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This paper concerns a method of describing hadrons that starts with the canonical front form Hamiltonian
of QCD. The method is developed in the relatively simple context of QCD with only heavy quarks. We
regulate its canonical Hamiltonian by introducing a vanishingly small gluon mass m,. For positive n1,, the
small-x gluon divergences become ultraviolet and hence they are renormalized in the same way the ultraviolet
transverse divergences are. This is done using the renormalization group procedure for effective particles. Up
to the second order of expansion of the renormalized Hamiltonian in powers of the quark-gluon coupling
constant g, only the quark mass-squared and gluon-exchange divergences require counterterms. In these
circumstances, we calculate an effective potential between quarks in heavy quarkonia in an elementary way,
replacing all the quarkonium-state components with gluons of mass 1, by only one component with just one
gluon that is assigned a mass mg, comparable to or exceeding the scale of typical relative momenta of bound
quarks. In the limit of m, — 0 and large m two results are obtained. (1) While the color-singlet quarkonium
mass eigenvalue stays finite and physically reasonable in that limit, the eigenvalues for single quarks and octet
quarkonia are infinite. (2) Besides the coulomb terms, the effective quark-antiquark potential is quadratic as a
function of the distance and spherically symmetric for typical separations between quarks but becomes
logarithmic and no longer spherically symmetric for large separations. Our conclusion indicates how to

systematically improve upon the approximations made in this paper.

DOI: 10.1103/PhysRevD.109.016017

I. INTRODUCTION

Description of heavy-quark bound states in terms of their
virtual Fock-space components is meant to be achievable
through solving the Hamiltonian eigenvalue problem in
QCD, which in the first approximation is limited to only
involve quarks b and c¢. However, the canonical Hamiltonian
of even so severely limited theory poses conceptual and
computational problems. To begin with, the Hamiltonian
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needs regularization. The formal momentum cutoffs one
imposes on the virtual Fock states of heavy quarks are much
greater than the quark masses. Therefore, from the regu-
larization point of view, the heavy quarks do not differ much
from the light ones—their masses are negligible in com-
parison with the cutoffs. Further, the canonical gluon mass is
zero, which is infinitely small in comparison to any nonzero
quark mass. The key distinction between the heavy and light
quarks is provided by the ratio of their masses to the
parameter Agcp. The latter results from dimensional trans-
mutation [I-3]. However, such a parameter cannot be
introduced in a precise way without a renormalization group
procedure for Hamiltonians. One faces the difficulty that
Hamiltonians in quantum field theory result from integrating
Hamiltonian densities over a three-dimensional space.
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The three-dimensional Hamiltonian density is a different
concept from the four-dimensional Lagrangian density and
the associated concepts of action, path integration, and
diagrammatic techniques of perturbation theory.

In this paper, we address the issue of dynamics of heavy
quarks using the renormalization technique called the
renormalization group procedure for effective particles
(RGPEP). The RGPEP is designed for Hamiltonians and
it applies to the front form (FF) of dynamics [4,5]. One is
motivated to use the FF instead of the more familiar
instant form (IF) because of the desire to describe the
quarkonia observed in motion as well as the quarkonia
observed at rest and to include other moving particles
with which the heavy quarks interact. The key feature of
the FF of Hamiltonian dynamics is that the required
boosts are kinematic; their generators do not involve
interactions. This is not the case in the IF, where motion is
associated with a dynamical change in the virtual Fock-
space decomposition.

The RGPEP has been used for the purpose of describing
heavy quarks before [6-8], including the effective poten-
tials derived using the RGPEP that were used in other
approaches for description of heavy tetraquarks [9]. The
new element utilized in this article is the small gluon mass
parameter m,, that regulates the singularities caused by
gluons carrying small longitudinal momenta [10,11] or, in
the parton-model language, those that carry a small x.
The arbitrarily small parameter my, in combination with the
running scale parameter, denoted by #, provides a lower
bound on x. This bound is absent in the free part of the
Hamiltonian. It only appears in the interaction terms. The
reason is that the RGPEP does not integrate out large FF
energies. Instead it integrates out large changes of the
FF energies due to interactions. The free part of the
Hamiltonian does not change the FF energy. In other
words, instead of Wilsonian integrating out of large
energies and hence limiting the range of momenta of field
quanta in the Fock-space basis, we only integrate out the
interactions that cause large changes of the FF energy. In this
respect, our Hamiltonian approach differs from the extended
literature on heavy-quark bound states, including the out-
standing reviews [12,13]. Regarding boost invariance in
Minkowski approaches, we wish to mention [14-18] and
references therein, from which our Hamiltonian approach
also differs in this respect.

As a consequence of the regularization used in this
article, one circumvents the vacuum problem in the theory.
Instead of involving the ground state in the dynamics and
arguing that it somehow expels the colored states out from
the spectrum, we find that the renormalized Hamiltonian is
capable of producing infinite eigenvalues for colored states
in the limit m, — 0. This result only follows under the
assumption that an exchange of an effective gluon
between effective quarks is blocked by the non-Abelian
interactions when the RGPEP running scale parameter 7 is

increased to the value that characterizes the formation of
the quark bound states.

The simplest model of the blocking of effective gluons
from being exchanged between effective quarks is defined
by giving the gluons a large mass mg > Agcp > my,
where Agcp is defined in the RGPEP scheme. One does
not need to specify how mg depends on t. It suffices to
assume that it is larger than the momentum transfers
between quarks involved in formation of bound states.
That way the Fock-space dynamics, which a priori
involves unlimited numbers of effective gluons, is dras-
tically simplified because emission and absorption of
heavy gluons is suppressed. In our calculation, we limit
the number of heavy effective gluons involved in the
dynamics to one. Since our FF Hamiltonian approach is
only developed in gauge A* = 0, we ought to mention
that an effective gluon mass has also been found useful in
calculations using the Dyson-Schwinger equations in
Landau gauge, see Refs. [19-22].

The results we report follow from the renormalized
Hamiltonian that is computed in the limit m, — 0 using
expansion in a series of powers of the coupling constant
only up to second order. Although nowadays it may be not
surprising that such low-order computations can point
toward some mechanism of quark binding [23-25], the
mechanism our calculation points to is surprisingly simple:
the quark self-interaction tends to infinity as |log(tm3)|,
but this logarithmic growth is canceled in colorless quar-
konia by the effective interaction term computed using
the RGPEP.

Before the limit m, — 0 is taken, a finite value of m,
converts the small-x divergences into the large FF
energy divergences. It happens because the gluon minus
momentum is

mz_l_pLZ
Py :gpi;g- (1)

It becomes infinite when p/ — 0 no matter how small pgl
is. If my, is zero, p;- ~ 1/x or smaller would lead to finite or
even vanishing p;. However, for m, > 0, the divergences
due to small x = p//P*, where P* is a momentum of a
system under consideration, can be treated on an equal
footing with the transverse UV divergences associated with
py — oo, using the RGPEP.

It should be pointed out that the finite and phenomeno-
logically reasonable eigenvalues we obtain for white quar-
konia depend on the ratio of the quarkonium longitudinal
momentum as a whole, P', to the running renormalization
group scale-parameter . This is so due to the approximations
we are forced to make at this stage of developing the theory.
Namely: instead of solving the RGPEP equation for scale-
dependent, effective Hamiltonians H, exactly, we use
expansion in powers of g only up to ¢°; we introduce the
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hypothetical mass m for effective gluons, while we do
not know yet how the effective gluon mass actually
evolves with #; we limit the eigenvalue problem for H,
to a subspace spanned by two effective components, one
with a quark and an antiquark and another one with a
quark, an antiquark and a gluon; we approximate the
dynamical contribution of the three-particle component to
the eigenvalue equation for the two-particle component
keeping only terms on the order of ¢*; we adjust the value
of ¢ to bring the resulting mass eigenvalues close to data,
because our calculations are not exact so that the resulting
observables depend on ¢, and we extrapolate the coupling
constant g to the value g, that is in the ballpark of
expectations based on the perturbative evolution of g,,
but we cannot estimate the magnitude of error caused by
such extrapolation in calculations limited to second order.
The effective quark-antiquark potential we thus obtain is
rotationally symmetric only for relatively small quark-
antiquark distances. Its asymmetry at large distances
indicates that our approximations are too crude for a
precise description of the excited states.

The paper is organized in the following way. Section II
introduces the canonical FF Hamiltonian of QCD to which
we add the gluon mass term with a small parameter m,,.
In Sec. IIl we apply the RGPEP to compute and then
supplement with a large mass m the effective Hamiltonian
for a sizable 7, keeping terms on the order of 1, g and ¢°.
The quarkonium eigenvalue problem for the resulting
Hamiltonian H, is examined in Sec. IV. The effective
potential we obtain in the nonrelativistic limit of the
eigenvalue problem is described in Sec. V, including
comments concerning rotational symmetry. Appendix A
contains details of derivation of the effective Hamiltonian
up to the second order, while Appendix B shows that the
gluon exchange counterterm ensures cancellation of
small-x divergences due to exchange of a gluon. We
often abbreviate the quark quantum number subscripts,
momentum, isospin or flavor, spin and color in just one
subscript. For example, instead of p;, i; or f1, oy and ¢,
we write only 1.

II. QCD WITH GLUON MASS m,

The canonical FF Hamiltonian density for QCD is
obtained from its classical Lagrangian through the well-
known quantization procedure in gauge AT =0, e.g. see
Ref. [5]. We limit the theory to quarks ¢ and b and supply
the Hamiltonian density with a gluon mass term,

1
H= HQCD + EméALaALa. (2)
The mass m, can be considered extremely small, so that its
presence in a regulated quantum theory is not noticeable at
the level of classical gauge symmetry and could not be
detected by experiment (current upper limit on the gluon

mass is on the order of a few MeV/c> [26]). After
integration over x~ and x' and normal-ordering, one
obtains the free Hamiltonian term for gluons in the form

Hyp = / p3alas, 3)

where a; is the gluon annihilation operator labeled by
quantum numbers o3, 3, p;, and p3L for polarization,
color, longitudinal momentum, and transverse momentum,
respectively, collectively denoted by 3.

mg + p3’
py =5, (4)
Ps3

and

/:Z/dP;a{ZPBl (5)
-t 1673pT -

We use label 3 for gluons because we choose label 1 for
quarks and label 2 for antiquarks. For example, labels 1/
and T will refer to quarks. Also, [, [, = [}, and phrase
“pair 12” refers to a quark 1 and antiquark 2. The invariant
mass squared of a quark-gluon pair 13 is .#%, = (p| +
pi)(pT + p3) — (pt + p3)? with the minus components
being eigenvalues of the free part of the canonical
Hamiltonian.

Nonzero m, implies that whenever P31 approaches zero,
p3 approaches infinity. In contrast, if m, =0, one can
simultaneously set p7 — 0, and p3l — 0 in such a way that
p3 stays constant or vanishes. Therefore, for m, > 0 all
gluon modes with vanishing longitudinal momenta are FF
high-energy (large p3) modes, while for m, = 0 such modes
can also be FF small-energy modes. Using m, > 0 one can
simultaneously regulate transverse and small-x singularities
by a cutoff on the invariant mass. Renormalization due to
both singularities is discussed in Sec. IIIl. Once the
Hamiltonian is renormalized so that the cutoff dependence
of its matrix elements between states of effective particles
with finite momenta is removed, the resulting theory
depends on m,. We discuss its limit when m, — 0 in
Sec. IV on the example of quarkonium eigenvalue problem.

III. RENORMALIZED HAMILTONIAN

To obtain the renormalized Hamiltonian we use the
renormalization group procedure for effective particles
(RGPEP). The procedure involves regularization, calcula-
tion of an effective Hamiltonian and determination of
counterterms, if necessary.

Gluon operators az (and a;), introduced in Eq. (3),
annihilate (and create) gluons that can be characterized as
bare or pointlike. Effective gluons are created by ag and
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annihilated by a,;, where t > 0 is the RGPEP parameter
related to the size of effective particles. The canonical,
point-like gluons correspond to ¢ = 0. The same relation-
ships hold for quark operators. So, the effective quarks
and antiquarks are created by bjl and djz, respectively. The
effective operators are related to the bare operators by
means of a unitary transformation I/,

by =UbU], dp=UdU], ag=Uald;. (6)
Dimension of the parameter ¢ is the front form energy to
power minus two. In accordance with the dimensional
analysis of Ref. [27], we introduce two scale parameters,
longitudinal momentum scale P, and transverse momen-
tum scale A,

2
t= 7;—4 (7)
The effective Hamiltonians, denoted by H,, are linear
combinations of products of creation and annihilation
operators for effective particles. The coefficients in front
of those products are functions of ¢ as well as all quantum
numbers labeling each particle operator involved.
The effective Hamiltonians describe the same theory, thus
H, = H,. Additionally, we define

H, =UHU,. (8)

Whereas H, is a linear combination of products of effective
operators, H, is the same linear combination (with the same
coefficients) of products of bare particle operators. We are
able now to implicitly define U/, by demanding that H, is
the solution of the following differential equation,

dt

= [[Hf" Ht}’ Ht]? (9)

where H is the free part of H,, i.e., the part that is obtained
by setting the coupling constant g to 0. The relation
between U, and H, can be recovered from Egs. (8)
and (9) remembering that dH,/dt = 0. Effective particles
essentially define a t-dependent basis in the space of states.
Equation (9) is simpler than the corresponding equation in
Ref. [28] and it leads to simplified computations in the
cases we consider. We adopt the simplification because it
readily yields the attractive results that are described in
this paper.

The operator H,. that solves Eq. (9) order-by-order in
powers of the coupling constant g is “narrow” in terms of
creation and annihilation operators for effective particles
[28] in the sense similar to the narrowness of solutions to
the Wegner equation for Hamiltonian matrices [29,30].
It means that the matrix elements of H, between effective
particle states with vastly different FF energies are

negligibly small. More precisely, if the difference of FF
energies considerably exceeds r~'/2 = 2/P, then the
matrix element is exponentially suppressed and equivalent
to zero in our calculations. Therefore, the larger ¢ the
narrower the Hamiltonian. Consequently, one can apply to
H, the principles of the similarity renormalization group
procedure [31].

A. Formulas for the Hamiltonian

Below we present the relevant part of the renormalized
Hamiltonian obtained as an approximate solution of Eq. (9)
with the regularized canonical Hamiltonian of heavy-flavor
QCD as the initial condition. The solution is obtained using
the power expansion in the coupling constant g, for some
finite ¢, although up to the second order g, = g, where g
is the coupling constant of the canonical Hamiltonian.
Nevertheless, we use the notation g, to indicate that the
coupling constant will evolve with 7 in higher order
calculations than the ones described in this paper.

We do not present the formulas for the pure canonical
Hamiltonian. They can be recovered by putting t = ¢, = 0
and omitting the counterterms.

Interaction vertices are regularized. For a three-leg vertex
in which particle a is annihilated and particles b and c are
created, and for its hermitian conjugate, see Fig. I, the
regulating factor is set to

fbc‘a,t, = exp {_tr(p; +pe — p;)Z] (10)

2 _ 2\ 2
o]

a

where .# ic is the invariant mass of the bc¢ pair, m, is the
mass of particle a, and z, is a positive regulating parameter.
In the renormalized Hamiltonian, after cancellations of
divergences are guaranteed, one can set 7, to zero. The
Hamiltonian includes also the instantaneous interaction
terms that graphically have four legs. Consider a term that
changes particles 1’ and 2’ to 1 and 2, see Fig. 2. It is
interpreted as composed of two three-leg vertices labeled
by 1, 1’, 3 and 2, 2°, 3, respectively, and joined by the

b

a

fbc.a.
C

FIG. 1. First-order interaction vertices. The left vertex stands
for annihilation of particle @ and creation of particles b, ¢ and the
right vertex is for annihilation of particles b, ¢ and creation of
particle a. The regularization factors f ., in these vertices are
the same.
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common leg 3. The corresponding regularization factor
is set to

roan = H(PT/ - Pfr)f13.1’,z,f2’3.2,t,
+0(py — P fr3an S - (12)

The two terms correspond to two time orderings of the two
three-leg vertices, and the ordering is uniquely determined
by the sign of p;’, — p;{ . Using conservation of momentum
components + and L in the vertices, this factor can be
simplified to

212 :fl,t,flt,’ (13)

with
()] e

where
¢ = Py = ph; (15)
¢ == Py (16)

: ot 1_
Due to momentum conservation, ¢, =¢q, =q", gi =
11
9 =49
Now, we write the effective Hamiltonian up to second
order in g,,

H, = Htf +g9:Hy + grthZ- (17)

The term H,; is the free Hamiltonian,

Hff:[pl_bjlbtl +lp§dj2d,2+£p3_af3a,3. (18)

The first-order interaction Hamiltonian is,
_ #3 % PR
H, —/ ]1f11/f1,t+t,bzl(513.1"%,%3 +51’3.183yat3)bt1’
131

3 e x T s
—/ IJ2t2’2f2,t+t,d12(523,2’83ﬂat3+52'3.283/4at3)dt2"
232

(19)

with JI: = ﬁlyﬂul’? Jg - 1_]2’7/#”2 = ﬁZVMMZ” t?l/ = )(z'l TCSZCI/’
and 13, = )(Iz, T%y.,. where T¢ is half of the Gell-Mann
matrix 29, ¢; = 1,2,....8, and y. = (6;..62,,.83.)" is
the color vector of quark i, ¢; = 1,2,3. This interaction
is represented diagrammatically in Fig. 1. Note that
firrr, = firfir» where f;, comes from regularization,
while f;, is a result of solving Eq. (9). The fact that they
combine into f;,, is the motivation behind our choice of

regularization, Eq. (11). Whenever FF energy changes in
the interaction by more than ¢~'/? the form factor f;,
becomes very small, manifesting the narrowness of H,.

The second-order interaction Hamiltonian contains the
quark-antiquark interaction term and the quark and anti-
quark self-interaction terms,

Ht2 :HUt+H5m- (20)

The quark-antiquark interaction term is

- 5 Tt
HUI T j21/2[ 512'1/2/ U[12-1/2/t‘111’t3’2bt1drzdtz’bll/, (21)

where the color superscript a is summed over and the
interaction kernel U/, /o comprises three terms,

Uiy =Uc+ Uy + Uy, (22)
Uc= fl,t,fz,t,gﬂl/jl]ljléftf’ (23)

GG "
Uy = ~frivfoim, 2 + 9uis ) F. (24)

ot 2 2
Ji1J +
Uy = fif 1 fry D22 (1+q1 "2f) —fX, (25)

(g%)? 2
with
1 1 1
F == ( + > (26)
2\mg—qi my—q3
and
%2 - %27 ! 2
f: =exp {—I<M> :| (27)
' pi+ps

5] e

The kernel is illustrated in Fig. 2. Subscripts “12.1'2")
which indicate dependence of the kernel on quantum
numbers of particles 1, 2, 1/, and 2’ are dropped for U,
Uy, and Uy to simplify notation. Details of derivation of
Hy;, are given in Appendix A 3. Hy, does not include the
terms in which the initial quark-antiquark pair annihilates
into an octet of gluons and then is recreated from the
gluons. The octet terms are not produced here because
they yield zero acting on the color-singlet quark-antiquark
states whose dynamics is the main focus of this article.
The symbol X, introduced in Eq. (25), denotes the
contribution of the gluon-exchange counterterm, dis-
cussed in Sec. III C. The self-interaction term Hg,, in
Eq. (20) is discussed in Sec. III B.
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1 e, 1

1%,

fZ,tT fZ,tT fz ¢

1 fe, g

FIG. 2. Graphs left and middle illustrate the second-order gluon-exchange terms resulting from the product of two first-order
interaction terms. Right graph illustrates the effective second-order instantaneous interaction that results from the unitary rotation of the

instantaneous term in the canonical Hamiltonian, see Eq. (A20).

B. Self-interaction counterterm

Second-order quark self-interaction terms result from
successive action of two 1st-order Hamiltonian inter-
action terms, in accordance with Eq. (A7) that is illustrated
in Fig. 3,

om? om3, .
Hy — /1 L]y + l Wl (29)

Details of computing Hg,, are in Appendix A 2. The self-

interaction shifts the free quark mass squared, m? in H,,

by ¢g?6m?, where

it

Crp P pi? 7
I.(t,,m,) = + 1 i _
i(tr,my) 16ﬂ2{p’ \ 2t,[°g(8m3z, 277

3 :
m2 + ymg) 10g< Pi

- (3m2+4mzlogﬂ+3mm -=
Ay 08T, T Iy =

where y =~ 0.577 is the Euler-Mascheroni constant. The
symbol o(1) denotes the terms that tend to O when ¢, — 0
and then m, — 0. One needs the counterterm &m3y to
remove the divergent part of /;(t,, m,). The finite part of the
counterterm is discussed below.

We define the mass counterterm to have the form which
removes “1” in “l — f2” in the Hamiltonian with finite ¢,
see Eq. (A10), by which we mean that the counterterm is,

Sm? Sm3y
HrtljasscT :gz/ibebl +92/ ixdidzv (33)
1 Py 2 P2

where
1 1 1 2 2 2
3 3
FIG. 3. Second-order quark and antiquark self-interaction terms

resulting from the product of two first-order interaction terms.

om3 = dmk, + I;(t + t,, my) —1;(t,,my), (30)
with
d2k3idx37 f%S.i,t _ _
Ii([7 mg) = CF(;/ 167[3)63; n %;2% — mlg ui¢3ufu7¢§ui’
(31)

and i=1,2, and i=1,2, respectively, see Fig. 3. The
integrals I;(t 4 t,,m,) are finite for any finite # > 0, but
I,(t,,m,) depends on ¢, in a divergent way,

1 pi’
+5 mglog? <2m?t,

+2

)—3m,2+3ym%} + o(1), (32)

4
2mj't,

5m12X = Ii(tr’ mg)' (34)
On the one hand, this definition is motivated by the results
it leads to in our computations of masses of heavy
quarkonia [6—8]. Namely, the singlet quarkonium eigen-
value problem takes a simple and phenomenologically
reasonable form. At the same time the single quark mass
eigenvalue tends to infinity when m, — 0, see below. On
the other hand, this counterterm removes the ultraviolet
divergence from the quark self-interaction in the way that is
analogous to how the electron self-interaction counterterm
is defined in the FF Hamiltonian of QED. Our definition
of the counterterm is also compatible with the coupling
coherence, which in this case implies lim,_,, 5m?, = 0, see
page 66 in Ref. [23]. At the current, crude-approximation
stage of the theory development, the authors find the above
reasons sufficient for adopting this choice of the quark self-
interaction counterterm including its finite part.

C. Gluon exchange counterterm

The quark-antiquark interaction term H, does not
contain any loops. However, it leads to the divergent
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regularization dependence due to the factor 1/(g*)?
in Uy and Uy. As long as > 0, Uy is regulated by
S1.44,.f2.144,- These factors vanish exponentially fast when
g" — 0, ¢f. Eq. (14). For finite > 0 one can remove the
regularization dependence by setting ¢, = 0. However, in
Uy there is only the regulating factor f, f5, , which goes
to 1 when ¢, — 0. The factor f, in front of Uy does not
regulate the singularity when ¢ — 0. Moreover,

ot 2
JiJ2 a+a3 ) i3 mg < 1 )

1+ F o). G5
<q+>2< 2 @ym-g o\g) &

Therefore, matrix elements of Hy, diverge for 7, - 0

whenever g* — 0. More precisely, in the vicinity of

g" =0, —q7~Ak*> = (ki — ki;y)*, and the regulator
(Ak2+m12])2

-21, ‘
fl.t,f2,t,. re M .

gt gives

Integrating f1,1,f2,z,/(q+)2 over

W as the part divergent when
r 9

t, > 0. Moreover, m}/(m}—qi)~mi/(m}+ AK?).
Hence, to counter the divergence we add the gluon
exchange counterterm, whose kernel is

2
my T

X =6(p) - PT)jfﬁm T (36)
g r

Demonstration of cancellation of divergences is presented
in Appendix B. Since m2(Ak* + m2)~* tends to a two-
dimensional Dirac d-function of the transverse momentum,
the counterterm is nonzero even in the limit m, — 0.
It becomes diagonal in momentum and spin. We remind
the reader the limit 7, - 0 is performed before
we consider the limit m, — 0. The latter is discussed

in Sec. IV.

D. Renormalized Hamiltonian

With both mass and exchange counterterms included,
one can remove the ultraviolet regulator, i.e., one can take
the limit 7, — 0. It is easily done in H,, UC, and UH
The renormalized mass terms contain m? + g7om?,

m? + g*1;(t,m m,). The limit of Uy when 7, — 0 is descnbed
in Appendix B.

IV. QUARKONIUM IN HEAVY-FLAVOR QCD
WITH GLUON MASS ANSATZ

In this section, we derive the quarkonium eigenvalue
equation using expansion in powers of the coupling
constant up to second order. Working at so low order of
the expansion, we have to pay a price for not knowing what
comes out from the non-Abelian interactions of gluons in
orders higher than 2nd. In particular, these interactions
prevent gluons from behaving like photons in QED. Also,
the coupling constant g, needs to be extrapolated to values

larger than the charge e in QED. We assume that the
emission and absorption of effective gluons by effective
quarks and antiquarks is blocked for sizable . We model
the non-Abelian blocking by introducing the gluon-mass
mg for the effective gluons. The resulting eigenvalue
equations for quarkonia and single quarks are then obtained
keeping m, > 0. Subsequently, we discuss these equations
in the limit m, — 0.

A. Effective Hamiltonian

Our description of heavy quarkonium closely follows
Ref. [6]. Here we focus on the main steps, cf. [32]. We
consider the quarkonium eigenvalue problem assuming that
a single quark-antiquark pair gives the dominant contribu-
tion. Other Fock sectors are included using expansion
in powers of g,. Up to the second order, we need two Fock
sectors: the leading quark-antiquark sector QQ and the
quark-antiquark-gluon sector QQG. The large letter G
signifies the effective gluons whose mass is assigned a
hypothetical value mg. Namely, we modify the
Hamiltonian limited to QQ and QQG by adding to it a
nonperturbative gluon mass term,

i = / MG 1 4y 0) Olagdnby.  (37)
123P

This operator acts only in the QQG sector. In principle, m;
could be a multiple of Agcp in the RGPEP scheme and
hence not expandable in powers of g,. More about our
gluon mass ansatz can be found in Refs. [6,25].
Perturbative computation of the effective Hamiltonian
[33]in the QQ sector yields H.; whose matrix elements are

(L|H |R) <L|{H iy <—1
ff - 11 ~ 12
¢ 2 EL H22 G

T— )H }|R> (38)
2 |H2u
Eg — Hy, — g,

where H;; = P;H,P;, with P, and P, the projection
operators onto the QQ and QQOG sectors, respectively.
We keep only the free part of H,, in the denominators,
because other terms in H,, are of order g and contribute
terms in H. of at least 4th order. The states

5C C
L P76 —L2
| > AZ L 1213L\/]TC

5 1,Cyt
IR) = [«2/ Préyy p, \/11'\72' yr(1'.2)b},d}y[0),  (40)

w1 (1.2)bydp|0).  (39)

are eigenstates of the free part of H;; with the eigenvalues
Ep=py+p;=[41,+(Pr)*]/P[ and Egp=pj+py=
(43, + (P)*|/ Pk, respectively. Due to momentum
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conservation only matrix elements with P, = P = P are
nonzero. The evaluation of the matrix elements gives

(L|He|R) = P*5p, p, 2/121’ S12.p,v7(1,2)

x (Ewg)(1,2), (41)
where
(Ewr)(1,2)
B (m?+///?+p%2+m§+///%+p%
= T T
P P

2>V/R(1v2)

~ Crg; 2/12 1212 Unaaye(1,2).  (42)

01,051

The momentum integration measure for two particles,
1 and 2, is,

dp{d®pi dp3 dpy
1623 p) 167°py

12] =

(43)

and analogously [1'2] for particles 1’ and 2'. The self-
interaction terms are

d*ky;doxy; mG
C 1 1
ngz/ 167° X37X33 X35

2
3.0t _
X 12 ;5

— ifiu;,  (44)
(242 ) (A2 = i)

and the effective QQ interaction kernel, which one can call
the QQ potential, is

Unzyy =Uc+ Uy + Uy, (45)

where U- and Uy are given in Egs. (23) and (29),
respectively, and

. at+q "
UH:fl.zf2,1<22 )§JTJ§+9WJ’1‘12>

1 1 1
X{( N 2)-?} (46)
2 mG+m q1 mg+mg—q;

B. Color-singlet quarkonium

Consider the eigenvalue problem,

M? + P

(w)(1.2) = ——pr—y(L.2), (47)

where M? is the mass of the bound state. There are two
types of interaction terms in &, self-interactions and
potential terms. Both diverge logarithmically when
m, — 0. However, the self-interactions diverge to the
positive infinity, while the potential diverges to the negative
infinity. In order to isolate the divergence of the potential
terms we rewrite

(E)(1,2) = (AL A 1.2)
D1 P> Py +rs
_CthZ/12 S22 Unlw(1',2') = 06,0 1,55202,‘//(1 2)]
011,05/
~ Crgr Z / (1121615, (Uc + Uy )y (1',2'), (48)
01,0,

where

Achg%Z/

Glr ,0'2/

[1/2/] (pf» + p;)slz.l/z/ UH50'1 ,51;50‘2,02; ’
(49)

results from subtracting and adding 6, ,,0,, 4, %(1,2) to
w(1,2') under the integral [[1'2']. The most singular part
of the integrand appears in the vicinity of ¢* = ¢ =¢; =0
while ¢+ = g{ = g5 = 0. The singularity is regulated

by m, Near that singular region the integrand is

|
proportional to (pT +pz_>f1,tf2,t/(q+)2’ where fl,tzfz,t ~
e~'P3) =exp{~t[m2+q??/(¢*)?}. Integration over g*
from —p] to p; and over gt over the whole two-
dimensional transverse plane gives,

Crgi, (PP |7
A= 1 —(p7 ¥ o(mY), 50
87[2 0g Smf,t 2[(p1 + p2 ) + (mg) ( )

where O(m)) denotes the terms that are finite in the limit
m, — 0. Similarly, the integrand in the self-interaction of
Eq. (44) near p7 =0 is approximately pf7,/(p3)2
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where f;, ~exp {—t[m? + (p3)?]*/(p3)*} and kx~ p3.

Integration over pj from O to p; and over p; over the
whole two-dimensional plane gives,

Crgr, (P [7
M = lgﬂ; log <8m4t Zp,.+ +0(mY). (51)
g

The logarithms of the gluon mass m, obtained above cancel
out in

M M A

LI 2 om). (52)
pi ps pitDps

g

The eigenvalue problem has a finite limit for m, — 0.
However, the quarkonium mass eigenvalue M? depends on
P = p| + p3 of the state. The dependence comes mainly
from the potential produced by the second term on the
right-hand side of Eq. (48). That potential is confining, cf.
Eq. (72) below For small distances r between Q and Q it
behaves as r2. The associated oscillator frequency @ is
proportional to (z/P*2)~3/*. Therefore, it is natural to set
the longitudinal momentum scale P of Eq. (7) to the
quarkonium momentum, P = P, which implies @ ~ 23,
see Sec. V.

C. Color-octet quarkonium and eigenquarks

For color-octet quark-antiquark states one can proceed
by the same steps as for the color-singlet case. The quark-
antiquark annihilation interaction needs to be included. Its
contribution is finite in the limit m g = 0. Now, the color-octet
wave functions of the states |L) and |R) lead to the different
color factors in the potential term of the octet eigenvalue
equation, (2N,.)~' =1/6 instead of —C=—4/3. The self-
interactions .#? do not depend on the color wave function
of quarkonium. Accordingly, the term A includes the factor
—(2N.)~!. Therefore, instead of Eq. (52), we obtain for the
octet states

M A A
PSS e
pi Py PitDP

2
9; PPy
—N, I o(md). (53
1672 0g(2mgt>\/;+ ). (53)

The cancellation of log m is absent. The expectation value of
H . in the color-octet states diverges to plus infinity in the
limit m, — 0.

Similar noncancellation of log m, appears in the eigen-
value equations for states with quantum numbers of a single
quark, which we for brevity call eigenquarks. The eigen-
quark mass eigenvalue M, diverges to plus infinity when
m, — 0. Assuming the same m as in the quarkonium case,
we obtain

2
13.1.1

d’kyid
MZQ—m +CF9IZ/ 314X31 mG
= 1673 x37X73 X3 (/{2

Crg? |7 P
=m}+ Pt =L /=1
M e\ 2| 8\ 2y

where P is the longitudinal momentum of the eigenquark
= 2tm?, and m2 = v/2tm, and

a? 2c
.b,c) =41
fla,bye) Og<a+b>+a+b

11
—4c<——|——+
c a

Function f(a, b, ¢) should not be confused with any of the
form factors. Terms o(m) vanish when m, — 0.

state, m'

(56)

V. NONRELATIVISTIC APPROXIMATION OF
THE EFFECTIVE POTENTIAL

The eigenvalue equation (47) has interesting properties.
We exhibit them using the nonrelativistic (NR) limit in

b+c/2 a’
a? ) log (1 * cla+ b))

o i f3uiiifzi (54)
m1)(/// - ml)

non
/ ds’e—s/-< m’ ’;jg)]—l—o(mg, (55)

Wthh the quark masses are considered very large. In that
limit quarks have typical longitudinal momentum fractions
xp & x1g = my/(my +my) and X, & xy9 = my/(my + my).
Information about the state resides in the wave function
dependence on the deviation of x; from x;q and the
quarks relative motion in the transverse directions. We
introduce the quark three-dimensional relative momentum

k= (kK k%),

N k* k}’
k= ’”'m2< [ R —x10>, (57)
X1Xo ny +m2 m + my

which generalizes the definition of k in Ref. [6] to the case
of m; # m,, both masses being large. The potential is a

function of k and &' The NR limit is obtained assuming that
k|, |K'| << m; + m, and keeping only the leading terms.
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After multiplying Eq. (47) by P*/(2m, + 2m,), the NR
limit of the eigenvalue equation reads

B ak -
(— ) )%l o

2u  2my  2m
&K -
~ Crg; / 2n) (Ve+ Vi + Ve, o (K)
= Ey,, (k). (58)
where the reduced mass 4 = m;m,/(m; + m,). The poten-
tials V¢, Vg, and Vy are the nonrelativistic approximations

of Uc/(4mym,), Uy /(4mym,), and Uy /(4mym,), respec-
tively. We obtain

S
Ve= , 59
(o ij—f—m!z] ( )
11 7 m%
VH:fl,le,t<W_q—Q> T o R O (60)
Vy =0, (61)

where ¢ = K-k Vy is set to O because it is suppressed
by the inverse of y? in comparison to V. and Vy, see
Eq. (B20). The eigenvalue E = [M?— (m; + m,)?*]/
2(my +my)]~M— (m +m,), since M =xm;+ m,.
The RGPEP form factors are

B t(my + my)* (g + my)?
T =cxp ( (pf+p3) (&) ) (©2)
oty mp) (R =R
f,—eXp< (Pl +P2) mm% ) (63)

The NR approximation for the self-interaction terms .#7 is
obtained using variables §*¥ = k7', §° = x;;m; that appear

in the form factors. We find

Az =mert [ <d3;3 (() %)

where f; , is the same as in Eq. (62) except that g is replaced
by 5 The second equality holds because in the NR
approximation f, = f5,. Therefore, the self-energy terms
A3} and /3 can be combined with the potential term V.
The quarkonium eigenvalue equation in the limit m, — 0
becomes

R R S
30+ Vet ) - [ S @) = ),

(66)

where the spin indices are omitted and, by definition,

(Vconfl//) (]_())

. d*q S -

= tim (<Cy?) [ S L Valwir @) - i), (67
my—0" (277.')

The limit m, — 0 is well-defined, because the difference

of wave functions regulates 1/(g%)> in V. We expand

1//(/2 + g) in a Taylor series in g. Only terms with even
powers of ¢, ¢”, and ¢° contribute to the result of
integration over g because Vy is even in g. Therefore,

I F @ \"[0\* -
(Veonty)( )I%; Cn.k(W"’W) <%> w(k),
(68)

where ),/ is the sum over all non-negative n and k with
the exception of the n = k = 0 term, and

Crg? 2 /1 _
C — _ dw(l — 2\n+1, 2k-2
mk = T R @ fy T
o0 m2 7
X dg——C— g?n+2ke™ uz, 69
/0 eyl (69)
where

; 2t(m1 —+ m2)2 2732(’711 + m2)2

(64) = . (70
q+m mG+m +q? (pir_i_p;)z (p —|—p2)2 (70)
3
= m,Cpg? / d Q3 Vi, (65) Coefficients C,, can be evaluated explicitly for
(27) | m% — oo,
im ¢ — _Cro V7 (n+ et nr 2k (71)
mooo N Q)BT 2k 4 202k + 20+ D)2k +n)\ 0 )

The potential in position space is obtained by substituting,

Vconf(?) = Veont P,

s P 2
0k )2 + k)2 - =p

Z an

— —z%. Consequently,

=—x*—y* and (5%)*

—Z2)k, (72)
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The double summation makes it difficult to obtain the
potential as a function of 7. However, for small separations
between the quark and antiquark only the quadratic terms
in 7 count in V ;. Moreover, in the limit mg; — co one
obtains C;, = Cy; and the potential is spherically sym-
metric as a function of 7,

- CngZ - rt
Vconf(r) = 19223/243/2 r+0 ZJST : (73)

For arbitrary separations we found simple expressions
along some special directions of 7 in the limit m% — oo.

Crgi |2v@ P
Veont(p,0) = erf
(. 0) 872 | p a7
oz ) + 1 (fr) +7 -1
N V7 )
V 0,z) = erf
conf( Z) 16”3/2 z 2\/;,
1og(§) VE, (%) ty-2
N 77 - 3

where erf is the error function and E,| is the exponential
integral function. For large p or z (or small ') the effective
potential becomes logarithmic,

2
Crg? 108 (I%f’) tr-1

Veont(p,0) = 87372 Nz
2
Cth2 \/t_le_w
o , 76
+ 471',0 + ,02 ( )

ol _
Crg? log (‘“’ > tr-2 4 Crg?
16732 NZa 8rz

2
320707

Our result agrees at large distances with the logarithmic
potentials in Ref. [23], 7’}% =

oyt
: %#ﬂnz%, where A?/P*t is the p~ cutoff of

Ref. [23]. Hence, our potential breaks rotational symmetry
at large interquark distances in a similar way to the one
discussed in Refs. [24,34] using coupling coherence.
However, our potential is not constrained that way and
can be improved using the RGPEP, see below.

Vconf<0’ Z) =

found if one sets

0.08

— F,
.06 - ’
F,
0.04 — H.o.
— cc w.f.
0.02 - — bb w.f.
1 1 T
-10 5 0 5 10 vVt

FIG. 4. Harmonic oscillator approximation compared to the
full potential, as functions of the distance r between quark and
antiquark in units of v/7, see Eq. (70). The ground state wave
functions, ¢¢ w.f. and bb w.f., are obtained fitting the corre-
sponding spectra. They are plotted for comparison with the
potential. The harmonic oscillator H.o. is an extrapolation of the
quadratic behavior of the potential near r ~ 0. Functions F, and
F, are explained in the text below Eqs. (76) and (77).

Figure 4 shows the accuracy of the harmonic oscillator
approximation for the potential. We first notice that
\;_?t—/ Vconf(/L O) = Fp(\;_),_/) and \;_?t—/vconf(o’z) - Fz (ﬁ)’ where
the functions F, and F, do not depend on the parameters
of the theory. In the harmonic oscillator approximation,
F,(r/VT) = F.(r/V{) = r*/144¢7>%. Typical separa-
tions between quarks in theoretical description of
ground-states of heavy quarkonia can be determined
by computing the quarkonium electromagnetic form
factors [8]. Using the values for 4, g,, and the quark masses
fitted in Ref. [7], which imply results quoted in Table I,
we obtain' that: For bottomonium /7 ~0.37 GeV~! »
0.073 fm, while rgy ~ 0.15 fm, where rgy; is the radius
extracted from the electromagnetic form factors [8].
The relative separation between quark and antiquark is

r ~ 2rgy. Therefore, typical r/+/7 for bottomonium is 4.1.
For charmonium V7 % 0.55 GeV~! ~0.109 fm, while

rem ~ 0.25 fm. Therefore, typical r/ /1 ~ 4.6. Harmonic
oscillator potential becomes twice too strong in the z

direction for r/+/f' ~ 5.4 at which point it is approximately
1.4 times too strong in the transverse direction.

In the excited states, an important weakening of the
potential occurs due to the change of a rotation-symmetric
quadratic behavior over to a logarithmic one that breaks
rotational symmetry. In addition, the excited states are
likely to be sensitive to the details of gluon components.

'Since Ref. [7] uses a different RGPEP generator, we have to
rescale A in order to obtain the same spectroscopy. If we define
Aola to be the value of 1 used in Ref. [7] and A,.,, to be the value of
A we are using here, then, in Ref. [7] 7 = (m? + m3)/2%,,, while
from Eq. (70) we have here ¢ = 2(m; + m,)? /A%, (assuming
P = p{ + p3). Therefore, for equal quark masses, m, = m,, we
have dpew = V24014
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TABLE I.  Examples of the quark masses m, in MeV obtained
using the RGPEP scale 1 from our fits [8] to measured
charmonium and bottomonium mass spectra [26], together with
the resulting values of harmonic oscillator frequency @ in MeV
and electric charge radii rgy; in fm for the lowest 0~ and 17~
states for the optimized m, and A. For more details and more
examples of radii computations, see Ref. [8]. For comparison,
PDG particle listings [26] give the MS running masses in GeV:
m.(m.) = 1.27(2) and my(m,) = 4.18(3), and the correspond-
ing pole masses: m, = 1.67(7) and m, = 4.78(6). The lattice
results for charmonium electric radii are on the order of 0.25 fm
with accuracy on the order of a few percent exemplified in
Ref. [35].

mg A w rem(07F)  rem(177)
cc 1460(10)  2749(30) 321.6 0.249 0.257
bb  4698(10) 6022(70) 268.8 0.1521 0.1535

Such details are not accounted for in any way by the gluon
mass ansatz and the resulting oscillator. To derive these
details one needs to solve the RGPEP equation to higher
order than second and include effective components with
more gluons than one, shifting the mass ansatz to sectors
with the maximal number of gluons one includes in
numerical computations. We hope that systematically
proceeding along these lines will lead to reduction of
rotational symmetry breaking.

VI. CONCLUSION

Once canonical FF Hamiltonian for heavy-quark QCD in
gauge A" = 0 is supplied with a small gluon mass m, and
subjected to the RGPEP scale-evolution of second order in
a weak-coupling expansion, a simple dynamical picture is
obtained in terms of the resulting eigenvalue equations for
quarkonia at the scale of quark masses, provided that the
emission and absorption of the effective gluons by quarks
is blocked by assigning to them a hypothetically large
effective gluon mass mg. Quark self-interactions diverge in
the limit m, — O but the divergence is canceled by the
effective quark-antiquark interaction in color-singlet states.
In color-octet states the cancellation does not occur. As a
consequence, they cannot have finite masses in that limit.
Single quark mass also cannot be finite. The finite color-
singlet quarkonium eigenvalue problem can be further
analyzed using the nonrelativistic approximation. The
effective quark-antiquark potential at small distances r
between the quarks includes a Coulomb term and a
spherically symmetric oscillator term. The latter turns at
large distances into a logarithmic dependence on r with
different strengths in the transverse and longitudinal
directions, matching the confining potential obtained by
Perry using coupling coherence. Previous calculations of
white quarkonia masses with such potentials indicate that
the effective dynamics is likely to explain the ground and

low excited states when the effective quark and gluon
dynamics is computed using the RGPEP for heavy quarks
more accurately. However, inclusion of light quarks in the
dynamics would initially require guessing effective masses
for them in a similar way to how it is done here for gluons.
Systematic increase in accuracy of quarkonium dynam-
ics may be sought using the RGPEP by computing the
running of H, for heavy quarks in orders higher than 2nd.
The actual running of the coupling constant g, shows up in
the quarkonium dynamics first in 4th order. Increasing the
order implies inclusion of Fock components with more than
one effective gluon in the hadronic states that are described
numerically by solving the nonperturbative eigenvalue
problem of H,. The ansatz mg must be shifted to the
sector with the highest number of gluons. One may hope
that the ansatz is eventually eliminated when the gluon
effects are saturated by increasing their number.
Blocking effective gluons from significant involvement
in the dynamics of lowest-mass quarkonia using mass g
may reasonably reflect the effective gluons behavior
because the results summarized above do not depend
qualitatively on the value of m; when it exceeds the scale
of relative momentum of effective quarks, p ~ \/uw =

\/mm/2. Our mass spectrum fit for quarkonia, see Table I,
yields for cc¢ that m,.~ 146 GeV, o~ 322 MeV and
pez~0.5 GeV. For bb, we get m, ~4.7 GeV, w,; ~
269 MeV and p,; ~ 0.8 GeV. More accurate computations
than ours can provide more precise estimates of mg,
if mg turns out to properly grasp the mechanism of
blocking gluons. It is not known yet if a universal mg
may result from the RGPEP evolution that includes
some arbitrarily small m, added to the canonical QCD
Hamiltonian at t = 0.
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APPENDIX A: SECOND-ORDER RGPEP

1. General formulas

Our notation closely resembles the notation used in
Ref. [28]. Letters a, b, and x denote configurations of
particles, i.e. collections of quantum numbers that label
particle operators. Each configuration can contain arbitrary
number and kinds of particles. H,,;, denotes the coefficient
that multiplies the term in H, in which particles in
configuration b are annihilated and particles in configura-
tion a are created. For arbitrary a and b, the RGPEP
Eq. (9) gives

_(P; - PI:)ZHImh
+ Z(P; + P}: - 2P;)H1taxH1txb’ (Al)

r
tab —

Faps =PV, (A3)
we get differential equation for G,,,,:
;ab = Z(Pa_ + P; - 2P )fax Ibe : gtaxgtab (A4)
X fa b,t
One obtains fa‘x,tfx.b,t/fa‘b.t = exp[_zl(P; P;) X

(P, — Py)]. Expanding G, in a series in powers of the
coupling constant g,

Grab = Grab + 9Gab + 9 Gap + - (AS)
and can solve Eq. (A4) order by order. G, is independent

of ¢, which is already reflected in the notation. Up to
second order,

where ), denotes the sum over all possible configurations Griab = Yotab- (A6)
x and the sum or integration over all quantum numbers in
each individual configuration, P, P}, and P} are sums of Goab = G0oap + ZBHIU%}S, 0 G01ax901xh» (A7)
front-form energies of all particles in configurations a, b,
and x, respectively, and H;, = H, — H . Factoring out the
. where
Ist-order form factors from vertices,
(1230 | - . SaxeSrbs
Hoap = fubiGrabs (AZ) Btaxb = / dT(Pa —l—Pb —2Px) a} xbz (AS)
s 0 abzt
where After integration,
|
guno _ | (Pat Py =2P5)r when (Py—Py)(P; = Py) =0, (A9)
axb T — —\— — —\— -
’ %[(Pa - Px) ! + (Ph - Px) 1](1 - fa.x,tfx.bﬁt/fa‘b.t) otherwise.
2. Self-interaction terms
For mass terms we have P; = P;, hence, f,,, =1, and f,.; = f., Equation (A7) becomes,
gt2ab :g(JZab +/ pP- P (1 fax t)g01axg01xbv (AIO)
B3qg ™
where Gojax = i uitf 33, 8: 138300 Gorwy = Wy up B2, f13.0, 833,085, and Pz — Py = (m} — 4%/ p;. Therefore,
~ 3 5 pibs,
Goab = Go2ab + Oii / Lt 21_4//123 ( B, fl3 L, )Mi¢3“iﬁ?¢§’4i’- (A11)
i i
Now, using 3. 73 it = Crpdc,, and > S it suy = PO S,-.,-/(ngi,ﬁ,»;{gu;ﬁ;,{;ui, we get,
+5 z3lt+t fl3ltr_
thab - gOZab + 51 1’50' Gy c L/CFZ l3 5131 %2 _ l¢3u %ui (Alz)
07,03
= gOZuh + 31-41‘/56,',0"./5(5,‘,(!1-1 [Ii(t + Iy, mg) - Ii(tw mq)] (A13)
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Writing Gooap = 6.1, 8c,.c, My, We obtain Gy =
8:.05,6,0c,.c,0m%, where 6m, is defined in Eq. (30).
Finally,

How= [ Gaublibw+ [ Goudndy  (A14)
om? om

:/ fbjlh,l—l—/ 2dld (A15)
1 P 1)

3. Gluon exchange terms

For gluon exchange potentials, if gluon is emitted from
the quark, we have,

Gotax = =/ ti/z S, 5232 €345 (A16)
Gowy = J B3 1, 0130 €5 (A17)
1 1 1
B =5 (oot o)
2\p; —py—P3 Py—Pl—DP;
« (1 _ f2.2’3,tf13.1',t> (A18)
VAVALR,
1 + +
:_< 2P3 S+ 2P3 2> (1 _f2,tfl.z> ’ (A19)
2 q;—my  qy—my ft
and
123.0)
Goab = G02ap + l Eaxb Go1ax901xb (A20)

- 1 1 1
= Gooap = f1.4,.S 24,0121 3 <q2 ———5t 2)

Tmmg g —mg
X<1 fltf21

t

>Z€3ﬂ & 71 Jo 11 15,- (A21)

The initial condition, Gy, includes the canonical instan-
taneous interaction (regularized) plus the counterterm,

]1]2

"(g7)?

If gluon is emitted from the antiquark, we have,

Go2ab = S12.1'2’( fi.S2 +X) (15, (A22)

gOlax <A23)

_ H 3 %
=ty f1s, 0130 €3

Goixp = —J4 f;«z S, 323‘2’ €3, (A24)

B(1230) _ _1 ( 1 n 1 )
“r T 2\pr—py—ps Py -PIP3
y <1 _f1‘1’3.tf23.2’,r>
fl tf2,t

le.l/Z/,t
_1( 2 )(1_ ,
2\qi-mj  q3—mg fi

and we arrive again at Eq. (A21). The final result,

(A25)

) . (A26)

_ Togt
HUt - gt2ab b;] d;z dtz' btl’?
12172/

(A27)

after simple manipulations gives Eq. (21).

APPENDIX B: GLUON EXCHANGE
COUNTERTERM

If we split Hy, = Uc + Uy + Uy, in accordance with
Eq. (22), then

dx,d"ky,
L|Ux|R) = —Crg?5 (1,2
(LIOAIR) = ~Crg PLPR2/16HIX2 )
dx /d k 151
X/liglz(Yri‘Yz*'Yﬁa (B1)
167
where
Yi = fryfan[Z(xv) = Z(x1)]/ g, (B2)
o (Ak2+m§)2
Y, = [fl,z,fz,z,—e CrS 1 Z(x) /gt (B3)
(Ak2+mz)2
_2tr P2y fX
Y; = 22 Z(x )/CIJr2 I—U/R(xv’kﬂz')a (B4)
)Cl/xz/
and
i+ a5 .\ [l
) = (142585 ) I k. 185)
_X'llle
- m;
Z = lim Z(x;) = 4P2f,——2 ko),
(x1) xl/lg}cl (xy) flm%]+Ak2WR(XI 12')
(B6)

with the dependence of Z on xy, ki,, and ky/» not indicated
explicitly, while f, = lim, ,_,, f,.
Lifting the regularization we obtain

d ’d k ! zkl/
lim u —P/dxl// 12 lim Y,.

t,—0" 71' t,—0"

(B7)
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The singularity 1/(g")? is removed due to the difference Z(x;/) — Z(x;). The principal value P is obtained because the
regulator is approximately symmetric in g™ in the vicinity of g* = 0. We take the limit m, — 0,

2kl,
li dxy im Y dxy 12 N-Z +2 B8
m;i%j? ) t_>0+1 =P / x| / 6 lim [Z(xv) = Z(x1)]/q (B8)
iy 1 B [l i3
=P [ dx, 1'2 172 0 ky B9
/ xl/ = qﬂ 4q1q2 Xpxy wr(x; 12) ( )
deL, ’) f.] ]
dxy I'2 M iy)” [l ko), B10
/xl/ = 4q1q2 pﬁp; wr(xy, kyy) ( )

where in the last equality the principal value turns out not needed anymore. The term Y, gives zero in the limit ¢, — 0. The
term Y5 is where the divergence resides and needs a counterterm. Below we present the demonstration that small-x
divergences are canceled once the counterterm is added, which we denote by X. Using Eq. (36) and the definition of Z we
rewrite Y3,

(Ak24+m2)2
i 1 1 7
Yy=e =770 Z(xl)/ffz—pfs(xl’— )mwz Z(xy). (B11)

The integral becomes,

_Zt,f(Ak2+m§)2
dxl/dzkﬁz, kol, ( ) 1 e PP =) Pt T
—=Y; = 12 /d r|——0(xy — — . B12
/ 1678 2 / 160 P2 Jy VG —x )2 Ve m2 \/ 21, (B12)
The integral over x: can be evaluated,

dxyd*kss,, &’k Z Pt 1 V2t (AR +m? 1 V2t (AR +m?
/—xl 312Y3=/ e (xé) [ |erfe V(AR mg)N L (VAAAKREmN (T gy
167 167> P2 AR +m2\ 21, |2 Py, 2 P,

Note that —1 in the square bracket comes from the counterterm. If it were absent, the bracket would be 1 for 7, — 0 and the
-1/2

integral would be proportional to 7, '/*. Therefore, the matrix elements of Uy are divergent without the counterterm.
Expansion of the square bracket for small t, gives,

/d%z, Z(x;) Pt 7 [ 2t (AR + mg N AK* + mg Lo (B14)
167° P2 AK* + m? 21, P Ptx, Ptx; T
Hence,
T / e 223 (BI5)
10" 1623 °° 167° pipl’

Since Z(x;) = 0 when m, — 0,

im tm [y (B16)
mglil(l)+ I,L%l+ 16ﬂ'3 3T

Summarizing,

d deJ_ d ’dzkl// %2 _%2// 2 bt
lim Tim (L|0y|R) ch,apLPRZZ/ X 12/ Ky g o) A= M) ST oy B17)

my—0* 1,0" 167°x,x, ) 16@3xyxy " - 44345 P2

01,0201,0y
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This formula could be obtained by first taking the limit
t, = 0 in Uy, neglecting the counterterm and the diver-
gences, and then taking the limit m, — 0. Such procedure
is valid only if the vicinity of g™ = 0 is excluded. However,
the above analysis shows that if one includes the counter-
term the result is the same. Thus, we can write

lim lim Uy
my—0" 1,—0"

2
— _fR M,
= —J /XXX Xy

919

(M, — M) 5 (B18)

61,611 Y09,65

and in the nonrelativistic limit,

Vx =lm lim i B19
X 1{1%1 mgl—)n(l)Jr trirg{r 4m1m2 ( )
—_f (my + my)? (K —K°)* P
= almmy @y et
1
=0 <—2> (B20)
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