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We calculate the masses and leptonic decay widths of the bottomonium bb̄ and charmonium cc̄ states in
a constituent quark model where the Cornell-like potential and spin-dependent interaction are employed,
with all model parameters predetermined by studying ground and first radial excited states of S- and
P-wave heavy quarkonium mesons. By comparing the theoretical predictions for JPC ¼ 1−− quarkonium
states with experimental data and considering possible mixtures of nS and ðn − 1ÞD states, we provide
tentative assignments for all observed JPC ¼ 1−− heavy quarkonia. The work suggests that the ϒð10860Þ
and ϒð11020Þ are bb̄ 5S − 4D mixture states, and the ψð4360Þ and ψð4415Þ are largely 4S and 3D cc̄
states, respectively. The ψð4230Þ may not be accommodated with the conventional meson picture in the
present work.
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I. INTRODUCTION

Over 20 charmoniumlike and bottomoniumlike XYZ
states have been observed in the past two decades. The
charged states (Z states), which might be good exotic state
candidates in the tetraquark or molecule picture, have
inspired extensive interests of theorists in revealing their
underlying structures [1]. However, distinguishing the real
exotic neutral X and Y states from conventional meson
states is still a challenging work, and underlying structures
of X and Y states are still wildly discussed and debated in
the past decade [2,3].
The exotic states with JPC ¼ 1−−, also known as Y

states, are named ϒ in the bottomonium region, and ψ in
the charmonium region according to the latest Particle Data
Group (PDG) naming scheme [4]. It is significant to

separate these exotic neutral states from the conventional
meson picture before treating them in other exotic pictures.
In the bottomonium region, the PDG states ϒð9460Þ,

ϒð10023Þ, ϒð10355Þ, and ϒð10579Þ are assigned to
be ϒð1SÞ to ϒð4SÞ, respectively [4]. Meanwhile, in the
charmonium region, the J=ψ , ψð3686Þ, ψð3770Þ, ψð4040Þ,
ψð4160Þ are assigned to be ψð1SÞ, ψð2SÞ [4], ψð1DÞ [5–8],
ψð3SÞ [5–8], and ψð2DÞ [5–8], respectively. Theoretical
pictures of cc̄ bound states including S-D mixings
[6,9–11], hybrid charmonium cc̄g [12–14], compact tetra-
quark ðqcq̄ c̄Þ [15–17], and molecule ðqc̄Þðq̄cÞ [18–21]
have been proposed for studying the higher excited states,
ψð4230Þ, ψð4360Þ, ψð4660Þ, and Yð4500Þ observed by
BESIII recently [22].
Meanwhile, experimental new values of mass and

leptonic decay width have been reported for these
JPC ¼ 1−− states, and the understanding of these states
has been also improved since many theoretical works have
been done. However, theoretical predictions of leptonic
widths for higher excited states are still not consistent with
the latest experimental data [6–9,23–27]. All established
heavy quarkonium states with JPC ¼ 1−− are listed in
Table I, with experimental data of mass and leptonic decay
width from PDG [4], and also with assignments from cited
theoretical works. We briefly review the model of those
works here and discuss their results in Sec. III.
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Masses and leptonic widths of heavy quarkonium are
estimated in a Martin-like potential model where a non-
Coulombic power law potential is employed [9]. Different
parameters are applied for bottomonium and charmonium
mesons.
In Refs. [23,24], masses and decay properties of excited

bottomonium states are studied in a relativized quark model
(Godfrey-Isgur model) developed from Refs. [33–37]
where a Cornell-like potential is employed. Masses, radi-
ative transitions, annihilation decays, hadronic transitions,
and production cross sections of excited bottomonium
states are evaluated.
Bottomonium mass spectrum, electromagnetic, strong

and hadronic decays are also studied in a non-relativistic
quark model [25] developed from [38] and their previous
work [39].
Charmonium spectrum, and electromagnetic decays are

estimated in a nonrelativistic model with a Coulomb
potential plus a screened linear potential [6], and also
are studied in a constituent quark model with a screened
confinement potential [7]. In Ref. [8], higher charmonium
mass spectra are calculated in a nonrelativistic model with a
Cornell-like potential, and the corresponding leptonic
widths are estimated in Ref. [26].
In this work, we apply a model developed from

Refs. [40,41] to predict the masses and leptonic decay
widths of higher excited 1−− bottomonium bb̄ and char-
monium cc̄ states. By considering possible S-D mixtures,

and comparing the theoretical results with experimental
data, we present a possible conventional meson interpre-
tation for the higher excited 1−− heavy quarkonium states.
The states which cannot be accommodated in the present
picture will be studied in our future work by applying
exotic pictures.
The paper is organized as follows. In Sec. II, a con-

stituent quark model [40–44] is developed to include a
spin-dependent interaction [45] for studying higher orbital
excited quarkonium states. In Sec. III, theoretical masses
and leptonic decay widths of the 1−− heavy quarkonium
states are calculated and compared with experimental data.
Tentative assignments for higher excited heavy quarkonium
states are suggested in S-D mixture picture. A summary is
given in Sec. IV.

II. THEORETICAL MODEL

The nonrelativistic Hamiltonian for studying the meson
system takes the form,

H ¼ H0 þHSD; ð1Þ

with

H0 ¼ Mave þ
p2

2mr
þ
�
Ar −

B
r

�
;

HSD ¼ CSSðrÞσ⃗1 · σ⃗2 þ CLSðrÞL⃗ · S⃗þ CTðrÞS12; ð2Þ

where H0 is taken from the previous work [40–42]. r⃗ is the
relative coordinate between the two quarks, Mave is the
spin-averaged mass taken from experimental data [4], and
mr stands for the reduced quark mass taking the form
m1m2=ðm1 þm2Þ. In the work, we employmc¼1270MeV
and mb ¼ 4180 MeV [4]. L⃗, S⃗, and J⃗ are the operators of
orbital angular momentum, total spin, and total angular
momentum, respectively. The tensor operator S12 is defined
as S12 ¼ ð3ðσ⃗1 · rÞðσ⃗2 · rÞ − σ⃗1 · σ⃗2Þ.
CSSðrÞ, CLSðrÞ, and CTðrÞ in Eq. (2) are derived by

following the Breit-Fermi interaction, that is,

CSSðrÞ ¼
1

6m2
i
ΔVVðrÞ ¼

2Bσ3e−σ
2r2

3
ffiffiffi
π

p
m2

i
;

CLSðrÞ ¼
1

2m2
i

1

r

�
3
dVVðrÞ
dr

−
dVSðrÞ
dr

�

¼ −
A

2m2
i

1

r
−

3Bσffiffiffi
π

p
m2

i

e−σ
2r2

r2
þ 3B
2m2

i

Erf½σr�
r3

;

CTðrÞ ¼
1

12m2
i

�
1

r
dVVðrÞ
dr

−
d2VVðrÞ
dr2

�

¼ −
Bσe−σ

2r2

2
ffiffiffi
π

p
m2

i r
2
−
Bσ3e−σ

2r2

3
ffiffiffi
π

p
m2

i
þ BErf½σr�

4m2
i r

3
: ð3Þ

TABLE I. Mass and leptonic decay width of bottomonium and
charmonium 1−− states from PDG [4], and their assignments
from cited sources.

State Mexp (MeV) Γexp (keV) Assignment

ϒð1SÞ 9460 1.340� 0.018 1S bb̄ [4]
ϒð2SÞ 10023 0.612� 0.011 2S bb̄ [4]
ϒð3SÞ 10355 0.443� 0.008 3S bb̄ [4]
ϒð4SÞ 10579 0.272� 0.029 4S bb̄ [4]
ϒð10860Þ 10885.2þ2.6

−1.6 0.31� 0.07 5S bb̄ [23–25,28,29]
ϒð11020Þ 11000� 4 0.13� 0.03 6S [23–25,28,29]

7S bb̄ [9]
ψð1SÞ 3097 5.55� 0.14 1S cc̄ [4]
ψð2SÞ 3686 2.33� 0.04 2S cc̄ [4]
ψð3770Þ 3773 0.26� 0.02 1D cc̄ [5–8,12]
ψð4040Þ 4039� 1 0.86� 0.07 3S cc̄ [5–8]
ψð4160Þ 4191� 5 0.48� 0.22 2D cc̄ [5–8]
ψð4230Þ 4230� 8 � � � 4S cc̄ [6,9,30]

3D cc̄ [5,31]
cc̄g [12–14]

ðqcq̄c̄Þ [15–17]
ðqc̄Þðq̄cÞ [18–21]

ψð4360Þ 4368� 13 � � � 4S cc̄ [7], 3D cc̄ [6]
ψð4415Þ 4421� 4 0.58� 0.07 4S cc̄ [5], 3D cc̄ [7]

5S cc̄ [6,9]
ψð4660Þ 4643� 9 � � � 5S cc̄ [7,32]

6S cc̄ [6,9]
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Note that we have employed VVðrÞ ¼ −BErf½σr�=r and
VSðrÞ ¼ Ar, taken from Ref. [45].
σ⃗i in Eq. (2) are quark spin operators, and the contri-

bution of σ⃗i · σ⃗j is −3 for S ¼ 0 and þ1 for S ¼ 1 mesons.

The matrix elements of L⃗ · S⃗ and S12 in the jJMLSi basis
read

hL⃗ · S⃗i ¼ ½JðJ þ 1Þ − LðLþ 1Þ − SðSþ 1Þ�=2;

hS12i ¼

8>><
>>:

− 2L
2Lþ3

J ¼ Lþ 1

þ2 J ¼ L

− 2ðLþ1Þ
2L−1 J ¼ L − 1

ð4Þ

The tensor operator S12 has nonvanishing matrix elements
between the two orbital parts of spin-triplet states.
The string tension coefficient A and Coulomb coefficient

B in the Cornell potential VðrÞ ¼ Ar − B=r may take
different values when A and B are fitted to charmonium
and bottomonium experimental data. This indicates that A
and B might be flavor dependent parameters. Inspired by
lattice QCD studies [46,47], A and B are proposed to be
mass dependent coupling parameters. For more detailed
discussion, one may refer to Ref. [40]. The hyperfine
coefficient σ is also proposed to be mass dependent [45].
In this work, parameters A, B, and σ are assumed to take

the following mass dependent form:

A ¼ aþ bmi; B ¼ B0

ffiffiffiffiffiffi
1

mi

s
; σ ¼ σ0mi; ð5Þ

with a, b, B0, and σ0 being constants. Four model coupling
constants are determined by comparing the theoretical mass
results with experimental data of conventional mesons,

a ¼ 78650 MeV2; b ¼ 28 MeV;

B0 ¼ 30.86 MeV1=2; σ0 ¼ 0.7: ð6Þ

The fitting resultsMcal for the S- and P-wave ground and
first radial excited bottomonium and charmonium meson
states are listed in Table II, together with experimental data
Mexp from PDG [4]. Some typical theoretical mass results
from other works for bottomonium mesons [9,23,25] and
charmonium mesons [6,8] are collected for comparison.
Our results are fairly compatible with experimental data.
The S-wave andD-wave 1−− quarkonium leptonic decay

widths given by the Van Royen-Weisskopf formula [48],
including radiative QCD corrections for the S wave [49],
takes the same form with [25]

Γðn3S1 → eþe−Þ ¼ 4α2e2qjRnSð0Þj2
M2

n

�
1 −

16αs
3π

�
;

Γðn3D1 → eþe−Þ ¼ 25α2e2qjR00
nDð0Þj2

2m4
i M

2
n

; ð7Þ

where the fine-structure constant α ≃ 1=137. eq is the
charge of quarks, Mn is the mass of the decaying quarko-
nium states, RnSð0Þ and RnDð0Þ are the radial wave
functions of the 3S1 and 3D1 states at the origin respectively.
αs is the running strong coupling constant, where αsðbb̄Þ ¼
0.118 for bottomonium [9], and αsðcc̄Þ ¼ 0.26 for char-
monium [6].
The difference between performing full integration for

leptonic width and applying the lowest order approxima-
tion is about 50% for light mesons, but is about 10% for
charmonium mesons and 4% for bottomonium mesons.
Thus the Van’s formula with the first order approximation is
reliable to be employed for estimating heavy quarkonium
leptonic widths.

III. RESULTS AND DISCUSSION

A. Masses and leptonic widths

We evaluate the masses and leptonic widths of the
bottomonium and charmonium meson states using the
Hamiltonian in Eq. (1) and the leptonic widths formula
in Eq. (7). The theoretical results for the 1−− 1S to 5D states
are listed in Table III, with Mcal for masses and Γcal for

TABLE II. Masses of ground and first radial excited bottomo-
nium and charmonium meson states, with the unit in MeV. Mcal

are our fitting results. Experimental data Mexp are taken from
PDG [4], and other theoretical results for comparison are from
cited sources.

bb̄ JPC nL Mexp Mcal [25] [23] [9]

ηb 0−þ 1S 9399 9394 9455 9402 9392
2S 9999 9989 9990 9976 9991

ϒ 1−− 1S 9460 9461 9502 9465 9460
2S 10023 10017 10015 10003 10024

hb 1þ− 1P 9899 9894 9879 9882 9896
2P 10260 10270 10240 10250 10260

χb0 0þþ 1P 9859 9859 9855 9847 9862
2P 10232 10244 10221 10226 10240

χb1 1þþ 1P 9893 9888 9874 9876 9888
2P 10255 10266 10236 10261 10256

χb2 2þþ 1P 9912 9905 9886 9897 9908
2P 10269 10280 10246 10261 10268

cc̄ JPC nL Mexp Mcal [8]NR [8]GI [6]

ηc 0−þ 1S 2984 2987 2982 2975 2979
2S 3638 3633 3630 3623 3623

ψ 1−− 1S 3097 3110 3090 3098 3097
2S 3686 3673 3672 3676 3673

hc 1þ− 1P 3525 3533 3516 3517 3519
χc0 0þþ 1P 3415 3460 3424 3445 3433

2P 3860 3884 3852 3916 3842
χc1 1þþ 1P 3510 3528 3505 3510 3510
χc2 2þþ 1P 3556 3566 3556 3550 3554

2P 3930 3949 3972 3979 3537

MASS SPECTRUM OF 1−− HEAVY QUARKONIUM PHYS. REV. D 109, 016012 (2024)

016012-3



leptonic widths. The experimental data Mexp and Γexp of
ϒð1SÞ to ϒð4SÞ and ψð1SÞ, ψð2SÞ, ψð4040Þ, and ψð3770Þ
are taken from PDG [4]. These states are widely believed to
be conventional meson states.
For comparison, we also briefly discuss the results of

several works reviewed in Sec. I, and show their predictions
in Table III.
For bottomonium states, the fitting results of masses [9]

can be matched very well with experimental data, but the
leptonic widths are all smaller than experimental data
especially for ϒð2SÞ, ϒð3SÞ, and ψð2SÞ.
The theoretical mass results of 1−− bottomonium states

from Refs. [23,24] are roughly compatible with experi-
mental data, and the mass of 3S states has a very nice match
with ϒð3SÞ. However, both leptonic width results are
significantly larger than experimental data from ϒð1SÞ
to ϒð4SÞ.
On the other hand, mass results in Ref. [25] are roughly

compatible but leptonic width results are significantly
smaller than the data.
For charmonium states, the collected theoretical results

of Ref. [6] show that the 1S mass agrees well with the data
of J=ψ , and the masses of 2S, 1D, and 3S are compatible
with the data of ψð2SÞ, ψð3770Þ, and ψð4040Þ. But
theoretical leptonic width results are all larger than the
corresponded data. The results of Ref. [7] show that the
theoretical masses are roughly compatible with the data, but

the leptonic widths of 1S and 2S states are much smaller
than the data.
The theoretical mass results [8] are compatible with the

data, but the leptonic width results [26] are too large due to
only the leading order contribution in the leptonic width
formula considered.
It can be seen from Table III that the predictions of the

mass and leptonic width for higher excited 1−− states do not
simultaneously match well with experimental data when
one considers the meson states in either S-wave or D-wave
states only.

B. Possible mixtures of nS and ðn− 1ÞD states

As reviewed above, it is difficult to simultaneously
reproduce masses and leptonic widths of experimental data
for higher excited quarkonia under the assumption of pure
S- and D-wave states.
Based on the results in Table III, it is natural to consider

altering the theoretical masses and leptonic widths simul-
taneously by mixing the S and D waves. Dynamically, the
coupling of S and D waves may stem from tensor forces.
However, detailed calculations reveal that the tensor force
in the Hamiltonian in Eqs. (1) and (3) is not strong enough
to mix the S and D waves considerably. One may expect
that coupled-channel effects, stemming from the mixing via
decay channels, might be the source of the large S-D

TABLE III. Present predictions of bottomoium bb̄ and charmonium cc̄ 1−− state masses (MeV) and leptonic widths (keV) compared
with experimental data from PDG [4] and others theoretical works from cited sources.

nLðbb̄) Mexp (MeV) Mcal (MeV) [9] [23] [24] [25] Γexp (keV) Γcal (keV) [9] [23] [24] [25]

1S 9460.30� 0.26 9461 9460 9465 9463 9502 1.340� 0.018 1.370 1.203 1.44 1.650 0.71
2S 10023.26� 0.31 10017 10024 10003 10017 10015 0.612� 0.011 0.626 0.519 0.73 0.821 0.37
1D � � � 10143 10147 10138 10153 10117 � � � 0.002 � � � 0.001 0.002 0.001
3S 10355.2� 0.5 10379 10346 10354 10356 10349 0.443� 0.008 0.468 0.330 0.53 0.569 0.27
2D � � � 10461 10427 10441 10442 10414 � � � 0.003 � � � 0.002 0.003 0.003
4S 10579.4� 1.2 10678 10576 10635 10612 10607 0.272� 0.029 0.393 0.242 0.39 0.431 0.21
3D � � � 10739 10637 10698 10675 10653 � � � 0.005 � � � 0.002 0.003 � � �
5S � � � 10942 10755 10878 10822 10818 � � � 0.346 0.191 0.33 0.348 0.18
4D � � � 10991 10805 10928 10871 10853 � � � 0.006 � � � 0.002 0.003 � � �
6S � � � 11184 10904 11102 11001 10995 � � � 0.313 0.158 0.27 0.286 0.15
5D � � � 11224 10946 � � � 11041 11023 � � � 0.008 � � � � � � 0.003 � � �

nLðcc̄) Mexp (MeV) Mcal (MeV) [9] [6] [7] [8] Γexp (keV) Γcal (keV) [9] [6] [7] [26]

1S 3096.90� 0.01 3110 3097 3097 3096 3090 5.55� 0.14 6.02 4.95 6.60 3.93 12.13
2S 3686.10� 0.03 3673 3690 3673 3703 3672 2.33� 0.04 2.33 1.69 2.40 1.78 5.03
1D 3773.13� 0.35 3782 3729 3787 3796 3785 0.26� 0.02 0.14 � � � 0.03 0.22 0.06
3S 4039� 1 4046 4030 4022 4097 4072 0.86� 0.07 1.55 0.96 1.42 1.11 3.48
2D � � � 4114 4056 4089 4153 4142 � � � 0.22 � � � 0.04 0.30 0.10
4S � � � 4355 4273 4273 4389 4406 � � � 1.19 0.65 0.97 0.78 2.63
3D � � � 4404 4293 4317 4426 � � � � � � 0.26 � � � 0.04 0.33 � � �
5S � � � 4628 4464 4463 4614 � � � � � � 0.97 0.49 0.70 0.57 � � �
4D � � � 4667 4480 � � � 4641 � � � � � � 0.20 � � � � � � 0.31 � � �
6S � � � 4879 4622 4608 4791 � � � � � � 0.82 0.39 0.49 0.42 � � �
5D � � � 4910 4634 � � � 4810 � � � � � � 0.23 � � � � � � 0.28 � � �
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mixing [50–54]. Or, the meson exchange or multigluon
exchange may contribute stronger tensor force inter-
actions [55,56].
The mixing probability is proportional to 1=jδEj2 in

perturbation calculations, where δE is the energy difference
between the two mixed states, and hence only the nearest
states may mix up considerably. Based on the results in
Table III, we estimate that the probability for the ðn − 2ÞD
and nSmixing as well as the nD and nSmixing is less than
10% of the probability for the nS and ðn − 1ÞDmixing. It is
a reasonable approximation to consider only the mixing
between the nearest nS and ðn − 1ÞD states. The mixed
states may take the form,

jψ1i ¼ cos θjnSi þ sin θjðn − 1ÞDi;
jψ2i ¼ − sin θjnSi þ cos θjðn − 1ÞDi; ð8Þ

where θ is mixing angle.
The charmonium states, ψð2SÞ, ψð3770Þ, ψð4040Þ,

ψð4160Þ, ψð4360Þ, and ψð4415Þ, and bottomonium states
ϒð2SÞ, ϒð3SÞ, ϒð4SÞ, ϒð10860Þ, and ϒð11020Þ are
considered to be S-D mixture candidates. The masses,
Mψ1

and Mψ2
, and the leptonic decay widths, Γψ1

and Γψ2
,

of the states jψ1i and jψ2i are derived,

Mψ1
¼ 1

2

�
MnS þMðn−1ÞD þ ðMnS −Mðn−1ÞDÞ

1

cos2θ

�
;

Mψ2
¼ 1

2

�
MnS þMðn−1ÞD þ ðMðn−1ÞD −MnSÞ

1

cos2θ

�
;

Γψ1
¼ ð

ffiffiffiffiffiffi
Fc

p
FnSRnSð0ÞcosθþFðn−1ÞDR00

ðn−1ÞDð0Þ sinθÞ2;
Γψ2

¼ ð−
ffiffiffiffiffiffi
Fc

p
FnSRnSð0Þ sinθþFðn−1ÞDR00

ðn−1ÞDð0Þ cosθÞ2

ð9Þ

with

FnS¼
2αeq
MnS

; FnD¼
5αeqffiffiffi
2

p
m2

i MnD

; Fc¼
�
1−

16αs
3π

�
: ð10Þ

Fitting the theoretical leptonic widths (Γψ1
and Γψ2

) of
the S-D mixture states to experimental data leads to two
mixing angles θ°, as shown in the fourth column of
Table IV. By applying the two angles to Eq. (9), we derive
two masses for each mixing state shown in the fifth column.
It is found that the masses derived with the first angle in
column four are more consistent with experimental data.
The decay widths of E1 radiative transitions are calcu-

lated for the S-D mixture states, since the radiative
transitions are sensitive to the internal structure of states.
The decay width for E1 transitions between an initial state
n2Sþ1LJ and final state n02S0þ1L0

J0 can be written as [25]

Γðn2Sþ1LJ → n02S0þ1L0
J0 þ γÞ

¼ 4α2e2qk3

3
ð2J0 þ 1ÞSEfiδSS0 jϵfij2

Ef

Mi
; ð11Þ

SEfi ¼ maxðL;L0Þ
�

J 1 J0

L0 S L

�
2

; ð12Þ

ϵfi¼
3

k

Z
∞

0

RiðrÞ
�
kr
2
j0

�
kr
2

�
− j1

�
kr
2

��
RfðrÞr2dr ð13Þ

where k is the emitted photon momentum.Mi is the mass of
the initial state and Ef is the energy of the final state, which
are taken from established experimental data. SEfi is a the
statistical factor. jiðxÞ is the spherical Bessel functions of
the first kind. RiðrÞ and RfðrÞ are the radial wave functions
of initial and final states, respectively.

TABLE IV. The mixtures of nS and ðn − 1ÞD 1−− charmonium and bottomonium states. Mexp and Γexp are from PDG [4].

Quark
content

Mixture
states Mcal (MeV) θ°

Mψ1

Assignment Mexp (MeV)
Γψ1

Γexp (keV)Mψ2
Γψ2

bb̄ 2S 10017 −9.0°, 15.1° 10014, 10007 ϒð2SÞ 10023.26� 0.31 0.601 0.612� 0.011
1D 10143 10146, 10153 � � � � � � 0.027 � � �

bb̄ 3S 10379 −12.5°, 22.2° 10375, 10363 ϒð3SÞ 10355.2� 0.5 0.430 0.443� 0.008
2D 10461 10465, 10477 � � � � � � 0.042 � � �

bb̄ 4S 10678 38.0°, −25.3° 10583, 10661 ϒð4SÞ 10579.4� 1.2 0.288 0.272� 0.029
3D 10739 10834, 10756 ϒð10753Þ? 10753� 6 0.109 � � �

bb̄ 5S 10942 34.9°, −19.6° 10897, 10935 ϒð10860Þ 10885.2þ2.6
−1.6 0.278 0.31� 0.07

4D 10991 11036, 10998 ϒð11020Þ 11000� 4 0.074 0.13� 0.03

cc̄ 2S 3673 −2.5°, 30.6° 3673, 3615 ψð2SÞ 3686.10� 0.03 2.27 2.33� 0.04
1D 3782 3782, 3840 ψð3770Þ 3773.13� 0.35 0.20 0.26� 0.02

cc̄ 3S 4046 −21.2°, 62.6° 4034, 4139 ψð4040Þ 4039� 1 0.98 0.86� 0.07
2D 4114 4125, 4021 ψð4160Þ 4191� 5 0.79 0.48� 0.22

cc̄ 4S 4355 −18.1°, 68.3° 4349, 4413 ψð4360Þ 4368� 13 0.77 � � �
3D 4404 4410, 4346 ψð4415Þ 4421� 4 0.68 0.58� 0.07
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Since the E1 transition branching fractions in PDG of
ϒð2SÞ, ϒð3SÞ, ψð2SÞ, and ψð3770Þ are clear, E1 transition
decay processes,ϒð2S − 1DÞ → γχbJð1PÞ,ϒð3S − 2DÞ →
γχbJð2PÞ and ψð2S − 1DÞ → γχbJð1PÞ, are studied. The E1

decay widths are calculated by applying the S-D mixed
radial wave function Eq. (8) for initial states to Eq. (13).Mi
in Eq. (11) for ϒ D-wave mixture states are taken from the
mass spectrum in Table IV due to no available data. The
theoretical results, compared with experimental data, are
listed in Table V. In this case, experimental data of E1 decay
widths are derived from the experimental data of total
decay widths and E1 branching fractions of PDG 2022 [4].

C. Assignments and discussion

The theoretical mass and leptonic width results of 1−−

heavy quarkonium states are summarized in Table VI,
where some possible S-D mixing states are listed in
brackets, and the tentative assignments for the observed
states are provided.
For excited bottomonium states 2S–1D, 3S–2D, 4S–3D,

and 5S–4D mixtures are considered. The ϒð10023Þ and
ϒð10355Þ are assigned to be largely 2S and 3S states,
respectively, containing some D-wave component. The
ϒð10579Þ is assigned a 4S–3D mixture state due to the
large mixing angle.
The leptonic width data of ϒð11020Þ, 0.13� 0.03 keV

[4], are averaged from 0.095� 0.03� 0.035 keV [57] and
0.156� 0.040 keV [58], which is too small to be a 5S state
where the 5S leptonic width is predicted to be around
0.3 keV in Table III. Thus, theϒð10860Þ andϒð11020Þ are
assigned to be 5S–4D mixed states due to a congruent
matching for both masses and leptonic widths.

TABLE V. Theoretical results and experimental data of E1
radiative transition decay widths of ϒ and ψ mixture states.

Initial
state

Final
state

Bexp
E1 [4]

(ΓE1=Γtot) Γexp
E1 (keV)

Γthe
E1

(keV)	 ϒð2SÞ
ϒð1DÞ


 γχb0ð1PÞ ð3.8� 0.4Þ% 1.2� 0.2 1.0
� � � � � � 8.2	 ϒð2SÞ

ϒð1DÞ

 γχb1ð1PÞ ð6.9� 0.4Þ% 2.2� 0.3 1.8

� � � � � � 4.8	 ϒð2SÞ
ϒð1DÞ


 γχb2ð1PÞ ð7.15� 0.35Þ% 2.3� 0.3 2.1
� � � � � � 0.3	 ϒð3SÞ

ϒð2DÞ

 γχb0ð2PÞ ð5.9� 0.6Þ% 1.2� 0.2 1.1

� � � � � � 5.7	 ϒð3SÞ
ϒð2DÞ


 γχb1ð2PÞ ð12.6� 1.2Þ% 2.6� 0.5 2.1
� � � � � � 3.8	 ϒð3SÞ

ϒð2DÞ

 γχb2ð2PÞ ð13.1� 1.6Þ% 2.7� 0.6 2.4

� � � � � � 0.2	 ψð2SÞ
ψð1DÞ


 γχc0ð1PÞ ð9.79� 0.20Þ% 28.8� 1.4 24.6
ð0.69� 0.06Þ% 187.7� 23.8 138.9	 ψð2SÞ

ψð1DÞ

 γχc1ð1PÞ ð9.75� 0.24Þ% 28.7� 1.5 35.7

ð0.249� 0.023Þ% 67.7� 9.0 65.3	 ψð2SÞ
ψð1DÞ


 γχc2ð1PÞ ð9.52� 0.20Þ% 28.0� 1.4 32.7
<6.4 × 10−4 <17.4 3.1

TABLE VI. Present predictions of bottomonium and charmonium 1−− state masses (MeV) and leptonic widths (keV) after possible
S-D mixture compared with experimental data. The experimental data is taken from PDG [4].

nL Mcal
S−D (MeV) Assignment Mexp (MeV) Γcal

S−D (keV) Γexp (keV) Other assignments

1S 9461 ϒð1SÞ 9460.30� 0.26 1.370 1.340� 0.018 1S bb̄ [4]	
2S
1D


 	
10014

10146


 ϒð2SÞ 10023.26� 0.31 0.601 0.612� 0.011 2S bb̄ [4]
� � � � � � 0.027 � � � � � �	

3S
2D


 	
10375

10465


 ϒð3SÞ 10355.2� 0.5 0.430 0.443� 0.008 3S bb̄ [4]
� � � � � � 0.042 � � � � � �	

4S
3D


 	
10583

10834


 ϒð4SÞ 10579.4� 1.2 0.288 0.272� 0.029 4S bb̄ [4]
ϒð10753Þ? 10753� 6 0.109 � � � � � �	

5S
4D


 	
10897

11036


 ϒð10860Þ 10885.2þ2.6
−1.6 0.278 0.31� 0.07 5S bb̄ [23–25,28,29]

ϒð11020Þ 11000� 4 0.074 0.13� 0.03 6S bb̄ [23–25,28,29], 7S bb̄ [9]

1S 3110 J=ψ 3096.90� 0.01 6.02 5.55� 0.14 1S cc̄ [4]	
2S
1D


 	
3673

3782


 ψð2SÞ 3686.10� 0.03 2.27 2.33� 0.04 2S cc̄ [4]
ψð3770Þ 3773.13� 0.35 0.20 0.26� 0.02 1D cc̄ [5–8,12]	

3S
2D


 	
4034

4125


 ψð4040Þ 4039� 1 0.98 0.86� 0.07 3S cc̄ [5–8]
ψð4160Þ 4191� 5 0.79 0.48� 0.22 2D cc̄ [5–8]

� � � � � � ψð4230Þ 4230� 8 � � � � � � 4S cc̄ [6,9,30], 3D cc̄ [5,31],
cc̄g [12–14], ðqcq̄c̄Þ [15–17],

ðqc̄Þðq̄cÞ [18–21]	
4S
3D


 	
4349

4410


 ψð4360Þ 4368� 13 0.77 � � � 4S cc̄ [7], 3D cc̄ [6]
ψð4415Þ 4421� 4 0.68 0.58� 0.07 4S cc̄ [5], 3D cc̄ [7], 5S cc̄ [6,9]

5S 4628 ψð4660Þ 4643� 9 0.97 � � � 5S cc̄ [7,32], 6S cc̄ [6,9]
4D 4667 � � � � � � 0.20 � � �
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The newly reported state ϒð10753Þ observed by the
Belle [59] and Belle-II Collaborations [60] is tentatively
assigned to be largely a 3D state. For a tetraquark mixture
interpretation, one may refer to Ref. [61]. More exper-
imental data and theoretical works are essential for making
an unambiguous assignment for the ϒð10753Þ.
For the higher excited charmonium states, 2S–1D,

3S–2D, and 4S–3D mixtures are considered. It is found
that the ψð2SÞ possesses a small D-wave component, and
ψð3770Þ possesses a small S-wave component, which
is consistent with our previous work [62,63] and other
theoretical work [6].
Since the theoretical results of the ψð4040Þ leptonic

width (from 0.96–3.48 keV) in Table III are all larger than
experimental data [4] (with Γee ¼ 0.86� 0.07 keV) sig-
nificantly, and the leptonic width of the widely believed 2D
state ψð4160Þ [5–8] is measured to be 0.48� 0.22 keV
[64], one may naturally consider the ψð4040Þ and ψð4160Þ
to be S-D mixture states. The PDG mass, 4191� 5 MeV,
of the ψð4160Þ [4] is collected from the BES Collaboration
[64]. However, data analyses in Ref. [65] result in the mass
and leptonic width, 4151� 4 MeV and 0.83� 0.08 keV
from the Crystal Ball measurement [66], and 4155�
5 MeV and 0.84� 0.13 keV from the BES measurement
[67]. Our theoretical results are compatible with the results
in Ref. [65], and we suggest that the ψð4040Þ and ψð4160Þ
are 3S and 2D mixed states.
In other conventional meson assignments, the ψð4360Þ is

assigned to be 4S cc̄ [7] and 3D cc̄ [6] while the ψð4415Þ is
assigned to be 4S cc̄ [5], 3D cc̄ [7], and 5S cc̄ [6,9].
Considering the congruent matching for both masses
and leptonic widths in the work, we assign the ψð4360Þ
and ψð4415Þ to be 4S and 3D mixture states, where the
ψð4360Þ and ψð4415Þ are largely 4S and 3D states,
respectively.
ψð4660Þ is tentatively assigned to be a 5S state according

to the good mass matching, which is consistent with
Refs. [7,32]. The ψð4230Þ cannot be accommodated as a
cc̄ state in the present work. For other interpretations, one
may refer to Refs. [12–14] for the charmonium hybrid,
Refs. [15–17] for the tetraquark, and Refs. [18–21] for the
molecule picture.

IV. SUMMARY

The masses and leptonic decay widths of S-wave and
D-wave heavy quarkonium meson states with quantum
number JPC ¼ 1−− until 6S and 5D have been evaluated,
with all model parameters predetermined by studying all
ground and first radial excited S- and P-wave heavy
quarkonium mesons. The theoretical results have been
matched with experimental data by considering possible
S-D mixtures, and the tentative assignments for higher
excited states are provided. Based on the assignment, E1
radiative transition decay widths are calculated.
For the 1−− bottomonium states, this work suggests that

the ϒð2SÞ and ϒð3SÞ may possesses some D-wave com-
ponent, and ϒð4SÞ may be a 4S–3D mixture state. The
ϒð10860Þ andϒð11020Þ are assigned to be 5S–4D mixture
states. The ϒð10753Þ is tentatively assigned to be 4S–3D
mixture state, and more experimental data are required to
make unambiguous assignment for this newly reported state.
For the 1−− charmonium states, the work suggests that

the ψð2SÞ and ψð3770Þ may possesses some small D-wave
and S-wave component, respectively, and the ψð4040Þ and
ψð4160Þ are mainly 3S and 2D states, respectively. The
ψð4360Þ and ψð4415Þ are largely 4S and 3D states,
respectively. The ψð4660Þ is assigned to be a 5S state.
The ψð4230Þ may not be accommodated with the conven-
tional meson picture in the present work.
The work shows that a large S-D mixing is essential

to understand the experimental data of higher excited
quarkonia, but the tensor force in the widely applied
Hamiltonian is not strong enough to mix the S and D
waves considerably. It is expected that the coupled-channel
effects, resulting from couplings to common decay chan-
nels, might be an important source of the large S-Dmixing.
Heavy quarkonia will be studied by considering the
coupled channel induced S-D mixing in our future work.
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