2(1270), but it is different from K3(1430) and f%(1525),
their ratio relationship: f%/f; ~ (50% — 65%).

From earlier studies [42], we obtain insights into the light
cone distribution amplitudes of the tensor mesons. The
light cone distribution amplitudes up to twist-3 for generic
tensor mesons are defined as follows:

(T (pz, €)1q14(0)g24(2)[0)

= —2N_ /) dxeix”z'z [mTéde)T(x)

)+t 0] Oy
(T(P2:€)|914(0)G24(2)|0)

2N_/ dxe™ P> [mpéi DY (x)
+é.Tp2 ( >+ mTl€u1)/m7/5yu *”n/)y”(b‘;(x)]aﬁ‘ (19)

The convention €°'?*> =1 has been adopted.
Equation (18) is for the longitudinal polarization(4 = 0),
and Eq. (19) is for the transverse polarizations (4 = £1),
respectively. Here n is the moving direction of the tensor
meson and v is the opposite direction. The new vector e.
which plays the same role with the polarization vector e,
which is defined by

€,,0"

P2 v

mr. (20)

€y =

With the momenta and polarizations, which can be
reexpressed as

<T|jm) (0>|0> = me%‘ej;vv
<T|jm;p|0> = _ifng(ermPZn - €T)pP2L¢)' (16) €0y = zr:lnT pBem) (21)
B
Where the currents are expressed as
In earlier studies [9,42,43], the amplitudes are
. 1 _ i _ © expressed as
Juv (0) = 5 [QI (O)yuleCI2(0) + ql(O))/leuCh (0)]’
it (0) = §5(0)6,,iD,q,(0), 17
uv/)( ) 2( ) uv*~p 1( ) ( ) q)T(X) q)H(x) (D’T(x) fT ‘(‘t)( )
- . o . _ 2\/2N 2/2N,
with D,=D,-D,, D,= 0, +ig,A%1%/2, and D, =
- . u . all U .ll U gS u / u ¢S (x) _ fT d S( ) @;(x) fT ( )
0, — ig,A%1* /2, respectively. Here we adopted these decay T 4\/2T dx | 2\/2T
constants from Ref. [42] that have been calculated in the fr fr d
QCD sum rules [44-46], which can be seen from Table I. @ (x) = g (x), D (x)= —gi(x). (22)
We can find that the transverse decay constants are 2V2N, 8V2N dx
TABLE I. Decay constants (in unit of MeV) of tensor mesons.
Sa(1320) = 107 £ 6 fK;(430) = 118 £5 Sr270) =102 £6 fryass) =126 £ 4
T (1320 = 105 £ 21 o) = 77+ 14 1 a0 = 117 £25 i 1sas) = 65 £ 12
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The Feynman diagrams for the BY — TT decays. (a) and (b) are factorizable annihilation diagrams, (c) and (d) are the

nonfactorizable annihilation diagrams, (e) and (f) are nonfactorizable emission diagrams.

The twist-2 distribution amplitudes can be expanded in
terms of Gegenbauer polynomials cy 2(2x — 1), with the
asymptotic form given by

@), (x) =30x(1 —x)(2x = 1). (23)

Adhering to normalization conditions
1
/ dx(2x — 1)@y (x) = 1. (24)
0

The twist-3 distribution amplitudes also assume an
asymptotic form, as delineated in [42]

hi (x) = ;(bc— 1)(1 = 6x + 6x%),

hs‘(x) = 15x(1 —x)(2x = 1),

gt (x) =20x(1 —x)(2x - 1),

g (x) =5(2x—1)>. (25)

16

III. DECAY AMPLITUDES

In this section, we provide the perturbative QCD
formulas for all the Feynman diagrams, as illustrated in
Fig. 1. The first row showcases the annihilation-type
diagrams, with the first two being factorizable and the
last two being nonfactorizable. The second row consists of
nonfactorizable emission diagrams. For the BY — TT
decays, both the longitudinal polarization and the trans-
verse polarization contribute. The symbol F and M
represent the factorizable and nonfactorizable contribu-
tions, respectively. The superscripts LL denotes the
amplitude of the (V —A)(V —A) operators, and LR
describe the amplitude of the (V — A)(V + A) operators.
The symbol SP is Fierz transformation of LR. Notably, the
decay amplitudes for longitudinal and transverse polar-
izations exhibit the same form after simplification, as
follows in Egs. (26)—(49).

The longitudinal polarization amplitudes of the factor-
izable annihilation diagrams are

1 1
Fup =3 nCrfsMy | dudr A " bydbybsdbs{ [2ryr3xs i (x2) i (x3) — 2rar3x3 (x5 = 2)¢h3(x2) i (x3)

3

+ (x5 = 1)pr(x2)pr(x3) | Eqf (2. ) hap(y, B, by, b3) + [=2r,13(xy — 1)7(x3)P7(x2)

+2ror3(=xy = 1)p7(x2) 7 (x3) + X207 (%2) b7 (x3) | Eap (tf) hag (2, B, b3, b2) } (26)
spL _ 32 s ! x 5 1\ _
Fop™ = =5 7CrfsMp ; dxydx; ; bydbyb3dby{[2ragpy (x2)pr(x3) + r3(x3 — 1)@y (x3)pr(x2) + r3(x3 — 1)

X G (22) P (x3)|Eqp(te)hap(@r, By ba, b3) + [2r3(x0 — 1)y (x3)pr(x2) + 12,7 (x3) 7 (x2)

— 12007 (X2)pr(X3)|Eap (t5) hap (2, B, b3, by) }.

(27)

016024-5
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The longitudinal polarization amplitudes of the nonfactorizable annihilation diagrams are given below

1 :
MLL’~L = = —T[CFM4BO dxldX2dX3 / bldblbzdbzfﬁB (Xl, bl)
s 0 O

X {[rars (1 = x2 + x3) @7 (x2) P (x3) + (x2 + x3 = )P (x2) 7 (x3)
+ (1 =23 = x3)r(x2)pr(x3) + (%2 — X3 + 3) 7 (x2) P (x3))

— X007 (X2) P71 (x3)| Enp (tg) hans (@, B1. by, bs)

+ [=rars((1 + xp = x3) 7 (x2) 7 (x3) + (%2 + x3 = 1)7(x2) P (x3)
+ (1= x5 = x3) P (x2) 7 (x3) + (x5 — x2 = 1)@ (x2) 7 (x3))

+ (x3 = 1)epr(x2) 7 (x3)| E gy () Rang (e, B, by, by) },

32 2 1 1
Méf];L = \[3 ﬂCFM dxldxzdx3 A Abldblbzdbzd)g\_(xl,bl)

x{[r(2- x2)¢sr(x2)¢T(x3) + 12(2 = x2) 7 (x2) r (x3)

+ r3(x3 + 1) 7 (x2) 7 (x3) — r3(x3 + 1)@ (x3) 1 (x2) | Ef (1g) hang (e, By, by, by)
+ [roxo (7 (x2) 7 (x3) + 7 (x2)r(x3)) + r3(1 — x3) (Pr(x2) b7 (x3)

— 7 (x2) DT (X3))|Eang (th) hans (@, o, by, b))},

32

1 L
MSPE = n'CF fsMp de dx>dxs / " bydb,bydbygp (x,,by)

anf 3
X {[rar3((1 —x; + x3)¢tr(x2)¢tr( 3) = (%2 + x5 = 1)1 (x2) P71 (x3)

+ (2 +x3 = D)7 (x2) 7 (x3) + (x2 — x5 + 3) 7 (x2) 7 (x3)

+ (%3 = D)pr(x2)pr(x3) | Egnp (tg) ans (e, By, by, )

= [rar3 (1 + % = x3)7(x2) b7 (x3) + (1 = x2 = x3)7 (%2) T (x3) + (X2 + x5 — 1) (x2) 7 (x3)

+ (x3 = x5 = 1)@F(x2) 7 (x3)) — %27 (x2) 1 (x3)| Eang (1) hang (. B2, by, by) -

The longitudinal polarization amplitudes of the nonfactorizable emission diagrams are as follows:

3

32 1 x
SrCetly [ dnidudrs [*bidbibadbay, (1.61)s(x)

x { (2 = 1)¢T(x3) + r3(x3 = 1) 7 (x3) = r3(x3 = 1)@7(x3)]Ecpp (1) Reng(a. By, by, by)
+ [(x +x3 = 2)pr(x3) — r3(x3 = 1)3(x3) — r3(x3 = 1)p7(x3) | Eerf(ta) heng(@. fa, by, by) },

2 | L
\/;HCFM 07"2/ dxldedX3 /Abldblbzdb2¢3_(xl,bl)
0

x {[ra(x2 = x3 = 1) (97 (x2) 7 (x3) — $7(x2) P (x3)) + (x2 + x3 = 1)(P7(x3) @7 (x2) — 7 (x2) 7 (x3))
+ (02 = D)(@r(x3)@7(x2) = 7 (x3) 7 (x2)) | Ecnp(t) heng (@, i, by, by)

+ [r3 (x5 = x2) (@7 (x2) 7 (x3) + @7 (x2) P71 (x3)) + (x2 + x3) (D7 (x2) P (x3) + P (x2) P (x3))

+ x5 (pr(x3) 7 (x2) — D1 (x3)P7(%2)) | Ecng(ta) hens (@, Bas b1, b2) },
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32 /2 1 %
Mff}L = 3 g”CFM%g A dx dxydx; AA b1db1b2db2¢Bx(x1,b1)¢2(x2)
X {[(x2 = x3 = 1)r(x3) + r3x307(x3) + r3x307(x3)|Ecpf (1) heng(a, By, by, by)
+ [=r3x30p7(x3) + r3x307(x3) + X007(x3) | Eenp(ta) hens(@. B2, b1, b))} (33)

The transverse polarization amplitudes of the factorizable annihilation diagrams are

Fof M0 = 4nCpfyMiyrars A dvady, /0 bydbybsdbs{[(x5 — 2)(¢h(x2) b (x3) + % (x2) i (x3)) — x36bt(x2) s (x3)

= X33 (x2) 7 (x3)| Eqp(te) hap(ar, B, ba, b3) + [(x2 — )7 (x3) 97 (x2) + (2 = 1)7(x3) 7 (x2)
+ (2 + 1) (x3) 97 (x2) + (x2 + 1)7(x3)P7 (x2)|Ef(27) oy (2. B. b3, by) (34)

1 1
Fop" = 8xCrfyMyy | dradxy A " badbybydbs{[rad(x2) BT (x3) + radi(x2)9F (x3)| Eag (e hag (a1, B b, b3)

— [r3F(x3) 7 (x2) + r3d7(x3) T (x2) | Eqp (17) Ry (2, B b3, b3) }, (35)

1

1 x
F{;?T = 47[CFfBM291"2}”3/0 dxzdx3A bzdb2b3db3¢gx (xl’bl)

x {[(x3 = 2)(¢7(x2)P7(x3) + 7 (x2)PF(x3)) — X307 (x2) % (x3)
— X33 (x2) 7 (x3)|Eqp (te) hag(ay, B, ba, b3) + [(x2 — 1)y (x3) 7 (x2) + (x5 = 1)pF(x3) % (x2)

+ (g + D)@f(x3)d7(x2) + (x2 + 1) @7 (x3)$% (x2)|Eap (t5) hap (@2, B, b3, by) }, (36)
PN = —F30 T, (37)
Fﬁjf’T = —Fj}”. (38)

The transverse polarization amplitudes of the nonfactorizable annihilation diagrams are

2 1 1
Mg,f]ﬁSP%N - 8\/%71’CFM‘;0 dx dx,dxs / " bydbbydbyg (xy,by)
*Jo 0 ‘

x {[=2ryr3¢7 (x2) 7 (x3) = 2121307 (x2) 7 (x3)
- r%(xz — D7 (x2)p7(x3) + r%x3¢;:(x2)¢;(x3)]Eanf(tg)hanf(a7ﬁlabl’bZ)
+ (1320207 (x2) 7 (x3) = 13 (x5 = )7 (x2)D7 (x3)| E g (t4) hang (@ B2, b1, b2) }, (39)

2 1 5
Mé’fj}N = 8\/;7[CFM%9 A dxld)C2dX3 AAbldblbzdbzd)Bl\(xl,bl)

X {[ra(xa = 2)p3(x2) 7 (x3) + r2(x2 = 2)py(x2) T (x3)

— r3(x3 4+ D)7 (x2) @ (x2) + r3(x3 + 1)p7(x2) 5 (x3)| Ef () Bang (0. B1. by br)

+ [r3(x3 = 1)p7(x2) 7 (x3) — r3(x3 = 1)p7(x2) b5 (x3) + raxadh7(x3) 5 (x2)

+ r2x2¢;(x3)¢17)"(x2)]Eanf([h)hanf(av pa. by, by)}, (40)
r—y m
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Ml = 8\/§ncFM;§9 01 dx, dx,dx; A %bldblbzdbzqﬁgs(xl,bl)
x {[2ry 307 (x2)p7(x3) + 2127307 (x2) 7 (x3)
— r5(x2 = DT (x2)pF(x3) = 3337 (x2) D7 (53) | E i (1) By (0. 1, by bo)
+ [V%XZ¢§(X2)¢;(X3) + V%(Xg, - 1)¢§(x2)¢;(x3)]Eanf(th)hanf(a’ ﬂZ’ bl ’ b2)}’

LLT _ SP.T
Manf - _Manf :

(42)

(43)

For BY — TT decays, the transverse polarization amplitudes of the nonfactorizable emission diagrams are as follows:

2 1 4
Mﬁ;j}N = 8\/;7TCFM%9V2/)' dxldX2d.X'3 /)'A bldbledb2¢BS(-xl’bl)

x {[(1- x2)¢?(x2)¢;(x3) + (1= x2)¢;(x3)4”?(xz)]Eenf(fc)henf(avﬂl,blabz)
— [2r3 (2 + 23) P (x2) P (x3) + 273 (x2 + x3) P4 (x2) i (x3) — X2 (T (x3) 5 (x2)
+ @7 (x3)P7(x2)) | Eenp(ta) hens(a. P2, by, b2) },

2 1 %
Mﬁff’st\éncFM;;? i dx,dx,dx, A " bydb,bydbygpp (x1, b)) BT (x,)

X {[r3x304(x3) — r3x3%(x3) — r3(x2 — 1)pF(x3) + X373PT(x3) | E (1) g (a0 By, by, by)
+ [r3x300%.(x3) — r3x3005(x3) + 13007 (x3) + X3730F(x3) | E i p (10) heng (@, fa. by, b2) }

2 ] 4
Mfr[l}N = 8\/;7[CFM29}’2/0 d.xldedX?, /OA bldblbzdb2¢3:(x1, bl)

x {[2r3(x3 = x3 + )7 (x2)p7(x3) — 2r3(x3 + 1 = x2) 3 (x2) - (x3)
+ (x2 = D7 (x3)7(x2) = (x5 = 1)p7(x3) 5 (x2) | Eny (1) ey (e, B, by, by)
+ a7 (x3) 7 (x2) = 27 (x2)P7(x3) | Eny (1a) heng (@, Bos by, b2) }

LL.T 2 4 ! k
Menf :8 §ﬂ'CFMBgr2 A dxldxzdx3 o bldblbzdb2¢gx(.xl,b1>

X {[(x2 = 1)9H(x2)p7(x3) + (% = )7 (x2) D7 (x3)E () Bepp (. B1. by by)
+ [2r3 (2 + X3) 5 (x2) by (x3) + 2r3(x2 + x3)P4(x2) 5. (x3) — X207 (x3) P (x2)
— X207 (%3) 5 (X2) | Eenp (14) Benp (@, B, by, by) },

2 1 x
Mé"fl}ng\/;ﬂ'CFMz? o dxldxzdx3A bldblbzdbzdhgx(.xl,b1)¢§()€'2)

X {[rax3y(x3) = 1330 (x3) = 13(x0 — 1)1 (x3) = X337 (x3)| E g (26) eng (@0, 1, by, ba)
+ [rax30y (x3) — r3x3905(x3) + 13007 (x3) = X373 (X3) 1 (14) hen (@, B b1, Do)},

SP.T 2 4 ! k
Menf :8 gﬂ'CFMB?rz o dxld.X'2dX3 o bldbledequx(xl’bl)

x {[2r3(x; = x3 = )7 (x2) 7 (x3) — 2r3(x3 + 1 = x2)p(x2) P (x3)
+ (12 = D)7 (x3)d5(x2) = (2 = D)p7(x3)h7(x2) | Enp (1) ey (@, B, by, by)
+ (027 (x3)p7(x2) = X205 (x2) BT (X3) E e p (24) heng (@, B b1, b2) }
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TABLE II.

Various parameters involved in the calculation process.

Mass of mesons Mp = 5.367 GeV

MK;i(l430) = 1.427 GeV

my;, = 4.18 GeV
Decay constants of mesons fp =024 £0.02 GeV
Lifetime of meson 7p0 = 1.509 ps

A =0.836+£0.015
= 0355338

Wolfenstein parameters

M, 1300) = 1.317 GeV
Mf’2(1525) = 1.517 GeV
mg = 0.093 GeV

MK;0(1430) = 1.432 GeV
Mfz(1270) =1.275 GeV

2 = 0.22453 + 0.00044
p = 012215517

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we initiate our calculations by enumerat-
ing the input parameters. These encompass the decay
constant f, the Wolfenstein parameters, the masses of
B meson and tensor mesons, and the corresponding life-
time, as detailed in Table II [47].

Our numerical calculations within the pQCD framework
are focused on branching ratios, direct CP violations, and
polarization fractions, as summarized in Tables III-V. It is
crucial to acknowledge that there exist uncertainties in
our calculation results. In Table III, the errors stem from
induced by the uncertainties in the shape parameter wz =
(0.50 £ 0.05) GeV pertaining to the BY meson distribution
amplitude [4]. The second source of uncertainty pertains
to the B? meson and the final state tensor mesons, as
documented in Table I. The third error arises from
Agcp = (0.25£0.05) GeV, and varies 20% from hard
scale f,,,, = (1.0 £0.2)¢ detailed in the Appendix. Other
uncertainties such as the Cabibbo-Kobayashi-Maskawa
matrix elements V from the 7 and p, angles of the unitary
triangle that can be neglected.

With the amplitudes calculated in Sec. III, the decay
width is determined as

[(1=(r2 4+ r3)*)(1 = (ry = r3)?)]'/?

The branching ratio is got through BR =T zp. In
Refs. [48,49], we can learn about direct CP violations, Adc’f,
is defined by

dir __ |Af|2 - |Af|2

S s A (51)
LA AP

Here the two amplitudes are defined as follows

Ap = (fIHIB),
A7 = (IHIB), (52)

where the B meson has a b quark and f is the CP conjugate
state of f. The results of the polarization fractions f;, which
are defined as

A2

JojL = S IAPR (53)

where A;(i =0, |, L) is the amplitude of the longitudinal
or transverse polarization contributions. Based on the
helicity amplitudes A;(i = 0, ||, L) for longitudinal, paral-
lel, and perpendicular polarizations, the three part ampli-
tudes are given as

_ : 2
I'= > AP (50)
167th -
I
TABLEIIL. The CP-averaged branching ratios of the BY — T, T, decay (in unit of 107°), the errors attributed to the shape parameter,
decay constants, hard scale, and QCD scale.
Decay modes By B B, Bl
0 0.0 +0.0140.08+0.18 +0.00+0.0140.00 +0.0140.0940.18
B = aya, 0.28706320.02-0.01 0.03Z 00-0.00-0.00 0.00 0.31706320.02-0.01
0 + - +0.0140.04+0.32 +0.0140.0240.00 +0.02-+0.06+0.32
Bs — aya; 0422553 20.02-0.01 0.06250120.01-0.02 0.00 0.484,04~0.03-0.03
0 0 o0 +1.7440.91+1.45 +0.1740.0840.10 40.33+0.20+0.24 +2.24+1.18+1.79
Bg = K3'K; 2.037) 64 20.65-1.20 0.227510%0.07-0.06 0.47251820.14-020 272775, 086 1.46
0 st pri— +1.6240.83+1.34 +0.1640.0840.09 +0.1340.0840.17 +1.91-40.99+1.60
By = K3 K, 1867 49 050 1.11 0.217959~0.06-0.01 0.1979 63" 0.06-0.08 2.2671572071-1.20
0 +0.0440.08+0.24 +0.00+0.0140.00 +0.0440.094+0.24
By = f2f> 0.50%50520.04-0.01 0.04Z5,00-0.00-0.00 0.00 0.5470 65-0.04-0.01
0 / +1.1340.76+1.68 +0.1440.0740.17 +0.3140.0840.42 +1.5840.9142.27
B = f2f 1867565705707 0.16Z5 07 70.05-0.01 0.4470 17 20.07-0.30 2.467)59 009 1.18
0 1 +0.84-+1.68+4.51 +0.3840.14+0.01 +1.2340.4740.01 +2.4542.294+4.53
Bs = f1f> 6.037; 3371 86349 0.4270 517012 0.0 1.237)652038-0.16 7.68735) 536367
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Ag=EmdAL, A= EV2mAy,
AJ_ :5\/2(r2—1)mégr2r3AT, (54)

G2P, .
here £ = /| —L+—, and the ratio r =
5 (16zm3T)’

P,-Py
(m3ryrs)’

Table III displays the pertinent data. Several observations
can be made: (1) For BY — a3a, aj a3, f,f, they are only
the pure annihilation diagrams, whose branching ratios are at
the order of 1077. For BY — f5f5, ff K30K, K57 K5,
they have the annihilation and emission diagrams, whose
branching ratios are at the order of 10~°. Under the SU(3)
limit, since the Bose statistics are satisfied, the meson wave
function will be antisymmetric when the momenta fractions
of the quark and antiquark of tensor mesons are exchanged
[42,43]. Due to the commutative antisymmetry of the tensor
meson wave function, the nonfactorizable emission dia-
grams will be more pronounced and provide a greater
contribution [42,43]. Take B? — f5f5 for example, if with-
out nonfactorizable emission contributions, the branching
ratio will decrease 90%, and its longitudinal polarization
fraction will also reduce largely, which is different from
the BY — f,(1420)f,(1420) in Ref. [26]. For BY —
f1(1420)f,(1420), the annihilation diagrams could con-
tribute a large imaginary part and play an important role in
calculating the branching ratios. The reason for the differ-
ence may be that, relative to the commutative antisymmetry
of the tensor meson wave function, nonfactorizable emission
contributions do not get offset but enhanced.

(2) From the Ref. [2], we find that BR(B? —
d(K3~(1430), K3°(1430))) and BR(BY — ¢(K*~(1430)x
K*9(1430))) are at the same order, but the former is a
little small. The authors observed that only small effects
when K*0(1430) is substituted by K3(1430). We observe
the corresponding decays in Ref. [8], such as BY —
K;*(1430)K* and BY — K;(1430)K?°, the branching ratio
is also at the order of 1073 when vector mesons are replaced
by tensor mesons. The branching ratio of BY —
K*0(1430)K3°(1430) or BY — K3°(1430)K*0(1430) is at
the order of 6 x 1076 ~ 9 x 1079, and the branching ratio of
BY — K3°(1430)K3°(1430) is at the order of 2.71 x 107°
in this paper, which also supports the view of the authors
of Ref. [2].

(3) For B? - VT(a,, f,), when a vector meson is
emitted, the factorizable emission contribution of the
penguin diagrams will offset the contribution of the tree
annihilation diagrams, and the branching ratio turn to be
very small. However, the contribution of the annihilation
diagrams does not get offset due to the absence of
factorizable emission diagrams in BY — TT. Therefore,
the branching ratio of BY — TT(a,, f5) is one or two orders
of magnitude larger than that of BY — VT (a,, f,), making
it more beneficial to experimental observation.

B(BI-h(f"2)(2))(107°)

e

L L L L 1 L L L L 1 L
50 100 150
o)

FIG.2. The branching ratio of BY — f£,(f%5)f(f%3) decay on the
mixing angle @, in which the red, the yellow, and the blue solid
lines correspond to the BY decays with final states
£2(1270) £, (1270), f5(1525)f5(1525), and f,(1270)5(1525),
respectively.

(4) For BY — f5(f5)f2(f5) decays with f,(1270) —
f5(1525) mixing, just as the # —#' mixing. To see the
variation clearly with the mixing angle, we show the
branching ratios B (BY — f,(f5)f2(f5)) varying with
0€0,x] in Fig. 2. In Ref. [26], the authors plotted the
related figures about the branching ratios of BY — f,f,
decays dependent on the free parameter 6. By comparing
figures about BY — f,f, and BY — f£,(f5)f2(f), we can
find that when the @ is large enough, and its influence on the
branching ratio is more obvious, which can be seen from the
line shapes. When 6 reaches a certain angle, the branching
ratios of BY — f,(f5)f2(f5) and BY — f,f, will vary an
order of magnitude. But for f,(1270) — f5(1525) mixing,
in the contrast to f(1285) — f,(1420), the mixing angle is
very small. From the Refs. [24,25,50], we have known that
the mixing @ is about 5.8° ~ 10°, and the related branching
ratios are close to that of 0°. In addition, the branching ratio
of the BY — f5(1525)f5(1525) decay is larger than that of
the BY — £,(1270)f,(1270) decay by one order of mag-
nitude, which is caused due to the reason that the former has
more Feynman diagrams.

BY mesons can be produced in the T(55) decays to BYBY,
BB, B:BY, or B:B? intermediate decay [51]. Since of the
kinematic smearing from excited B} production and con-
tamination from B*/° decays, measurements are not as easy
as at the Y(4S). Although full BY reconstruction would
mitigate B/° background, such a technique will only be
possible with Belle II [52]. The number of BY mesons in a
dataset can be calculated as N =2 X abTB(SS) X fo x L.

The parameter f is a key component to calculate the total
BY yield in the sample. £ is the integrated luminosity of the
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TABLE IV. Presents the polarization fraction of the decay. The accompanying errors arise from considerations
encompassing the shape parameter, decay constants, hard scale, and QCD scale.

Decay modes fo Ul fi

B WP SR 0.15%

B) — aja; 88.24 0% Vs s % 1166530 065 qin % 0.09%

BY — K3'K3 7502535 5 5500 % 8.081 076 050-105 % 16.891 15510 1521 3 %
B) — K3 K3 82.501 550 6381102 % 9.1675:4035 e % 8.34 160 000164 %

B~ 1o, STGTESE  6TRA 0145

- o BIGEA  CRURNLEE oI
B = f5f) 78561 55 i ns-i5.12% 544557 00106 % 16,9930 006506 %

T(5S) - . _
data and o-bl-)( ) is the cross section of the process ete” —

bb [51,53]. By using the values from the Refs. [54,55], the
number of BY mesons is estimated to be ~5.9 x 108 in the
dataset of £ = 5 ab~! taken at Y(55) in Belle Il [51], which
indicates that a 5 ab~!'Y(5S) sample contains approxi-
mately 300 million BYB? pairs. The branching ratios of
our calculation for B — TT are at the order of 107 and
1077, Therefore, the decays of BY — TT will hopefully be
observed by the Belle II experiments in the near future.
Moving on to Table IV, we delve into predictions
pertaining to the polarization fraction of mesons. The
pQCD approach has effectively elucidated the theoretical
underpinnings of pure annihilation diagrams about BY —
ztn~ and B® - DK™ theoretically, and corresponding
numerical results has been confirmed by experiments.
Based on this success, it is plausible to assert that the
pQCD approach holds substantial predictive power for
processes primarily governed by annihilation diagrams
[4,56-58]. In line with prior research [3,59], it has been
ascertained that the contributions to these processes are
chiefly orchestrated by longitudinal polarization in the case
of pure annihilation of two-body decays. The fractions
pertaining to these decays have been observed to approach
nearly 100%. This trend corroborates our predictions of

BY = fyfs, BY = ada), and BY — aja;. Notably, the
longitudinal polarizations of these three decays approximate
90%, underscoring the indispensability of accounting for
transverse polarization, which can yield noteworthy con-
tributions in pure annihilation decays. To illustrate this
point, we take BY — a%a9 and BY — f,f, as an example,
from Table VI reveals that the contribution of longitudinal
polarization surpasses that of transverse polarization, ren-
dering the former the predominant factor.

Across all the decays calculated in this study, longi-
tudinal polarization predominantly steers the main decay
modes. Through a factorial power estimation, it is evident
that longitudinal polarization will play a leading role in the
B meson decay [60,61]. For BY — TT, in the longitudinal
polarization part, the contribution of nonfactorizable emis-
sion diagrams is substantial, and the extent of cancellation
with annihilation diagrams is notably feeble. Conversely, in
the transverse polarization segment, nonfactorizable emis-
sion diagrams contribute minimally, and this contribution
effectively counterbalances the annihilation contribution.
Consequently, longitudinal polarization prevails, and the
transverse polarization fraction is about 10%—30%.

Direct CP asymmetries of BY — TT decays are listed
in Table V. The magnitude of the direct CP violation
is proportional to the ratio of the penguin and tree

TABLE V. The CP-violating asymmetries of the BY — T, T, decay, the errors come from the shape parameter, decay constants, hard

scale, and QCD scale.

dir dir dir dir

Decay modes Acp Agp(0) Azp(ll) Agp(L)

0 0.0 +3.34+11.88+13.19 +4.05+15.04+17.03 +0.61+0.134+0.31 +0.88+1.23+1.10
B§ — aya; (3'30—3.75—1477—38.50 )% (3.39 ) 632104460 )% (221256 015054 ) % (13'80—090—1,23—1.58 )%

0 +3.06+5.93+9.96 +3.25+6.34+10.71 +0.48+0.1440.25 +0.64+0.89+1.87
B§ = faf> (=6.121300"3 4573323 % (=6.7353 51255 2063 ) o (1.802 46 0.15-051 )% (91425552 000-1.50 ) %
BY — K;OI_QO 0.00%

0 / +0.19+1.81+8.43 +0.31+0.25+3.38 +2.18+0.10+19.17 +6.84-+2.83+18.02
By = f12f3 (1041565 035 455 ) % (1042055 050 751 ) % (=71.355 65 011738 )% (26.721550 057 400 )%

0 ! £
BY = fLf) 0.00%

0 + - +2.58+11.87+10.92 +2.58+11.87+10.92 +0.30-+0.07+61.22 +0.98+1.84+0.81
Bs — ay a; (2.0913037 462278 )% (22155037 sp-n7s )% (10615390 0,07 0.15 ) % (17.54 5705 20" 154 ) %
0 o s +3.94+40.77+6.18 +3.74+0.99+6.66 +0.05+0.1243.51 +6.62+0.70+2.48
B; = K;,'K; (2615551 "670-5.13) % (3.5725367-6.99-9.60) % (=2441033 043557 ) % (—0.91%5 54 025433 ) %
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TABLE VI. Decay amplitudes (in unit of 10~ GeV?) of the B — T, T, modes with three polarizations in the pQCD approach, where
only the central values are quoted for clarification.

Components B} — ajd; B} — ajdj BY = faf> B} = f2f
classification Tree diagrams Penguin diagrams Tree diagrams Penguin diagrams

Ap 0.157 — 0.130i —0.082 — 0.224i —0.290 — 0.304 —0.353 - 0.615i

Ay —0.014 + 0.025i 0.104 + 0.135i —0.015 4 0.030i 0.130 + 0.148i

Ar 0.010 + 0.017i —7.887 x 1073 +3.704 x 1073} 0.011 4 0.020¢ —9.728 x 1073 +3.298 x 1073

contributions [50]. For the B — VV and B? — VT, when
penguin contributions and tree contributions stay at the
same level, the direct CP violation appears. Since the
decays presented in this paper are dominated by the penguin
contributions, so the direct CP violation is very small.
However, we can find that the direct CP violations of some
special channels in the transverse polarization are sizable,
and the tree contributions become comparable, which brings
relatively large direct CP violation.

For pure annihilation-type decay, the CP-violating asym-
metry is small, which has been pointed out in previous
predictions of two-body decays [3,59]. From Table V,
the CP-violating asymmetries about BY — agag, fafa,
and aja;, which also suggest that the CP-violating
asymmetry of pure annihilation decay is very small. For
BY - K3°(1430)K3°(1430), f5(1525)f5(1525) (without
considering the mixing angle), in the standard model, there
is no contribution of the tree diagrams operator, so the direct
CP violation is zero.

V. SUMMARY

In this study, we predicted the relevant parameters of
decays BY — TT in the pQCD approach, where the tensor
mesons are a,(1320), f,(1270), K3(1430), and f5(1525).
We calculate the branching ratios, the polarization fractions,
and the direct CP violations of these decays. Our calculation
results suggest that (1) the production of tensor mesons via
either vector or tensor currents is prohibited, highlighting
the significance of nonfactorizable emission and annihila-
tion contributions. Notably, the nonfactorizable emission

diagram exhibits an augmented contribution owing to the
antisymmetry inherent in the tensor meson wave function.
(2) For decays characterized exclusively by annihilation
processes, the branching ratio is situated at an order of
1077, And for f%(1525), K;(1430), they have a sizable
branching ratio with the order of 107, which would be
easy to be verified experimentally. (3) Regarding polari-
zation fractions, the preponderance of the decay processes
investigated in this paper predominantly manifests longi-
tudinal contributions, particularly in the case of pure
annihilation decay, where it can reach around 90%.
(4) The direct CP violations associated with these decays
are of nominal magnitude. The interference between
penguin and tree contributions will bring the direct
violations, and the two components assessed in this paper
are not comparable. Consequently, the direct CP violations
in the majority of channels remain negligible, with only
select channels exhibiting relatively pronounced direct CP
violation appears. In conclusion, we anticipate that our
results can be scrutinized through forthcoming experi-
ments at LHC-b and Belle II. Furthermore, we hope that
these findings contribute positively to our understanding of
the QCD behavior of tensor mesons.
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APPENDIX: FORMULAS FOR THE CALCULATION USED IN THE TEXT

In this section, we list the helicity amplitudes for every considered two-body decays of B meson.

3

1
Ay(BY = a9(1320)a3(1320)) = G (v;;bvm, Kcl +-C

>FéL,h =+ CzMgL’h:|

2 2 1 1 1 1
fhvzs[(2C3 +—C4+2C5 +—C6+—C7 _|__C8 +_C9 +_CIO> SL,h

3

1 1
+ <2C4 +5 clo) MEER 4 <2c6 +5 c8> Mﬁ”‘} )

3 2 6 2 6
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and BY — £,(1270)f,(1270) decay has the same amplitude as BY — a9(1320)a5(1320) decays.

i} 7 5 7 5
Ap(BY = K35(1430)K3(1430)) = -Gy <v;*,,v,s [(5 C3+3Ci—¢Co —8C10> FLER

1 1 1 1 1 1
+2<C5 +§C6—§C7 —6C8>F1(;R’h -+ <_5C8 —8C7 +C6+§C5>F§P'h

1 1 1
+ (c3 - EC9> Mt 4 <C5 - §c7> M 4 <C3 +2C, =5 Co - C10> M-
1
+(2Cs - Co)Ma"™" + (Cs 3 C7>M5R'h} ) (A2)

4 4
Cy+-Cy—

3 3

2

A,(BY = £(1525)f4(1525)) = ~G, V3, V,s [(

2
3
1 1 1 1 1
<C5 +3c76——c7 —gcg)F Rh 4 Co+3Cs=5Cs —€c7>F§P»’1

1 1 1
C3+C4—§C9—§C10)ML11+ C5—§C7>M5R'h

1 1 1
+ <C3+C4—2C9—C10>MLLh <C6—2C8>M§P'h

+

2

1
+(Cs5—= c7) MER® 4 <c6 -5 cg> Mﬁ”"’} . (A3)

G 1
An(BY = £,(1270)f(1525)) = TF (V;quS[CQMﬁL’h] ViV qu + 2C10>ML”’
1
+ <§ Cs + 2C6>M§P‘h] ) (Ad)

G 1
A(BY — a7 (1320)a; (1320)) = 7% (v;;bvm Kcl + §C2> Fibh 4 czMgL»h}

. 2 2 1 1 1 1 L
—2V,thS 2C3 +§C4+2C5 +§C6+§C7 +6Cg +§C9+6C10 Fa ’

1 1
+ <2C4 + ECIO) MEE! <2C6 + §C8>M§P 'h} ) (AS)
_ Gr
A, (BY — K3+ (1430)K57(1430)) = 7 <v;b us KCI +3 c2> FLLh 4 o, MEE! 4 ¢ MEE ’1]
7 5 1 1 ) 2 1 1

- V;‘bV,S |:<§C3 +§C4 +§C9 —§C10>F5Ll + <2C5 +§C(, +§C7 +6C8>F5Rh

1

3

11

+ (‘ECS —gCr+ Gt —cs> Fal" + (C3 + Co)Me™"
1

+ (Cs + Cr)ME! + (C3 +2C +5Co - Cm)M%h

1 1
+ <2c6 +3 C8> MEPh 4 <C5 -3 c7> Mé’”’] ) . (A6)
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Based on the mixing scheme, the helicity amplitudes of B — f,,f,(f.f,) and B — f,f, decays are given by [26]

Ap(BY = f(1270)f5(1525)) = sin(20)[A,(BY — f.fn) — An(BY = fof )] + cos(20)A,(BY - f.f5), (A7)
V2A,(BY = (f2(1270) £,(1270)) = 2c0s*0A;,(BY = f,.f,) — sin(20)A,(BY — f,.f,) + 2sin20A, (B — f,f,). (AS8)
V24,,(BY = (f5(1525)£5(1525)) = 2sin%0A,(BY — f,.f,) + sin(20)A,(BY — f,f,) + 2c0s’0A, (B0 — £,f,). (A9)

In this part, we summarize the functions that appear in the previous sections. For the factorizable annihilation diagrams
that the first two diagrams in the Fig. 1, whose hard scales #; can be written by

11
t, —Max{alMB?,ﬂMBg, },

by by
tr :Max{azMBo,ﬂMBO,l,l},
' ' * by by
I _ (1T (1)
af(@is B, by, b3) = (2) Hy' (BM goby) x [0(by — by)Hyy ' (a;M goby)Jo(a;M gobs)
+ 0(bs — b Hy (M o3 )o(c:M gyhs) ]S, (x3), (A10)

with

a = /1 — (1= r3)x. The Sudakov exponents can be written as

ay = /(1 = ) + 7)1 - 7).

ﬁ:\/[(1—r§)(1—x3)][r§+x2(1—r§)]. (A11) SB(Z)_S(XIMB?,b1>+§/t ACD)

The parametrized expression of the threshold resumma- S;(t) = s <xi@’ bi> +s5( (1-x) @ bi)

tion function S,(x) is [34] V2 V2
t (i
+2 / da %) (Al4)
1/b H

21+2CF (% + C)

() = [x(1 = 9] — T

(A12)

where the Sudakov factors s(Q, ) are derived from the
where ¢ = 0.04. The evolution factors E,() in the matrix double log.arithmic summation. Its specific exp.ression can
elements are given by be; fqund in the Ref. [62]. For t}.le nonfactorizable con-
tribution, due to the small numerical effect, we drop the
threshold resummation function [28]. For the nonfactor-
izable annihilation diagrams, the scales and the hard

E,z(t) = a,(1) exp[=Sy(t) — S3(1)]. (A13) functions are [63]
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1

I, —Max{aMBo,\/LB, MBO b—}
1

i —Max{aMBo Vlﬂ2 MBO —}

Eanp(1) = ay(2) exp[=Sp(1) = Sa(t ) 3 (D1, b5

in
hang(a, Bi, by, by) = > [0(b) — b2)HE)1)(aMBQb1)JO(aMBSbZ) +0(by - bl)H<()1>(aM39b2)Jo(aMB<;b1)]

5 {”’H (Mpb /1), B; <0’ (A15)
Ko(MpbiV/B;), pi>0
with i = 1, 2
a=\/(1=x)(1 = )3 +x(1 = )],
pr=1-=[(1=r3)1 =x2) —x][r3 + x3(1 = r3)],
Br=(1=r3)(1 = x3)lx; = xp(1 = 13) = r3]. (A16)

For the nonfactorizable emission diagrams, the rest functions are follows

1 1
. —Max{MBow 1-13) x1x3,MBO\/| [(1=73)(xy = 1) + x1][r3 + x3(1 = r3)]], i },
)
1 1
td—Max{MBo (1-1r3) x,x;,MBn\/| 2= 1D)xy +x]x3(1 = 13)], —,—}. (A17)
V by by

The function h,,; can be determined by

Beng(@, Bis by, by) = [0(by — by) 1o (aby)Ky(aby) + 0(by — by)Iy(aby)Ky(ab)]

5 {”’H (Mpby /A7), B <0’ (A18)
Ko(Mpobsf;), p; >0
with i = 1, 2
Eenf(1) = ag(1) exp[=Sp(t) = $2(2) = S3(0)]lp, s,
a= Mggm,
pr=(1=r3)(x = 1) +x][r3 + x3(1 = r3)],
B3 =[(r3 = Dxy + xi]x3(1 = 13). (A19)
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