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Using analytical tools from linear response theory, we systematically assess the accuracy of several
microscopic derivations of Israel-Stewart hydrodynamics near local equilibrium. This allows us to “rank”
the different approaches in decreasing order of accuracy as follows: inverse Reynolds dominance (IReD),
Denicol-Niemi-Molnéar-Rischke (DNMR), second-order gradient expansion, and 14-moment approxima-
tion. We find that IReD theory is far superior to Navier-Stokes, being very accurate both in the asymptotic
regime (i.e., for slow processes) and in the transient regime (i.e., on timescales comparable to the relaxation
time). Also, the high accuracy of DNMR is confirmed, but neglecting second-order terms in the Knudsen
number, which would render the equations parabolic, introduces serious systematic errors. Finally, in most
cases, the second-order gradient expansion (also known as nonresummed Baier-Romatschke-Son-
Starinets-Stephanov) is found to be more inaccurate than Navier-Stokes in the transient regime. Overall,
this analysis shows that Israel-Stewart hydrodynamics is falsifiable, and the relaxation time is observable,
shedding new light on the debate on the viability of transient hydrodynamics as a well-defined physical

theory distinguished from Navier-Stokes.
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I. INTRODUCTION

There is a long-lasting debate over the physical content
of Israel-Stewart-type theories [1-6] for relativistic viscous
hydrodynamics. The three most widespread positions on
the matter are summarized below (see Fig. 1):

(1) Israel-Stewart theories are a “mathematical trick” to
make relativistic Navier-Stokes (NS) hyperbolic,
causal, and stable. Their physical content is exactly
the same as Navier-Stokes, and all the additional
transport coefficients (e.g. the relaxation times) are
unobservable UV regulators, which fall outside the
regime of applicability of hydrodynamics [7-10].

(i1) Israel-Stewart theories are a “refinement’” of Navier-
Stokes, able to capture the dynamics up to second
order in gradients, from which the term “second-
order hydrodynamics” comes [4,11,12]. Their re-
gime of applicability is essentially the same as that
of Navier-Stokes (i.e., small gradients), but the
dynamics is captured more accurately.

(iii) Israel-Stewart theories are an extension of hydro-
dynamics which captures not only the Navier-Stokes
behavior, but also the dynamics of the slowest
nonequilibrium degrees of freedom (namely the first
nonhydrodynamic modes [13—-16]). Their regime of
applicability extends beyond Navier-Stokes, and it
can capture also the initial transient dynamics of a
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fluid, when the slowest nonequilibrium degrees of

freedom have not yet equilibrated. From this the

term ““transient hydrodynamics™ originates [1,5].
The tenured practitioner may regard such debate as a
merely academic controversy. However, this discussion
has a direct impact on theoretical models and numerical
simulations, because it affects how we define and compute
the Israel-Stewart transport coefficients. If we adopt inter-
pretation (i), then it does not really matter what the actual
value of, e.g., the relaxation time is, as long as causality and
stability are enforced. If we adopt interpretation (ii), then
there is a Kubo formula for all Israel-Stewart coefficients,
including the relaxation time. Finally, if we adopt inter-
pretation (iii), then the relaxation time is determined by the
first nonhydrodynamic pole of the retarded correlator, and
there is no Kubo formula for it [13].

Let us consider a concrete example of this dilemma: the
problem of deriving relativistic hydrodynamics from
kinetic theory. Here, one starts from a theory with infinite
local degrees freedom, namely all the moments of the
phase-space distribution function f(x#, p*), and the goal is
to make some approximation to derive a closed system of
equations for the Israel-Stewart hydrodynamic fields,
which constitute only 14 algebraic degrees of freedom.
The best-known approach to this problem is the Denicol-
Niemi-Molnér-Rischke (DNMR) procedure [5] which, in
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FIG. 1. Fix a spacetime event Z2. Working in the local rest
frame of the fluid, call “0,” the maximum (in magnitude) rate of
change of the hydrodynamic fields along all spacelike directions,
and call ““0,” the maximum rate of change along the time direction
(near &?). Compare them with the particles’ mean free path 1 and
mean collision time z. The regime of applicability of a hydro-
dynamic theory (in our case, Israel-Stewart) is the region of the
{A0,,70,} plane where the predictions of hydrodynamics are
assumed accurate. Both interpretations (i) and (ii) treat spacelike
derivatives and timelike derivatives on the same footing, and
(i1) assumes a slightly larger regime than (i). Interpretation
(iii) claims a regime of applicability that extends up to |z9,| < 1.

its original intent, aims to fulfill both interpretations (ii) and
(iii). In fact, the authors of [5] carry out a rigorous
expansion up to second order in gradients, consistent with
point (ii). At the same time, they develop an ingenious
technique to match the relaxation times with those of the
slowest nonhydrodynamic modes, thereby ensuring con-
sistency also with point (iii). Unfortunately, the resulting
theory fails to be hyperbolic, opening the doors to causality
violations and, therefore, to instabilities [17,18]. For this
reason, when the DNMR theory is actually used in
numerical simulations, one is forced to artificially remove
all the terms that are explicitly of second order in gradients
(the terms C, ¥, IC# [5,19,20]), breaking consistency with
point (ii). To fix this problem, an alternative procedure
called inverse Reynolds dominance (IReD) has been
recently proposed [21].1 The main idea of [21] is to
“reabsorb” the IC terms through a redefinition of the
hydrodynamic fields. In this way, nothing is neglected,
and agreement with (ii) is restored. The price of this
transformation is that the relaxation times are redefined,

'"We remark that the method has also been called “order-of-
magnitude approximation” [22,23] and has its origins in non-
relativistic kinetic theory [24].

and they may no longer match the transient dynamics of the
gas, thereby breaking (iii). Hence, the choice between IReD
and DNMR looks equivalent to the choice between
interpretations (ii) and (iii).

A rather open-minded approach to the dilemma may be to
suggest that there is no universally preferable interpretation
of Israel-Stewart theories, and that the choice between
positions (i), (ii), and (iii) ultimately depends on the details
of the system under consideration, and on which observables
one is interested in. While such a compromise might seem
reasonable at first, it still leaves some issues unresolved. For
example, the core position of Geroch [9], who advocates for
(1), is that as soon as deviations from Navier-Stokes become
measurable, all the degrees of freedom of kinetic theory
“appear together”, and hydrodynamics as a whole breaks
down. Hence, any “Israel-Stewart effect” is fundamentally
undetectable, because it is impossible to disentangle it from
all the microscopic deviations from hydrodynamics. This
(rather extreme) position is at odds with a large part of the
recent literature [25-32]. For this reason, it is now necessary
to put Geroch’s claims to the test. Furthermore, even
assuming that position (i) is not always valid, still we need
aclear-cut criterion to decide between interpretations (ii) and
(iii) for a given system.

This article aims to make some further steps towards
settling all such matters. We will use a solvable linear-
response model to discuss the accuracy of the most wide-
spread formulations of Israel-Stewart hydrodynamics in
different dynamical regimes. This will allow us to assess
the viability of interpretations (i), (ii), and (iii) in realistic
situations. Our analysis is restricted to fluid flows that are
close to local equilibrium, because a proper formulation of
far-from-equilibrium hydrodynamics does not exist, except
in some very specific situations [26,31].

Throughout the article, we adopt the metric signature
(+——-), and work in natural units: ¢ = kg =h = I.
We adopt Einstein’s convention for spacetime indices

u,v,...).

II. MATHEMATICAL FORMULATION
OF THE PROBLEM

A. A simple linear-response model

Let us formulate the problem in an abstract way. We can
picture every element of fluid as a tiny thermodynamic
system, having a large list of internal nonequilibrium
degrees of freedom, A = {A! A2, ...}T (which we will
in the following also call “affinities” [33]), undergoing
some complicated coupled dynamics. In hydrodynamics,
we are not interested in explicitly tracking all these internal
variables. Instead, we only want to know the evolution of a
single viscous flux IT(A), which describes the collective
influence of A on the transport of some conserved quantity.
For example, we may take II to be the bulk stress, which
affects the transport of linear momentum. If we follow the
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evolution of a single element of fluid, we can express all our
variables as functions of the proper time ¢ along the
element’s worldline: A(7), T1(7). Now, the time derivative
of A(t), which we call A(¢), depends on the state of the
fluid element, namely on A(t) itself, but also on the
interaction of the fluid element with the surroundings,
since the fluid element is an open system (see Fig. 2). For
clarity, we will assume that the action of the environment
on A(t) can be parametrized through a single driving force
0(t) related to some spatial gradient (in the example of bulk
viscosity, we may identify @ with the expansion rate V, u*).
Then, linearizing the dynamics around local equilibrium,
which we take to be the state A =0, the most general
model we can construct is®

A + A = x0,
I1 = —yA. (1)

Here, 7 is a square matrix, called “relaxation matrix”,
whose eigenvalues are positive by thermodynamic stabil-
ity.” The column vector k = {«', 2, ...}" is the dynamical
susceptibility of A to the local gradlent 0. In the second
equation, we have Taylor-expanded the function IT(A)
to linear order in A, so that the row vector y = {7, 72, ...}
is just —d,II(A = 0). Furthermore, we used that ITI(A =
0) = 0. In principle, 7, k, and y may be functions of the
proper time, because they depend on the thermodynamic
conditions of the fluid element (e.g. on its energy). Here,
we will treat them as constants, for simplicity.
Model (1) can be solved analytically, and it gives

—! (t—t’)T—IKQ(t/)dt/’

t
H@:—/yfﬂMW%%%ﬂ 2)

(5]

We are interested in the second equation, which tells us that
the fluid elements, when subject to a time-varying driving
force 6(r), will possess an induced viscous flux I1(z), which
can be expressed in the form I1(¢) = — [, G(r — 7')0(7')d?’
with a linear-response (retarded) Green’s function

G(1) = O(1)ye "7k, (3)

In Appendix, we clarify the connection of our simple model
to the system of moment equations in kinetic theory.

3Strictly speaking, thermodynamic stability only requires the
real part of the eigenvalues to be positive. Hence, depending on
the parity of the degrees of freedom under time reversal, one is
in principle allowed to have “complex relaxation times” [15].
Indeed, this is expected to happen in most holographic strongly
coupled plasmas [34]. However, for such systems, the Israel-
Stewart theory is not applicable [13]. Hence, focusing on
situations that are closer to kinetic theory, we will assume that
the eigenvalues of 7 are real and strictly positive.

FIG. 2. Schematic representation of our linear-response frame-
work. In a full “(3 + 1)-dimensional” description, the non-
equilibrium degrees of freedom A(x*) obey some linearized
partial differential equations of the form zu*d,A + A =
“spatial gradients”. However, we can effectively reduce the
problem to “(0 4 1)-dimensional” by tracking the evolution of
A along a single worldline x#(¢) (dashed line), which is an
integral curve of the velocity field u* (blue arrow). In this
dimensional reduction, we lose information. In fact, by focusing
on a single worldline, we are forced to treat the spatial gradients
as externally given, converting them into an external force 6(z).
This leads to a model where the fluid element (blue box) travels in
a dynamically active environment.

where ©(t) is the Heaviside step function. Assuming, as is
usually the case, that 7 is diagonalizable, i.e.,7 = Y, 7,P,,
with eigenvalues 7, and eigenprojectors P, (recall that
> . P,=L P,P, =38,,Pn), we can express G(t) in the
form

G =0y Lerin, with ¢, = 7P (4

Recalling that 7, >0, we see that II(z) is a sum
of independent relaxing contributions IT,,(¢) e e~"/%. The
coefficient £, quantifies the susceptibility of II, to the
driving force 6. The larger {,, the more II, is excited by
the local gradients.

In the case of kinetic theory, {A!,A% ...} may be
interpreted as the infinite tower of moments of the
phase-space distribution function f(x*, p#), and 6 is some
gradient of the flow velocity. Then, I1,, is the contribution to
the viscous stress associated with the nth eigenmode of the
collision kernel.

B. The Israel-Stewart approximation

The Israel-Stewart theory is a drastic approximation of
model (1). It replaces the system of coupled differential
equations for the degrees of freedom A with a single
relaxation equation for IT itself,

016019-3



D. WAGNER and L. GAVASSINO

PHYS. REV. D 109, 016019 (2024)

I+ T = 6. (5)

The underlying assumption is that all the complicated
dynamics of {A!, A% ...} can be “traced out”, and reab-
sorbed into two transport coefficients, namely z; and £.
Now, it is evident that the Israel-Stewart theory cannot
agree with (1) in an exact manner, because the linear-
response Green’s function of (5) is

ie_t/fl'l’ (6)
n

Gis(1) = (1)

which differs from (4) whenever there are at least two
relaxation times. However, by appropriately tuning the
values of 77 and ¢, we may replicate some essential features
of (4). This is where the debate outlined in the introduction
comes about. In fact, depending on which interpretation
one chooses, there may be different features of G one may
want Gig to replicate, and this leads to different prescrip-
tions for the values of zr; and ¢. For example, if one adopts
interpretation (i), then only the Navier-Stokes limit
IT~ —{0 matters, meaning that zj; can be chosen freely.
If one instead follows the DNMR approach, then 7p
should replicate the evolution of the slowest nonequili-
brium degree of freedom, and we should therefore
set 7;; = max{z,}.

C. Our solution

Let us anticipate the central result of this article. There is a
prescription for zr; and { that can accommodate for both
interpretations (ii) and (iii) simultaneously, and this pre-
scription is not DNMR in its original formulation [5], but the
more recent IReD formulation [21]. Within such a frame-
work, the Israel-Stewart predictions are significantly more
accurate than the Navier-Stokes ones, thereby falsifying
Geroch’s claim that Israel-Stewart effects are always unde-
tectable [9].* Below, we provide some quick analytic argu-
ments in support of the above statements, which are then
corroborated by numerical studies in the upcoming sections.

According to interpretation (ii), the ‘“correct” Israel-
Stewart theory should agree to second order in spacetime
gradients with the exact model. Considering that 6 is
already of first order in gradients, we only need to make
sure that, if we Fourier-transform to frequency space, the
Israel-Stewart relationship between I1(w) and 6(w) agrees
with the exact relationship derived from model (1), within
an error of order @w?. Hence, we must match the coefficients
of the w-expansions below:

*We would like to point out that with this we are not claiming
that interpretation (i) is always incorrect and should be discarded.
On the contrary, interpretation (i) is the most convenient and
pragmatic approach in all those systems where Navier-Stokes
(and therefore Bemfica-Disconzi-Noronha-Kovtun [35-37]) is
assumed applicable. However, it is incorrect to claim that Israel-
Stewart is always only as accurate as Navier-Stokes.

H(w)egct _

0(w)

MI—— —iwty) ™ = = — il ?
o (1 1) (- ilmo+O0(@?).  (7)

v —iwt) 'k = —yx — iytko + O(w?),

This leads us to the following identifications, which are
mandatory for interpretation (ii) to hold:

{= YK = Zgnv

vtk 3 uCata
= VK - Zmé:m . (8)

As it turns out, these are the expressions of the transport
coefficients within the IReD approach [21]. This fact
will be shown explicitly in Sec. Il C. However, it is
evident a priori, since IReD fulfills interpretation (ii) by
construction.

Let us now focus on interpretation (iii). Here, the
assumption is that, even if the Green’s function (6) cannot
coincide with (4), still one can look for the value of 7y that
gives “the best fit” ({ is fixed to yx by the Navier-Stokes
limit). In the original DNMR approach [5,13], it is argued
that, since the term in (4) with the largest relaxation time is
the last to decay to zero, one should set 7y = max{z,}.
However, this approach has a serious limitation. In fact,
suppose that the largest relaxation time, say 7;, has a very
small associated susceptibility {;. Then, its contribution to
the Green’s function (4) may be negligible for all practical
purposes. In this case, the DNMR prescription may
dramatically overestimate the timescale over which G
relaxes to zero. The most natural way to avoid this problem
is to define 7z as the average of the relaxation times 7,
weighted over their susceptibility {,. In this way, we give
more importance to those relaxation times that contribute
more to the Green’s function (4). Quite surprisingly, this
leads us back to the IReD prescription (8).

To appreciate these subtleties, let us consider a concrete
example. Suppose that the “exact model” possesses three
relaxation times, 7, = {5,2, 1}, with associated suscep-
tibilities ¢, = {1, 1, 8}. Then, for 7 > 0, the exact Green’s
function (4), the DNMR Green’s function (6), and its IReD
variation are, respectively,

e—t/S e—t/2
Gex([) = ? + 3 + Se_t,
GD([) - 2€_t/5,
20
GRr(t) = ?6_2’/3- 9)

While it is evident that DNMR fails to reproduce the
transient dynamics of the system (see Fig. 3), IReD still
provides a reasonable fit. Now, it should be emphasized
that, since the Green’s function describes the response of I1
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10 T
—— Exact

FIG. 3. Israel-Stewart approximations (dashed and dashdotted
lines) for the linear-response Green’s function of a viscous flux
(solid line) in a system with three relaxation times. The analytic
formulas are provided in Eq. (9).

to an unrealistic instantaneous driving force 6(7) = (7), in
Fig. 3 the discrepancies between the models are exacer-
bated. In a situation where () varies over timescales that
are comparable to the relaxation times, the agreement
between the exact model, IReD, and DNMR can be
surprisingly good, as we will show in our numerical study.

III. OUTLINE OF THE NUMERICAL STUDY

We consider a fluid element that is initially in thermo-
dynamic equilibrium (A = 0), with no spatial gradients in
the surroundings (@ = 0). Then, a perturbation comes
along, and the driving force 6(z) is turned on, acting as
an external source for I1 (in the linear response regime). To
examine both the transient dynamics [interpretation (iii)]
and the relaxation to the Navier-Stokes state [interpreta-
tions (i) and (ii)], we choose () to be a smoothstep that
reaches 1 over a timescale comparable to the relaxation
times. Its analytic profile is provided as’

0 if 1 <0,
0(t) = < 6(t/ty)> — 15(t/10)* + 10(t/1,)> if 0 <t < 1o,
1 if £ > 1,

(10)

where 7, is a parameter of the order of max{z, }. The profile
is visualized in Fig. 4. We will vary the exact value of 7, to
explore more or less extreme transient regimes. Note that,

>We would like to remark that our main results do not depend
on the choice of 6(r). We tested many possible shapes, obtaining
similar accuracy estimates. We chose the smoothstep because it
illustrates all the essential physics quite well.

1.5

0.5

t/to

FIG. 4. The smoothstep function that is used as an external
source to drive the internal degrees of freedom A (and thus the
viscous flux IT) out of equilibrium. Its analytic profile can be
found in Eq. (10).

although (10) is not truly smooth, it is still of class C2(R),
which is good enough for our purposes. Our goal is to “rank”
different formulations of Israel-Stewart theory, based on
their accuracy in reproducing the exact model prediction.
Interpretation (i) will be considered outdone only if the
Israel-Stewart prediction for TI(z) is significantly (i.e.,
visibly) more accurate than the Navier-Stokes prediction.

In practice, we will compare six alternative dynamical
equations for I, which are supposed to approximate the
exact model (1). In all equations, the function 6(z) plays the
role of an external source, and the transport coefficients are
background constants.

DNMR: Il 4+ 11 = =260 — yp0, (11)
tDNMR : Il + IT = -6, (12)
IReD: TRIl+ I = -0, (13)
1AA: T+ T = )0, (14)
2"OH: I =—26—y,0, (15)
NS:  II=-¢6. (16)

Equation (11) is the formulation of Israel-Stewart
constructed by applying the original DNMR truncation
procedure [5] to the “exact” model (1). Note that there is
an additional term « @, which does not appear in the
general Israel-Stewart theory (5). This term is the explicit
second-order gradient ([C-type [5]) contribution that
makes DNMR acausal. Equation (12) is the truncated
DNMR model that we obtain when we artificially remove

016019-5



D. WAGNER and L. GAVASSINO

PHYS. REV. D 109, 016019 (2024)

this acausal term, as is always done in simulations.
Equation (13) is constructed by applying the IReD
approach [21] to truncate the dynamics of (1), reducing
it again to a relaxation equation for IT (with a different
relaxation time with respect to DNMR). Equation (14)
is the analog of the 14-moment approximation (we call it
“1-affinity approximation (1AA)”); it expresses the dynam-
ics using the variables {IT, A%, A3 ...}, and then simply
sets A2 =A3= ... =0. Equation (15) is second-order
hydrodynamics (2"*OH) in its purest form; IT is expanded
up to second-order in gradients of the flow velocity u*
(recall that € is a first-order term). It is not properly an
Israel-Stewart model, but it is instructive to use it as a
reference, since within interpretation (ii) it should be as
accurate as (11) and (13), see Ref. [4]. Finally, Eq. (16) is
the Navier-Stokes limit, which is used as our fundamental
accuracy threshold. If an Israel-Stewart model fails to be
appreciably more accurate than Navier-Stokes, then inter-
pretation (i) applies to it (at best).

In this section, we will derive Egs. (11)—(16) one by one
directly, as approximations of the “exact” model (1), and
we will express all transport coefficients in terms of the
kinetic coefficients 7, «, y.

A. The Navier-Stokes limit

Let us first show that the slow limit of model (1) is the
Navier-Stokes theory. If we perform the change of inte-
gration variable 7 = ¢t — ¢ in the second equation of (2), we
obtain the following (exact) formula for the viscous flux:

() = - A e i 1k0(t — T)dF. (17)

Let us note that, if 7> max{z,}, then the integrand is
exponentially suppressed. Hence, the relevant contributions
to the integral come from the region 0 <7 < max{z,}.
This implies that, if the driving force 6 varies slowly over the
longest relaxation timescale, we can make the approxima-
tion 6(t —7) ~6(t), and we can bring the force outside
the integral. Then, using the well-known result of matrix

calculus
/ " e idi — 1, (18)
0

we indeed recover the Navier-Stokes Eq. (16), with viscosity
coefficient { = yk = >, {,-

B. The DNMR truncation

If we left-multiply the first equation of (1) by the row-
vector —y, we obtain

—y7A + 11 = —£6. (19)

This tells us that the exact value of II can be expressed
through the Navier-Stokes prescription, plus a relaxation-type

correction that involves all the nonequilibrium degrees of
freedom (in our case, all affinities A). The main idea of
DNMR is to keep the dynamics of the slowest eigenmode
of the system, say, 7;, while the faster ones are approxi-
mated by their Navier-Stokes values [5]. To this end, we
split the first term of (19) into two pieces as follows:

—ytA = 7|11 + y(7)1 — 7)A. (20)

Then, we define the eigenprojected vectors X, = P, A, so
that we have A =>", X, (because >, P, =1I). This
allows us to rewrite (19) as follows:

7'-lI.I_"I—[: _Ce_yZ(Tl _Tn)xn' (21)
n#l

Up to this point, no approximation has been made (we
removed the n =1 contribution to the sum because it
vanishes). Now, we notice that, if we left-multiply the first
equation of (1) by P,, we obtain 7,X, + X, = P,«6,
which, when differentiated in time, becomes

X, = P,k0 + O(z,0%). (22)

The DNMR truncation consists of using Eq. (22) to replace
X, in Eq. (21). In this way, consistency with interpretation
(i1) is preserved, because the error is of order 3 in gradients
(recall that X,, is already of order 1). Furthermore, also
interpretation (iii) is somehow respected, because the sum in
Eq. (21) does not involve the n = 1 term, meaning that the
transient dynamics of X is captured exactly. The resultis the
DNMR equation of motion (11), with transport coefficients

p = 71,

to=rn=ae=t(n-15). @y

YK

C. The IReD truncation and second-order
hydrodynamics

Both the IReD approach [21], and second-order hydro-
dynamics [4] adopt interpretation (ii), namely that Israel-
Stewart theories are refinements of Navier-Stokes, and
should be accurate up to second order in the derivatives. In
fact, both of them start from the assumption that the process
is very slow, so that Eqgs. (1) and (19) imply

A = k6 + O(d%),

I =—(0+ O(?). (24)
These equations, by themselves, are not accurate enough
for our purposes, because their error is of order 2 in

derivatives. However, if we differentiate them with respect
to time, we get two possible approximations for A, namely
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A = —xI1/¢ + O(3%),
A = kb + O(3). (25)

If we use the first approximation to replace A in Eq. (19),
we recover the IReD prescription, see Eq. (13), whereas, if
we use the second approximation for A, we recover second-
order hydrodynamics, as given in Eq. (15). The associated
transport coefficients are (recall that { = yx)

vk 3Gt
P S (26)

Let us make an important remark. Both IReD and second-
order hydrodynamics arise from the same underlying
assumption, and adopt the same type of approximation.
Hence, their accuracy is necessarily similar for very slow
processes. However, when 6(¢) varies over timescales that
are comparable to the relaxation times, the two equations are
very different. In fact, the linear-response Green’s function
of second-order hydrodynamics is G, (1) = {5(t) + y,5 (1),
which has nothing to do with the exact Green’s function (4).
Thus, the transient evolution of second-order hydro-
dynamics is expected to be the least accurate, among
Egs. (11)—(15). On the other hand, even if the IReD approach
assumes interpretation (ii), the value of the IReD relaxa-
tion time happens to be the weighted average (8). As a
result, the IReD Green’s function turns out to be a very
accurate exponential approximation of the exact Green’s
function.

D. The 1-affinity approximation

The 1-affinity approximation is the abstract generaliza-
tion of Grad’s 14-moment approximation [1]. It differs
from all others in the fact that it never assumes that the
dynamics is “slow”. Instead, it uses the second equation
of (1) to rewrite the equation of motion for A! as an
equation of motion for I1,

oI+ Z(Tlﬂn — 717! ) A" + 11+ ZVnA" = —71K,0.
n#l n#l

(27)

Neglecting the impact of all other degrees of freedom
completely, by just setting A, = 0 for n # 1, we obtain a
closed equation for the viscous stress. This has the form
(14), with

7(1)2711, 5(1):71’<1- (28)
We remark that this approximation has to be slightly
modified in the case of kinetic theory discussed in

Sec. IV C, where the fundamental matrix is given by 77!
(and not 7 itself).

IV. NUMERICAL RESULTS

In this section, we present our numerical results on the
performance of the different Israel-Stewart-type prescrip-
tions introduced in the previous sections.

A. Two degrees of freedom

To assess the performance of the different theories
introduced in the preceding section, we first consider the
simple case of two affinities, i.e., A = {A!, A2}T. This case
is admittedly quite far from the kinetic theory problem,
where the nonequilibrium degrees of freedom are infinite.
However, it may be important for applications to bulk-
viscous neutron stars [32,38]. In practice, to completely
specify the “exact” model, we only need to prescribe the
eigenvalues 7, and susceptibilities {,, since this fully
determines the exact Green’s function. Indeed, most of
the Israel-Stewart prescriptions for the transport coefficients
discussed above can be expressed only in terms of 7, and £,.
The only exception is the one-affinity approximation, which
requires the knowledge of 7, k, and y. For simplicity, we will
assume that 7 = diag(z;, 7,), so that the one-affinity trans-
port coefficients simply become 7y = 7; and {(;) = {;.

1. Varying the susceptibilities

In order to explore the regimes where we expect different
hydrodynamic theories to be valid, we start by varying the
susceptibilities £, = {{,, {, } that determine how important
each eigenvalue is for the evolution of I1. Specifically, let us
consider the following parameter sets:

(@) m={51} &={51} 1=5
b) 7, ={51}  {={L1}, =5
© =m={51} & ={L5}, =5

where 1, is the parameter appearing in Eq. (10). Let us
discuss these scenarios one by one.

In case (a), the slowest scale is also the most important
one to IT since {; is considerably larger than {,. As is
evident from Fig. 5, both DNMR and IReD capture the
dynamics very well. Indeed, the error of DNMR drops off
faster than the one of IReD, especially at late times. This is
to be expected, since the parameter set (a) lies precisely
in the regime where the assumptions of DNMR hold.
However, when omitting the term ~0, i.e., considering the
tDNMR method, the agreement with the exact solution,
while still reasonably good, becomes worse than the one of
IReD. In comparison to the previous three theories, the
performances of 1AA, 2"dOH, and NS, are considerably
worse, cf. Fig. 5. While 1AA does not capture the correct
late-time limit, NS relaxes to it on a timescale that is much
too short. Finally, 2"?OH, in addition to relaxing too fast to
the late-time limit, features an unphysical upward spike that
is induced by the nonvanishing derivative . Only at very
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FIG. 5.
line, representing the exact result, is the same in both pictures.

late times fyg ~ 5 max{z,}, the different methods (exclud-
ing 1AA) agree.

In parameter set (b), both the slow and the fast mode are
equally important. Considering the results displayed in
Fig. 6, both DNMR and IReD perform rather well, with
DNMR converging to the exact solution faster at late times.
However, in this case the omission of the term ~6 has a
larger effect on the performance of tDNMR, making it
visibly worse than IReD. The qualitative behavior of the
1AA, 2"OH and NS is the same as in case (a), with 1AA
incurring a greater error in the Navier-Stokes value.

Parameter set (c) inverts the weight that each mode
contributes to the quantity I1, with the faster mode being
more important than the slower one. The results are
displayed in Fig. 7. In accordance with the previous
discussions, DNMR, while still catching some features
of the exact curve, has trouble dealing with the importance
of the slower mode. This problem is worsened in tDNMR,
which now is significantly off. IReD, on the other hand,
does not suffer considerably, and captures the transient

0
—0.5 |
=
1.5}
_2_5

The time evolution of I1(¢) for parameter set (a) in different hydrodynamic approaches compared to the exact results. The black

dynamics relatively well. Furthermore, because the faster
mode now has a greater influence, I1 reaches its asymptotic
limit faster, making both NS and 2"OH perform better in
comparison to cases (a) and (b).

2. Varying the transient regime

In the previous subsubsection we considered a smooth-
step that varied on a timescale equal to that of the longest
microscopic relaxation time. To test more or less violent
transient regimes, we consider the following additional
parameter sets,

@ =z ={51} & ={L1}
€ m={51}  &={L1}

Intuitively, one would expect the performances of NS and
2™OH to become worse as the timescale #, is decreased.
Indeed, at the very slow dynamics of case (d) depicted in
Fig. 8, essentially all theories (with the exception of 1AA)

ty = 100,
to = 0.01.

FIG. 6. Same as Fig. 5, but for parameter set (b).
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capture the evolution of the system correctly, although
DNMR and IReD are still the most accurate. Case (e),
depicted in Fig. 9, is opposite to the previous one, since ¢ is
now negligible and the source term 6 is basically a step
function. As expected, the NS and 2"*OH prescriptions fail
to describe the evolution of IT in the transient regime, while
the error of DNMR, tDNMR, and IReD is increased.
Interestingly, in the case of DNMR, one can see the effect
of the A-term in a jump at ¢ = 0 that does not coincide with
the exact evolution.

3. Ranking the theories

One can rank the performance of the different theories by
comparing how close they are to the exact solution, which
|

(a).(b): DNMR > IReD > tDNMR > NS > 2MOH,
(d): DNMR > IReD > 2MOH > tDNMR > NS,

Same as Fig. 5, but for parameter set (c).

| |
100 120 140

Same as Fig. 5, but for parameter set (d).

we do by considering the square root of the integrated
square deviations weighed by the asymptotic magnitude
of T1,

D=§\/ / Meaa(r) ~T()PA7. (29)

When excluding 1AA, which does not capture the Navier-
Stokes value correctly, such a procedure can assess how
well the different theories describe the transient dynamics.
The results are listed in Table I. Schematically, we find the
following orderings:

(c): IReD > DNMR > 2MOH > NS > tDNMR,
(e): IReD > DNMR > tDNMR > NS > 2"OH,
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TABLE 1. The error D, defined in Eq. (29), for different
methods and parameter sets (a)—(e). In cases (a), (b), (c), and
(e), we cut off the range of numerical integration at f,, = 50,
while we use 7,,,, = 300 in case (d).

DNMR tDNMR IReD 2MOH NS
() 0.050 0.18 0.082 1.92 1.25
(b) 0.15 0.55 0.18 1.23 0.91
(©) 0.25 0.92 0.13 0.56 0.59
(d) 0.0080 0.24 0.016 0.052 0.35
(e) 0.27 0.58 0.20 35.83 1.09

where x > y means that method x performs better than
method y. It should be noted that while DNMR performs
best in its regime of validity, IReD should be preferred in
practice, since it gives better results than the (actually used)
tDNMR method. In the regime where the fast modes
contribute greatly to the dynamics of II, the tDNMR

|

We again use the smoothstep (10) as a source, with
growth-rate parameter t, =5, which is five times
larger than the mean relaxation time E(z,) =1, but
of the order of the expected maximal relaxation time
E(max{z,}) = H3gy ~ 6.3, where H, denotes the nth
harmonic number. From Fig. 10, it is immediately clear
that the timescale of the dynamics is too short for NS or
2"OH to describe them. Similarly, 1AA does not catch
the correct Navier-Stokes value or the dynamics at all,
since it completely neglects 299 contributions. DNMR on
the other hand qualitatively captures the dynamics, but
does so in a worse way than IReD, which agrees rather
well with the exact solution. Finally, tDNMR is also off
by a large amount, performing even worse than NS
and 2"OH. The ranking of the different theories is very
clear:

IReD > DNMR > 2"OH > NS > tDNMR.

The case of randomly assigned susceptibilities and asso-
ciated relaxation times is of course a rather extreme one;
however, it clearly shows the difficulties that hydrody-
namic theories like NS face when they are applied to a
system with many degrees of freedom which are impor-
tant. The refined second-order approaches DNMR and
IReD on the other hand are able to surmount these
challenges and still provide a rather good description
of the system at all times. As in the previous section,
however, it has to be stressed that the truncated tDNMR
used in practice does not work well in this regard.

1—e™,

method that is implemented in practice actually performs
worst, while IReD still gives good results. We remark that
the worsening of the performance of tDNMR are in
agreement with Ref. [20], where the heat-flow problem
was considered for a system described by kinetic theory. In
fact, the resummed “21/37”-theory of fluid dynamics
proposed there to restore agreement with the exact results,
although introducing more dynamical degrees of freedom,
shares some important features with IReD, cf. Sec. V of
Ref. [21].

B. 300 random degrees of freedom

In this subsection, we consider a system with many
(300) degrees of freedom which relax on different time-
scales. Both the eigenvalues 7, = {7y, ..., 7300}, and the
associated susceptibilities, ¢, = {{}, ..., 300}, are inde-
pendently drawn from an exponential distribution with unit
mean and variance, i.e.,

x>0

vV ie{l,...,300}. (30)
x<0

C. A real example from kinetic theory

As a final test case, we consider kinetic theory for a gas
of ultrarelativistic particles interacting via a constant cross
section. For the basic concepts of relativistic kinetic theory,
we refer the reader to Appendix and Refs. [39,40]. In the
context of this section, it is sufficient to state that the
equations of motion for the so-called irreducible moments
of tensor-rank two® of the distribution function take on the
following form [5],

4+ r)!

Ny
p;r;u+ZA£i)p;;lv:7T4+raﬂu+_” (31)
n=0

1572 ’

where the ellipses denote quadratic terms that we will not
consider in our simplified setup, and 7 is the temperature,
which we take to be constant. Additionally, N, denotes the
truncation order, i.e., the number of coupled equations we
consider. Furthermore, ¢** = 0% uY) is the shear tensor, u*
is the four-velocity of the fluid, and the angular brackets
denote the projection onto the subspace of tensors that are
traceless, symmetric and orthogonal to 1.’ The linearized

We choose to go with the moments of tensor-rank two
(instead of zero) since the bulk viscous pressure vanishes in
the ultrarelativistic limit m/T — 0, where m is the particle mass.

"Specifically, we have for a second-rank tensor AU =
A’;;A“ﬁ, and A’;; = %(A’éA;} + A;‘,A;) — %A"”Aaﬂ, with the basic
projector A* = " — ytu”.
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FIG. 10. The time evolution of I1(7) in different hydrodynamic approaches for a system of 300 independent degrees of freedom with

exponentially distributed relaxation times and susceptibilities.

collision matrix A has been recently computed exactly in
Ref. [41], and is given by

) 432(—1 )_" )
-’40 =——8,(N,),
" lmfp(n +5)! (N2)

Qe Tt in+1)

r>0nsr = g o(n ) r(r 1)

mfp :
2
—ans -
x (9n + nr r)(n, r+2>’

2

A5>)O,n>r = 0’ (32)

where A, is the mean-free path, and we defined

N, m 1
00 =3 (7 ) oy O

m=n n

Since the entries of the matrix A?) are proportional to

different powers of the temperature, A%) ~ T itis sensible
to define the dedimensionalized moments " = pi*/T",
and the dimensionless matrix Jtﬁi) = .Ag%)T"_’. Then, we
can rewrite Eq. (31) as (choosing y = v = 7)

Ny

S i 4 pE =g T, (34)
n=0

where we defined

- 4+ n)!
= (A7 g, = YA )

Comparing Eq. (34) and the first line of (1), we can
identify 7=17%, x=y, and @ = T*%. The quantity
of interest from a hydrodynamic perspective is the
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FIG. 11.
of particles subject to hard-sphere collisions.

zz-component of the shear-stress tensor 7°* = p’, such that
y ={-1,0,0,...}. The vector {, can then be computed
according to Eq. (4). Choosing fy = Ay = 1, we simulate
the performance of the hydrodynamic approximations
to the exact dynamics of the system (34) (considering the
coupled dynamics of N, = 50 moments)® reacting to the
smoothstep (10) (that we multiply by —1 to facilitate a better
visual comparison with the previous cases) which now can be
interpreted as a shearing of the fluid. The results are displayed
in Fig. 11.

The conclusions drawn from this realistic case do not
change much from the simpler models discussed before.
Neither NS nor 2"OH describe the transient dynamics
correctly, and 1AA does not capture the late-time limit,
although the error is significantly less than in the previous
examples. On the other hand, the second-order theories are
doing rather well, with IReD performing best, its predic-
tions lying on top of the exact solution, which is in
agreement with the results obtained for the relaxation-time
approximation in Ref. [42]. The different formulations,
whose errors are listed in Table II, can be ranked as follows:

IReD > DNMR > tDNMR > NS > 2"QH.

Finally, it should be noted that the error of IReD is an order
of magnitude lower than the ones of DNMR and tDNMR.
This suggests that the complicated coupling between the
moments may result in the slowest degree of freedom
having a smaller susceptibility than the combination of the

$We remark that the 1AA approximation (corresponding to the
14-moment approximation in kinetic theory) requires us to
restrict the matrix 7 to one entry, ie., 712 = T(()20> = (.;l(()%)))_l.
This is because the procedure described in Sec. III D has to be
carried out for the system (31), which features A® and not its
inverse.

0.6 |- —— Exact
—--- 1AA
........ 2“dOH

o4+t NS

The time evolution of z%*(¢) in different hydrodynamic approaches for a coupled system of 50 moments, describing a system

faster ones, thereby breaking the fundamental assumption
of DNMR, in favor of the IReD approach, which is more
agnostic.

V. SOME ADDITIONAL REMARKS

We conclude our analysis with some useful observations,
which should help the reader interpret our results.

A. Breakdown of the gradient expansion

Our numerical experiment clearly shows that second-
order hydrodynamics (i.e., nonresummed Baier-
Romatschke-Son-Starinets-Stephanov [4]) may be even
less accurate than Navier-Stokes hydrodynamics, in the
transient regime. This feels rather counterintuitive, since
one would think that, in the grand scheme of the gradient
expansion, adding more and more terms would result in
better and better accuracy, until the exact solution is
recovered. Unfortunately, this is not always true.

In order to see this, let us consider again the exact
formula for the viscous flux computed from linear response
theory: I1(7) = — [, G(t — 7')0(¢')dr’. We can express 6(7')
as a Taylor series centered at ¢, so that we get

0o (1K gk
() :—;( kll) d6(1) A G(s)skds.  (36)

dr*

Recalling that the Green’s function is given by (4), we can
compute the integrals analytically, and we obtain

TABLE II. The error D, defined in Eq. (29), for different
methods in the case of ultrarelativistic kinetic theory.

IReD 2ndOH NS
0.013 1.79 0.84

DNMR
0.095 0.13

tDNMR
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) = -3¢, 3 (e L0

— (37)
n k=0 dr

This is the gradient expansion of the flux I1(7), expressed in
terms of the derivatives of the hydrodynamic variable 6(¢).
If we truncate at k = 0, we recover Navier-Stokes, if we
include the term k = 1, we obtain second-order hydro-
dynamics, and so on. To understand the properties of the
series (37), let us assume that, in a neighborhood of ¢,
the flow 6 is exponentially relaxing, i.e., 8(f) = @ye~"/"
for ¥ €(r—e,t+¢), with some ¢ > 0. Then, Eq. (37)
reduces to

(38)

() = 03¢, i (%)

As can be seen, the series is geometric, and thus converges
only if 7y > 7,. This implies that, if 6(¢) varies over
timescales that are shorter than a relaxation time, the
gradient expansion is divergent, and there is no guarantee
that adding more and more terms will improve the
accuracy. Instead, the more terms we add to the gradient
expansion, the more we should expect to see large
fluctuations in the transient regime, as we indeed see,
e.g., in Fig. 11.

There is also an additional problem. When we replaced
(1) with its Taylor series, we made the implicit assumption
that 6(¢) was analytic. Indeed, when the perturbation is
nonanalytic (as is the case with our smoothstep), no
gradient expansion is able to reproduce the correct value
of I, because local gradients cannot “remember” what the
state was before a nonanalyticity point. This introduces a
large error in the predictions of second-order (and higher-
order) hydrodynamics in proximity to all nonanalyticity
points. Such error decays over a timescale max{z,},
meaning that, again, the whole transient evolution is
modeled incorrectly.

We can illustrate this issue with a simple example.
Suppose that, for ¢ < 0, the fluid element is in thermody-
namic equilibrium, so that II(0~) = 0(07) = 0. Atr =0, a
nonanalytic perturbation arrives, with profile 6(7) = ¢ for
t > 0. Then, from Eq. (2), we find that the “exact” viscous
stress is continuous at ¢ = 0, since

4 J

(39)
Indeed, also the Navier-Stokes prediction, I1(z) = —©(z)(t,
is continuous. However, if we go up to second order,
there is a discontinuity, I1(7) = —0(¢)(y, + {t). This is no
surprise as the gradient expansion assumes that 6(z) is
analytic, and therefore it “behaves” as if 6(7) were equal to
also at negative times.

B. Continuous spectrum: An analytic example

For computational reasons, in our numerical study, we
restricted our attention to systems with a finite number of
degrees of freedom. However, since most of our results do
not seem to depend on the number of affinities, we expect
them to remain valid also in the limit of infinite affinities.
Let us verify this explicitly with an exactly solvable model.

In the infinite-dimensional case, the operator z may
possess a continuous spectrum, in which case (3) no longer
reduces to (4), but we need to consider its continuous
analog,

G)=e(0) [ "t ar=-0(0 S LEW) ). (40

where {(v) may be interpreted as the spectral density of
susceptibility, v is a continuous parameter spanning all
possible values of [relaxation time]~!, and £ is the Laplace
transform. The presence of the Laplace transform tells us
that G(7) no longer behaves as a sum of exponentials. For
example, let us take

(41)

whose profile is plotted in Fig. 12 (left panel). The Green’s
function associated with this spectral density is (for t > 0)

2(22 + 61+ 10)e™
G(1) = g )
3(t+1)

(42)

which differs from an exponential by a rational factor.
Nevertheless, our main results still hold. For example,
IReD still provides a good approximation for the exact
Green’s function, while DNMR is considerably less accu-
rate (see Fig. 12). The exact values of the Israel-Stewart
transport coefficients for this model are reported below:

— [Ty =1,
= [Tewa
1 [ dv 1
TIR:E/) C(V)jzg,
B 1 _1
p = max{;} = 5

The IReD Green’s function is just 6¢7% while the DNMR
Green’s function is 2¢~2. The analogies between Figs. 12
and 3 are quite remarkable. This confirms that, for the
purposes of the present analysis, there is no fundamental
difference between a simple model with three eigenvalues
and a system with a continuous spectrum.

(43)
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FIG. 12. Left panel: A simple example of a spectral density of susceptibility, as given by Eq. (41). Right panel: The associated exact
Green’s function (solid line) and its Israel-Stewart approximations (dashed and dash-dotted lines).

C. Effect of stochastic fluctuations

Deterministic descriptions like the Boltzmann equation
and our model (1) neglect stochastic fluctuations. One
would expect that, as long as the number of particles in a
fluid element is very large, the impact of such fluctuations
should be negligible. However, this is not always true.
Studying the backreaction of stochastic sound waves on the
flow over a very long time (i.e., in the limit @ — 0), one
finds a cumulative effect that is larger than the second-order
gradient corrections [43]. In our simple linear response
model, one may picture this correction as an additional
nonanalytic power ®'/? in Eq. (7),

H exac .
% = vk + P — iytkw + - - (44)

This implies that, strictly speaking, interpretation (ii) is
inconsistent with statistical mechanics. In fact, in the
rigorous low-w regime, all “second-order phenomenology”
is covered by the effect of fluctuations, and is therefore
undetectable. In practice, the actual relevance of the term
pw'/? for physics is more limited than it may seem, since
all real experiments have a finite duration, meaning that
the rigorous low-w regime is never achieved. Nevertheless,
this effect is there, and it may become important in
QCD [43].

Although our analysis does not include the effect of
fluctuations, the main conclusion that second-order physics
is undetectable is strongly corroborated by our analysis. In
fact, also in our nonstochastic model, second-order hydro-
dynamics is accurate only when Navier-Stokes is already
quite accurate, making second-order corrections tiny, and
hard to isolate. Hence, we confirm that interpretation (ii)
often gives way to interpretation (i). Of course, this
discussion has no impact on interpretation (iii), since
transient hydrodynamics is concerned with the behavior

of the system for short times (o™ = 7p), and it makes no
claim of being more accurate than Navier-Stokes at
late times.

VI. CONCLUSIONS

Our analysis suggests that we may need to revise some of
the current paradigms of relativistic hydrodynamics.

First of all, we found that interpretation (i) usually
prevails over interpretation (ii). In fact, second-order
hydrodynamics (namely, Israel-Stewart viewed as a gra-
dient expansion [4]) is applicable only when Navier-Stokes
is already pretty accurate, see Fig. 8, right panel. As soon as
we exit the regime of applicability of first-order hydro-
dynamics (the “asymptotic regime”), we also exit the
regime of applicability of second-order hydrodynamics,
which often turns out to behave even worse than Navier-
Stokes, see Fig. 11, right panel. This makes second-
order gradient corrections extremely difficult to isolate
phenomenologically, thereby corroborating the claims
of Geroch [9] that second-order phenomena may be
effectively undetectable in practice.

By contrast, interpretation (iii) was proven to be a
perfectly valid approach, at least as an approximation
of kinetic theory. In fact, the DNMR interpretation of
Israel-Stewart hydrodynamics [5] fully passed “Geroch’s
test”, being visibly more accurate than Navier-Stokes also
in regimes where Navier-Stokes is manifestly nonreliable,
see e.g. Fig. 11, left panel. This implies that we can define
for transient hydrodynamics a clear-cut regime of appli-
cability, which extends far beyond that of first-order
hydrodynamics. In other words, transient hydrodynamics
is falsifiable in a rigorous sense, and it is a well-posed
scientific theory. Indeed, in their seminal paper [1], Israel
and Stewart themselves were viewing their own theory
from the perspective of transient hydrodynamics, although
they employed the 14-moment approximation to compute
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the transport coefficients, thereby obtaining inaccurate
predictions for the transport coefficients, see Fig. 11
(“lAA” curve).

Unfortunately, we also found that neglecting the /C-terms
from DNMR can considerably reduce its overall accuracy,
in agreement with Ref. [20]. This phenomenon can be
dramatic for certain “anomalous” collision kernels, such as
that of Fig. 10 (see curve “tDNMR”), where DNMR
becomes even less reliable than Navier-Stokes in the
transient regime. However, in commonplace situations
such as Fig. 11, DNMR still performs well enough also
without the /C-terms.

Yet, the most important (and surprising) finding of the
present article is probably the discovery that interpre-
tations (i) and (iii) can be unified within the IReD
theory [21]. In fact, IReD fulfills interpretation (ii) by
construction, see Fig. 8. Furthermore, due to a fortuitous
“twist of fate”, its relaxation time happens to be the
average of all the (possibly infinite) relaxation times of
kinetic theory, weighted on their susceptibility to the
hydrodynamic gradients, see Eq. (8). This weighted
average constitutes an excellent fit of the microscopic
Green’s function, making IReD reliable for any collision
kernel (even the anomalous ones considered Figs. 3, 10,
and 12). As a consequence, by keeping track of all
relaxation times, IReD can reach levels of accuracy that
escape DNMR. For example, in the realistic case shown in
Fig. 11, the error of IReD theory is an order of magnitude
smaller than that of DNMR (even keeping the K-terms),
and it is two orders of magnitude smaller than that of
Navier-Stokes (see Table II). For these reasons, we believe
that switching from the DNMR to the IReD paradigm
might significantly improve the accuracy of hydrody-
namic simulations.

In summary, we hope we convinced the reader that
Israel-Stewart hydrodynamics constitutes an objective
improvement to Navier-Stokes, at least within the kinetic
theory framework. Its regime of applicability extends to
processes whose timescale is comparable to the relaxation
time, provided that the transport coefficients are computed
using the IReD prescription. In our opinion, this could
help resolve a debate that has been going on since
1978 [1].
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APPENDIX: CONNECTION
TO KINETIC THEORY

The purpose of this appendix is to clarify the connection
of our simplified model (1) to kinetic theory, which is
often the microscopic starting point for deriving hydro-
dynamics. For simplicity, we will consider a gas of classical
particles.

The energy-momentum tensor 7 and the particle four-
current N* are the basic quantity of interest in a fluid which
admits a kinetic description as mentioned above. Assuming
Landau matching conditions, i.e., demanding that there be
no energy flux in the fluid-rest frame, we can decompose
T* and N* with respect to the fluid four-velocity u* as

™ = eutu’ — AW (P +11) + 7, NH = nu* + n#,

(A1)

with A# = g" — u#u”. Here, €, P, and n are the (equilib-
rium) energy density, pressure, and particle-number den-
sity, respectively, which determine ideal fluid dynamics.
In contrast, additionally computing the bulk viscous
pressure II, the particle-diffusion current »*, and the
shear-stress tensor z#* is the objective of dissipative
hydrodynamics.

These dissipative quantities admit the following kinetic
description [5]:

m2
= —3/dK5fk, nt = /de<”>5fk,

= / dKk¥ Ik 5f (A2)

where the angular brackets symbolize that the respective
tensor is projected to be orthogonal to the four-velocity u*
as well as symmetric and traceless in all pairs of indices [5].
Furthermore, dK = d’k/[(27)3k"] is the measure in

momentum space, k° = vk + m? the on shell energy,
Ey = u'k, the energy in the rest frame of the fluid, and 5/
denotes the deviation from the local-equilibrium single-
particle distribution function fo, = e®*#Fx, where # = 1/T
is the inverse temperature and a = fu denotes the ratio of
chemical potential over temperature.

While the evolution of this function is determined by the
Boltzmann equation, when deriving dissipative hydrody-
namics it is advantageous to instead track the so-called
irreducible moments of Jf,
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Using these moments, we can identify I1 = —(m?/3)p,, n* = pf;, and 7# = p},". Denoting the comoving derivative of a
quantity A with a dot, A = u'9,A, the equations of motion for the irreducible moments of tensor-ranks £ < 2 read [5]

. 0 G G G )
pr—C1= a(r )9 - D: 110 + Dj(r) o O+ Dz; a;lnﬂ + (r - l)ﬂlr‘izaﬂu + r/)’:_]u” - vﬂpl;—l
1
- g [(r + 2)pr - (r - 1)m2pr—2]9’ (A4a)

1
P = Ol = a1t prat, 4 2= mip_y = (r 4+ 3)010 = MV, p o+ 1y

1 1
+5[2r=2mp_, = 2r+3)pilol + 3 mPrpry = (r+ 3)pp )i

Ir L.
+%( — VI + Ajo,n*) — —V”(m prot = prat) + (r = D505, (A4b)

2
,z')ﬁ’“’> - Ci’fl) = 20D — 5 [(Zr + 5),0',“” —2m*(r - l)pi%} 6? + 2pi<”a)”>,1

2
+E[(r+4>pr+2 - (2r+ 3)”’!2/), + (r_ l)m Pr- Z]Gﬂy + v (/)r+1 —m /)r>— )

2 1
=5 [0+ Sl =t i) sl - m?(r = 1ol )0

+(r = 1)p Y 0y, — NN+ g, (Adc)

where [+ = V¥a (with the spacelike gradient V¥ = A*9,), 6, = V,u,y and @, =% (d,u, — 9

,u,) are the shear and
vorticity tensors, respectively, and = V,u* denotes the expansion scalar. The quantity

Cﬁ”‘""”) _ /dKElr(kwl ...kMC[f]- (AS)

is an irreducible moment of the collision term. Moreover, we have introduced the basic thermodynamic integral

1

I, =— | dKE" (=A% k,)f o, A6
ng (2q+ 1)”/ k ( a [3) f()k ( )

and the combinations G, = 1,010 = I—10lm+1.0s Dng = Ins1,gln-14 — 1 f,q. The coefficients appearing in the first terms
on the right-hand sides of Egs. (A4) are given as

0 1 1 n 2
aE‘>:(1_r)l"l_IVO_D_[GZr(8+P)_G3rn]’ aE‘):IrJrl,l_—IrJrZ,l’ as‘):Ir+2,l+(r_1)Ir+2,2- (A7)
20 e+P

When neglecting the nonlinear contributions in Egs. (A4), we find

Gs,
pr+ ZAS)),O” = a6 + D—3Vﬂn" - V.ol (A8a)
. 20
1 1 v ﬂ r+2,1 v 1
Wy zn:Aﬁ,Bpéz =) — AV, 4 ++P (ALY, = VHIT) = 2V (0Pp,y = pr). (A8b)
W + ZAM P = 2ar Jom + V (pr+1 —-m pr> )= A’;;le(:ﬁ, (A8c)
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where we employed that the irreducible moments of the collision term can be written as

r

C <’i‘1"'” - —ZA%) Pt 4 nonlinear terms.

(A9)

Inverting the linearized collision matrices, 7() = (A“))~!, we then obtain

. G;,
ng’)’)p” = Zf(rg) (0510)9 * D—3v/‘nﬂ - vupﬁq

n n 20

. i a y o Plaiag B 1
ZTgn),Dﬁzm +,0¢ - ngn) |:a£l )Iﬂ - Aljvupi—l +£—|——+P (Allfvlﬂi - VFH) - gv#(mzpn—l _pn+l) ’

n n

2) . (uv v 2 2) 2 v v, v a
Z‘L'gn)ﬂfzﬂ ) + o = ngn) [Zag, gt + §V<”(Pn)+1 - mzpn>_1) - AZﬂV}ﬂn/iji .

At this point, we can make a connection between the
linearized moment Eqgs. (A10) and our basic model (1).
Upon evaluating the moment equations along the worldline
of a specific fluid element, as schematically depicted in
Fig. 2, the moments will only depend on the proper-time ¢
that parametrizes the wordline. Then, we can identify the
quantities A in Eq. (1) with the (in principle infinite-
dimensional) vectors of irreducible moments,’ i.e., A=
{po.p3. ...} for & =0, A = {ps. p,...}T for £ =1, and
A = {p" Y, ... }T for ¢ = 2. Similarly, the matrices 7
can be identified with the respective inverse linearized

The moments p;, p,, and /' do not appear due to Landau
matching.

) (A10a)

(A10b)

(A10c)

collision matrices, 7 = 7). The vectors y that specify
which combination of the moments is of interest for the
conserved currents are given by y = {m?/3,0,...}T for
£=0,and y ={-1,0,...} T for/ =1or ¢ =2

The set of spatial gradients on the right-hand sides
denote the external driving forces that influence the
proper-time evolution of the quantities A. While, as is
evident from Eqgs. (A10), there can be a multitude of these
terms, one simplification of the model (1) lies in collecting
all of them in one external driving force (). Note that in
neglecting nonlinear terms we also assume spatial gradients
to be small, thereby excluding regions of Fig. | that are far
away from the vertical axis. Upon considering a fluid of
massless uncharged particles and neglecting the second and
third term on the right-hand side of Eq. (10c), we arrive at
the setup considered in Sec. IV C.
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