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In the framework of chiral effective field theory of delta resonances, nucleons, and pions interacting with
background gravitational field we calculate the gravitational form factors of the nucleon up to fourth order
in the small scale expansion and obtain the long-range behavior of the corresponding contributions to the
energy, spin, pressure, and shear force distributions. By comparing nucleon gravitational form factors with
and without delta contributions we conclude that explicit inclusion of deltas plays an important role. Next
we explore the Lorentz structure of the N ↦ Nπ transition matrix element of the conserved symmetric
energy-momentum tensor and introduce its parametrization in terms of twelve transition form factors. We
use the chiral effective field theory to calculate the tree-order contributions to the gravitational transition
form factors of the pion graviproduction off the nucleon up to third order.
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I. INTRODUCTION

Hadronic matrix elements of the energy-momentum
tensor (EMT) have been studied intensively over the past
decades on both theoretical and experimental sides. These
quantities, which can be extracted from the GPDs [1–4],
encode global characteristics of hadrons, such as the
charge, mass, spin and the D-term [5–8]. The gravitational
form factors (GFFs) of the nucleon, which are accessed
experimentally in exclusive processes like deeply virtual
Compton scattering (DVCS) [3,9] and hard exclusive
meson production [10], have been the main focus of many
works in the last years, see, e.g., recent colloquium [11] and
references therein. Moreover, nonsymmetric hadronic
matrix elements of EMT, which are parametrized in terms
of gravitational transition form factors (GTFFs), and their
connection to the transition GPDs have awaken increasing
interest in the past few years and started to be studied both
theoretically and experimentally, see, e.g., Refs. [12–15].
Experimentally, the GFFs and the GTFFs are hard to

obtain at low energies, so we may rely on chiral effective
field theory (EFT) to make predictions for these quantities.
In Ref. [16], the effective chiral Lagrangian of nucleons and
pions has been extended to curved spacetime up to second
chiral order and it was used to obtain the GFFs of the
nucleon to fourth order of chiral counting. In the first part of
the current work we extend the Lagrangian of Ref. [16] by

including the terms with delta resonances at the leading
order and the order three terms of coupling to external
gravitational field relevant for calculations of the current
work. Next we calculate the nucleon GFFs up to fourth
order in the small scale expansion [17,18] and obtain the
long-range behavior of the corresponding contributions to
the spatial densities, i.e. to the energy, spin, pressure and
shear force distributions. In the second part we discuss the
one pion graviproduction (OPGP) off the nucleon, in which
the initial nucleon scatters on external gravitational field
and emits a pion in the final state. The OPGP, which can be
accessed in hard exclusive processes [19–22], was dis-
cussed for the first time in Ref. [19] where the authors
showed that it is related to the second moment of the Nπ-
distributions. They also showed that soft-pion theorems,
which are related to OPGP at low energies, can be used to
provide useful estimates of the soft-pion contamination in
hard exclusive reactions and they can serve as an additional
source of information about GPDs. At the threshold, the
matrix element of OPGP is parametrized in terms of three
independent GTFFs, that were introduced in Ref. [23].
The OPGP in the framework of chiral EFT at the threshold
was also studied in Ref. [16]. We extend the work of
Refs. [16,23] beyond the threshold and give a general
parametrization for the matrix element of a conserved EMT
corresponding to OPGP in terms of twelve independent
GTFFs. Next, using the chiral effective Lagrangian, we
calculate tree-level diagrams contributing to the GTFFs up
to third order.
This work is organized as follows: In Sec. II we specify

the relevant terms of the effective Lagrangian for pions,
nucleons and delta resonances in curved spacetime and
the corresponding expression for the EMT. In Sec. III we
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discuss renormalization of the loop diagrams contributing
in our calculations and obtain the nucleon GFFs at fourth
order in the small scale expansion. Next, in Sec. IV we
discuss the parametrization of the matrix element of OPGP
and use the Lagrangians from Sec. II to obtain the tree-
order contributions to the GTFFs. The results of the work
are summarized in Sec. V. In Appendix A we show the
building blocks of the action together with the corres-
ponding expressions of the EMT and Appendix B con-
tains variations of terms in the action with gravity. In
Appendices C and D are given identities, which we used to

reduce some redundant structures in the parametrization of
OPGP and also the tree-order expressions of the GTFFs.

II. EFFECTIVE ACTION IN CURVED SPACETIME
AND THE ENERGY-MOMENTUM TENSOR

The action corresponding to the effective Lagrangian of
pions, nucleons, and delta resonances in the presence of
external gravitational field is obtained from the correspond-
ing expressions in the flat spacetime. The terms relevant for
our calculation have the following form:

Sð2Þπ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
F2
π

4
TrðDμUðDμUÞ†Þ þ F2

π

4
TrðχU† þ Uχ†Þ

�
; ð1Þ

Sð1;2;3ÞNπ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
Ψ̄iγμ∇↔μΨ −mΨ̄Ψþ gA

2
Ψ̄γμγ5uμΨþ c1hχþiΨ̄Ψ

−
c2
8m2

gμαgνβhuμuνiðΨ̄f∇α;∇βgΨþ f∇α;∇βgΨ̄ΨÞ þ
c3
2
gμνhuμuνiΨ̄Ψ

þ ic4
4

Ψ̄eμaeνbσab½uμ; uν�Ψþ c5Ψ̄χ̂þΨþ c6
8m

Ψ̄eμaeνbσabFþ
μνΨþ c7

8m
Ψ̄eμaeνbσabhFþ

μνiΨ

þ 1

2
d̃10Ψ̄γμγ5hu2iuμΨþ 1

2
d̃16Ψ̄γμγ5hχþiuμΨþ 1

2
d̃17Ψ̄γμγ5hχþuμiΨþ i

2
d̃18Ψ̄γμγ5½Dμ; χ−�Ψ

�
; ð2Þ

Sð1ÞΔπ ¼ −
Z

d4x
ffiffiffiffiffiffi
−g

p fΨ̄iμiγα∇↔αΨi
μ −mΔΨ̄i

μΨiμ − gλσðΨ̄i
μiγμ∇

↔

λΨi
σ þ Ψ̄i

λiγ
μ∇↔σΨi

μÞ

þ iΨ̄i
μγ

μγαγν∇↔αΨi
ν þmΔΨ̄i

μγ
μγνΨi

νg; ð3Þ

Sð1ÞΔNπ ¼ −
Z

d4x
ffiffiffiffiffiffi
−g

p
gπNΔΨ̄ðgμν − γμγνÞuμ;iΨν;i þ H:c:; ð4Þ

where the delta resonance is represented by the Rarita-Schwinger field,1 gμν is the spacetime metric and γμ ≡ eaμγa, with eaμ
denoting the vielbein gravitational fields. In Eqs. (3) and (4) we take the off-shell parameter of the delta sector A ¼ −1. The
building blocks of the above specified terms of the action are given in Appendix A.
Further terms of the third and fourth order Lagrangians contributing to our calculations (at tree order) contain the

Riemann tensor, the Ricci tensor and the Ricci scalar. The action corresponding to the most general third- and fourth-order
Lagrangian of such terms reduces to the following minimal form:

Sð2ÞπN ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
c8
8
RΨ̄Ψþ 2c9

m
RμνðΨ̄iγμ∇

↔

νΨÞ
�
; ð5Þ

Sð3ÞπN ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fd̃g1RΨ̄γμγ5uμΨþ d̃g2RμνΨ̄γμγ5uνΨþ d̃g3RμναβðΨ̄σμνγ5uα∇
↔

βΨÞ

þ id̃g4∇βRμναβðΨ̄σμν∇
↔

αΨÞ þ d̃g5ðΨ̄∇
↔

μΨÞ∂μRg; ð6Þ

Sð4Þπ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fl11RTrðDμUðDμUÞ†Þ þ l12RμνTrðDμUðDνUÞ†Þ þ l13RTrðχU† þUχ†Þg: ð7Þ

1The delta fields Ψμ
i contain isospin projectors ξ

3
2

ij ¼ δij − 1
3
τiτj, i.e., they satisfy the condition Ψμ

i ¼ ξ
3
2

ijΨ
μ
j .
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The interactions with coupling constants l11, l12, and l13
have been introduced in Ref. [24] and the ones with c8
and c9 in Ref. [16]. Further we introduced in Eq. (6)
new interaction terms of the third order Lagrangian, with
coupling constants d̃gi, contributing (at tree order) to our
calculations. Similarly to the terms with c8, c9, l11, l12, and
l13, the new interaction terms contribute in flat spacetime in
the nucleon GFFs as well as in the OPGP although the
corresponding action disappears in the flat spacetime.
The EMT for matter fields interacting with the gravita-

tional metric field is given via

Tμνðg;ψÞ ¼
2ffiffiffiffiffiffi−gp δSm

δgμν
; ð8Þ

while for the fermion fields interacting with the gravita-
tional vielbein fields we use [25]:

Tμνðg;ψÞ ¼
1

2e

�
δS
δeaμ

eaν þ
δS
δeaν

eaμ

�
: ð9Þ

From the above specified terms of the action we obtain
the EMT in flat spacetime. The corresponding expressions
are given in Appendix A. In the next section we use the
EMT to calculate the nucleon GFFs.

III. ONE-LOOP CORRECTIONS TO THE
GRAVITATIONAL FORM FACTORS

The one-nucleon matrix element of the EMT is para-
metrized in terms of three form factors as follows [8]:

hpf; sfjTμνjpi; sii ¼ ūðpf; sfÞ
�
AðtÞPμPν

mN

þ iJðtÞPμσναΔα þPνσμαΔα

2mN

þDðtÞΔμΔν − ημνΔ2

4mN

�
uðpi; siÞ; ð10Þ

where mN is the mass of the nucleon, ðpi; siÞ and ðpf; sfÞ
are the momentum and polarization of the incoming and
outgoing nucleons, respectively, and P ¼ ðpi þ pfÞ=2,
Δ ¼ pf − pi, t ¼ Δ2.

Tree-order diagrams up to fourth order in the small scale
expansion give the following contributions to the form
factors:

AtreeðtÞ ¼ 1 −
2cΔ9
mN

tþ xΔ1M
2
πt;

JtreeðtÞ ¼
1

2
−

cΔ9
mN

tþ 2mNd̃
Δ
g4t;

DtreeðtÞ ¼ cΔ8mN þ yΔ1 tþ yΔ2M
2
π; ð11Þ

where xΔ1 and yΔi parametrize the tree-order contributions of
the fourth chiral order. We use the superscript Δ to distin-
guish the LECs from the ones, that appear in the theory
without Δ resonances. For the one-loop contributions we
calculate the diagrams shown in Fig. 1.
To order the contributions of various diagrams we

apply the small scale expansion (also called the ϵ-counting
scheme) [17,18].2 Within this scheme the pion lines count as
of order minus two, the nucleon and delta lines have order
minus one, interaction vertices originating from the effective
Lagrangian of order N count also as of order N and the
vertices generated by theEMThave theorders corresponding
to the number of quarkmass factors and derivatives acting on
the pion fields. Derivatives acting on the nucleon and delta
fields count as of order zero. The momentum transfer
between the initial and final states counts as of order one,
therefore in those terms of the EMT which contain full
derivatives, these derivatives count as of order one.
Integration over loop momenta is counted as of order four.
The delta-nucleonmass difference also counts as of order one
within the ϵ-counting scheme. It is understood that the above
described power counting for loop diagrams is realized as the
result of our manifestly Lorentz-invariant calculations only
after performing an appropriate renormalization. To get rid of
the divergent parts and power counting violating pieces from
the expressions of one-loop diagrams we apply the EOMS
scheme of Refs. [27,28], with the remaining renormalization
scale chosen as μ ¼ mN , where mN is the mass of the
nucleon. The one-loop parts of counter terms are given by:

1)

8)7)6)

5)4)3)2)

10)9)

FIG. 1. One-loop contributions to the nucleon GFFs. Double, solid, and dashed lines correspond to the deltas, nucleons, and pions,
respectively, while the curly lines represent gravitons.

2For an alternative power counting in an EFT with delta
resonances, see Ref. [26].
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δcΔ8 ¼ 1

F2
π

�
16g2πNΔ
27

ð25δþ 9mNÞ þ g2AmNð9cΔR8 mN þ 48cΔR9 mN − 4Þ
�
λb þ

g2AmNð3cR8mN þ 1Þ
16π2F2

π

þ 5g2πNΔc
ΔR
8 mN

3F2
π

ð6δþmNÞλb þ
g2πNΔc

ΔR
8 mN

576π2F2
π

ð7mN − 78δÞ − g2πNΔ
48π2F2

π
;

δcΔ9 ¼ g2πNΔ
27F2

π
½45cΔR9 mNð6δþmNÞ − 4ðδþ 9mNÞ�λb þ

131g2πNΔmN

3456π2F2
π

þ g2πNΔc
ΔR
9 mN

576F2
ππ

2
ð7mN − 78δÞ þ 3g2AmN

128π2F2
π
;

δd̃g4 ¼
g2πNΔ

54F2
πm2

N
ð23mN − 4δÞλb þ

131g2πNΔ
6912π2F2

πmN
; ð12Þ

where

λb ¼
1

32π2

�
2

n − 4
− 1þ γ − lnð4πÞ

�
; ð13Þ

n is the spacetime dimension, γ ¼ −Γ0ð1Þ and δ is the delta-nucleon mass difference, i.e., δ ¼ mΔ −mN .
After renormalization we obtain for theD-term the following one-loop contribution, expanded in powers of the pion mass

and the delta-nucleon mass difference:

Dloopð0Þ ¼ −
g2πNΔmN

54F2
ππ

2

�
17δ − 12

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
− δ

i
ln

�
Mπ

mN

�
þ 12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

��

−
g2πNΔ

1728π2F2
π
½δ2ð555cΔ8mN þ 392Þ þ 24M2

πð18cΔ8mN þ 11Þ�

−
g2πNΔ

18π2F2
π

h
M2

πð9cΔ8mN þ 3Þ þ 2δð9cΔ8mN þ 7Þ
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δ2 −M2
π

q
− δ

ii
ln

�
Mπ

mN

�

þ g2πNΔδð9cΔ8mN þ 7Þ
9π2F2

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

�

þ g2AmN

16πF2
π
Mπ þ

−3g2A þ 2mNð−4cΔ1 þ cΔ2 þ 2cΔ3 Þ
8π2F2

π
M2

π ln

�
Mπ

mN

�

þ ð−g2Að3cΔ8mN þ 14Þ þ 8cΔ3mN − 16cΔ1mNÞ
32π2F2

π
M2

π þOðϵ3Þ: ð14Þ

Next, we define the slopes of the GFFs by writing the form factors as:

AðtÞ ¼ 1þ sAtþOðt2Þ;

JðtÞ ¼ 1

2
þ sJtþOðt2Þ;

DðtÞ ¼ Dð0Þ þ sDtþOðt2Þ: ð15Þ
Calculating loop contributions to these quantities and expanding in powers of the pion mass and δ we obtain

sAloop
¼ g2πNΔ

432F2
ππ

2mNðM2
π − δ2Þ

�
7δðM2

π − δ2Þ − 12
h
12δ2

	
δ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q 

−M2

π

	
12δ − 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q 
i
ln

�
Mπ

mN

�

þ 12ð7M2
π − 12δ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

��
þ g2πNΔ
864F2

ππ
2m2

N
½δ2ð555cΔ9mN − 257Þ þM2

πð432cΔ9mN − 43Þ�

þ g2πNΔδ

72π2F2
πm2

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p ½4δ2ð11 − 36cΔ9mNÞ þ 3M2
πð48cΔ9mN − 13Þ� ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

�
þ g2πNΔ
72π2F2

πm2
NðM2

π − δ2Þ

×
h
3M4

πð24cΔ9mN − 7Þ þ δM2
π

	
δð65 − 216cΔ9mNÞ þ 3ð48cΔ9mN − 13Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q 

− 4δ3ð36cΔ9mN − 11Þ

×
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δ2 −M2
π

q
− δ


i
ln

�
Mπ

mN

�
−

7g2A
128πF2

πmN
Mπ þ

ðcΔ2mN − 4g2AÞ
16π2F2

πm2
N

M2
π ln

�
Mπ

mN

�
−
3g2Að2cΔ9mN þ 1Þ

32π2F2
πm2

N
M2

π þOðϵ3Þ;
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sJloop ¼
g2πNΔ

1152F2
ππ

2ðM2
π − δ2Þ

�
3ðM2

π − δ2Þ þ 32
h
δ
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δ2 −M2
π

q
− δ



þM2

π

i
ln

�
Mπ

mN

�

− 32δ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

��
−

13g2πNΔδ

64F2
ππ

2mN
þ g2πNΔð12δ2 − 7M2

πÞ
72F2

ππ
2mN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

�

þ g2πNΔ
72F2

ππ
2mNðM2

π − δ2Þ
h
M2

π

	
12δ − 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q 

þ 12δ2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
− δ


i
ln

�
Mπ

mN

�

þ g2Að4cΔ9mN − 5Þ
64π2F2

π
þ 7g2A
128πF2

πmN
Mπ þOðϵ2Þ;

sDloop
¼ 4g2πNΔmN

45F2
ππ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
�
ln

�
Mπ

mN

�
− ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

��

−
g2AmN

40πF2
π

1

Mπ
−
ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

80π2F2
π

ln

�
Mπ

mN

�
þ g2Að24þ ð15c8 þ 40cΔ9 ÞmNÞ

480π2F2
π

þ g2πNΔ
12960F2

ππ
2ðM2

π − δ2Þ
�
461ðM2

π − δ2Þ − 144
h
δ
	
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
− 19δ



þ 19M2

π

i
ln

�
Mπ

mN

�

þ 432δ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

q
ln

�
δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 −M2

π

p
mN

��
þ ð4cΔ1 − cΔ2 − 7cΔ3 ÞmN

40π2F2
π

þOðϵÞ: ð16Þ

As mentioned in the introduction, the one-loop corrections to
the GFFs of the nucleon were calculated in Ref. [16] in the
framework of chiral EFT. Ifwe switch off the delta resonances,
i.e., set gπNΔ ¼ 0, then we obtain the same expressions for the

slopes and the D-term as the ones obtained in Ref. [16]. To
illustrate the differences betweenGFFswith andwithout delta
contributions we use the program LoopTools [29] and plot the
GFFs as functions ofQ2 ¼ −t in Fig. 2. Before doing that we

FIG. 2. GFFs of the nucleon as functions of Q2. Solid curves represent the GFFs with Δ resonances while dashed curves stand for
GFFs without Δ resonances.
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had to fix the LECs c8, c9, and d̃g4 together with the
parameters x1 and yi in both theories. Due to the lack of
empirical data we cannot fix all of them, but for the sake of
comparisonwe substitute the following values of the unknown
LECs in the theory without Δ resonances

x1 ¼ y1 ¼ y2 ¼ d̃g4 ¼ c9 ¼ 0; ð17Þ

and fix c8 from the value of the D-term and the LECs of the
effective Lagrangian with explicit delta from the condition of
matching physical quantities in theories with and without
explicit deltas:

DΔ ¼ D ¼ −0.2;

sΔA ¼ sA;

sΔJ ¼ sJ;

sΔD ¼ sD; ð18Þ

where DΔ and sΔi correspond to the D-term and the slopes in
the theory with Δ resonances. The value D ¼ −0.2 is taken
fromRef. [30].3 For the choice of the unknown LECs given in
Eq. (17) we obtain from Eq. (18) the following values for the
remaining parameters

xΔ1 ¼ 1 GeV−4; yΔ1 ¼ −7.2 GeV−2; yΔ2 ¼ 12.2 GeV−2; cΔ8 ¼ −0.97 GeV−1;

c8 ¼ −1.15 GeV−1; cΔ9 ¼ −1.29 GeV−1; d̃Δg4 ¼ 0.44 GeV−3: ð19Þ

Moreover, we use for the plots below the following numerical values for the masses and the LECs obtained in Ref. [31]

gπNΔ ¼ 1.35; gA ¼ 1.289; mN ¼ 0.93827 GeV; mΔ ¼ 1.232 GeV; Mπ ¼ 0.13957 GeV;

Fπ ¼ 0.0922 GeV; c1 ¼ −0.82 GeV−1; c2 ¼ 3.56 GeV−1; c3 ¼ −4.59 GeV−1;

cΔ1 ¼ −1.15 GeV−1; cΔ2 ¼ 1.57 GeV−1; cΔ3 ¼ −2.54 GeV−1: ð20Þ

As can be seen in Fig. 2 the contributions with the Δ resonances become important for the GFFs with increasing Q2

(for more details see below). As the next step, we calculate the long-range behavior of the corresponding gravitational
spatial densities, which can be obtained from the nonanalytic contributions of the GFFs in the chiral limit. That is,
we decompose the GFFs in two parts, one which is analytic in t and one which is nonanalytic.4 Similarly to Ref. [16] we
expand the nonanalytic contributions of the GFFs in the chiral limit and obtain up to the accuracy of our calculations the
following results:

AðtÞ ¼ g2πNΔ
π2F2

πm2
N

�ð79δþ 10mNÞ
5760δ

t2 þ ð15δþ 2mNÞ
2304δ3

t3
�
ln

�
−

t
m2

N

�
þ 3g2A
512F2

πmN
ð−tÞ32

−
ðc2mN − 10g2AÞ
320π2F2

πm2
N

t2 ln

�
−

t
m2

N

�
þOðt52Þ;

JðtÞ ¼ g2πNΔð4δð2δþmNÞt2 þ t3Þ
2304F2

ππ
2δ3mN

ln

�
−

t
m2

N

�
−

g2A
64π2F2

π
t ln

�
−

t
m2

N

�
−

3g2A
512F2

πmN
ð−tÞ32 þOðt2Þ;

DðtÞ ¼ −
g2πNΔð214δ3 þ 10mNðt − 14δ2Þ þ 5δtÞ

2880F2
ππ

2δ3
t ln

�
−

t
m2

N

�
þ 3g2AmN

128F2
π

ffiffiffiffiffi
−t

p

−
ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

160π2F2
π

t ln

�
−t
m2

N

�
þOðt32Þ: ð21Þ

For the sake of comparison we plot in Fig. 3 the
nonanalytic parts of GFFs with and without delta contri-
butions. As we can see from Fig. 3, the Δ resonances give
noticeable contributions to the nonanalytic parts of the
GFFs, which in its turn will affect the spatial density
distributions directly. The importance of these effects will
be discussed at the end of this section.
The corresponding connections between the GFFs and

the spatial densities of energy (ρE), spin (ρJ), pressure (p),

and shear forces (s) in the zero average momentum frame
(ZAMF) are given in [32] and they read

3The authors of Ref. [30] obtained for a model independent
bound D ≤ −0.2. For the sake of the current work we take the
value D ¼ −0.2 to fix the coupling constant c8.

4The analytic contributions are too lengthy to be shown here
and they are not relevant for coming discussion.
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ρEðrÞ ¼ Nϕ;R

Z
d2nd3q
ð2πÞ3 Að−q2⊥Þe−ir·q;

ρJðrÞ ¼ −
Nϕ;R

2mN
r
d
dr

Z
d2nd3q
ð2πÞ3 Jð−q2⊥Þe−ir·q;

sðrÞ ¼ Nϕ;R;2

Z
d2n̂d3q
ð2πÞ3

�
3ðr · qÞ2 − r2q2

4r2

�
Dð−q2⊥Þe−ir·q;

pðrÞ ¼ Nϕ;R;2

2

Z
d2n̂d3q
ð2πÞ3

�
q2

3
− q2⊥

�
Dð−q2⊥Þe−ir·q: ð22Þ

Using the expressions of Eqs. (21) and (22) we obtain the following results (valid in the region of distan-
ces 1=Λstrong ≪ r ≪ 1=Mπ):

ρEðrÞ ¼ Nϕ;R

�
27g2A

512F2
πmN

1

r6
−
g2πNΔð79δþ 10mNÞ

45π2F2
πm2

Nδ

1

r7
þ 2ðc2mN − 10g2AÞ

5π2F2
πm2

N

1

r7

�
þO

�
1

r8

�
;

ρJðrÞ ¼ Nϕ;R

�
5g2A

16π2mNF2
π

1

r5
−

81g2A
512F2

πm2
N

1

r6
−
7g2πNΔð2δþmNÞ
9F2

ππ
2δ2m2

N

1

r7

�
þO

�
1

r8

�
;

sðrÞ ¼ Nϕ;R;2

�
9g2AmN

32F2
π

1

r6
þ 7g2πNΔð70mN − 107δÞ

72π2F2
πδ

1

r7
−
7ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

8π2F2
π

1

r7

�
þO

�
1

r8

�
;

pðrÞ ¼ −Nϕ;R;2

�
15g2AmN

256F2
π

1

r6
þ 7g2πNΔð70mN − 107δÞ

270π2F2
πδ

1

r7
−
7ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

30π2F2
π

1

r7

�
þO

�
1

r8

�
: ð23Þ

The local stability condition of Ref. [8] (i.e.
2
3
sðrÞ þ pðrÞ ≥ 0) is satisfied by all terms, while the

positivity of the energy density is satisfied by all terms
except the ones that are proportional to g2πNΔ. These terms
that violate the positivity of ρEðrÞ are related to the decay of

delta to a nucleon and a pion, i.e., they carry information
about the instability of the system. This behavior is similar
to the one obtained in Ref. [33], where the spatial densities
of the ρ meson were calculated and it was shown that the
general stability condition and the positivity of the energy

A

8

FIG. 3. Nonanalytic contributions of the GFFs of the nucleon as functions of Q2. Solid curves represent the GFFs with Δ resonances
while dashed curves stand for GFFs without Δ resonances.
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density are satisfied by all terms except the ones that
depend on the coupling constant corresponding to the
decay of the ρ meson.

A. Importance of the Δ resonances
to nucleon GFFs

Below we estimate the importance of including the Δ
resonances as explicit degrees of freedom when dealing
with the GFFs of the nucleon. Generally in effective field
theories we expect the coupling constants to be domi-
nated by masses of the lightest particles, that have been
integrated out. In the framework of considered chiral
EFT, we expect that coupling constants are scaled with
the ρ meson mass (Mρ ¼ 0.75 GeV [34]). Moreover,
when counting the orders of small parameters, we mean
implicitly expansion in massless scales, which are given

in our case by Mπ
Mρ

; δ
Mρ
, and Q2

M2
ρ
. Since we are doing the

calculations up to fourth chiral order, the error of our
calculations is expected to be of order five, which means,
that for Q2 ∼M2

π ≈ 0.019 GeV2 the error due to higher
chiral order contributions is expected to be around
0.02%. From the full results we have at Q2 ¼ M2

π the
following values for the GFFs with and without Δ
contributions

AΔðM2
πÞ ¼ 1.0086; AðM2

πÞ ¼ 1.0085;

JΔðM2
πÞ ¼ 0.5001; JðM2

πÞ ¼ 0.5005;

DΔðM2
πÞ ¼ 0.45; DðM2

πÞ ¼ 0.17: ð24Þ

From Eq. (24) we have differences of 0.01%, 0.08%, and
62% for AðtÞ, JðtÞ, and DðtÞ, respectively. Except for
AðtÞ, these differences lie beyond the estimated error at
t ¼ M2

π and hence, we conclude that the inclusion of the
Δ resonances is important for the GFFs of the nucleon.
As we can see from the plotted full results, the Δ
resonances give larger contributions to DðtÞ than to AðtÞ
and JðtÞ. This can be explained as follows: The structure
of EMT is such that, at t ¼ 0 we have in both theories
Að0Þ ¼ 1 which corresponds to mass of the nucleon and
Jð0Þ ¼ 1

2
which corresponds to the spin, while for Dð0Þ

the value is not fixed by the structure of the EMT. Hence,
for DðtÞ we expect more deviation between both theories
around t ¼ 0, i.e. also at t ¼ M2

π than for AðtÞ and JðtÞ.
It is worth mentioning, that while the above numerical
values correspond to the choice of Eq. (17), we obtained
that for various natural values of the unknown LECs the
resulting GFFs behave similarly to Fig. 2. Moreover, we
can support the observation, that the contributions of the
delta resonances are important by considering the non-
analytic parts of the GFFs [see Eq. (21) and Fig. 3], for
which all LECs are known and fixed via experiments. At
Q2 ¼ M2

π we have the following values:

AΔðM2
πÞ ¼ 1.8 × 10−3; AðM2

πÞ ¼ 2.5 × 10−3;

JΔðM2
πÞ ¼ −27 × 10−3; JðM2

πÞ ¼ −26 × 10−3;

DΔðM2
πÞ ¼ −0.28; DðM2

πÞ ¼ −0.24: ð25Þ
From the above results we have differences of 28%,

3.7%, and 14.3% for AðtÞ, JðtÞ, and DðtÞ, respectively. All
of these differences lie beyond the estimated error of
0.02%, due to higher chiral orders.
To improve the above calculations one might consider

higher order contributions coming from one-loop correc-
tions that contain vertices from the action given in Eq. (6).
However, such contributions contain many unknown LECs.
This suggests to study various processes of gravity-induced
hadronic interactions, in which the unknown LECs con-
tribute and hence can be determined. An example for such a
process is the transition of the nucleon to the nucleon and
the pion via the gravitational field, whose matrix element
and Lorentz structure is studied in the following section.

IV. MATRIX ELEMENT OF THE ONE
PION GRAVIPRODUCTION

In this section we discuss the OPGP off the nucleon, i.e.,
the matrix element of the EMT where the initial state
contains one nucleon and the final state contains one
nucleon and one pion. As mentioned in the introduction
the OPGP, which is accessible in hard exclusive processes
like the nondiagonal DVCS [γ� þ N ↦ γ þ ðπNÞ] can be
used to obtain additional information about the new LECs
of chiral EFT [19–21], which are needed to make pre-
dictions for other physical processes. The measurement of
the amplitude of the OPGP is planned by the CLAS12
collaboration at JLab (USA) [16].
The matrix element corresponding to OPGP has a

lengthy Lorentz structure, as can be seen in Ref. [21].
This leads to technical complications in calculations, like
checking the current conservation. Therefore it would be
helpful to parametrize the matrix element of OPGP in terms
of independent, conserved Lorentz invariant structures.
This will be done below.
The amplitude of the OPGP has the following general

form

−ihpf; sf; q; cjTμνjpi; sii ¼ ūðpf; sfÞOμντcuðpi; siÞ; ð26Þ
where q is the momentum of the pion with isospin index c,
pi and pf are the momenta of the incoming and outgoing
nucleons, respectively, and Oμν is a symmetric matrix in
Dirac space. In the following we make use of the Lorentz
invariance and conservation of the EMT to parametrizeOμν

in terms of independent and separately conserved Lorentz
structures. For that sake we introduce first the following
linearly independent kinematic variables

Δ̃ ¼ pf þ q − pi; ð27Þ
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P ¼ pf − qþ api; ð28Þ

Λ ¼ pf þ qþ bpi; ð29Þ

where

a ¼ −1 −
2M2

π − 2t
m2

N − sþ t̃
;

b ¼ −m2
N þ sþ t̃

m2
N − sþ t̃

;

and s ¼ ðpf þ qÞ2, t ¼ ðpf − piÞ2, and t̃ ¼ Δ̃2. One can
easily check that Δ̃ · P ¼ 0; Δ̃ · Λ ¼ 0. Analogously to
Ref. [35], applying the Cayley-Hamilton theorem, we

construct Oμν for spin-1=2 systems using two different
covariant multipoles contracted with the kinematic varia-
bles in all possible ways that respect symmetry and
conservation of the EMT. Moreover, since the pion field
has negative parity, it gives an overall minus sign under
parity transformation and hence the tensor Oμν must
transform with minus under parity.5 This means that each
structure in Oμν must contain either ϵαβγκ or γ5. We make
use of the Lorentz invariance, symmetry and the con-
servation of the EMT to obtain all possible structures
contributing to Oμν. After investigating the dependence of
these structures on each other and removing the redundant
ones, we find that the most general form of the matrix
element contains twelve independent structures and it can
be written as

−ihpf; sf; q; cjTμνjpi; sii ¼ ūðpf; sfÞ
�
1

2

�
f1 t̃γ5 þ

if2
mN

ϵΔ̃PΛβγβ

�
PμPν þ 1

2

�
f3t̃γ5 þ

if4
mN

ϵΔ̃PΛβγβ

�
ΛμΛν

þ 1

2

�
f5t̃γ5 þ

if6
mN

ϵΔ̃PΛβγβ

�
PμΛν þ 1

2

�
f7t̃γ5 þ

if8
mN

ϵΔ̃PΛβγβ

�
ðt̃ημν − Δ̃μΔ̃νÞ

þ if9ðt̃ϵνPΛβ − ϵΔ̃PΛβΔ̃νÞPμγβ þ if10ðt̃ϵνPΛβ − ϵΔ̃PΛβΔ̃νÞΛμγβ

þ iðf11Λμ þ f12PμÞϵνΔ̃Λβγβ þ μ ↔ ν

�
τcuðpi; siÞ; ð30Þ

where any index ρ∈ fP; Δ̃;Λg means contraction with
the corresponding variable, e.g., ϵνΔ̃Pβ ¼ ϵνακβΔ̃αPκ. The
GTFFs fi are multiplied with separately conserved struc-
tures and they are functions of t̃; t, and s.
In general one can define P and Λ differently, such that

the parametrization in Eq. (30) remains the same, as long as
they are orthogonal to Δ̃, and P, Δ̃, and Λ are linearly
independent. In Appendix C we show some formulas that
we derived to reduce redundant structures that may appear
while calculating the matrix element.
As an application we consider the tree-order contri-

butions to the OPGP up to third order. There are four
tree-order diagrams shown in Fig. 4. The corresponding
contributions to the GTFFs are given in Appendix D. At
one-loop order there appears a large number of diagrams,
calculation and analysis of which are beyond the scope of
this work. Such calculation is under way and will be a
subject of a separate publication.

V. SUMMARY AND OUTLOOK

In this work we generalized the chiral effective
Lagrangian in the presence of external gravitational field
to include the delta resonances at the leading order and
calculated the corresponding contributions to the nucleon
GFFs. From the full one-loop expressions we obtained the
D-term and the corresponding slopes expanded in powers
of small quantities. To see the difference between the GFFs
in the cases with and without Δ resonances we plotted the
numerical results generated by the full expressions of the
GFFs, which are too lengthy to be given explicitly in this
work. From the plots shown in Fig. 2 one can see, that theΔ
resonances give significant contributions to the nucleon
GFFs that increase with the momentum transfer. Based on

1) 4)3)2)

FIG. 4. Tree-order diagrams contributing to the matrix element of OPGP. Solid and dashed lines correspond to nucleons and pions,
respectively, while curly lines represent gravitons.

5This is because the parity is conserved for the matrix element
of the EMT.
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the numerical analysis at the end of Sec. III we argued that
the contributions of the Δ resonances to the GFFs are much
larger than the estimated error of our calculations. This
implies that the inclusion of the delta resonances as explicit
degrees of freedom is essential. This conclusion is also
supported by the nonanalytic parts of the GFFs in the chiral
limit shown in Fig. 3.
From the nonanalytic contributions to the nucleon GFFs

we obtained the long-range behavior of the corresponding
spatial densities in ZAMF of Ref. [32]. We noticed, that the
positivity of the energy density is broken by the terms that
come from Δ coupling to nucleon and pion. This suggests
that a more detailed study between the stability conditions
and decay of unstable particles is in order.
In the second part we studied the matrix element of the

EMT corresponding to gravitational N ↦ Nπ transition
and gave a general parametrization in terms of twelve
independent GTFFs. This parametrization offers a simple
and consistent way to do the calculations of the corre-
sponding matrix element, where the current conservation
and invariance under parity, charge and Hermitian con-
jugation is directly seen. As an application we used the
constructed Lagrangian to obtain the tree-order contribu-
tions to these GTFFs up to third chiral order. One-loop
order calculations within chiral EFT are underway. Using
arguments, that are similar to those given in Sec. IV, one
can find a parametrization for any nondiagonal matrix
element of the EMT, e.g. when in the final state a photon is

emitted instead of a pion or the final state contains one Δ
and a pion or a photon.
The OPGP is related to deeply virtual hard exclusive

processes and the corresponding GTFFs can be extracted
from the data that will be available from future experi-
ments. From this connection we can obtain information on
the unknown LECs, which will help testing the chiral EFT.
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APPENDIX A: BUILDING BLOCKS OF THE
ACTIONS AND EXPRESSIONS OF EMT

The building blocks of the actions in this work are given
as follows:

∇↔μ ¼
1

2
ð∇⃗μ − ∇⃖μÞ;

∇⃗μΨi
ν ¼ ∇ij

μΨj
ν ¼

�
δij∂μ þ δijΓμ − iδijvðsÞμ − iϵijkTrðτkΓμÞ þ

i
2
δijωab

μ σab

�
Ψj

ν − Γα
μνΨi

α;

Ψ̄i
ν∇⃖μ ¼ ∇ij

μΨj
ν ¼ Ψ̄j

ν

�
δij∂μ − δijΓμ þ iδijvðsÞμ þ iϵijkTrðτkΓμÞ −

i
2
δijωab

μ σab

�
− Ψ̄i

αΓα
μν;

∇⃗μΨ ¼ ∂μΨþ i
2
ωab
μ σabΨþ ðΓμ − ivðsÞμ ÞΨ;

Ψ̄∇⃖μ ¼ ∂μΨ̄ −
i
2
Ψ̄σabωab

μ − Ψ̄ðΓμ − ivðsÞμ Þ;

ωab
μ ¼ −

1

2
gνλeaλð∂μebν − ebσΓσ

μνÞ;
χþ ¼ u†χu† þ uχ†u;

χ̂þ ¼ χþ −
1

2
hχþi;

χ ¼ 2B0ðsþ ipÞ;
uμ ¼ i½u†∂μu − u∂μu† − iðu†vμu − uvμu†Þ�;

Γμ ¼
1

2
½u†∂μuþ u∂μu† − iðu†vμuþ uvμu†Þ�;

uμ;i ¼
1

2
TrðuμτiÞ: ðA1Þ
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Using Eqs. (8) and (9) we obtain the following expressions for the EMT corresponding to the actions given in Sec. II

Tð2Þ
π;μν ¼ F2

π

4
TrðDμUðDνUÞ†Þ − ημν

2

�
F2
π

4
TrðDαUðDαUÞ†Þ þ F2

π

4
TrðχU† þ Uχ†Þ

�
þ ðμ ↔ νÞ; ðA2Þ

Tð1;2;3Þ
Nπ;μν ¼ i

2
Ψ̄γμD

↔

νΨ −
ημν
2

ðΨ̄iγαD↔αΨ −mΨ̄ΨÞ

−
c2
4m2

½huμuβiðΨ̄fDν; DβgΨþ fDν; DβgΨ̄ΨÞ� þ
ic2
16m2

∂
ρfhuαuβi½DαΨ̄ηβνσρμΨþDβΨ̄ηανσρμΨ�

− 2huαuβiΨ̄ηβνσρμDαΨg þ
c2
4m2

�
∂
α

�
huαuμiDνðΨ̄ΨÞ −

1

2
huμuνiDαðΨ̄ΨÞ

��

þ 1

2
c3Ψ̄huμuνiΨþ ic4

8
Ψ̄ðσνβ½uμ; uβ� þ σαν½uα; uμ�ÞΨþ c6

8m
Ψ̄σνβFþ

μαη
αβΨ

þ c7
8m

Ψ̄σνβhFþ
μαiηαβΨ −

1

2
ημν

�
c1hχþiΨ̄Ψ −

c2
8m2

huαuβiðΨ̄fDα; DβgΨþ fDα; DβgΨ̄ΨÞ

þ c3
2
huαuαiΨ̄Ψþ ic4

4
Ψ̄σαβ½uα; uβ�Ψþ c5Ψ̄χ̂þΨþ c6

8m
Ψ̄σαβFþ

αβΨþ c7
8m

Ψ̄σαβhFþ
αβiΨ

�
þ ðμ ↔ νÞ; ðA3Þ

Tð1Þ
Δπ;μν ¼ −Ψ̄i

μiγαD
↔

αΨi
ν þ Ψ̄i

αiγαD
↔

μΨi
ν þ Ψ̄i

μiγαD
↔

νΨi
α þmΔΨ̄i

μΨi
ν −

i
2
Ψ̄i

αγμD
↔

νΨiα

þ i
2
ðΨ̄i

μγνD
↔

αΨiα þ Ψ̄iαγνD
↔

αΨi
μ − Ψ̄i

μγνγ
αγβD

↔

αΨi;β − Ψ̄i
αγ

αγνγ
βD
↔

μΨi
β − Ψ̄i

αγ
αγβγνD

↔

βΨi
μÞ

þ i
4
∂
λ½Ψ̄i;αðγμηλ½αηβ�μ þ ηλμην½αγβ� þ ημνηλ½βγα�ÞΨi;β� −mΔ

2
ðΨ̄i

μγνγ
αΨi

α þ Ψ̄i
αγ

αγνΨi
μÞ

þ ημν
2

½Ψ̄i
αiγβD

↔

βΨiα −mΔΨ̄i
αΨiα − Ψ̄i

αiγαD
↔

βΨiβ − Ψ̄iαiγβD
↔

αΨi
β þ iΨ̄i

ργ
ργαγλD

↔

αΨi
λ

þmΔΨ̄i
αγ

αγβΨi
β� þ ðμ ↔ νÞ; ðA4Þ

Tð1Þ
πNΔ;μν ¼ gπNΔ

�
1

2
ημν½Ψ̄i

αuαiΨþ Ψ̄uαiΨi
α − Ψ̄i

αγ
αγβuiβΨ − Ψ̄γβγαuiβΨi

α� − Ψ̄i
μuiνΨ − Ψ̄uiνΨi

μ

þ 1

2
½Ψ̄i

μγνγ
αuiαΨþ Ψ̄i

αγ
αγμuiνΨþ Ψ̄γαγνuiαΨi

μ þ Ψ̄γμγαuiνΨi
α�
�
þ ðμ ↔ νÞ; ðA5Þ

T2;μν
πN ¼ c8

8
½ημν∂2 − ∂μ∂ν�Ψ̄Ψþ ic9

m
½∂2ðΨ̄γμ∇

↔

νΨÞ þ ημν∂
α
∂
βðΨ̄γα∇

↔

βΨÞ

− ∂
α
∂μðΨ̄γα∇

↔

νΨþ Ψ̄γν∇
↔

αΨÞ� þ ðμ ↔ νÞ; ðA6Þ

T4;μν
π ¼ ðημν∇2 −∇μ∇νÞ½l11TrðDαUðDαUÞ†Þ þ l13TrðχU† þUχ†Þ� þ l12

2
½∂2ðTrðDμUðDνUÞ†ÞÞ

þ ημν∂
α
∂
βðTrðDαUðDβUÞ†ÞÞ − ∂

α
∂μðTrðDαUðDνUÞ†Þ þ γνTrðDνUðDαUÞ†ÞÞ� þ ðμ ↔ νÞ; ðA7Þ

T3;μν
πN ¼ −

1

4
ημν½d̃10Ψ̄γαγ5hu2iuαΨþ d̃16Ψ̄γαγ5hχþiuαΨþ d̃17Ψ̄γαγ5hχþuαiΨþ id̃18Ψ̄γαγ5½Dα; χ−�Ψ�

þ 1

4
½d̃10Ψ̄γμγ5hu2iuνΨþ d̃16Ψ̄γμγ5hχþiuνΨþ d̃17Ψ̄γμγ5hχþuνiΨþ id̃18Ψ̄γμγ5½Dν; χ−�Ψ�

þ d̃g1½ημν∂2 − ∂μ∂ν�Ψ̄γαγ5uαΨþ d̃g2
2

½∂2ðΨ̄γμγ5uνΨÞ þ ημν∂
α
∂
βðΨ̄γαγ5uβΨÞ − ∂

α
∂μðΨ̄γαγ5uνΨþ Ψ̄γνγ5uαΨÞ�

þ 1

2
∂
κ
∂
βðAβμκν −Aβκμν −Aμνκβ þAμκνβÞ − d̃g5½ημν∂2∂α − ∂μ∂ν∂

α�ðΨ̄∇↔αΨÞ þ ðμ ↔ νÞ; ðA8Þ
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where

Aμλνρ ≡ d̃g3Ψ̄σρμγ5uλ∇
↔

νΨ − id̃g4∂νðΨ̄σρμ∇
↔

λΨÞ; ðA9Þ

ημν is the Minkowski metric tensor with the signature
ðþ;−;−;−Þ and A½αBβ� ¼ AαBβ −AβBα, AðαBβÞ ¼ AαBβ þ
AβBα. The covariant derivatives D acting on spin-1=2 and
spin-3=2 fields coincide with ∇ in Eq. (A1) with gμν ¼ ημν,

i.e., Γβ
μν ¼ ωab

μ ¼ 0.

APPENDIX B: VARIATION OF TERMS
IN THE ACTION WITH GRAVITY

To obtain the EMT we have to deal with variations
of various quantities, some of them are of the following
form

δLR ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Aμλν

ρδRρ
μλνjg¼η; ðB1Þ

where Aμλν
ρ is some tensor that depends on the fields and/or

their covariant derivatives. From Eq. (4.60) in Ref. [36]
we have:

δRρ
μλν ¼∇λδΓ

ρ
μν −∇νδΓ

ρ
λμ ¼ ðδκλδων − δκνδ

ω
λ Þ∇κδΓ

ρ
μω; ðB2Þ

i.e.

δLR ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Aμλν

ρðδκλδων − δκνδ
ω
λ Þ∇κδΓ

ρ
μωjg¼η

¼
Z

d4x
ffiffiffiffiffiffi
−g

p
δΓρ

μω∇κðAμωκ
ρ − Aμκω

ρÞjg¼η: ðB3Þ

From Eq. (4.59) in the same reference we derive the
following expression for the variation of the Christoffel
symbols

δΓρ
μω ¼ −

1

2
½gλω∇μδgλρ þ gλμ∇ωδgλρ − gμαgωβ∇ρδgαβ�;

ðB4Þ
i.e.,

δLR ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ½gλω∇μδgλρ þ gλμ∇ωδgλρ − gμαgωβ∇ρδgαβ�∇κðAμωκ
ρ − Aμκω

ρÞjg¼η

¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ð∇κ∇β½Aβλκρ − Aβκλρ − Aλρκβ þ Aλκρβ�Þδgλρjg¼η: ðB5Þ

We can use the last equation to derive the EMT contributions coming from the Ricci tensor as follows:

Z
d4x

ffiffiffiffiffiffi
−g

p
BμνδRμνjg¼η ¼

Z
d4x

ffiffiffiffiffiffi
−g

p
BμνδðgλρRρ

μλνÞjg¼η ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
BμνgλρδRρ

μλνjg¼η: ðB6Þ

By taking Aμλν
ρ ¼ Bμνgλρ and using Eq. (B5) we obtain:

Z
d4x

ffiffiffiffiffiffi
−g

p
BμνδRμνjg¼η ¼

1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ½∇2Bλρ þ gλρ∇κ∇βBβκ −∇β∇ρðBβλ þ BλβÞ�δgλρjg¼η: ðB7Þ

We can use the last equation to derive contributions coming from Ricci scalar as follows:

Z
d4x

ffiffiffiffiffiffi
−g

p
VδRjg¼η ¼

Z
d4x

ffiffiffiffiffiffi
−g

p
VgαβδRαβjg¼η ¼

Z
d4x

ffiffiffiffiffiffi
−g

p
VδR ¼ ½gλρ∇2V −∇λ∇ρV�δgλρjg¼η; ðB8Þ

where Bμν and V are arbitrary tensor and scalar fields, respectively.

APPENDIX C: REDUCTION OF STRUCTURES

We make use of various equations from Appendix B of Ref. [35] to derive useful relations to get rid of some redundant
terms in the amplitude of the OPGP. The relations we obtained are given by

γμγ5¼:
mN

tt̃
ðΔ̃μ½t̃þ δt� − δtλμ þ t̃PμÞγ5

þ i
δs − t̃
c

fðδs − t̃Þ½t̃Pμ − δtΛμ þ ðt̃þ δtÞΔ̃μ�ϵΔ̃PΛβ þ 2t̃t½t̃ϵνPΛβ

þ ðδtþ 2δs − t̃ÞϵνΔ̃Λβ�gγβ; ðC1Þ

H. ALHARAZIN PHYS. REV. D 109, 016009 (2024)

016009-12



=̃Δγ5¼:
1

2t̃t
f2t̃mNðt̃þ δtÞγ5 þ iðδs − t̃ÞϵΔ̃Pλβγβg; ðC2Þ

=̃Δγμγ5 ¼: Δ̃μγ5 þ
δs − t̃
2t

ðPμ þ ΛμÞγ5 þ i
t̃ðδs − t̃Þ2
2mNc

½2tðΛμ − Δ̃μÞ þ ðδs − t̃ÞðPμ þ ΛμÞ�ϵΔ̃Pλβγβ

þ i
t̃tðδs − t̃Þ
mNc

½t̃ðδs − t̃ÞϵμPΛβ þ 2ððδs − t̃Þðδsþ δtÞ þ t̃tÞϵμΔ̃Λβ�γβ; ðC3Þ

ϵμΔ̃Pβγβ ¼
2t̃tðδs − Δ̃2Þ

c
ðΔ̃μ½t̃þ δt� − δtλμ þ t̃PμÞϵΔ̃PΛβγβ

þ 2t̃2tð2tð−2t̃þ 2δsþ δtÞ − ðδs − t̃Þðt̃þ δtÞÞ
c

ϵμΔ̃Λβγβ −
2t̃2tðδs − t̃Þðt̃þ δtÞ

c
ϵμPΛβγβ; ðC4Þ

where c ¼ 2t̃2t½2t̃tþ ðδs − t̃Þðδtþ t̃Þ� and the symbol ¼: means both sides are sandwiched by spinors and the on-shell
relations are used. For example, the Gordon identity

ūðpf; sfÞγμuðpi; siÞ ¼
1

2m
ūðpf; sfÞ½pμ

f þ pμ
i þ iσμνðpfν − piνÞ�uðpi; siÞ; ðC5Þ

can be written as

γμ ¼: 1

2m
½pμ

f þ pμ
i þ iσμνðpfν − piνÞ�: ðC6Þ

APPENDIX D: TREE-ORDER EXPRESSIONS TO GTFFS

The diagrams in Fig. 4 yield the following contributions to the GTFFs

f1 ¼ −
1

2Ftδtδu

�
2gAc9ðM4

π − t2Þ þ d̃g2mNδtδu − 4l13gA
mNtδu
F2
π

þ d̃g3
δtδuδsðδtþ δuÞ

2t̃

− d̃g4gAδtðδuðδtþ δuÞ − 4m2
Nt̃Þ þ ð½2d16 − d18�M2

π þ gAÞmN
ð2t − δtÞðδtþ δuÞ

t̃

�
; ðD1Þ

f2 ¼
1

Ftδut̃½ðt̃þ δtÞðδtþ δuÞ − 2t̃t�
�
1

4
½2gAc9δtþ d̃g2mNδu�ðδtþ δuÞ2 t̃

þ 1

8
d̃g3δuδsðδtþ δuÞ3 þ 1

4
d̃g4gAt̃ð−ðδtþ δuÞ3δuþ 4m2

N ½−t̃t2 þ ðM2
π − δuÞ2 t̃�Þ

−
1

4
ð½2d16 − d18�M2

π þ gAÞmNðδtþ δuÞ3
�
; ðD2Þ

f3 ¼ −
1

4Ftδst̃2
f4gAc9ðt̃ðt2 −M4

πÞ þ ðδtþ δuÞðt̃2 þM4
π − t2 − 2t̃tÞÞ þ 2mNd̃g2δsδt2

− d̃g3δsδut̃ðδs − t̃Þ − 2d̃g4gAðδsðδtþ 2δs − 2t̃Þðδs − t̃Þ þ 4m2
Nδtð2δs − t̃ÞÞt̃

− 8
gAmNl13

F2
π

tδtδsþ 2ð½2d16 − d18�M2
π þ gAÞmNð2t − t̃Þðt̃ − δsÞg; ðD3Þ

f4 ¼
1

8Ftt̃2δsððδs − t̃Þðt̃þ δtÞ þ 2t̃tÞ f−4gAc9ðt̃ − δsÞ2ðt̃3 − δsδt2 − t̃2ðδsþ 2tÞÞ

þ ½d̃g3 t̃δuðδs − t̃þ 2tÞ − 2d̃g2mNδt2�δsðt̃ − δsÞ2 − 2t̃gAd̃g4ðδs − t̃Þð−4δtm2
Nðt̃2 − 3t̃δsþ 2δsðδsþ tÞÞ

− δsðδs − t̃Þð−2t̃þ 2δsþ δtÞð−t̃þ δsþ 2tÞÞ − 2t̃ð½2d16 − d18�M2
π þ gAÞmNðδs − t̃Þ2ðδs − t̃þ 2tÞg; ðD4Þ
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f5 ¼ −
1

8Ftδsδut̃
f−4gAc9ððδs − t̃Þðt̃2 þ 2δsδt − t̃δtÞ þ 2δsM4

π − 2δst2 − 4δstðδs − t̃ÞÞ
− 4mNd̃g2δsδtðt̃ − δs − δtÞ þ d̃g3δsðt̃ − δsÞðt̃ − δtÞðt̃ − δs − δtÞ

− 16
gAmNl13

F2
π

δstðδtþ δs − t̃Þ þ 2ð½2d16 − d18�M2
π þ gAÞmNðδs − t̃Þðt̃ − δtÞ;

þ 2gAd̃g4½t̃2ð−4m2
Nðδ1 − 2δuÞ − δuδ1Þ þ t̃δ1ð4m2

Nðδ1 − 3δuÞ − δu2Þ þ δuδ21ðδuþ δ1Þ�g; ðD5Þ

f6 ¼ −
1

δuFt̃tδsððt̃þ δtÞðδtþ δuÞ − 2t̃tÞ
�
gAc9
4

ðt̃ − δsÞ2½−t̃3 þ ðt̃2 þ 2δsδtÞðδsþ δtÞ

þ t̃δsð2t − 3δtÞ� − d̃g2δsδtmN
ðδs − t̃Þ2

4
ðδtþ δs − t̃Þ

− d̃g3
δsðδs − t̃Þ2

16
ðδsþ δt − t̃Þ½ðδs − t̃Þðt̃ − δtÞ þ 2δst�

þ ð½2d16 − d18�M2
π þ gAÞmN

8
ðδs − t̃Þ2½ðδs − t̃Þðδt − t̃Þ − 2δst�

þ gAd̃g4
8

δ1½t̃2ðδ1 − 2tÞð4m2
Nðδ1 − 2δuÞ þ δuδ1Þ þ t̃δ1ðδuδ1ðδuþ 2tÞ

− 4m2
Nð4δut − 2tδ1 þ δ21 − 3δuδ1ÞÞ − δuδ31ðδuþ δ1Þ�

�
; ðD6Þ

f7 ¼
1

2Fδtt̃2

�
1

tδuδs
½gAðδuðδ2 þ t̃Þðδ2 þ δuÞ½−2δ2c9ðδ2 þ 2t̃Þ − tt̃ðc8 þ 2d̃g5ðδ2 þ 2δuÞÞ þ 4δ2c9t�

þ δ2c8 t̃m2
Nðδ2 þ t̃Þðδ2 þ 2t̃ − 2tÞÞ − 2ð½2d16 − d18�M2

π þ gAÞmNδuδ2tðδ2 þ δuÞ�

−
4gAmN

F2
π

½t̃2ð4l11 þ l13Þ þ t̃ð4l11δtþ 8l12M2
π − 8l11tÞ − l13δt2� − 8mNd̃g1δtt̃

−mN
δtðδtþ t̃Þ

t
½d̃g2δt − t̃ð4d̃g1 þ d̃g2Þ�

�
; ðD7Þ

f8 ¼
t̃ − δs

4t̃2δsFtδu
fgAðt̃ − δtÞðc8t̃m2

N − 2c9δsðδsþ δt − t̃ÞÞ − δsmNð4d̃g1t̃þ d̃g2ðt̃ − δtÞÞδug; ðD8Þ

f9 ¼
t̃ − δs

8t̃FmNδuðt̃ðt̃þ δt − 2tÞ − δsðt̃þ δtÞÞ f2½2d16 − d18�mNM2
πðt̃ − δsÞ

þ 2gAðd̃g4 t̃ð4δtm2
N þ ðδs − t̃Þðδtþ δs − t̃ÞÞ − 2c9t̃δtþmNðt̃ − δsÞÞ − δuðd̃g3δsðt̃ − δsÞ þ 2d̃g2 t̃mNÞg; ðD9Þ

f10 ¼ −
ðδs − t̃Þ

8t̃δsFmNððδs − t̃Þðt̃þ δtÞ þ 2t̃tÞ fð2½2d16 − d18�mNM2
π þ d̃g3δsðδsþ δt − t̃ÞÞðδs − t̃Þ

þ 2gAðmN − d̃g4δsðδt − 2t̃þ 2δsÞÞðδs − t̃Þ þ 4gAðc9 − 2d̃g4m2
NÞðt̃2 þ δsðδt − t̃ÞÞ − 2d̃g2δsδtmNg; ðD10Þ

f11 ¼
δs − t̃

4FmNδst̃ð2tt̃þ ðδs − t̃Þðδtþ t̃ÞÞ f2gAc9ðt̃δsð2δsþ 3δtÞ − δsδtð2δsþ δtÞ − 2t̃2ðδs −M2
πÞÞ

þ d̃g2mNδsδtðδtþ 2δs − t̃Þ − d̃g3δsðδsþ δt − t̃Þðtt̃þ ðδs − t̃Þðδsþ δtÞÞ
þ 2gAd̃g4ðδsð2δsþ δtÞðδsðδsþ δtÞ þ 2δtm2

NÞ þ 2t̃2ðδsþ 2m2
NÞðδs −M2

πÞ
− t̃δsððδsþ δtÞð4δsþ δtÞ þm2

Nð4δsþ 6δtÞ − tð2δsþ δtÞÞÞ
þ 2ð½2d16 − d18�M2

π þ gAÞmNðt̃ðδs −M2
πÞ − δsðδsþ δtÞÞg; ðD11Þ

H. ALHARAZIN PHYS. REV. D 109, 016009 (2024)

016009-14



f12 ¼
1

4FmNδut̃ð−2tt̃þ ðδtþ δuÞðδtþ t̃ÞÞ f2gAc9 t̃ðδtþ δuÞðδtδu − t̃ðδu − 2M2
πÞÞ

þ d̃g2mNδut̃ðδtþ δuÞðδtþ 2δu − t̃Þ þ d̃g3δsðδs − t̃Þðδsþ δt − t̃Þððδs − t̃Þðδsþ δtÞ þ tt̃Þ
− 2gAd̃g4 t̃ðδtþ δuÞ½2m2

Nðδtδu − t̃ðδu − 2M2
πÞÞ þ δuððδtþ δuÞðδu − t̃Þ þ tt̃Þ�

þ 2ð½2d16 − d18�M2
π þ gAÞmNðδs − t̃Þððδs − t̃Þðδsþ δtÞ þ tt̃Þg; ðD12Þ

where

δs ¼ s −m2
N; δt ¼ t −M2

π; δu ¼ t̃ − δs − δt;

δ1 ¼ δtþ δu; δ2 ¼ δt − t̃: ðD13Þ
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