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Vortex y photons with intrinsic orbital angular momenta possess a wealth of applications in various
fields—e.g., strong-laser physics, nuclear physics, particle physics, and astrophysics—yet their gen-
eration remains unsettled. In this work, we investigate the generation of vortex y photons via nonlinear
Compton scattering of ultrarelativistic electrons in a circularly polarized laser pulse. We develop a
quantum electrodynamics scattering theory that explicitly addresses the multiphoton absorption and the
angular momentum transfer mechanism. In pulsed laser fields, we unveil the vortex phase structure of the
scattering matrix element, discuss how the vortex phase could be transferred to the radiated photon, and
derive the radiation rate of the vortex y photon. We numerically examine the energy spectra and beam
characteristics of the radiation, while also investigating the influence of finite laser pulses on the angular

momentum and energy distribution of the emitted vortex y photons.
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I. INTRODUCTION

Vortex photons are described by complex wave functions
with helical phases, and they carry intrinsic orbital angular
momentum (OAM) along the propagation direction [1,2].
Light beams with OAM have significant applications in
various fields including optical manipulation [3,4], quan-
tum optics [5,6], imaging [7,8], etc. Due to their new degree
of freedom, high energy vortex photons offer an alternative
approach for spin physics and promise to shed new light on
nuclear and particle physics [9,10]. Experimental oppor-
tunities introduced by vortex photons and their collisions
with ion beams are studied regarding existing and future
physics programs [11-14]. Vortex photons have also been
shown to reveal various quantum electrodynamics (QED)
effects in [15—18]. Currently, vortex photons from visible to

*Wanfeng@xjtu.edu.cn
"jianxing @xjtu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024,/109(1)/016005(13)

016005-1

x-ray (eV ~keV) regimes have been generated utilizing
optical mode conversion techniques, high harmonic gener-
ation, or coherent radiation in helical undulators and laser
facilities [19-23]. However, the generation of vortex y
photons (ZMeV) still remains a challenge, with most studies
considering Compton scattering to attain high energy and
OAM [24-28].

Ultraintense and ultrashort laser pulses [29-31] have
been demonstrated to generate high energy y photons via
nonlinear Compton scattering (NCS) [32-35]. The spin
angular momentum (SAM) properties of emitted y photons
have been revealed in theoretical investigations from
moderate to ultraintense regimes [36—39]. The generated
y photon beam is shown to carry OAM as the collective
effect of the mechanical OAM of the individual photon
defined by L = r x p [40,41]. Although these studies have
inspired rich mechanisms for the generation of vortex
beams with collective OAM in laser-plasma interactions
[42-47], the intrinsic OAM carried by these photons is still
missing from the picture. On the other hand, investigations
based on the spiral motion of charged particles in laser or
undulator fields have identified that photons in harmonic
radiation carry intrinsic OAM [48-50]. Recently, the
generation of vortex particles during a scattering process

Published by the American Physical Society
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was found to be the result of a generalized measurement
over the final particle in the quantum picture [51]. Thus,
radiation of vortex y photons should be investigated in the
full QED treatment to reflect the quantum evolution of the
electron, which is missing in classical trajectory-based
studies [26,28,50,52,53]. Moreover, strong lasers are
achieved by temporal compression, and the resulting finite
pulse shape alters the harmonic content of the NCS spectra
affecting angular momentum properties of radiated y
photons [37,54].

During the NCS process, each radiation event turns
multiple low energy laser photons into a single high energy
final photon such that the angular momentum transfer
relation cannot be addressed if one only considers SAM.
Unfortunately, the standard QED treatment of the radiation
mostly investigates SAM as the only internal degree of
freedom affecting the process [55,56]. Thus, the theory fails
to grasp the angular momentum conservation property of
radiation events when the system respects rotational invari-
ance, which could be the case in circularly polarized (CP)
laser fields. Moreover, as the radiation under rotational
symmetry could be realized in upcoming intense laser-
based experiments [57-59], the vortex nature of strong-
field QED processes calls for detailed investigations.

In this study, we investigate the generation of vortex y
photons with intrinsic OAM during the NCS process of
ultrarelativistic electrons and an intense CP laser pulse. As
presented in Fig. 1, a plane wave electron propagates along
the z direction, collides with a counterpropagating plane
wave CP laser pulse, and emits vortex photons. We develop
a vortex scattering theory within the framework of the
Furry picture of strong-field QED to describe the radiation
process. We derive analytical expressions for the wave
function of the radiated photon and the corresponding
radiation probability rate. Moreover, we conduct numerical
investigations to explore the energy spectra and beam
properties of the emitted vortex y photon.

Our paper is organized as follows: In Sec. II, we present
our theoretical framework by unveiling the vortex phase
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FIG. 1. Generation of vortex y photons with intrinsic OAM in
NCS of the ultrarelativistic electron in the CP laser pulse. The
OAM of the vortex y photon is I, = n — A’, where n labels the
corresponding harmonics and A’ is the y photon spin. The vortex
state is represented by a cone in momentum space with the cone
angle 0, and the azimuth angle ¢, of the momentum vector k’.

structure of the S-matrix element, obtaining the radiated
photon wave function, and deriving the differential prob-
ability for the radiation of the vortex y photon. In Sec. 111,
we present numerical results for the differential radiation
rate and the beam property of the vortex y photon. We
conclude with final remarks in Sec. I'V. Throughout, natural
units are used (72 = ¢ = 1), the fine-structure constant is

2 ; —
a = -~ 137 with the electron charge e = —|e[, and the

electron mass is denoted as m,.

II. THEORETICAL FRAMEWORK

Vortex states represent non-plane wave solutions to
respective wave equations. When expressed in cylindrical
coordinates r, ¢, and z, a vortex scalar particle can be
described using the following wave function [60]:

e—i(mt—k,z)
V2o

with the wave form function

| x .
l//xm(r’ (pr) = ﬂe_lm(/}']m (}{I"), (2)

where J,, is the Bessel function of the first kind. Expression
(1) represents the Bessel vortex state, which is considered
as the eigenfunction of the z projection of the OAM
operator f,z = —id/ 0, with the corresponding eigenvalue
m. Therefore, a vortex scalar particle can be characterized
by its energy o, longitudinal momentum k,, transverse
momentum x, and the projection of OAM onto the z axis m.
The vortex state could be written in terms of plane wave
states:

l//)(mkz(r’ PDrs Z7t) = W}{m(r’ (pr)’ (1)

a2k e—i(wt—k-x)
l//;{mkz(rv Prs 2, t) = /waxm(kl) W’ (3)

where the Fourier amplitude a,,,(k;) encodes a cone
structure with radius k; = |k | = » in the momentum
space with a helical phase factor e%:

unlls) = e o, ).

Similarly, the wave function of the vortex photon or
electron can also be expressed as a superposition of
corresponding plane wave states using the Fourier ampli-
tude a,,,(k,), as is done in Eq. (3). Therefore, the

scattering matrix element S}?mx involving such particles
is naturally connected to the conventional plane wave
scattering matrix element S?ll.ane through the Fourier ampli-

tudes in Eq. (4). In the subsequent discussion, we will begin
with the NCS S-matrix element for plane wave electrons
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and photons. Then, utilizing the results, we will proceed to
calculate the scattering process involving vortex particles.

A. S-matrix element for the NCS in the pulsed laser

The CP pulsed laser is modeled by the plane wave
background field:

0
AW =al) | f | = ot e e e, )
0

where ¢ = k - x represents the laser phase with the wave
4-vector k = (w, 0,0, —w) associated with the laser photon,
g(¢) is the pulse shape function, and a = "« is defined by
the dimensionless parameter £, which is related to the laser
intensity through &~ /7.3 x 107"°1[W/cm?]A3[pm]. The
individual laser photons associated with the classical CP
plane wave background field in Eq. (5) carry SAM s, = +1
along the z axis. This can be seen by examining the
canonical SAM density E x A using classical fields cor-
responding to the laser field [61]. The representation of the
laser field with polarization vectors €', = % (0,1,+i,0)"

is introduced for later convenience when we define the
dynamical integral A, (s) in Eq. (9).

We calculate the NCS process of an electron interacting
with a pulsed laser in the Furry picture [56], in which we
treat the interaction between the laser field and the electron
exactly, while considering the radiation perturbatively. To
describe the electron, we use the Volkov solution of the
Dirac equation in the laser field [62], which, after intro-
ducing some notations such as Q, = 77 &, A(¢) = aA(g),
and k# = wn*, can be written as

wpa(x) = (1 4+ QpA(¢))u, 1o 5@ (6)

The classical action of the electron in the laser field in
Eq. (6) is

)= pox+ 1 [Ma (p-a@) - 50w,
—peatay o) sintgy - 4+ 5, [ dWPWP)
™)

where @), is the azimuth angle of the momentum vector p,

we have introduced the notations a, = ”i'"etf and

B, = Z’Zp &, and in the derivation of the second line,
we have assumed the slowly varying envelope approxi-
mation %g(qﬁ) < g(¢) allowing us to approximate
[ dpg(@) cos(¢) = g(¢p) sin(¢) [63]. Under the condition
of switching off the laser field (£ = 0), the Volkov state

given by Eq. (6) simplifies to the familiar wave function of
a Dirac spinor v, ;(x) = u,, ;e”"7"*, which describes a free
electron.

The leading order S-matrix element for NCS with plane
wave particles can be written as

Sy = —ie [ dxi (AL (a0

= —ie/d Xity y[d o +Q,Q, 5 (¢)(2n- € )

+ QAP o+ Qpds HA(D) 1,

 e=ilp=p/—K)x , 71 IP)sinld=gy) —inp f “’dz//gzwb’)’ (8)
where A’ (x) = e;ff ~iKx is the radiated photon wave
function, and A = (2kp Zk%p,)mgafz. The familiar nota-
tions 7 = w'y? and ¢ = a,y* are employed. The momen-
tum 4-vectors for the incoming electron, outgoing electron,
and emitted photon are denoted as p = (0,0, p,),
p'=(€,p), and k' = (&',k'), respectively. The spin
indices for the initial (final) electron and the emitted photon
are represented by A (A) and A’, respectively.

To obtain the energy-momentum conserving delta func-
tion, we perform a Fourier transform by rewriting the S-
matrix elementas Sy; o [ d*x 4 ...e7"Pe~i(P=P'~K)x which
leads to the following dynamic integrals:

isp—ia s sin(¢p—q, /) —i P ad (@
Ao(S)z/dqbelw 90 sin@=gy)=ish [ i/ P9

isp—iay sin(¢p—¢ 1 )—i ey
AZ(S):/dd)gz(d))e ¢iay g(@)sin(¢~g,) Aﬁf d¢g(¢)’

i(s —ia sin(p—a 1 )—i [ ,
Ai(S)Z/dd;g(gb)e(“)"’ J,00) S0, )-i0 [* a0 @)

A,e

©)
By defining the charge currents as
To =1y y pthpss T2 =Q,Qy (20 € )iy ikt 5,
T = sy + Oyt )it
the S-matrix element can be written as
Sy = —ie / ds(2m)36W (p + sk — p' = k') Ay ()T &

6=02,+

= —ie

2 3
(07? 53 (p + sok —p' — k') Z A (50)T 5

0=0,2,+
(10)

Here, the laser photon absorption number sq = 6/+$/_‘9 takes
continuous values, which arise from quantifying the num-
ber of absorbed laser photons with the central laser photon
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energy w. It should be noted that laser photons have a broad
spectrum due to the finite pulse duration.

B. Vortex phase structure

Let us now exploit the azimuth angle dependency of the
S-matrix element, as it is crucial for the discussion related
|

-y / dipe! I [P (o

i nQy
b

= ZCéw(s)e
Z/d¢elsn tﬁf/’dqﬁ
= Zcz (S)elw"/7

its—n)p—ip [? g/ (¢’
:Z/d¢e( =i [* a7 @) g )

n:Fl

_ZC

where J,, is the Bessel function of the first kind. At this point,
the S-matrix element is expanded into harmonics as follows:

27)?

—~

Sfi = —ie 5(%>(p+S0k —p’—k’)z

w
x {e™ [Cf)n)(so)jo + an) (50)T2]

+e 00 O (50) T+ I ) (50) T} (11)
It is important to note that the discrete number 7 labeling the
harmonics and the continuous number s, denoting the
photon absorption number reflect the laser photon contribu-
tions during the radiation process. The discreteness of 7 is
associated with the fact that each laser photon, even with a
broad energy distribution due to the finite pulse shape,
contributes one unit of angular momentum originating from
the circular polarization of the laser. In the case of mono-
chromatic lasers [g(¢p) = 1], these two numbers coincide
(so = n) as given by Eq. (B1).

Next, we can further unveil the azimuth angle depend-
ency associated with the initial (final) electron and the
emitted photon spins by expanding the usual bispinor and
polarization vector in terms of eigenfunctions of spin
operators in the z direction [10]:

L= Ze—zm—l(ppdlﬂ(e)( Ve + mws! >
“p. PP\ 2a/e = mw?

_ —i 1
€rn = E e~ 1Nk d,;A,A(gk))(gA,
\=0.£1

(12)

to OAM. First, we need to extract the azimuth angle
contributions due to the multiple laser photon absorption
which is hidden in the dynamic integrals in Eq. (9).
This is achieved by employing the Jacobi-Anger relation
el @)sindte,) = N~ T (ag())e™?+) and rearranging
the resulted summations, which leads to

p, 9(¢))e™

Tulay g(¢))e™

T (@, g(@))e

[
where 6, and 6 are the polar angles of the corresponding

momentum vectors. The Wigner’s d-functions are given
by [64]

cos@/2 —sinf/2
o= (0 oy
' sinf/2  cosf/2
and
cos’6/2 —\/%sinﬁ sin%6/2
d}%/\(e) — %sin& cosf —%sin& (14)
sin’6/2 % sin@  cos*6/2
The spin basis functions satisfy
S WP = ow, S X0y = OAXo,» (15)

with eigenvalues 6; = 4-1/2 for the spinor and 6, = +1,0

for the vector, respectively. The spinors are given by w;/ 2=

(1,0)7 and w:'/? = (0,1)7, and the vectors are given by

x0o=(0,0,)Tandy, = 75(1, +i,0)7. The corresponding

spin operators in the z direction §, are a 2 x 2 Pauli matrix
5, = %@ for the spinor and a 3 x 3 spin-1 matrix for the
vector [65].

With the aforementioned considerations, we can now
present the S-matrix element with the explicitly extracted

azimuth angle dependency:
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2r
Sfi:le( )53(p+s0k -p k, Zeln ooy =2 )by pioypy

n,o,.

X [60‘,0(50‘/1/ O‘AggT +50‘/ ,—0, gT‘L)
+(80,.0,G1 65, -5, GL)165,,d)5(0)d} x (O00).

(16)

where the notations are as follows:
GY" = 5,,020:1C5" (s)

~2Q,9, (£, +20,£,)¢5" (5))
Go* = 80y20, (20,115 (5).
G = 18720,80, 20, V22 (20,f,1) + /1))

= 85.20,05,,.-20,V 22, (20,1 + F2)1C" (s).
gl = .-26,06,,.0(Qp (=20, f 511)/ +f 51_21)/)

+Q, 20,1 + FonICE (s), (17)

and

£ = Ve mve T m + 220V = m/e=m,
F2h =20V = /et m + 2V + myJe—m.

The summation in Eq. (16) can eliminate the dummy
indices {0, 6,, 0,0, } through the Kronecker deltas in the
S-matrix element, see Appendix A. By further considering
the relation ¢, = @y £ 7 supported by &*(p/, + k'), the
azimuth-angle-dependent vortex phase of the S-matrix
element can be revealed:

Sy 10 CT 53 1 skt R 0
Jt ) -

(18)

where the harmonic amplitude M is given by Eq. (A1).

The phase factor /A=)y represents the complete phase
structure of the NCS S-matrix element in the transverse
plane, and the vortex structure can be inherited by the final
particles, allowing them to possess OAM as discussed below.

C. Wave function of the radiated photon

The outcome of a scattering process, also known as the
evolved state, is related to the initial state via the S-matrix

element [62]
= | jjf sl = [ jjf Sy (19)

where, in our case, the initial state |i) = |p, A) and the final
state |f) = |p/, sk N) =|p', V) ® [k',A’). Note that
Ip.4), [p’,7'), and |k’, \’) are the initial electron, the final
electron, and the final photon eigenstates with momentum
and spin eigenvalues implied, respectively After identifying
the S-matrix element Sy; = (p', 2'; k', '|S|p, 1), the evolved
state of NCS can be expressed as Y, prlP'.2) ®
k', A >S ri- Therefore, the S-matrix relates the final electron
and radiated photon wave functions to each other, causing
them to become entangled. Thus, a specific choice of wave
packet for one of the final states directly affects the other
[51,66,67]. Moreover, the angular momentum transfer dur-
ing the radiation process assumes the rotational symmetry in
the transverse plane. Consequently, we project the final
electron onto the following wave packet form:

/ (" ”;b @), (20)

where the Fourier amplitude for the wave packet b, (p', ) =

f)—’,’(i(p’L —p) fixes the transverse momentum [p/, | = p/

and integrates out the azimuth angle ¢,. The chosen wave
packet, which is connected to the vortex amplitude in Eq. (4)
as by(p',) = a,o(p',), indicates that we are selecting the
zero-vortex mode for the final electron state. However,
projecting the outgoing electron onto the zero-vortex mode
in the experimental setup presents a challenge. Nevertheless,
as will be clear in the next subsection, with the wave packet
choice in Eq. (20) for the final electron, one obtains the same
angular momentum transfer relation as in the classical
radiation picture [48,50]. The resulting expression for the
emitted photon wave function in momentum space is

dp
A/ ) = b / 7oA .
KA /(2 2 P’ )ew aSyis

2 2@
=l \w 5(p. + sok. — pl — KL)S(K, = p')
x Z el eI dy (O g, M (50)-

(21)

where Sy; is given in Eq. (18), and one could identify
the Fourier amplitude of a Bessel vortex mode from the -
function 5(k', — p') and the spiral phase factor e!("»=x )% as
in Eq. (4). The position space wave function of the emitted
photon is obtained via A,y (x) = [ (d;Tk); e™®*A A, which
gives

= je ik, / n+ 1
Aw/ /\/ = l 2 Z m GA’d{;A,,A/(ek/)

na/

x el(m=ox)er J — (K r )XJNM"(SO)’ (22)

016005-5



MAMUTJAN ABABEKRI et al.

PHYS. REV. D 109, 016005 (2024)

where m}, = n + A — A’ is inherited from the NCS S-matrix
element in Eq. (18). By applying the total angular momentum
(TAM) operator J . =35, + I:z to Eq. (4), it is found that
JA y n(x) = m,A, x(x). This implies that m/, represents
the TAM carried by the vortex photon [2].

The phase factor e!("=?x)¢ encodes two kinds of spin-
orbit interactions (SOI): the intrinsic SOI of vortex light
[68] determining its OAM number [/, with three values
{m), — N',m),,m), + A’} [24], and the SOI of the radiation
dynamics where the SAM of electrons and laser photons
contribute to the emitted photon’s OAM. For an incoming
ultrarelativistic electron, the cone angle associated with the
radiation is estimated as @y ~ i < 1 (where yg = mi is the

electron’s relativistic factor), and the Wigner function
simplifies to a Kronecker delta d A,(Qk/) ~ 0, n- This

allows for interpreting the wave functlon of the radiated y
photon as the eigenfunction of SAM and OAM operators
with respective eigenvalues A’ and I, = m), — A/, which is
similar in optics where the TAM of a paraxial vortex light
splits into SAM and OAM [69,70]. Moreover, for the
radiation in moderate laser intensities (¢ ~ 1), the electron
spin-flip channel (4 # 1) is negligible, resulting in m], = n.
Consequently, the y photon emitted from the nth harmonic
of the NCS corresponds to the vortex mode with SAM A’
and OAM I, =n—A'.

The relation m), = n suggests that SAM of n laser
photons goes completely into the OAM of the emitted
single y photon, which is a consequence of assigning zero
OAM to the final electron. In principle, the SAM of
multiple laser photons could contribute to both the final
electron and the y photon, provided that a coherent
projection of the final electron onto a vortex mode is
performed. However, it should be noted that, currently,
there is no such control over the final electron in the
experiment. The wave function of the y photon is related to
the electron via the S-matrix element [62,66,67], and
identifying the y photon as a vortex mode requires extra
conditions over the final electron, which are missing in
classical theories.

D. Probability of radiation of vortex y photons

To obtain the probability for vortex photon radiation, we
project the evolved photon state from Eq. (21) onto a basis
of OAM-sensitive detectors. This allows us to relate the S-
matrix for the generation of the vortex photon to the usual
plane wave NCS matrix element Sy; obtained in Eq. (16):

K, &p'
S},'(I')nex = (2 )2 Km;(kj_>/ Lb (p/ )Sfﬁ

(27)?
ie2rn
= 8(p. + sok, — pl. = K.)6(p" — «')
X Z’ " B, ntamr M (50) (23)

where the Fourier amplitudes a
K'n

(Ky) and by(p';)
correspond to the projection of the final photon and
electron onto the vortex and zero-vortex modes, respec-
tively. After employing the normalization convention for

final state particle wave packets as in [60], and including

1 T T -
the factors Ner RVer: R and 3Rz 1N the correspond

ing wave functions, we can write the probability for the
vortex photon emission as

RL.dp', dp, RL.dK dK,

dWVOI‘IeX —
27> 272

Sy (24)

The differential rate for the generation of the vortex photon
with TAM m, is

A2 Wvortex &2 k/
dw/dek/ :4 (kp kp Z m,s,n+i— AI|M (s0)|29 (25)

where a factor _5 from the normalization is replaced by
kK| = o' sin@p. Here the angular momentum conserva-
tion imposed by the §-function m,y = n + A — A indicates
that TAM of the radiated y photon m, receives contribu-
tions from the laser photon SAM n and electron spin flip
(A=2X). If we neglect the spin-flip channel (4 # ') of
NCS for moderate laser intensities (£ ~ 1), we get my = n,
which is consistent with the classical results of the
radiation from the spiral motion of a charged point
particle [48—-50]. Note that in Eq. (24), there is a sum
over harmonics inside the square and one should write

S =1 e S S |+ | oo SySH"l. The
interference terms |y, S;i) i
duration of the laser, which causes the ponderomotive
broadening and, in turn, results in the existence of
different harmonics for the same radiation kinematics
so < n < sy— Ap [63]. However, the interference terms
are eliminated by the Kronecker delta resulting from
angular momentum conservation in Eq. (25). In the case
of a monochromatic laser, the interference terms are
canceled out by the energy-momentum conserving delta
function, which contains the discrete harmonic label.

| arise due to the finite

III. NUMERICAL RESULTS
A. Radiation rate of the vortex y photon

The analytical results in the previous section hold for
optical lasers with the pulse duration 7 = 20 fs regardless of
the electron energy and the laser intensity as long as the single
photon emission along the collision axis is dominated. In the
following, we present numerical results where we assume
the electron energy € = 1 GeV, the laser intensity £ = 1, the
central laser photon energy w = 1.55 eV, and the pulse

shape g(¢p) = cos? (%) with Nyee = 10 (corresponding
cycle
to an optical laser with Ay ~ 0.8 pm, 7 ~2 x 10'® W/cm?,
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FIG. 2. Radiation rates for the vortex y photons with 6y =
0.35 mrad for the first three harmonics for helicities (a) A’ = +1
and (b) A’ = —1. Inset: transverse intensity distributions given in
arbitrary units calculated from |A,, (x)|? for @' taken at the main
harmonic peaks marked by asterisks. Angle-resolved energy
spectra in Eq. (25) for photon helicities (¢) A’ =+1 and
(d) A’ = —1; white lines stand for kinematic relations for
harmonics w),(6y) in the monochromatic laser.

and 7 ~ 26.7 fs). The results for monochromatic lasers are
presented in Appendix B. Figure 2 shows the radiation rates
of polarized vortex y photons calculated via Eq. (25). We
present the energy spectra for a fixed angle in Figs. 2(a)
and 2(b). The nth harmonic corresponds to the vortex state
with TAM number m),, = n and OAM number I, = n — A'.
The transversal distributions for |4, (x)|? in the inset feature
the doughnut shape of the photon with nonzero OAM.
Moreover, the ponderomotive broadening due to the finite
pulse shape would cause the nearby harmonics to overlap
[63], and one could find multiple OAM modes for certain
energy and polarization. This feature holds for a wide range of
Oy as seen from the angle-resolved spectra given in Figs. 2(c)
and 2(d), where the white lines stand for the kinematic relation
for the monochromatic laser. Each group of coordinates
(N, @', 0;) represents an independent radiation event and
defines a coherent vortex state with fixed OAM.

Since vortex photons formed from radiation with
different 6, overlap in the transverse position space,
we introduce an incoherent summation over 6y in

Eq. (25) and obtain D =S W(A, o, 1,), where

do'k|
we have shifted from m), to [, for the convenience of
discussing OAM. We then observe that y photons with
definite energy and polarization (A’, ") (marked by two
asterisks in the inset of Fig. 3) can be identified as a mixed
state of vortex y photons with different OAM numbers
(see OAM distributions in Fig. 3). This could be explained
as follows. For the same energy, higher harmonics also

L x10% A=+l 55 X100 A =-1
%107 ’ %1074
(a) 15 §
s 1 ) [
15 o M CEE
\3' % 1218243036 1.5 %% 1218243036
= 1 w w
< W = [2MeV 1
= MW = 19MeV

A L

FIG. 3. OAM distributions of incoherent vortex y photons with
energies o =12MeV and o =19 MeV for helicities
(a) A’ = +1 and (b) A’ = —1. Inset: power spectra of the emitted
polarized photons % where two energies are marked by
asterisks with the same colors as in the OAM distributions. Note
that OAM values start from /{ =0 for A’ = +1 and [, =2 for

A = —1 because of I/, =n— A

contribute, with an increasing 6, in the summation,
bringing with them a large amount of OAM. In addition,

if we define the polarization degree for each harmonic as
N WA=+l n)-WAN=-10"n)
Pn(w) = [WN=+1,0,n)+W(N=-1,0,n)

ized vortex y photon with @' = 12 MeV, P; ~90.37%,
Py~ -23.44%, Py~ —74.16%, etc., which are different
from the results for the plane wave y photon P(w' =
12 MeV) = 58.95% (in the latter, all harmonics are
counted). We stress that such an incoherent nature of
the generated vortex photon is the crucial feature of strong
laser-based y-ray sources. This new recognition of vortex
y photons in turn calls for novel considerations with
regard to its applications in nuclear or particle physics
studies, in which the current assumption is that the
available vortex particles are in a pure coherent
state [9,10,24].

»we get, for the polar-

B. Beam properties of the vortex y photon

To analyze the property of the vortex y photon beam over
the whole energy range, we introduce OAM ratios of
polarized vortex photons in the beam as P(A, o', 1},) =
% Corresponding numerical results are given
in Fig. 4 for laser intensities =1 and &=35
(I ~5x 10" W/cm?), and other parameters are the same
as those in Fig. 2. Atlow energy regimes below the Compton
edge, the first harmonic dominates the radiation; thus, the
corresponding y photons carry nonzero OAM only for A’ =
—1 due to the relation /{ = 1 — A’. As the energy increases,
the appearance of the peak in each harmonic indicates the
dominance of the corresponding OAM mode [see Figs. 4(a)
and 4(b)]. However, when the laser intensity increases, the
feature is only weakly preserved for A’ = +1 [see Fig. 4(c)].
The average OAM I'(N, ') =, P(N, o', I},) 1}, carried
by the y photon gradually increases with energy since more
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FIG. 4. OAM ratios P(A',',l},) over energy spectra for
polarized vortex y photons. Results are presented up to the tenth
harmonic (solid lines), and corresponding OAM values are
implied via I, = n — A’. The average OAM number I'(A’, ')
is given by the gray dashed line.

harmonics contribute, while the lower harmonics is also
present due to the ponderomotive broadening caused by the
finite laser pulse. Our results indicate that the y photons
radiated in a CP laser could possess intrinsic OAM inherited
from SAM of absorbed laser photons. This is missing in
previous studies [40—47], in which SAM and OAM of the
laser photons transfer wholly to the mechanical OAM
of the final y photon and electron. Such differences in
understanding the angular momentum transfer relation in
NCS need to be resolved, especially when the single
photon emission is dominated as is assumed in this study.
These are most likely relevant for the intermediate regime
(0.1 ££<10), which is currently under investigation
[71,72] and available for future experiments [57].

IV. CONCLUSION

Regarding the experimental feasibility of achieving spin-
to-orbital angular momentum transfer in NCS, one may try
to relax some of the theoretical assumptions. For example,
even the slightest deviation of the incoming electron from
the collision axis would cause significant OAM broadening
of the y photon. However, an effective angular momentum
transfer relation m), ~ n can still be achieved by considering
the off-axis emission of the vortex y photon. Moreover, the
infinite coherence length implied by the plane wave state of
the incoming electron could also be replaced with a finite
one. The most challenging requirement of projecting the
final state electron onto a vortex state with zero OAM can
also be eliminated if we prepare the initial electron with
transverse coherence and consider the off-axis emission of
the vortex y photon. However, in these instances, the vortex
y photons are emitted off axis and could potentially be in

“spatiotemporal vortex” modes [73]. A detailed discussion
of these scenarios requires additional study.

So far, it is clear that the spin-to-orbital angular
momentum transfer in NCS is a crucial point concerning
the generation of vortex y photons. Although studies based
on the classical radiation theory predict the OAM of the
vortex y photon in CP lasers [26], quantum treatment
becomes necessary to grasp the transverse coherence
condition on the electron for the y photon to possess a
vortex mode.

In summary, we investigate the generation of vortex y
photons in a CP laser pulse by employing a vortex
scattering theory in the Furry picture of strong-field
QED. We show that, when the final electron beam satisfies
a transverse coherence condition, y photons corresponding
to NCS harmonics can be identified by vortex modes
with intrinsic OAM as a result of spin-to-orbital angular
momentum transfer during multiphoton absorption.
However, due to the intense laser, the generated y photons
are, in general, in the incoherent mixed state of various
vortex modes. Furthermore, the attained OAM is deter-
mined by the laser photon absorption number, and high
OAM 7 photons could be achieved by utilizing OAM of
vortex state electrons [74,75] and/or vortex lasers. Finally,
vortex y photons may unveil new possibilities in strong-
field QED studies, besides their already envisioned appli-
cations in nuclear and particle physics related research.
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APPENDIX A: VORTEX PHASE
OF THE S-MATRIX ELEMENT

The final form of the S-matrix element with the vortex
phase explicitly extracted reads

27)3 ; ,
Sﬁ:ie< 77) 53(p+s0k_p/_k/)zez(n+/l—/1)(pprM(n)(SO)’

[0

where the amplitude is given by
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MO(s) = dY2(0,)d  (0) G (5)
e =0 g 2 (0,)dL, | (0)GL (s)
+ om0 g 20,0 dl,  (00)GL (5)
+ P00 g 2(g,)dL, | (00)GL ()
+d"2 (Oy)dl  (00)GL (5),

with the following notations:

(A1)

T(s) = 227287 (s) = 29,9, (£ + 22775 (s).
Hs) = —2vaar el (s),

GL\(5) = V29, (24f) + £2)C5) (5),

1 (s) = =29, 2413 + £)C,(s),

1 (s) = 1@ (=241 + £2) + QA7) + 1)

x C—nz)/l(s)‘

Note that in Eq. (A1), the azimuthal angle dependency will
be eliminated by considering the relation ¢, = @y + 7«
supported by 8*(p/, + k', ). Therefore, the complex phase
factor '"**=#)% holds the only remaining azimuth angle
dependency of the S-matrix element.

We can also write a more generic form of the S-matrix
element with the azimuth-angle-dependent phase explicitly
extracted:

2
ie <7f) 5g<p+5()k —p - k/ Z e~ ipp

ny,ny,0,.

Sfi:

X &M/ Py gl P dl/z (‘9 )drlr’/%l’(g )drlf /A’(gk')

X [50' 0( Oy o'lgTT " n2) + 50'1/ —O')QT‘L " n7 )

+ (5%, . TT(H] 1) +8,, 0, li(nn nz))} (A2)
where we have introduced the notations rhp =n;+o0,—1,
My =ny —o+oy—A, and g = o,. Comparing this
with Eq. (16), it is evident that Eq. (A2) also includes
the contribution from the initial electron. In the main text, it
is assumed that the initial electron propagates along the z
axis and has zero transverse momentum (6, = 0).
Therefore, the initial electron does not contribute to the
azimuth angle phase in Eq. (16). Moreover, in Eq. (A2),
there are two harmonic labels present. This introduces an
additional factor to G through the integral definitions of
chmm) — CS,'lZ)e""l"sJ,ll (a, 9(¢)), where cY) is defined in
the main text. Using the expression in Eq. (A2), it becomes
possible to calculate various physics scenarios related to
vortex photon radiation during NCS processes. For exam-
ple, one can study triple vortex scattering or consider the

case in which the initial electron possesses transverse
coherency.

APPENDIX B: VORTEX y PHOTON RADIATION
IN MONOCHROMATIC LASERS

For the monochromatic laser case, after performing the
harmonic expansion and using SAM eigenfunctions for
electron and photon states, the S-matrix element is written as

Si=NicsY 0W(q+nk—g —k)e' "M, (BI)

where Ncs = ie(27)* and the amplitude reads

=)/} (0y)d} \ (00)GY!

+ 6_12/“(/}[/ _(‘ak/)dl/ﬁzﬁ/ ( ) 22, (Hk/)

n e—iz&((pp/—(ﬂk’)di/i(g )dy, A/(gk’)G:t,l

+ e2Moy—ow) g 1/2( )dle/(Qk’)sz

+d" 2 (8y)d) \ (60)GL (B2)

with the following notations:

Gy =2\ @y) = 28,8, (£ + 2 2y,
Gyt = —2V2Af3) 0, (@)
Gl = V2B, 1Y) + £ iy,
Gl = —v2B,22f) + O iy,
GLY = [By (=21 + £2) = Bo(=221 1) = F2))]

X Jpyai(ay).

Note that the full expression of the azimuth-angle-dependent
phase in the transverse plane is needed to explore the vortex
mode of the NCS S-matrix element. If we perform harmonic
expansion alone, as is done in textbooks [62], we only get the
phase factor e”?, which is not enough to guarantee the
interpretation of harmonics as vortex modes, as certain
azimuth-angle-dependent phases are hidden in the electron
and photon spinor and polarization vector. Moreover, in
Eq. (B1), the photon absorption number in the J-function
coincides with the harmonic number in the complex phase,
which is quite in contrast with the pulsed case.

After assigning the zero-vortex mode for the final
electron through b, (p’ ), the above S-matrix element
would produce the wave function of the vortex photon
in the following form:
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FIG. 5. Radiation rate for the vortex photon with cone angle

O ~ 0.35 mrad for the first three harmonics for photon helicities
(@) A=+1 and (b) A’ =—1. Asterisks correspond to the
monochromatic laser case, and solid lines correspond to the
pulsed case. The monochromatic results have been rescaled by a
constant factor to facilitate a better comparison with the pulsed
result.

/
Apn =<2—;§§Z§(Qz+nkz—QQ—k’z)5(qO+nko—%— 0)
n,aA/

2 ’ . /
% ,ki/ﬂé( l_p/)(_l)mnez(mn—o'/\/)(/)k/
1

nglyA,,A’(Hk/)XaA/Mn' <B3)
Unlike the pulsed laser case, there is a one-to-one corre-
spondence between the NCS harmonic mode and the vortex
mode. Thus, @’ and 6 would uniquely define the harmonic
content of NCS in the monochromatic laser case.
Therefore, in the monochromatic laser case, one just
identifies the harmonics as vortex modes, and the energy
spectrum of the radiation is the same for the plane wave y
and the vortex y emissions.

In the numerical calculations below, the electron energy
is € = 1 GeV, and the laser photon energy is @ = 1.55 eV.
The difference between pulsed and monochromatic laser
cases concerning vortex y radiation are shown in the energy
spectrum and the OAM content in Figs. 5 and 6. As is
shown in Fig. 5, the spectra of the first harmonic spreads
into the region where one expects the result of the second
harmonic. In Fig. 6, for the vortex y photon with energy
@' = 12 MeV, one observes contributions from the funda-
mental harmonic [see Figs. 6(a) and 6(b)] which is absent in
the monochromatic laser case [see Figs. 6(c) and 6(d)].

Similar OAM ratios of the polarized y photons, as
defined in the main text for the pulsed laser case, can be
introduced here for the monochromatic laser case:

PN, o', 1)) :% where W(A, @', I,) is obtained

from the radiation rate for the nth harmonic [76].
Corresponding numerical results are presented in Fig. 7.
Note the differences between results from the pulsed laser

x10* A7 = +1
(a) Pulsed laser case]

%10

(c) Mogochromatic
las

WA, o', 1)
O N

FIG. 6. OAM distributions of incoherent vortex y photons with
energies @ = 12 MeV and o’ = 19 MeV for helicities [(a),(c)]
A = +1and [(b),(d)] A = —1, respectively. The first and second
lines correspond to pulsed and monochromatic laser cases,
respectively.
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FIG. 7. OAM ratios P(A,w',l),) over energy spectra for
polarized vortex y photons generated in the monochromatic
CP laser.

in the main text and the monochromatic laser case
presented here: (1) the lower harmonics cannot spread into
higher harmonic regions, and the resulting average OAM
has a staircase pattern, while in the pulsed case a smooth
increment is observed; and (2) the monochromatic laser
case overestimates the OAM ratios due to the lack of
spreading of the lower harmonics.
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