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Effective Lagrangian for the macroscopic motion of fermionic matter
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We consider macroscopic motion of quantum field systems. The Zubarev statistical operator allows us to
describe several types of motion of such systems in thermal equilibrium. We formulate the corresponding
effective theory on the language of a functional integral. The effective Lagrangian is calculated explicitly
for the fermionic systems interacting with dynamical gauge fields. Possible applications to physics of

quark-gluon plasma are discussed.

DOI: 10.1103/PhysRevD.109.016003

I. INTRODUCTION

Continuous medium approximation is widely applied
for modeling of strongly interacting relativistic systems. In
high energy physics, in particular, this approach is used for
the investigation strongly-interacting quark gluon plasma
((s)QGP) in Heavy Ion Collisions (HIC) [1-7]. In astro-
physics it is used for description of neutron stars and binary
systems (with general-relativistic magneto-hydrodynamic
simulations) [8—10]. This approximation implies quasie-
quilibrium of medium, i.e., sufficiently small space-time
cells of matter (“grains”) are assumed to be in thermo-
dynamic equilibrium.

Parameters for the realistic hydrodynamic models are
usually derived from the underlying matter equation of
state (EoS) or directly from the quantum field theory
(QFT) [8,11-19]. The explicit dependence of EoS on (T or
€,p or n) is usually considered, where 7—temperature,
e—(kinetic) energy density, y;—chemical potentials, and
n;,—the associated charge densities.

Inertial forces on the scale of a grain1 can be strong
enough to qualitatively change equation of state and modify
phase diagram. Such effects naturally arise in general
relativity. In particular, notions of Tolman-Ehrenfest and
Unruh temperatures [20] appear this way.
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lSay, the forces caused by rotation acting at the nuclear scale of
a few fm.
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For the idealized rigidly rotating hot QCD such effects
were recently discovered using lattice simulations [21-26].
For the accelerated QFT systems these effects were dis-
cussed in [27,28] using the Zubarev approach [29]. Inside
neutron stars velocities reach a quarter of speed of light.
Therefore, relativistic corrections to the EOS of nuclear
matter are considerable [30].

Effects related to rotation in HIC recently attracted
attention because of the large values of vorticity (angular
velocity) of (s)QGP of the order of ~10?? s~! ~ 10 MeV
[3.31,32]. Effects of acceleration are to be investigated as
well—the values of matter acceleration in HIC are expected
to be of the order of hundreds MeV [11,33]. These effects,
however, are much less known compared to effects of
vorticity [3,6,34].

Other relativistic effects can be relevant as well for the
neutron matter EoS for modeling of a neutron star evolu-
tion. They can even be more important for modeling
binaries, e.g., neutron star mergers, in which the astro-
nomically large objects coalesce in a few milliseconds
[10,35]. We expect that within these objects the hydro-
dynamic velocities, angular velocities, accelerations can
influence the nuclear matter EoS.

In this paper we systematically address the problem for
the case of inertial forces that emerge due to the macroscopic
motion of the strongly interacting matter. To perform a
rigorous QFT analysis we rely on Zubarev statistical operator
[36]. The macroscopic motion and temperature distribution
are encoded in the temperature four-vector (the frigidity
vector) and local chemical potentials. Though, as a particular
application we mostly keep in mind analysis of the sQGP
emerging in HIC, our findings may be relevant for modeling
of evolution of neutron stars and binaries. Consideration of
external electromagnetic fields and the chiral density is also
possible within the Zubarev approach, and might be signi-
ficant [37], but we leave it for later publications.

In general, Zubarev operator allows to analyze the
nonequilibrium systems. The thermodynamic equilibrium
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imposes [18,36,38,39] restrictive conditions on the macro-
scopic motion and temperature distribution. Aside from the
motion with constant velocity, the equilibrium frigidity is
parametrized by a constant thermal vorticity, which is an
antisymmetric tensor. The axial part of thermal vorticity is
proportional to the angular velocity of rigid rotation of the
system. The polar part is proportional to the linear accel-
eration of the system at the initial moment in time.

In simulation of HIC, which results in description of the
(s)QGP evolution, the frigidity four vector can be easily
extracted (see e.g. [6]) for each cell, or a coarse grain,
and approximated by an equilibrium frigidity value, which
comprises motion with constant velocity, rotation and
accelerated motion.

To analyze the thermodynamic state of such a grain,
we derive the effective action for the macroscopically
moving grain, which allows to compute, e.g., with the
lattice simulations, the path integral, obtain the correspond-
ing partition function and local thermodynamic quantities.
Our effective action contains the terms for general macro-
scopic motion of the substance, which have not been
considered in literature before.

It is instructive to discuss separately the particular case
of rigid rotation. In order to perform lattice Monte-Carlo
simulations the system is typically considered in rotating
reference frame [21-23,25,26,40,41]. In these simulations
in order to avoid the sign problem, the angular velocity is
taken to be imaginary, at the end of calculations the
analytical continuation to real values is to be performed.
In this approach, which is called here “passive” description
of rotation, the vacuum is rotating by definition. Notice that
the nontrivial metrics are introduced for many purposes
while considering macroscopic motion of substance [42].

Another approach, which is called here “active” descrip-
tion of rotation, is to define the statistical operator of a
rotating system, which was done rigorously in [36] for any
kind of macroscopic motion that is admitted for thermal
equilibrium. In [43] the rigid rotation has been considered
within the similar approach. This approach has been
developed later, e.g., in [41,44]. For the active description
of rotation vacuum is defined in an inertial frame, while
excitations above vacuum are rotated (either thermal or
those caused by chemical potential). Notice that duality of
the “active” and “passive” descriptions emerges also in
nonrelativistic physics [45].

It appears that the rotating vacuum is identical to the static
vacuum in an IR-complete theory of free Dirac fermions,
as was shown, for example, in [46]. In the present paper
we demonstrate, in particular (see Appendix F), that the
effective action (for the gauge field interacting with fer-
mions) obtained from the active description of rotation
coincides with the action obtained from the passive descrip-
tion of rotation [40], which is not obvious a priori.

Another type of motion admitted for thermal equilibrium
according to the analysis of Zubarev [36] is the motion that

comprises linear acceleration at the initial moment (see
Appendix B). Notice that this is not motion with constant
acceleration that does not depend on time, its description in
more complicated at later stages. This kind of motion has
been investigated analytically (see, for example, [27,28]).
However, to the best of our knowledge, equilibrium QCD
with such kind of macroscopoc motion was not investigated
using lattice simulations. Interacting theories with Rindler
metric (accelerating systems) were considered only
recently [47]. In the present paper we propose, in particular,
the effective action for the equilibrium system that admits
linear acceleration. It appears that the effective Lagrangian
for this type of motion coincides with the Lagrangian of
the system at rest. However, the corresponding temperature
becomes depending on the spatial coordinates. The most
general case of equilibrium motion contains superposition
of motion with constant linear velocity, rigid rotation and
accelerated motion. We derive the effective action (74),
which may be used for description of such a motion for any
system of fermions interacting with gauge field, including
QCD. In particular, we expect that this effective action may
be useful for lattice QCD simulations.

II. ZUBAREYV STATISTICAL OPERATOR AND
MOTION OF SUBSTANCE IN EQUILIBRIUM

In this paper we assume metric signature (4, —, —, —).
Following [36] we present the covariant form for the
statistical operator which provides candidates for a proper
description of macroscopic motion of a substance in global
thermodynamical equilibrium. Namely, the logarithm of
the statistical operator is expressed as

logp = —a— / dspn, (T”"up - Zm}'?). (1)

Here integration is over three-dimensional spacelike hyper-
surface ¥, while 7% is the gravitational (or, Belinfante-
Rosenfeld) stress-energy tensor operator. By dX we denote
element of integration. The function f(x) may depend
on coordinates as well as n(x) and u(x). The latter vectors
obey

Four-vector n(x) is orthogonal to surface ¥, while u may be
interpreted as the macroscopic four-velocity. Function f(x)
may be interpreted as inverse temperature depending
on coordinates. The combination f,(x) = f(x)u,(x) is
the frigidity vector.

Space-time considered here is flat Minkowski space,
which admits foliation into the three-dimensional spacelike
hypersurfaces X, depending on parameter 6. We consider
evolution of the system in the parameter ¢ with its initial
value o; and final value o/.
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The boundary conditions for the evolution are the total
translational, angular and boost momentum, and charges

P = </ d=, >
Oif

MY, = < / A, (x* TP — xTrr)

ot = ([ ami| )
Oif

The gravitational (or, Belinfante-Rosenfeld) energy momen-
tum tensor in the Zubarev statistical operator comprises all
ten Poincaré charges, the four translational charges with
canonical energy momentum tensor 7%, as Noether current
and Lorentz transformation charges with canonical Lorentz
transformation tensor

>’
gi.f

M'g:rf = (xyTgin - x/ITg:n) + Sped, (2)

The former term comprises angular and boost momentum
contributions, while the latter term is the spin current. It is
related to the antisymmetric part of the canonical energy
momentum tensor by

D/AS”M = fw%n - Azc/c/lm (3)

with covariant derivative D,,. The (symmetric) gravitational
(or, Belinfante-Rosenfeld) energy momentum tensor may
then be expressed in terms of the canonical energy momen-
tum tensor and the spin current by

N N 1 N " N
™ =T + EDA(S'M R (4)

The stationarity condition % = 0 includes the thermo-
dynamic equilibrium, and requires the integrand to be
divergence-free [36]. In order to have equilibrium we
should require that expression of Eq. (1) does not depend
on X = X. For this it is sufficient if the right-hand side of
Eq. (1) does not depend on the form of X at all. This

requirement is equivalent to

0=09,p (T”ﬂu,, - Zuﬁ?)
=T"0,pu, = > J40,pu;. (5)
This equation is satisfied by

Pui = ¢; = const
ﬁ/} = ﬁup = bp + Cbpaxa (6)

with constant antisymmetric tensor @, (the thermal vorti-
city). Then

BX) = [ + 9 0,00,00 X + 297 b, p0x" (7)
and

o o
b, + @,,x

\/b2 + ¢y @, x X + 2¢° D, @,,X°

(8)

1y (%)

One can define the four-“acceleration” vector

a_)Ml/ (bb + &)Dﬁxﬂ)

b2 + G @, X X7 + 2" b, @, X7

©)

and vorticity

1 _
w, = —ﬁewwu”a}/’”

— _ €ﬂl’/)()’(by + CD{J‘['XT)CD/)” (10)
2(b? + G @)@, X" X7 + 29" b, ,,x°)

Chemical potential receives the form

G 3
p(x) \/ B2+ G0, @0 X X+ 267 X

i) = (11)

The limiting case of nonrelativistic macroscopic motion
corresponds to |b,| > |@,,x?|, and b; < by (i =1, 2, 3).
In this case we have approximate relation:

PB(x) =~ ||b|| = const

In the reference frame, in which spatial components of b
vanish, we obtain:

b=~ p(1,0,0,0)
and
@y = PEan®” + @,8) = a,8))
while
Pui = ¢

In the general case the tensor @ may be decomposed as

5);41/ = ﬁ(eyuaﬂa)auﬂ + ayuzz - auuy) (12)

016003-3



SELCH, ABRAMCHUK, and ZUBKOV

PHYS. REV. D 109, 016003 (2024)

The following integrals of motion enter the expression for
the statistical operator:

= [ s

0, / dzn, !

JH = /dan(T/’”x” - T””x“) (13)
We obtain:
p= %e—bﬂf”‘ﬂj@ﬂﬂ"“rziééi (14)

Tensor J* may be decomposed as
Jr = €m,aﬂj“u/3 - IA(”uD + IA(VM” (15)

Here K, is the generator of boost while J, is generator of
rotation (both are taken in the comoving reference frame).
In terms of these generators we obtain the following
expression for the statistical operator:

/A) _ %e—bﬂf”‘—ﬂa#f("+ﬂwﬂj"+zié;Q[ (16)

Alternatively one can reduce tensor J v 10 momentum JO
and boost generator K ©) in laboratory reference frame:

Jw = eﬂmﬂjm)“nﬂ - IA(,(,O)nD + IA(ﬁo)nﬂ (17)

Let us consider the particular case, when hypersurface
X is the hyperplane ¢ = 0 in the inertial reference frame.
Then n = (1,0,0,0). Besides, we assume @g; =0 and
b =(f,0,0,0). At the same time the rigid rotation is
present given by angular velocity @ (see Appendix A).”
Equation (14) is reduced in this case to

1 _;5 )5 ©p
b= e BoPO+pow, T+ " 0 (18)

with ﬂz('0> ={;/py and a)f,o) = (0,@). In this case rotation
appears as an enhancement of angular momentum, and
results in appearance of the product of angular velocity and
angular momentum projected to the axis of rotation.

Notice that in this situation acceleration of Eq. (9) does
not vanish in spite of naive expectations. Namely, we have
a* = (0,a) with

W7,

2.2
l —w'r]

N
I

In the following in this paper we do not restrict ourselves
by this particular case. But we consider only the case,
when surface X entering Zubareyv statistical operator is the
hyperplane of constant time in the inertial laboratory
reference frame, which implies n* = (1,0,0,0)7.

III. NONINTERACTING DIRAC FERMIONS

A. Zubareyv statistical operator for noninteracting
Dirac fermions

We proceed to calculate the integrands in statistical
operator explicitly for the case of massive Dirac fermions.
We consider fermion vector current operator j(x) =
¥ (x)y”W¥(x) with chemical potential .

The Dirac Lagrangian for massive classical complex-
valued fermionic fields W is given by

L(P(x),¥(x)) = P(x)(ir*0, — m)¥(x) (19)

B(x) (é ", - m) W(x) (20)

with Lorentzian y-matrices {y*,y*} =2¢*¥ and metric
signature (+, —, —, —). Here

<~ —
0,= 0,—0,
The two forms are equivalent in the absence of boundary
terms (which we assume here). We will use the former
version to derive the canonical commutation relations as
well as the Dirac Hamiltonian (density) but the latter (more
symmetric form) in the course of the calculations. The

canonically conjugate momenta are given by

= iPy°, Mg = _—=0. (21)

This implies the canonical (anti) commutation relations
for the corresponding operators in quantum theory

{(Ty),(x). ¥p(0)} = i8° (x = )5 &
{We(x). ¥y (1)} = 8 (x = y)75y- (22)

The Hamiltonian is given by H = [dZH. The
Hamiltonian density is given by

(@)1, — £(P. P)

-
I
=

&

&

N
_I_

¥

——‘i’(iyj(gj)i’—i—m‘i“i‘. (23)
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In the quantum theory we substitute complex-valued

field ¥ by operator-valued field W, operators O satisfy the
Heisenberg equation of motion

where H is the Hamiltonian operator defined above. In
Eq. (23) we imply normal ordering. The commutation

relations we will need subsequently are those for O =
‘i’a, ‘i’a. They take the form

[H,%,(x)] = ¥y (x)(ir), 0; + mSy )10 (25)
[, 9,(0) = 22 (ir), 05— md) ¥, (x).  (26)

In order to make the calculations of the density operators
explicit we need the symmetrized canonical energy
momentum tensor operator which is given by

~

A 1 < A XA
T;in = ‘I"E]/(ﬂ ay>T - gﬂyﬁ(lp, ‘P) (27)

Here
=1 0, + 6#,4)

1 < <
(7,0, + 0,7,)

=~ (ru0, +0,7,) — 3

Notice that here and below the derivatives act on the fields
¥ and ¥' only, and do not act on n and u. Besides, ¥ is
defined as ¥ = W0,

B. Representation of partition function
in the form of functional integral

We can introduce the notion of coherent state associated
with the Grassmann-valued field y defined along the
surface X:

#) = el BEIQ) (g = @le] T 0)

The antisymmetric part is connected to the spin tensor for
Dirac fermions which reads

A 1 A
Sl.ll/ﬁ = g‘P{yﬂ, [yw }/ﬂ]}‘{j (28)

On classical equations of motion for ¥ we have
L(¥,¥) = 0. This results in

The same expression is obtained if we define stress-energy
tensor through variation of action with respect to metric
tensor. In the following calculations the derivatives with

overset arrows are always meant to act either on ¥ or on .
The integrands of the ansatz for the density operator may be
rewritten as follows

[ paza, (15, = 5

foae(($405)e-557)

We arrive at (space derivatives are denoted by Latin letters):

Here ¢(x) and ¢(x) are the different Grassmann-valued
fields. In the following we will also use notation
¢ = ¢y°. For brevity below in the text of the present
paper we assume (¢| = (¢|. However, notice that for-
mally, bra and ket vectors (¢)| and |¢) are not conjugate
to each other. (These vectors would be conjugate to each
other if ¢ is considered as conjugate to ¢.) |Q) is the
Fock space state, in which all one-particle states are
vacant, while all antiparticle states are occupied. Notice
that this is not the conventional vacuum, but it is
more useful for our purposes to construct the tower of
coherent states above this state rather than above the
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conventional vacuum. These coherent states obey the
following properties:

(D
Po)ly) = Blx)e] ETIQ) = () )
(@)
() = o] iy
3)

1:/ DDye S E Iy (31

These expressions are proven in Appendix C.

We fix surface X as the hypersurface ¢ = 0 in Minkowski
space-time and represent the Zubarev statistical operator
defined on X as

D= e im Tl e~ R0 (x). 200 Fl6 ()
N—-oco T

’

8(N)=1/N

Next, we insert unity from Eq. (31) between each two
multipliers in the above product, and arrive at the expres-
sion for the partition function

ZIn(x). u(x). Bx). i ()] = e
:/D$D¢eﬁ)]dffd2L(¢.¢) (32)

Now ¢(x,7) and ¢p(x) = ¢(x)° are independent Grassmann-
valued fields depending on points x of Minkowski space-
time situated on X, and on parameter 7. The “Lagrangian” is
given by

L) = =570 40005 (S
~ (0. D~ 0.9 'S, y1id
FuH O DDy iP5~ B 100 0.5)
O30+ 00D5iT) ()

It is assumed here that the operator of ith conserved charge
has the form

S
A 2

Ji =

where t/ is an operator acting, in particular, in internal space,
as well as acting on spinor index (in the simple particular case

of electric current it is equal to y*). Then the corresponding
current in the above Lagrangian is

i =oti¢

The four-velocity entering the above expression u(0,X)
coincides with u(x) at x€ZX. Here the initial moment in
time is set to O: surface X initially was taken as the hyperplane
t = 0. The same refers to (0, X)-it coincides with B(x) at
x € 2. Both these functions do not depend on .

One can represent Z[n(x), u(x), f(x), u;(x)] = Z[n(x),
u(x). B(x). 1 (x), ~i], where

Z[n,u, p(x), pi(x), h]
= Tr exp(—ihR[f(x), u;(x), u* (x), li’(x), (x)])
_ /D&ﬁqueifdzﬁf AwL(P.p) (34)

E=Hl]

Integration in the exponent of the above expression is over
the piece of X ® R that consists of points (x,w) with
we€ (0, h). The fields ¢(x,w) and ¢(x,w) are now the
functions of x€X and weR. The new Lagrangian is
given by

L@.0) =57 0+ 50.0) (S = (0. i

.= ol
- uk(O,x)qﬁzy/aijZym
o1 i Y B S
+”k(O,X)¢ZVk}’Ol}’Jaj¢—¢Z7’00j¢u’(0,x)
- <1 -1 .-
—u(0.9)pir 05+ 1 (0.0)P3irid)  (35)

Now instead of £ @ R we restore Minkowski space with
the time variable related to w via rescaling

t = wB(X) (36)
with certain scaling function B of spatial coordinates to be

specified below. The new fields y(7,X) and y(t,X) are
defined as

w(r.X) = p(t/B(X).5).  w(1.3) = (1/B(3). ),

where X € X. In terms of these fields we have
Z[Vl, Lt,ﬂ(x), h] = /Dll—/DlI/eifd4x,C(l//,y/) (37)

The integration in the exponent here is along 4D shell
having as one of its boundaries hyperplane X, its second
boundary is (in general, curved) hypersurface depending on
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function B introduced above: £, = {(hB(X),
the same time the Lagrangian is given by:

FlFe). At

L(p,w) = Jf%yogow + Zﬂij? = Uympry

— USpiyio;y° %mf + u"v‘/%m‘)iﬂa;w

- ll_/%}’o(gjl//uj - l[ozpiyféj%y/

+ uol;_/% iyl o (38)

In this expression we introduce the four-vector

Y u(0,%). (39)

The antiperiodic boundary conditions are implied:

W(BEA.F) =

Equation (38) is the effective Lagrangian of the system that
remains in global equilibrium for motion with 4-velocity u.
Notice that although we define here the partition function in
Minkowski space-time, function U entering the effective
Lagrangian remains the function of the spatial components
of x only. The types of fields u(z, x) that are allowed for the
equilibrium include motion with constant velocity (which is
reduced to the system at rest in the corresponding reference
frame), the rigid rotation (see Appendix A) and “accelerated”
motion (see Appendix B). Notice that the latter case does not
refer to the true accelerated system, but rather to the system
that is accelerated at the initial moment.

The expression for the effective Lagrangian may be
rewritten as

(0.5, FBEAT) = -p(0.5).

_ Y iy . S | N e A
L, p) = Uy (E iy a, — m)l// + (1= Up)yr 57" dow + > wid? - Wiy 07" Ly + W gy iy o =y v00 9
1, « i e , i -
W= Uy <§W”5y—m)ll/+(1—uo)W§Y050W+ZﬂiJ?+uk(wy (8[3/’ *1(0; —|—0»)—§0k> > (40)

The choice of function B(X) is free. We mention here the
two particular cases, which lead to the two different
interpretations of the meaning of the four-vector I:

(1) B(x) = p(0,X). In this case

UH(X) = u#(0,X) (41)
Then vector field 2l may be interpreted as the four-
velocity distribution at the initial moment.

(2) B(X) = p(0,%)u’(0,X). In this case
7 (0
W) — 5o (#2)

Then vector field U cannot be interpreted as four-
velocity of macroscopic motion. However, this case
results in relatively simple effective expression for
effective Lagrangian for the important particular
case of rigid rotation.

With this choice we obtain

e .
L(p.y) = w(zw’ 9, — m>w + D _pid?

+uk(w (g”’ 90, +a>—§5k)w>

(43)

IV. DIRAC FERMIONS WITH NON-ABELIAN
GAUGE INTERACTIONS

A. Pure gauge field action

The treatment of the Zubarev statistical operator in the
previous section was restricted to the noninteracting case.
We now couple the fermions to non-Abelian gauge
bosons. This amounts to the replacement of the ordinary
derivative by a covariant one d, - D, = d, —igA, (in
fundamental representation). Doing so for the initial
Lagrangian, the time derivative in the definition of the
canonically conjugate momentum and the time derivative
in the Heisenberg equation of motion implies the validity
of the replacement d, — D, throughout the rest of the
previous section.

In addition we have to account for the energy momentum
tensor of the non-Abelian gauge fields themselves. To this
end we start out from the Yang-Mills action. We employ the
temporal gauge, which allows for a compact treatment of
the canonical quantization of the theory.

The pure Yang-Mills action (in the presence of gravi-
tational field) is given by

o= [ axvma(-gulrum)
/ d4x\/—<—1Fa F“””) (44)
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Index a represents the sum over Lie algebra generators
T¢ of the gauge group, which satisfy relations

1
w(IOTh) =250 [T =i T (45)

with the structure constants f*¢. The gauge field A, and
the field strength F,, have the expansions

A, = AT, F,, = F,T,
F,=0,A,—0,A, —iglA, A)
Fi, = 0,A¢ —0,AL + g fahCAZA;. (46)

The metric determinant can be represented in the form

1
qg= 47eaﬁﬂ/tseﬂvﬂﬂgaﬂg/}ygy/)géo’ (47)

with the Levi-Civita tensor density €*7® defined by the
convention €”'? =1. In the following we will need
expression for the action in inertial reference frame with
g = 1 except for the case, when the derivative with respect
to g is needed in order to calculate stress-energy tensor.

B. The theory in temporal gauge

We introduce quantized non-Abelian gauge field .21; In

temporal gauge .218 = 0 the gauge is not fixed completely
(the gauge freedom remains related to the gauge trans-
formations that depend on spatial coordinates only).
Nevertheless, the canonical quantization may be performed
easily resulting in relatively simple expression for the
Hamiltonian, and the canonical commutation relations.
For the details see Ref. [48] and Appendix D. The
Hamiltonian and canonical commutation relations are to
be supplemented by the Gauss constraint:

G*=D,F*+]"=0, (48)

where j:,‘jy = aﬂﬁlﬁ - dl,jl,‘f + gf“h".»zlfj}l,f is non-Abelian
field strength, J** = g¥y*TV¥ is the color current (here T
is generator of the gauge group). The Gauss constraint
should be understood in the weak sense, i.e.

GY|®) =0

for any physical vector of Hilbert space. In turn, this condition
is nothing but the requirement that the wave functionals are
invariant under the residual gauge transformations (depend-
ing on spatial coordinates)-see Appendix D.

The quantum average of any operator O can be written as

(0) = TePe! J @ VT o1 [dxvaty  (49)

Here p is initial density matrix, we denote by P ordering of
the operators standing inside the trace along Keldysh
contour: it starts from ¢ =0, goes to plus infinity, and
returns back. More precisely, this ordered product looks as

Pl f ey TG _ ei fz |z (d /do)5oTH K fzg dx,(dx" /do)soH

Here we again mention the foliation of space-time into the
slices X;. The Hamiltonian density (in temporal gauge) for
the theory that contains both fermions and gauge fields is
given by

(sumis over i = 1, 2, 3 is assumed). Here H,, [.,zl, Y] is the
Hamiltonian density for the fermion operator field V¥
interacting with gauge field A (Non-Abelian) magnetic
field strength is B¢ = —Le;u F4. Operator I1; is momen-
tum, canonically conjugated to the field A. These fields
obey the commutation relations

~ ~j . cab of <3
114 (x), A7 (y)] = =i 8}8%) (x = Y)|,yes,

Notice that on the level of classical theory the canonically
conjugate momentum is equal to electric field strength
I1, = E; = F;y, which means that in quantum theory this
equality remains being placed inside the functional integral.
In the other words, we have operator relation

I, =& (50)
where é'i =F .- Besides, the Gauss constraint

G*|®) = (D, F*° + J)|®) =0
is to be imposed for any physical state |®). Being imposed

at the initial moment of evolution in time this condition is
not changed.

C. Stress-energy tensor

In classical theory the Lagrangian may be written as

L= —%FﬁDF‘“‘”

AZ=0

1 1 .
= = FiF = S 0041 00A”

4
1 a pa 1 a a
:_EBiBi +§()0Ai60Ai (51)
with BY = —%eiij;‘k together with the Gauss law con-

straint. This ansatz leaves the residual gauge freedom,
which may be fixed completely by requiring 9’A¢ = 0 on a
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spacelike hypersurface X. (In quantum theory then the
ghosts will appear.)

The canonical energy momentum tensor of Yang-Mills
theory in covariant notation has the form

oL
TCal’l —

ab Ab __ 4P nyac pc
Hv O(TL”A;)DD A/)_guzx‘c_Fﬂ Du Ap_g;w£7 (52)

which is different from the Belinfante-Rosenfeld energy
momentum tensor due to the appearance of the spin current

Sup = —F3,A0 + FLA;. (53)

The Belinfante-Rosenfeld energy momentum tensor then
coincides modulo equations of motion with the gravita-
tional energy momentum tensor

2 o,
NS e)
= FY RS (x) + 5 0 () Pl (7 (2)

T/w ()C)

D. Zubarev statistical operator

The full Zubarev statistical operator including inter-
actions reads

g = ~a~ [ axpura, (10 + (1)), S
(54

where the energy momentum tensor T of fermion fields
contains gauge covariant derivatives and 7' is the energy

momentum tensor of the gauge fields. We will calculate it
in the following after canonically quantizing the temporal
gauge simplified Lagrangian and subsequently the Gauss
constraint.

As above we assume that the foliation of space-time is
given by hyperplanes ¢ = const, and, correspondingly,
n* = (1,0,0,0). The canonically conjugate momentum
fields in temporal gauge of classical theory are

: oL
% = —=_ = g,A¢
0(0pAY) 0% (55)

and imply the canonical commutation relations for the
corresponding operators

The classical Hamiltonian is given by

H = [10,A% — L
1 S D
— _ Fa faij iy &
gty

= %B?B;‘ + %H“"H“" : (57)

At the quantum level we have G%|/®) =0 for any
physical state |®) of the Hilbert space.

In quantum theory we substitute in the above expression
for the Hamiltonian the operator fields I and A instead
of IT and A.

The classical energy momentum tensor in temporal
gauge may be represented by

1. . 1 - : ; .
Ty = 0TI 4 LR ) 4 000+ el

4

Ui v 1 PP S
+§(5,’,5y+5-,,5;) F?kF;‘k—Z(SinglFa +§5ijna | G § G LY

1.1 , . '
= 5969 (5 4TI + 53ng> + (8,80 + 8980 )e; 5 14 BY

1 . - (1 1 o
=4 E (5;4511/ + 5{455,) <§ 5IJBZBZ — B?B? + Eéijnaknak _ HalH”]) . (58)

Notice that we did not fix the gauge completely, the gauge freedom remains on each X.

E. Effective functional integral representation of the theory

First of all, we represent statistical operator as

p = = lim T1, e=RIPO (). 200 9(0) A0 10 6(N)

N—-co

8(N) = 1/N,

s=0,1,...

N -1
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Next, we use relations given in Appendix D, and insert unities from Eqgs. (D4) and (D5) between each two multipliers in this
product, and arrive at the expression for the partition function

Z[n(x), u(x), B(x), i (x)] = e = / DPDPDA,DIe o 4 | LG44I (59)

Integration in this expression is over the spatial components A; of gauge field. Here we fix one particular hyperplane X in
Minkowski space [corresponding to n = (1,0,0,0)]. Now A(x,7), ¢(x,7) and ¢ (x, 7) are independent fields depending on
points x of Minkowski space-time situated on X, and on parameter 7, while ¢ = ¢y°; “Lagrangian” is given by

-1 < - e o1 -1 =
L(¢. ¢, A1) = —¢§7° 0.4+ p(0.%) (Zﬂij? — ug (0, X)mepp — u"(O,f)diinDjVOZykqﬁ + ut (va)d’ZVkVOWJDﬂs

Lie I I . . .
—¢Z}/0Dj¢u1(0,x) - MO(O,X)d)l]/JDjng+MO(O,X)¢§IJ/JDJ'¢> +H klaAk —ﬂ(O,X)TOﬂ[A,H}M”(O,X)

(60)

The covariant derivatives here act on ¢ and ¢ only. T.,[A,TI] is stress-energy tensor of the gauge field.

Next, following analogy with the above considered case
of free fermions, we can also represent Z[n(x), u(x), f(x),
ui(x)] = Z[n(x), u(x), p(x), p;j(x) —i], which brings us
from Euclidean space-time of statistical field theory to
Minkowski space-time of effective quantum field theory of
substance in the state of macroscopic motion

2w, f). (x), ] = / DipDyDA,DITe! | 42T

Here field yw is defined in Minkowski space-time.
Integration is over 4D shell having as one of its boundaries
surface X, its second boundary is the geometric place of
points {x* 4+ n*B(x)h|x€X}. Rescaling function B(X) may
be chosen arbitrary. The resulting 3 + 1 D Lagrangian is

_ (1 e
L,y AT = U0 <§W’ D, - m>w

i
2

i e i<
+ 2, (WO (g /. 7"1(D;+D;) _EDk)l//>

+(1=2o) 57" Doy + > _pij?
i

9
+ I Af T, [A. T (61)

Here vector field 2l is given by Eq. (39). The two especially
important particular cases for the choice of function B(X)
are given by Eqgs. (41) and (42).

We can rewrite the last expression as (note that the
derivatives act on ¥, y, but not on U,)

L.y, AT =U° <1/7 (y"égﬂ —m) t//)
_ i 0
+(1-2y) <1l/}’ 2D01//> +§i:ﬂi.}i
i e i<
+ Uy <l/7y° (8 [v/.Y*(D; +D;) _2Dk> w>

ak rra 1 aiyyai 1 apa
+IAE] = Mo ST+ BYBS

with E{ = 0,A¢ and Bf = —1e;;;F*/. Integration over I
may be performed, and we arrive at

Zln(x), u(x), (x), pi(x), h] = /DIZ/DI//DAieifd4"£(V7-W-A)

(63)
with
_ [ e
L(p,y,A)=U° <V/<yﬂ2Dﬂ - m> v/)
—_ 0 i hig .0
+(1-Uy) (W 5D0W> + Z:Mu,»
ol - i<
+ 2, (WO (g v 7¥(D; + D;) - EDk> l//)

U i U
+ o, BB - 703?3?, (64)
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where

E¢ = E¢ — €, B{W.
The given above Lagrangian simplifies for the choice of
function B given by Eq. (42). Then the first line is given
by usual Lagrangian for the Dirac field; the second line
contains the term with chemical potentials multiplied by the
corresponding charge densities, while the term proportional
to 1 —U° disappears completely; the third line (after
integration by parts) may be reduced to vorticity multiplied
by spin of the Dirac field; the last line contains the modified
Lagrangian of gauge field.

Recall that the theory given by Eqs. (63) and (64) is to be
supplemented by Gauss constraint, i.e. the requirement that

the wave functionals of gauge field ®[A] are invariant
under spatial dependent gauge transformations (the gauge
freedom that remains after the fixing of temporal gauge).

F. Gauge invariance restoration

In order to avoid dealing with Gauss constraint one
can bring the effective theory to the gauge invariant form.
For this purpose we use representation

1 )
a _ [a pp a _— __ o . Fajkpp
Ei 7F/4in ’ Bi - 2€ﬂleF n

(65)

This allows to represent the above expression for effective
Lagrangian as

2

i [ e i , i e i<
L(p.y.A) = llol//(}/”iDﬂ - m>w+ (1= Uy)gy" 5 Doy + Zuu? + Uy y° (g [v/.r"](D; + D;) ——D">w

1 y 1
———(FFe 4 (UK — 1)FUTF) — ——
41, ( w + ( H ) lj) 8,

The partition function of effective theory is given by
Eq. (63), in which integration over spatial components
A; of gauge field is substituted by integration over all space-
time components A,. From now on we can forget about the
derivation performed in temporal gauge, and work directly
with effective gauge invariant theory. Any gauge may be
fixed in this theory using the Faddeev-Popov procedure, or
the lattice simulations may be performed in the manifestly
gauge invariant model after Wick rotation and lattice
discretization.

V. DISCUSSION

A. Types of macroscopic motion admitted
for thermal equilibrium

We started from the conventional Zubarev statistical
operator defined for the arbitrary foliation of space-time to
spacelike surfaces X,. Macroscopic velocity u(x) appears
in this approach naturally, and it appears that the following
types of macroscopic motion are possible in thermody-
namic equilibrium [36]:

(1) Motion with constant four-velocity u(x) = const.
Correspondingly, in this case temperature, and
chemical potential are constant as functions of time.

(2) Rigid rotation with constant angular velocity o (see
Appendix A). In this case temperature becomes
function of space point. The whole theory becomes
ill-defined at the distances from the rotation axis
larger than 1/w. This means that we can use the
Zubarev statistical operator for the case, when
Ew < 1, where £ is the size of the considered system.

o 1 ..
(€pmn Fm U ) (3 FRUT) — u_OF?oFa”uj-

(66)

This admits, in particular, the possibility of rotation
with relativistic velocities.
If rotation is along the z-axis, then we have

1
u(x) = TN (1, —yw, xw, 0)
and
B(x) = Por/ 1 = @*(¥* +¥?), b = ($.0.0,0)

with constant 5, of dimension of inverse temperature.
(3) The third type of motion admitted for the thermo-
dynamic equilibrium is typically referred to as the
accelerated motion (for the details see Appendix B).
However, this identification is not exact. Actually,
the corresponding “acceleration” a appears as the
thermodynamically conjugated quantity to the boost
operator. The accelerated motion itself appears only
at the initial time of motion. At the later times it is
reduced to the other type of motion, moreover, the
interpretation of the theory in terms of the four-
velocity u(x) becomes ill-defined at time 7 > 1/a.
However, the spatial size of the corresponding
system is not limited.
In the case, when acceleration is along axis x, we
have:

1
(1 + ax)? — a*f?

u(x) = (1 + ax,at,0,0)
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and

Bx) = Poy/ (1 + ax)* — a’r?
(4) The combination of the three above types of motion
is also admitted for thermal equilibrium.

B. Partition function for Zubarev statistical operator
in terms of functional integral

Statistical partition function of equilibrium system of
fermions interacting with the non-Abelian gauge field may
be denoted as Z[n(x), u(x), f(x), u;(x)]. It is a function of
velocity of the macroscopic motion u(x), space-depending
temperature f(x), and varying chemical potentials u;(x)
corresponding to the conserved charges of the system. In
the present paper we imply that vector n orthogonal to
surface X is constant n = (1,0,0,0). We derived repre-
sentation of this partition function in the form of Euclidean
functional integral over fermionic fields, the gauge field
(taken in temporal gauge), and the corresponding conjugate
momentum. Besides, we represent it as an analytical
continuation of partition function for the effective quantum
field theory in Minkowski space-time. The latter effective
theory seems to us especially instructive, and we represent
its form here:

Z[n(x), u(x), p(x). pi(x)]

where the Minkowski space partition function depends on
parameter 4. It is to be taken equal to —i in order to arrive at
the original statistical partition function:

= Z[n(x), u(x), p(x), pi(x), =i,

Z[n’u,ﬁ(x)”ui(x),h} = /DlpDWDAﬂeifd“xﬁ(U/,l//,M (67)

Here x = (#,X). Functional integration here is over the
gauge fields without gauge fixing. This allows to dis-
cretize the system and perform numerical simulations of
the Wick-rotated effective theory. Alternatively one may
fix any gauge using the standard Faddeev-Popov pro-
cedure, and develop the corresponding perturbation
theory. Propagators of both fermions and gauge bosons
in this theory differ essentially from those of the original
one, and contain the frigidity vector. The same refers also
to the interaction vertices.

The integral in exponent of Eq. (67) is to be taken along
the piece of space-time of extent B(X)A [in the reference
frame with n = (1,0,0,0)] that starts from the given
hyperplane X corresponding to ¢ =1t,. Here B is an
arbitrarily chosen function of spatial coordinates.
(Physical observables should not depend on this choice.)
The effective Lagrangian is not relativistic invariant, it
depends on the macroscopic four-velocity u(z,x) and
function B(X) through the four-vector field 2 given by

uE) =F “05) u(0, %) (68)

We have the two obvious choices of function 3B:
(1) B(X) = p(t9,x). In this case

W(F) = (1. ) (69)
In this case vector field Ul may be interpreted as the
four-velocity distribution at the initial moment,

while function B is a natural spatial depending
inverse temperature

(2) B(X) = B(ty, X)u’(ty, X). In this case
-\ M”(lo,)?)
u,u(x) - Mo(l‘o,)_(f)) (70)

Then vector field U cannot be interpreted as four-
velocity of macroscopic motion (2B, though, may

still be interpreted as inverse temperature).
For the choice of U given by Eq. (70) the effective
Lagrangian is simplified: In this case we arrive at the

Lagrangian
L.y A ( <7f" D, - m) > +) uif?
l' <>
U, J D;)—~D*
(w0, + ) =50 o
1 Lo
+ 3 (EE* — (1 = U")B“'B™)
1
) (BYW)(BU') — €, E¢ BIUF, (71)
where EY = F§. is the chromoelectric field, while B{ =

e F* is the chromomagnetic field. In particular, for
the three most important particular cases of equilibrium
macroscopic motion we have (now U° =1, while
ﬁ:ﬁ(lo,z)/uo(l‘o, —M [0, \/l—l/t l() .X' )
(1) Motion with constant four—veloc1ty u(x) = const.
(2) Rigid rotation with constant angular velocity @
around axis z:

U(x) = = wzl(xz — (1, —yw, x@,0)
Then
B(X) =po.  b=1($.0.0.0)
while

U= (1, —yw, xw,0)
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In Appendix F we calculate in details the effective
Lagrangian for this case. It is then compared to the
effective Lagrangian obtained using the so-called
passive description of rotation, in which the partition
function is calculated in the rotating reference frame.
It appears that both approaches result in identical
Lagrangians.

(3) The initially accelerated motion with acceleration a
along axis x:

U(1,X) =

1+ ax, aty, 0,0
(1+ ax)* - azt%( 0-0.0)

For the choice 7, = 0 we have:
B(X) = fo(1 + ax) (72)

while

—

U = (1,0,0,0)

one can see that in this case the effective Lagrangian
is especially simple. It is reduced to the Lagrangian

of the system remaining at rest. The only effect
|

<>

£l ) = Qg (5, = m o+ (1 = 20 ()

of acceleration is manifested through the space-
dependent temperature, which becomes negative
at x < —1/a. Appearance of negative temperature
might be related somehow to Unruh effect [28].
Average of an operator O depending on fields ¥, A and
their spatial derivatives can be calculated in this effective
theory as

1 . _
(TO) = - / DyDyDAe | v (73)

Here T means time ordering. In order to calculate quantum
averages of observables using numerical lattice simulations
in this system we should perform direct Wick rotation, and
consider the corresponding Euclidean theory. We may also
come back to the representation with statistical partition
function Z[n(x), u(x), f(x), p;(x)] (which assumes combi-
nation of Wick rotation with rescaling of time).

C. Covariant form of effective action and extension
of the obtained expression to the theory
out of equilibrium

Let us rewrite the effective Lagrangian of Eq. (66) in the
following form

S0Dw) + S i)

U050, 10,08 = 0n,) () § 11D + Do ) = (e = ) (o) 3 D

2

_ awv fpa _
4Un o 4Un
1
— — F4,FP Y nt 4 FS, Fn b,

Un

Here we restore vector n orthogonal to hyperplance # = const
in order to have covariant expressions.

The derivation of Eq. (74) was given in the present
paper for the specific types of motion admitted for
thermal equilibrium. Now let us consider the case of
hydrodynamic approximation, in which locally the sys-
tem remains in thermal equilibrium. Therefore, locally its
macroscopic motion is reduced to constant speed motion,
rigid rotation, and accelerated motion. In this situation
we are able to describe the given system by Eq. (74)
with 4-vector of macroscopic velocity U, which may
have arbitrary profile (provided that the hydrodynamic
approximation remains valid). The partition function of
the system is then given by Eq. (67). Integral in exponent
of Eq. (67) is to be taken along the piece of space-time of
extent B(X)A [in the reference frame with n = (1,0,0,0)]
that starts from the given hyperplane X corresponding to

F0ES (8 = P, ) (5] = nn,) =

1 _ _
T (M€, FPOUY ) (M€ 55 F P OUY)

(74)

t = to. Here B(X) is to be considered as space-dependent
inverse temperature.

Synthesis of HIC simulations [1-7] and study of our
effective model with the effective action of Eq. (74)
proposes the scheme of investigations of quark-gluon
plasma illustrated by Fig. 1. The practical scheme of
investigation may look as follows. The investigation should
start from the experimental data collection directly at the
accelerators, where the fireballs appear. These data are used
for the simulations of the phenomenological models of the
fireball (for the details see Refs. [1-7]). An important step
of this investigation is extraction of the four-vector field of
frigidity f3,(x) (this has been done, for example, in [6]).
Next, Zubarev statistical operator p is to be built for the
sufficiently small cell, in which motion consists of motion
with constant linear velocity, rigid rotation and motion with
linear acceleration. Our effective Lagrangian £ of Eq. (74)
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HIC Experimental Data

VS.

Bu(z)

>

HIC Simulations of
sQGP in fireball

better model assumptions

LBy ()]

[ Lattice QCD, }

analytical methods

FIG. 1.

Schematic block-diagram for proposed investigation of the strongly coupled quark-gluon plasma [(s)QGP] in Heavy lon

Collisions (HIC). The investigation starts from the experimental data obtained directly at the accelerators, where fireballs appear during
the HIC. These data are used for the simulations of various phenomenological models of sQGP existing within the fireball [1-7]. Four-
vector field of frigidity 4, (x) may be extracted from these simulations [6]. Later it is to be used to build Zubarev statistical operator  for
the sufficiently small cell, in which motion is assumed to have equilibrium form (which means it is the superposition of motion with
constant linear velocity, rigid rotation and motion with linear acceleration). Next, our effective Lagrangian £ of Eq. (74) is to be built for
the obtained profile of $,(x). Various methods (both analytical and numerical) may be used to investigate the resulting model. Results
obtained during this investigation are to be used back in the HIC simulations in order to improve their assumptions, and in order to

calculate various physically observed quantities.

is to be calculated using the data on f,(x). The resulting
model might be investigated both numerically (using lattice
simulations) and analytically (using, mainly, the perturba-
tion theory). The results of this investigation could be used
back in the simulations of the heavy ion collisions, the
assumptions of these simulations may be improved, and
values of parameters may be adjusted.

VI. CONCLUSIONS

In the present paper we developed the approach by
Zubarev to the description of macroscopic motion of a
substance described by relativistic quantum field theory
with fermions and inter-fermion interactions. The latter are
taken in the form usual for the relativistic quantum field
theory—i.e., as the gauge theory interacting with fermions.
Our conclusions, however, remain valid also for the other
types of interactions (as the ones present in the description
of fermion superfluid *He-A with emergent relativistic
invariance). In the latter case one needs, however, a certain
modification of the formalism related to anisotropy given
by the nontrivial vierbein defined in the inertial laboratory
reference frame.

The above-mentioned types of macroscopic motion
(admitted for thermodynamic equilibrium) may be consid-
ered using Zubarev statistical operator for any substance
described by relativistic quantum field theory. The pre-
viously used methods of investigation relied on the operator
formalism. In the present paper we develop the functional
integral technique that allows to explore these types of
motion. Namely, we reduce the calculation of statistical
averages of various quantities with respect to the Zubarev
statistical operator to the calculation of the corresponding
correlation functions within the functional integral

formalism, in which the integration is performed over
the dynamical fermion fields and dynamical gauge fields.
The effective Lagrangian entering this functional integral is
derived explicitly. It depends on the four-velocity u of the
macroscopic motion. In the present paper we consider the
simplest possible foliation of space time, in which surfaces
X, for any value of ¢ are the hyperplanes ¢ = const.
It would be interesting to consider the extension of the
presented formalism to arbitrary form of X;. The corre-
sponding construction then should include Hamiltonian
quantization of gauge theory in curved space [49].
Interesting observation is that physical quantities should
not depend on the form of surfaces X, which might result
in the corresponding Ward identities. However, this exten-
sion is out of the scope of the present paper.

The above given consideration of rigid rotation demon-
strates that our approach gives the effective Lagrangian
identical to the one of the system that is at rest in rotating
reference frame (“passive” description of rotation)—see
Appendix F. Therefore, the effective action obtained in the
present paper is intended to be used for the other types of
motion admitted for equilibrium, which include simulta-
neously all three basic types of motion: motion with
constant velocity, rigid rotation, and accelerated motion.
For such a superposition of general type the passive
description of motion (system at rest in a certain reference
frame) is not known.

We expect that the presented path integral formulation
may be used for the investigation of quark-gluon plasma,
which appears in the state with local thermal equilibrium
during the heavy ion collisions. The regime of relatively
small chemical potential (compared to temperature) may be
explored using lattice simulations. The Lagrangian of
Eq. (74) accounts for the general type of motion. Being
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implemented to lattice simulation, Eq. (74) then might
give an important information about the quark-gluon
plasma in the fireballs appeared during the heavy-ion
collisions. Until now its consideration within lattice quan-
tum field theory has been limited by the rigid rotation (see,
for example, [25]). In real fireballs macroscopic motion has
more complicated form.

Another possible field, where our results may be used is
physics of fermionic superfluid 3He-A [50]. Here our
methodology should be modified to include anisotropy
of the system. Then Eq. (74) is to be modified accordingly,
and may be used for the theoretical analysis of superfluid in
the presence of macroscopic motion.” This modification,
however, remains out of the scope of the present paper.

APPENDIX A: VECTOR FIELD u(x)
FOR RIGID ROTATION

In inertial laboratory reference frame (cylindrical coor-
dinates) the coordinates are (t, ¢, r, z) while metric is

ds®> = d* — rPd¢* — dr* — d7?

(1) Rigidly rotating reference frame. Cylindrical coor-
dinates.
In the rigidly rotating reference frame (around
axis z) coordinates are (¢, b, z) with b =¢— ot
Metric is given by

ds®> = (1 — &?r?)dt* — 2r*wdtdg
— 2d¢? — dr* — d7? (A1)

In this reference frame

1,0,0,0)

u= (

1 — w?r?

(2) Inertial reference frame. Cylindrical coordinates.
Transition between the two reference frames is

given by the matrix

1 0 0O

wo 1 0 0
Q=

0 01 0

0 0 0 1

*In view of the obvious analogy between fermionic superfluids
and electronic liquids in topological semimetals [51] we expect
that the methodology developed in the present paper may also be
extended even further—to the theoretical investigation of elec-
tronic properties of these materials. Especially promising is the
analysis of interplay between chiral anomaly, anomalous trans-
port, and description of macroscopic motion of electronic liquid
in Weyl semimetals [52].
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Here we have

1 . A
M(X) = m(l + w¢)

Vectors 7 and (}5 are defined as unit vectors in
direction of changing of variables ¢ and ¢.
(3) Inertial reference frame. Cartesian coordinates.
In the Cartesian coordinates (7,x = rcos ¢,
y =rsing,z) of laboratory reference frame we

get (tgg = y/x):

1

One can see that this vector is not defined for
r>1/w.

Now let us suppose that the macroscopic motion
of the system considered in the main text occurs with
four-velocity u(x). Then we have

u(x) =

(I, =yw, xw,0).

ﬂp(x) = ﬁ(x)up(x) = bp + (Dpaxg

with
B(x) = Poy/ 1 - w*(x* 4+ y?), b = (py,0,0,0),
00 0 0
|00
=Pl w0 o
00 0 0

and arbitrary constant f, = 1/T, related to constant
T, of dimension of temperature.

APPENDIX B: VECTOR FIELD u(x) FOR
ACCELERATED MOTION

(1) Laboratory reference frame. Hyperbolic coordinates.
In inertial laboratory reference frame the coor-
dinates are x = (7,x,y, z) while metric is

ds* = di* — dx* — dy? — dz?

In these coordinates the components of vector
u*(x) form differential operator (i.e., vector in
tangent bundle) u = uf ﬁ. In the other coordinates

% the components of u* transform accordingly as

k 1 ox*
u' — u .

Let us introduce the new coordinates (v,7,y, z):

x = (vchy,vshy,y,z)
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with metric

ds* = dv* —

(2) Accelerated reference frame. Hyperbolic coordinates.
(v,7i,y,z) with j = n — av. Metric is given by

The coordinates are X =

ds* = (1 — a®v?)dv* — 2v*advdi — v*dip* — dy* — dz?

In this reference frame we define unit vector

vy — dy* — dz?

_ ich(f + av) + i1(a(1 = ch(fj + av)) — Lsh(ij + av))
[och(7 + av) + (a1 = ch(i + av)) =y sh(i + av))||
|
It is directed along unit vector » in direction of 0 a 0 0
changing variable v at # = 0. For # # 0 it has also a 4 0 0 0
component along vector f] defined as f1 = %. @ = Py
(3) u(x) in inertial reference frame. Hyperbolic coor- 0 000
dinates. 0 0 0 O

Transition between the two reference frames is
given by the matrix

1 0 0 O

a 1 0 0
Q=

0 01 0

0 0 0 1

Then

R A h

B bchy +i(a -5

= - sh
|9 chn +f(a =51

(4) Inertial reference frame. Cartesian coordinates.
In the Cartesian coordinates (¢t = wchn,x =
vshn,y,z) of laboratory reference frame we get

(thy = x/1):

1
V(1 4 ax)? = d?1?)

One can see that all vectors of tetrad are not defined
for t > |1/a + x|.

Now let us suppose that the macroscopic motion
occurs with four-velocity u(x). Then we have

u(x) = (1 + ax,at,0,0).

Pp(x) = B(X)uy(x) = by + @pex

with

Bx) = for/ (1 + ax)? —a*2). b= (§,.0.0.0).

and arbitrary constant 5, = 1/T, related to constant
T, of dimension of temperature.

APPENDIX C: COHERENT STATES FOR
RELATIVISTIC FERMIONS

In this section we suggest the way to introduce coherent
states for Dirac fermions. Our aim is to build the identity
resolution with a Grassmann 4-spinor fields y(x), (x) on
a spacelike hyperplane (X) [as in (1)]. However, the Dirac
field operator is not an annihilation operator for the Dirac
vacuum

¥(x)[0) # 0. (c1)
since the field operator contains the creation operators for
the antiparticles

—ipx ~ ipx T
e Pz an, +e'Pub),

=3 5
d*p
Z—;/W, px:pro—pX, Ep:
P

p2+m2

(€2)

Therefore, the construction of the corresponding coherent
states is complicated.

Instead, we consider a special empty state Q, (Q|Q) = 1
with all the particle states vacant, and all the antiparticle
states occupied. The empty state is in the field operator
kernel, and the normal ordering is defined as

A

P)Q) =0, W, 0)¥() = ) P(x)  (C3)
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Then we use the field operators ‘i’l (x), W, (x), correspond-
ingly, and the Grassmann-valued fields y(x), y(x).
The field operators are introduced in the inertial labo-

ratory frame, and ¥ = ‘i’TyO. Since points x,yE€X are
separated by spacelike interval or coincide (x —y)? <0,
the anticommutation relations hold for the corresponding
operators

{lPa(x)7 lilﬂ(y)HxO:yo = (yo)aﬂ5(3) (X - y)
Since X is spacelike, the volume element component dX° is
nonzero at every point, while any dX’ contains a time
difference, so the useful integral over the surface

(C4)

@0 ly) = lim, (x

A My,
— lim [ | e2bsrv, ‘Pm

0
T

y#x

wo(x)(Ax, ¥, 'y )1 |Q)

[ e =yl =1 (©3)
Then, the coherent states may be introduced as
) = el i)yl = (@lel =Y (co)

These states are the eigenstates for the field operators

L, 0)w) = wa®lw), (W Palx) =

To prove the needed properties of coherent states we
discretize space, use anticommutation relations (C4),
and apply (C5) (note that in the discretized space the
component dX, = a by construction)

(wlpa(x).  (CT7)

) Gt >

yEZ

|

g (Bnr) )

. 4
Aty " % kAxoay "
=1

4

= vellim [ [ e 3 gy (nbarty ) 11e)
V#EX :

k=1

= y,(x)lim H ed¥r'w
a—0
Y#X

4
1 2
;E Axﬂ‘{’x}/ﬂij)k|g>

= Wa(X)lw),

where the k > 4 terms in the sums would be zeroes (field y
has four Grassmann components y,, @ = 1..4), the term
added in the last line k = 4 is also zero.

The basic properties of the coherent states read

(') = el ErY (C8)
k—/f%ﬁwﬂWWMWL (C9)
W B, B(x): jp) = (/) B (), y(x)), (C10)

where the normal ordering is defined by (C3), and in B the
Lorentz time partial derivatives are to be replaced with the
symmetrized Dirac Hamiltonian.

The normalization (C8) follows from the fundamental
property (C7)

|
Qe =,

az,y'r'y
o .

W'y = (@e] BTy —

= (Qly)e] BTV — (C11)

as well as the identity resolution (C9). We note that the field
operators commute with Iy

Wi = [ Dpel I ol vl

N / D2 Dxyed By () )yl

. 5 »
= [y (el
Sa(x)
Iy 0

Sya(x)

= /DzlpDZy/eIdZ“Wﬂw|W> (y/|‘i‘a(x) = 72@0!()6)'

<
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The integration measure D*yD*y may be understood as
the standard integration measure over the functions of
spatial coordinates.

Only the operator proportional to identity can commute
with the field operators. (The constant of proportionality
may be set to unity by appropriate rescaling of integration
measure.) Therefore, the operator is independent of
z1 s = 1.

To prove the last property (C10) we calculate the average
with the definitions (C6). As a useful example, let us
calculate the average (v'| [ dZ,p, T"|y) for the symmetric

stress-energy tensor 7*(x) =P(x)4
the symmetrization convention is a(;b

y“o) W(x):, where
jy=3(aib;+a;b;),
and 3 =09—0. The only complication is due to the time
derivative, since the derivative obstructs the application of
the equal-time anticommutators (C4). To get rid of the time
derivative, we apply the equations of motion in the operator
form and apply (C7). For the standard choice of the
hypersurface d%, = d3x5M0, and equilibrium rigid rotation
around the x3 axis with 8, = 6,06y — €03 % Po2x”, (after
integration by parts of one of the terms ~X ;) the expres-

sion simplifies to
R _ i<
/ xp, (w' T |y) = po / dxp'y” <7/J 5 05+m
1
+ Q<L3 +5212>>W

—i fzgf dz, (dx*/do)so T

(C12)
|

Te—ifd4x7:{ =e

where %, is hypersurface 1 = ; while X, is hypersurface

t = t;. Hamiltonian density for the gauge field is taken in
the gauge .210 =

~

H = ((¢11¢ + B{BY)

N[ =

Here we rely on notations introduced in the main text in
Sec. IVB. Operator II; obeys canonical commutation
relations with A:

(11 (x), A” ()] =

~i68/53) (x = y)|,yex,

Explicit construction of operator I may be given in the
representation, in which vectors of physical Hilbert space
are identified with the complex-valued wave functionals
®[A]. Namely, in this representation we define:

e—i fz,, dx,(dx"/de)seH - .e_

where Ly = x,(—id,) — x,(—id;), and Lj+ %212 =J;
provides the total angular momentum projection.
Another possible approach to construction of coherent
states is to consider the annihilation operators &ip,@p,
which annihilate Dirac vacuum |0), with the standard
anticommutators {&AP,A} }=6,8(p-p), {I;/lp,l;;, =
5P (p—p), {a ,1p , g, b'D} =0, and with the standard
normal ordering :aa' := —a'a with respect to |0). Then,
we would have the projections of the Grassmann-valued

4-spinor fields [ dZ, \/"Lﬁlpy w, [dz, \/271//}/ Wi,

(u — v), and might introduce alternative coherent states
which have properties similar to (C8)—(C10).

APPENDIX D: EVOLUTION IN TIME IN TERMS
OF PATH INTEGRAL FOR GAUGE THEORY
IN TEMPORAL GAUGE

Here we follow closely the analysis of non-Abelian
gauge theory in the temporal gauge given in [48]. We are
considering the pure gauge theory, and choose the simplest
foliation of Minkowski space-time, in which X, is the
hyperplane 7 = const. We consider the time evolution
operator:

Te—i fd4x7:l

Ut ty) = (D1)

Here we denote by T ordering of the operators along the
time axis:

i |, s, O (dx* | do)do

A7)0, [A] = A(x), 4]
M0, 4] = ~ipri=® Al veT, (D)

Here x belongs to the surface X, with a particular o.
However, we establish isomorphism between Hilbert
spaces defined for different values of 6. We consider the
functions A(x) for x€X, and x' € as equal if they are
equal as functions of the spatial coordinates X. This allows
to set up the isomorphism between the Hilbert spaces at
different values of o-when the corresponding functionals
are equal
D, [A'(1.X)] = Dy [A' (7. X)].
Taking in mind this isomorphism, we omit below index ¢

for functionals @ and the corresponding symbols of
abstract vectors.
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It is assumed that the wave functionals are invariant under
the gauge transformations dependent on spatial coordinates.
This requirement is equivalent to Gauss constraint

G®[A] = DIY®[A] =0

One can see that operator G is generator of space-dependent
gauge transformations.

Let us choose the particular value of o-say, ¢ = 0.
Correspondingly, we denote ¥ = X;. As in the case of
ordinary quantum mechanics we define the bra and ket-
vectors, and the eigenstates of momentum and coordinate:

(AlA") = 5[4 - A

(IT[IT') = S[IT —17]

(Al = ¢ [t @
ol

Here Vol is divergent constant that enters the following
useful relation:

l 1 a ai
v [ Deestie!/EION)

Here and above the functional delta-function is defined
in such a way that for any functional ® we have

/ D, cxA ®[A,]5(A, — Ay) = ®[A,]
Next, we define
(T[H|A) = h(IT, A)(TT/A) (D3)

Direct calculation gives

h(IL,A) = 2 (7117 + B BY)

N =

We use completeness of the eigenstates of A and IT:

- / DsAlA)(A| (D4)

| = / DS II|IIY(]] (D5)

and represent

Te_ifdztxﬁ _ /DHDA...(H(x, 0_)|e—ifzﬂ d2”<dx;:/da)5aH|A<x’d+ 56))...

:const/DHDA...e

We come to

U(li,tf‘) :/DAlDl—IleXp<l/d4x<l_[‘“(na)A§‘

-5 oy + g ) ) (D6)

In this expression integration is over spatial components A
of gauge field.

APPENDIX E: GAUGE FIXING ON SURFACE X

Here we describe the gauge fixing at the surface X that
completes the “temporal” gauge fixing An = 0 described in
the main text. We use the Faddeev-Popov procedure and
introduce the corresponding ghost fields.

We start here from the following expression for the
partition function in Minkowski space-time

Zln, u, Blx), h] = / DypDyDA | LI gy

_ifx,, dz, (dx"/do)éo(I1(x,0)(nd)A(x,6)+h(I1(x,6).A(x.0+50))

In this expression the analogue of temporal gauge is fixed,
i.e., here integration is over fields that obey An = 0. By A;
we denote the components of vector potential orthogonal
to n. Here B(X) may be interpreted as inverse temperature.
Integral in exponent of Eq. (E1) is to be taken along the piece
of space-time of extent B(x)h that starts from the given
surface X. Therefore, we actually deal with the temperature
defined in the reference frame with n = (1,0,0,0). In the
particular case of infinitely large 8 in Eq. (E1) the integral in
exponent is along the infinite Minkowski space-time. The
effective Lagrangian entering Eq. (E1) is invariant under
the remnant gauge transformation defined on the surface X.
The Faddeev-Popov procedure for fixing this remnant gauge
freedom starts from insertion of unity into the functional
integral for the quantum average of operator O:

1

X exp <i / d*x(L[A, y, ] — iTrC2>

x OA, y, w]6(F[A%] = C)ApplAl. (E2)
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Here by g we denote the gauge transformation depending on
space-time coordinates. We chose here the three-dimensional
gauge fixing condition F (x) = d,A* (x). App[A] is Faddeev-
Popov determinant given by

A;wz/MMHM—Q (E3)

The Faddeev-Popov determinant is equal to the determinant
of operator with kernel

M (x,y) =

PN gml+aTe

a,(x) g=1

We represent this determinant as an integral over ghost
Grassmann-valued fields 7, 77, and obtain:

(0) = / Dy DyDA;DiiDy

X exp (i / d*x(LIA, w, ] — ATrF? + ﬁMn) 0.

APPENDIX F: COMPARISON OF ACTIVE AND
PASSIVE DESCRIPTIONS OF ROTATION

Let us consider rigid rotation described in Appendix A.
The so-called passive description of rotation is given in
rotating reference frame with

ds® = (1 — ?r?)dt* — 2rwdtdd — r*dd* — dr* — dz*.

(F1)
Then nonzero components of metric tensor are
gu = (1= w2r2>v Gp = —r’w, 9o = -r
grr = —1, 92z = -1 <F2)
In Cartesian coordinates:
1-(x*+y)e* oy -wx 0
wy -1 0
= F3
8 —wx 0 -1 (F3)
0 0 0 -1

with detg = —1. This metric will be inserted used in the
actions in place of the Minkowskian one.

1. Pure gauge theory

The action of pure gauge theory in this reference frame
is [25]

1
sy =1 / dx((1 = Pa?)F4,F, + (1 = 20 FiF,

+(1 _xzwz)F;zF;z - F;thlrr — FLF% — FLFS

+ 2wy (F&,FY, + FLFS) = 20x(Fi,FY + FiLF)

— 2w*xyF¢ F¢). (F4)
In order to calculate the statistical sum we perform Wick
rotation and perform integration over imaginary time from
0 to 1/T, where T is constant temperature.

Description of rotation given in the main text of the
present paper (based on Zubarev statistical operator) may
be called active description. It results in the following
effective action

1
L(A) = ——— Faw e
(4) 4Un m

ur -1
4Un

Fa/mFg&(&lb’ - n/_’n/,)(ég - nﬁl’l{,))

- ne,,, FP7UY) (nFey

L
8Un nepo

1
g FlF et + i, Fn,nt. (F5)

with n = (1,0,0,0). In order to obtain constant value of
imaginary time interval (in the functional expression for
partition function) we choose function 8B in such a way
that 2 is given by Eq. (70). Then U = (1, —wy, wx, 0). We
obtain the following expression for effective action:

p 1
59 =~ / d*x((1 = Pa?)F4,F, + (1 — y20?) FEFS,

+ (1 = x°w)F§.Fy — F5FY, — FLFG — FLFS

vzl yz
+ 20y(Fy Py, + FLFg) = 20x(Fy P + F3FS)
— 2w’xyF{ F4) (Fo6)

One can see that for pure gauge field both approaches give
identical actions.

2. Noninteracting fermions

Noninteracting fermions in rotating reference frame are
described by the action

Sy = /d4x1 /—detgﬂ,)/'/<% e’éyavﬂ - m>y/ (F7)

Here V, = 9, + I, is covariant derivative. The only non-
zero component of spin connection is [53]

1
1—‘t = Z [yl ) yz]a)
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The nonzero components of vierbein are

es=yo, ey=—xw (F8)

+ 7 gorlr', yz]w} (F9)

This is to be compared with the effective Lagrangian
obtained for the active description of rotation:

L(pw)= <v7 (y"ggﬂ —m) l//)
1t (v (316, 40) =30 Y (10

For U = (1, —wy, wx,0) we obtain (after integration by

parts):

(i <
- W(Eyo(ywax —xwa_y)>w

N
ool (F11)

One can see that the two approaches again give identical
effective Lagrangian.

3. Interacting fermions

For the interacting fermions passive description of
rotation gives

(i =
Sf—/d“x{l//(iy”D”—m)w

(1o A Lo o
+y (57 (yoD, — xwD,) v+ oy ' rilw

(F12)
where covariant derivative is defined as
D, =0, +iAjT"

On the other hand, the active approach to rotation through
Zubarev operator results in

1<
L(p,w,A) = <l/7(7"§Dﬂ - m)w)
_ i -~ RS
+¥ (5 7’ (yoD, — way)) w

+ 70l (F13)
One can see that there is no difference between the
effective actions of the two approaches. Both passive and
active descriptions of rotation yield identical Lagrangians.
It is worth mentioning that in case of passive description the
effective action contains variables (vector-potential of
gauge field and fermionic spinor field) defined in rotating
reference frame. At the same time the effective action of
active description is written in terms of variables defined in
the inertial laboratory reference frame. We cannot obtain
one action from another formally applying the transforma-
tion between the two reference frames. This means that
both descriptions are designed specifically in order to
calculate thermodynamic quantities within statistical theory
with inverse temperature 53 obtained after the correspond-
ing Wick rotation. Obviously, the thermodynamic quan-
tities (entropy, energy, pressure, etc) are identical for both
approaches because the Lagrangians are identical.
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