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Applied nonrelativistic conformal field theory:
Scattering-length and effective-range corrections to rate
of production of three neutrons at low relative momenta
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Due to an accidentally large s-wave scattering length, in a relatively wide range of energy, neutrons are
approximately described by the nonrelativistic conformal field theory of unitarity fermions, perturbed by
one relevant and an infinite number of irrelevant operators. We develop a formalism which provides a
nonperturbative definition of local operators in that nonrelativistic conformal field theory. We compute the
scattering-length and effective-range corrections to the two-point functions of primary charge-three
operators using the technique of conformal perturbation theory. These calculations allow us to find the first
corrections to the scale-invariant behavior of the rate of nuclear reactions with three neutrons in the final
state in the regime when the neutrons have small relative momenta.
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I. INTRODUCTION

It is well known that neutrons present a natural realization
of fermions near unitarity: the low-energy neutron-neutron
scattering is resonant in the s-wave and characterized by an
anomalously large scattering length, a % —19 fm, as com-
pared to a more typical (for nuclear interactions) value for the
effective range ro~ 2.75 fm [1]. Fermions at unitarity is
described by a universal interacting nonrelativistic conformal
field theory (NRCFT) [2,3], where the symmetries impose
nontrivial constraints on the correlation functions. In par-
ticular, the correlation functions possess scale invariance.
The scale-invariant behavior of the neutron-neutron inter-
action is, however, limited to a finite energy window
between €, =h*/(m,a*) ~0.1MeV and ¢, = h?/(m,r§)~
5 MeV (where m,, is the neutron mass); the upper end of this
energy range is somewhat below the energies typically
encountered in nuclear physics. One system where neutrons
can be approximated as fermions near unitarity is weakly-
bound nuclei, especially, weakly-bound two-neutron halo
nuclei. For the latter, quantitative predictions for the proper-
ties of the system can be reliably made [4].

It has recently been pointed out that the scale-invariant
regime in neutron physics also exhibits itself in the physics
of nuclear reactions [5]. This can be illustrated in the
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example of a reaction in which the final states contain
several neutrons and one another particle:

———

N neutrons

(An example of such a reaction, considered in Ref. [5],
is the radiative capture of a pion by a triton nucleus:
7~ +H — y + 3n.) At a given center-of-mass energy of
the colliding particles, the spectrum of B has an end point
(i.e., a maximal energy) E,, and near this end point the
neutrons move along almost the same direction with
approximately the same velocity. In this regime the reaction
can be thought of as occuring in two steps. In the first,
primary, step, the initial particles A; and A, collide to
produce the particle B and an object called “unnucleus” 4,
which has the same quantum numbers (mass, charge,
and baryon number) as N neutrons. The unnucleus is
not, however, a particle, but is a local field in the non-
relativistic conformal field theory. In the second step, the
unnucleus decays into N free neutrons. Near the end point
the differential cross section is proportional to the decay
rate of the unnucleus ¢/ into neutrons, which is determined
by scale invariance. The differential cross section thus
vanishes according to a power law where the exponent is
the scaling dimension of an operator in the nonrelativistic
conformal field theory of unitarity fermions,

do

T (Eg — E)2u=5/2, (2)

Here A is the scaling dimension of the operator in the
NRCFT that produces that unnucleus U/ that eventually
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decays into N final-state neutrons. The value of Ay for a
few small values of N are: A, =2, A;x4.27272 in
p-wave and 4.66622 in s-wave, and A, ~5.0. This
“unnuclear” behavior of the cross section is a nonrelativ-
istic version of the “unparticle physics” speculated to exist
beyond the Standard Model [6].

One expects that the power-law “unnuclear” behavior
derived in Ref. [5] has a finite range of applicability: the
“relative” kinetic energy of the neutrons, i.e., the total
kinetic energy of the neutrons in their common center-of-
mass frame, has to be between €, and ¢, . In this paper, we
compute the deviation from the scaling behavior (2) that
comes from two sources of violation of scale invariance:
the finite scattering length and the nonzero effective range
in the s-wave neutron-neutron scattering.

The method used in this paper is a nonrelativistic version
of conformal perturbation theory. In this approach, one uses
the NRCFT of fermions at unitarity as an unperturbed
starting point, and then treats violation of scale invariance
as small perturbations, over which one develops a pertur-
bation theory. The first correction to the two-point function
(UUT) is then expressed in term of a three-point function
(UL UT), where L, is the perturbation of the Lagrangian.

The result can be summarized as follows. When the
relative energy of the neutrons (i.e., the energy of the
neutrons in their center-of-mass frame) @ approaches
the lower end of the conformal window, the correction
from the scattering length becomes more and more impor-
tant. The “unnuclear” energy dependence of the cross
section in Eq. (2) is captured by the imaginary part of
the time-ordered two point function of the operator I/ in
the NRCFT of fermions at unitarity. The first correction
is proportional to the inverse scattering length and has
the form

C
Im Gy (0) = co™ 2 (1 +—L_}, 3
mGy(w) = cow ( +a\/mn—a) (3)

where ¢, is a normalization factor that can be absorbed in
the definition of the operator ¢/ and Gy(®) is the time-
ordered two point function of the operator Y. We will
compute the coefficient C;; for the two lowest-dimension
charge-three operatorsl: the p-wave (A, = 4.27272) and
s-wave (A = 4.66622) operators. Numerically,

=1,

{ 2.64179,
u-— [=0.

4.14759, )
Note that for neutrons a < 0, so the correction in Eq. (3)
suppresses the result, and the suppression is stronger at
lower . This matches with the expectation that in the limit
wa* < 1 the behavior of Im G, is dictated by the scaling
dimensions in free field theory (A;; = 11/2 for the p-wave

'"We use “charge” and “particle number” interchangeably.

and 13/2 for the s-wave), which are larger than the
corresponding values at the interacting fixed point.

When @ approaches the upper end of the conformal
window ¢, , one expects, from dimensional analysis, a
correction of the form

Im Gy (@) = cow®/2(1 + C) ro/my@). (5)

Our calculation yields Cj, = 0, which means that the first
effective-range correction appears at order r3m,w». We do
not currently completely understand the reason for the
absence of the O(r,) correction; it seems that it does not
have a symmetry origin, but is related to the integer value of
the number of spatial dimensions.

The structure of this paper is as follows. We start with
Sec. II where we review the conventional effective field
theory description of fermions near unitarity. We show that
this theory can be thought of as a nonrelativistic conformal
field theory deformed by one relevant and one irrelevant
operator, with the coefficients proportional to 1/a and ry.
We then proceed with a systematic analysis of local
operators in the theory of unitarity fermions. In Sec. III,
we provide a nonperturbative definition of the local
operators, and illustrate it on the examples of charge-two
and charge-three operators, for which the scaling dimen-
sions can be determined exactly. We then develop the
technique of conformal perturbation theory in Sec. IV and
compute the corrections to the two-point functions from
the scale-invariance-breaking terms in the Lagrangian in
Sec. V. We conclude with Sec. VI and relegate technical
details to the Appendices.

II. PRELIMINARIES: THE NRCFT OF
FERMIONS NEAR UNITARITY

In this Section, we consider the conventional EFT
description of fermions near unitarity. We then show that
this theory can be understood as a NRCFT perturbed by
additional operators.

We start with the effective Lazgrangian of spin-1/2
fermions with pointlike interaction,

. V2
L= vl <laz +2)wa +eylylww,.  (6)
=T

Using a Hubbard-Stratonovich transformation, the

Lagrangian can be rewritten as
L=> wilio A, Laarviviasa
= 4 Wo 10T 5 JWo = A28 ZEY/88
(7)

*We set the mass of the single particle state m = 1 for the rest
of the paper.
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where d is an auxiliary field. The full inverse propagator of
d can be computed by evaluating a fermion one-loop
diagram. One finds

N 1 d*a 1
D (py.B) = — -+ / I ®)
¢ (27)" ¢ + £ — py — ie

The loop integral diverges linearly in the ultraviolet (UV).
The divergent piece is isolated in the following manner

- [T 11
Po> P 7477.'a (271_)3 q2—|—%2—p0—ie q2 ’

©)
where a is defined through
| 1+/d3(71 (10)
dra ¢ (2r) ¢*°

The divergence on the right-hand side (rhs) is linear which
can be evaluated by imposing UV cutoff for momenta and
renormalizes the bare coupling c.

[AL_pa_n
(27)q*  Jo 22* 2A°

Near unitarity, the inverse four-fermion coupling 1/c¢ is
fine-tuned to almost cancel the diverging integral, leaving
out a finite part, which is physically the s-wave scattering
length. One can check that in the limit A — oo, the integral
in Eq. (9) is finite.

-1 = 1 p2 . 1
D (Po,l?):—a Z—Po—l€+@v (12)

Once this fine tuning is done, all physical quantities are
no longer dependent on the UV cutoff. We define the
critical four-fermion coupling at which the scattering length

is infinite as c,,
1 g 1
:/(27[)3612, (13)

The theory at this value of coupling,
Lepr= Zwi (id, —|—v—2> 178 —idTLH"//I‘//;d*' d'yay,,
= 2 c,
(14)
is a nonrelativistic conformal field theory. In this theory, d

is a local operator. The two-point Green’s function of d, in
coordinate space, is

(Td(1,3)d(0,0)) = —%exp (:%) (15)

This has the form of the two-point function of a primary
operator with scaling dimension A; = 2.

Now when ¢ is away from the finely tuned value, the
Lagrangian can be written as

1
L=L —d'd. 16
CFT +47m (16)

This means that the theory describing fermions with finite
scattering length, zero-range interaction is the conformal
theory, deformed by the operator d'd. This operator has
dimension 2A,; = 4 and is hence relevant (recall that in a
nonrelativistic theory in 3 spatial dimensions, the dimen-
sion of a marginal operator is 5).

To describe an interaction with a finite range, one needs
to include into the theory irrelevant interactions. Including
the irrelevant term with lowest dimension (6) leads to the
Lagrangian

1 re [ V4V
L=Lepr +-—d'd —éd"’ (ia, + T) d. (17)

4ra
The last term is the only dimension-6 operator which is
Galilean invariant. By computing the amplitude of the
s-wave scattering of two y-particles, one can identify r
with the effective range.

III. LOCAL OPERATORS AND THEIR
CORRELATION FUNCTIONS

In this section we introduce how local operators are
defined in the NRCFT and illustrate the formalism on the
example of the charge-two operator.

A. Hilbert space and Hamiltonian of NRCFT

Here we provide an alternative nonperturbative defini-
tion of the NRCFT which will turn out to be convenient for
our future calculations.

The Hilbert space of a nonrelativistic system is decom-
posed into sectors with different number of particles

H=Ho®@Hio®@Ho1 ®H1; @ Hoy ®--- (18)

where H,, ,, is a sub-Hilbert space of states with m spin-up
and n spin-down fermions.

The states in the sector H,,, are parametrized by the
wave functions

T({zlvyj}) ElP(‘%)l?-;C}’ ---,zmQS"l,)_"za "'75;?1)' (19)

Fermi statistics requires that ¥ is antisymmetric under
the exchange of any pair of x’s or y’s. The unitarity s-wave
interaction implies a boundary condition (the Bethe-Peierls
boundary condition) on the behavior of the wave function
when a spin-up and a spin-down particle approach each
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other. One requires that the s-wave part of the wave
function is singular, and expandable in a series over odd
powers of |X; — ¥,| starting from power —1:

C()(M) %4
N 2 s o Xi T Y
P(X;, V) = ==+ X = y,|C <—l)

% — ¥l 2
.. X+
+ 3% = ¥iPC, <Tyl> +e
+ non-s-wave parts, (20)

where we have suppressed the dependence on the coor-
dinates other than X; and ;.

The Hamiltonian is the sum of the kinetic energies of all
particles,

DIy
H=—2» ——--> —. (21)
22 )
24 0x; 24 dy;
The Hamitonian does not take a state out of the space of
wave functions (20) and is a Hermitian operator.

B. Charge-two operator

We will now define, within the Hilbert-space approach,
the charge-two operator d in the field theory of Sec. II.
Let us first limit ourselves to the charge-two sector of the
Hilbert space, which contains the two particle states which
can be expressed as,

¥) = / HEIWGWE0. @

The wave function ¥(X, y) satisfies the Bethe-Pierls boun-
dary condition (20) with infinite scattering length to
account for the zero-range interaction.

We now define a charge-two operator 02()? ) by giving
its matrix elements:

(0[02(X)|¥) = lim|3 — ]¥(%.5). (23)

X

where the factor |X — | ensures that the matrix elements
are finite despite the singular boundary condition.
Local operators in NRCFTs have well defined quantum
numbers—mass (or particle number, if all particle types
carry the same mass) and scaling dimension [3]. The
particle number of our charge-two operator is fixed
by virtue of its definition: Ny, = —2, while the scaling
dimension can be worked out by the following alternative
definition of the charge-two operator in terms of an equal-
time operator product expansion

L 1 X+y
@)~ g0 (5 ) o ew

Considering the fact that the scaling dimension of the
fermion field is A, =3 (in d dimensions A,, = 9), we get,
Ap, =2A, — 1 =2. We can also check that the operator
defined in Eq. (24) is a primary operator, i.e., satisfies

- -

[Ki, 05(0)] = [C, 05(0)] = 0. (25)

Where K; and C are the operators of Galilean boost and
proper conformal transformation, respectively. One can
intuitively think that the leading term in the OPE creates the
two neutron state with low relative velocity or low centre-
of-mass energy. The subleading operators in the expansion
correspond to descendants with higher A (because of
derivatives) and hence higher energies.

We will now evaluate the two-point correlation functions
of O, and connect this operator with the operator d
in Sec. IL.

1. Two-point Green’s function of charge-two
operator in NRCFT

We will be interested in the time-ordered Green’s
function of O,

Go, (1, %) = =i®(1)(0]0(1,%) 05(0,0)[0). ~ (26)

The time-ordered Green’s function coincides with the
retarded Green’s function thanks to O,(z,X)|0) = 0.

In order to compute the CFT two point function,
we insert complete set of states between the operators

0, and O},

(0105 (1.%)05(0,0)[0) = Y (0|05 (1, %)|n) (n| 03(0,0)[0).

n

(27)

Because of number conservation, only two-particle states
contributes to the sum.’ Thus, in order to evaluate this sum,
we need to count all the two-particle intermediate states.
This is possible in our theory because all solutions to
the Schrodinger equation with Bethe-Peierls boundary
condition are known.

In addition, the operator O, has nonvanishing matrix
elements only for states with zero angular momentum
between the two particles and the vacuum. In three spatial
dimensions, the Schrédinger equation for the two-particle
states with zero relative angular momentum is

+

o2 P20
4 " R T2 o

)wﬁcm, P = —E¥(Ro ). (28)

JRecall that in a relativistic CFT, such a simplification does not
occur and we have to take into account multiparticle states as
well: relativistic theories contain both particles and holes.

016001-4



APPLIED NONRELATIVISTIC CONFORMAL FIELD THEORY: ...

PHYS. REV. D 109, 016001 (2024)

where

~ X+y
Rem = 5

F=X-). (29)

are the center-of-mass and relative coordinates, respectively.
The energy eigenstates are labeled by the center-of-mass

momentum P, and the relative momentum k,

5= coskr .z =
lPI_icm.k(RCm’ r) — Cﬁcm,k p echm Rcm’
P?
Pok =g TR (30)

where C; | is the normalization factor and r = |7|. Note

that the Bethe-Peierls boundary condition has already
been taken into account; the alternative solution to the
radial wave equation r~! sin kr was rejected.

To find the normalization factor C Bk and to count the

states, we can assume the center-of-mass coordinate I_écm
runs in a rectangular box of volume V with a periodic
boundary condition, while the relative coordinate r is
confined in a finite sphere of radius R,, with the hard-
wall boundary condition y(R,,,,) = 0, which quantizes k
to discrete values

2n+ 1)z

k= ,
2R max

neZz. (31)

The normalization coefficient can now be computed, and
we have

. ¢PenRem cos(kr)

Y5 (Rem.7) =
Pt Rem T) = e

Atlarge V and R,,,, the sum over intermediate states can
be transformed into integrals using the usual rules,

\% - R o
3P max
2 ”(2@3/ PP D =78 / . 33)

k
cm

(32)

The two-point function of the charge-two operator in
Eq. (27) takes the form

(0]05(2. %)03(0,0) 0)

VRm X D T X
Ve / PP / dk(0]0,(1. %) ¥5_,)
0
x (¥5_,103(0,0)]0). >

We use the definition of the matrix elements of the charge-
two operator as defined in Eq. (23), as well as Heisenberg
evolution, O(t,X) = ¢'0(0,X)e """ to get,

(0]0,(1.3)03(0.0)[0)

1 . S i,
= (2ﬂ)4ﬂ/d3Pcm/dkexp (chm-x—ZPgm—zkzt)
0

(35)

Using the integrals in Appendix A, we find

Go, (1, %) = —i©(1)(0|0,(1,%)05(0,0)|0)
1 x2
_90) exp (17> (36)

A’
To compute this Green’s function in momentum space, we
can use the general formula,

_O(t Mx? ..
/dtd%#exp (iz—);—l—ia)t—ip-x)

22\3/2 [ p? A-5/2 /5
N P °_
y (M) (2M w> r<2 A), (37)

to get
Go,(0.p) = ———F——. (38)
Az /B —w

Comparing with Eq. (12) in the large scattering length
limit, we identify the dimer field with the O, operator that
we have defined in Sec. II,

0, =—. (39)

2. Correlation functions and deformations

We will be interested in the correlation functions when
the theory is deformed from the conformal fixed point. For
the problem of fermions at unitarity, the most important
deformations are given by the inverse scattering length a~!
and the effective range ry, and the Lagrangian of the
perturbation is, according to Eqgs. (17) and (39)

4

o V4V
ﬁpen = 7 0;02 - 71'7'002 <la[ + T) 02. (40)

This perturbation Lagrangian contains two operators of
lowest dimension: a relevant operator of dimension 4,
multiplied by a~!, and the leading irrelevant operator of
dimension 6, whose coefficient is r.

In relativistic theory, there is a powerful technique of
conformal perturbation theory. We will develop this tech-
nique for the problem at hand. The idea is to view the
NRCFT as the starting point and develop perturbation

016001-5
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theory over 1/a and ry. This bypasses the need for
“resummation” of perturbative series in the conventional
effective-field-theory approach.

We are interested in computing time-ordered correlation
functions of k local operators O;, i=1,...,k in the
perturbed CFT. This correlator can be formally written
as a path integral,

Go,...o(t1. X155t Xy)
k . -
:/fbw@dHOi(ti,i[)e'fdthE. (41)
i=1

Writing £ = Lcpr + Ly and expanding over Ly, the
correlator can be written as

Go,. .ot X5t Xy)
(o9 1 k R R - n
= > O[]0 [ dtdipn(t.)) o)
n=0""" i=1

(42)

where T denotes time ordering and L. is given
in Eq. (40).

The main focus in this paper is to study the two-point
functions of primary operators and its leading corrections in
the inverse scattering 1/a and effective range r,. We first
illustrate our technique on the example of the two-point
function of the charge-two operator which was defined in
Eq. (23). The correlator of O, is known to all orders in a~!
and ry,

o1 p? 1 ry(p? -
S ALY . (43
Go,(®.p) 47[[ w—l—a—l— < ) (43)

Our aim here is more modest: to compute the corrections
linear in ™! and ry to Go,:

4rmi : irre!
Go, = Go," +— G, = inreGy?, (44)

where GG is the two point function in the unperturbed

NRCFT and the perturbations to linear orders in a~! and r,
are given by (40),

G (1, %) = —i{0]TO,(1.3)05(0,0)[0), (45a)
GS.(1,%) = —i / di' *5(0|T 0, (1, %)05(0.0)
x O5(1.5)0,(1.5)|0). (45b)

G\(1.5) = =1 [ atd'50/703(1.9)0}(0.5)03(r.5)

o V4V
x (ia,/ + #> 0,(7,5)[0).

1 (45¢)

3. Corrections to two-point function
of charge-two operator

We now proceed to evaluate the deformed two-point

functions. Taking into account 0,]0) = 0 and (0|0} = 0,
the two deformations can be rewritten as

t
G3.(1.%) = ~i®(1) A ””// &5(010a(1, )05 (7. 5)

x 0,(1.5)05(0,0)[0), (46a)

. t
Girel(1,3) = —i6/(1) / dr / d5(0]05(1. %) 05(7'.5)
0

V24 2
X (iaf + %) 0,(7,5)0(0, 6)|O>

(46b)

We apply the method previously used to compute the two-
point function to evaluate these deformations. We insert a
complete set of eigenstates, and note that number con-
servation constrains that only the vacuum state needs to be

inserted between the operator O5(7,y) and O (¢, y). For
the relevant (~a~!) deformation we find

GE\(1.%) = —i0(1) [ d' | d*5(0|0,(1.3)0}(¢.5)|0)
[#]
x (0]0,(f', 5)05(0.,0)|0). (47)

This can be written as
G (1.9) =i / ar / PFGo, (1= F=7)Go,(.5). (48)

which, in momentum space, is simply

> . > i 1
G (@.) = ilGo,(@. PP = 15— (49)
oo

The irrelevant deformation (46b) can be dealt with sim-
ilarly. Inserting the only possible intermediate state—the
vacuum state—between O} (7, ¥) and O, (7, ), we can write

Gird\(1.5) = i / A5G (1 - 1.5 - F)

V4V,
x<@+ﬁ4y)MWJ» (50)
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In momentum space, this reads
2 i

irre =4 (P =4
Gozl(a), p) = —2i (7_ a)> Gzoz(a),p) =82 (51)

To summarize, the two-point function of O,, with the
first-order corrections in a~! and ry, is, according to Eq. (44)

LI N B
471/%2_60 ’

which can be checked to coincide with Eq. (43) when the
latter is expanded to linear order in a~' and r,.

Goz(w’ ﬁ) =

C. Charge-three operators

We now turn our attention to the charge-three local
operators. In total analogy with the charge-two operator
considered in the previous subsection, the most straightfor-
ward way to construct a local charge-three operator is by
defining its matrix elements between an arbitrary three-
particle state of the interacting theory and the vacuum.
The central object of our study is therefore the three-body
wave functions which solve the free Hamiltonian, with
Bethe-Peierls boundary condition to account for the short-
range interaction.

The spectrum of dimensions of the charge-three oper-
ators crucially depend on the allowed short-distance
behaviors of the solutions of the three-particle wave
functions. When the total spin of the three particles is
3/2, the wave function is totally antisymmetric in coor-
dinate space and the Bethe-Peierls boundary condition
plays no role. As a result, all spin-3/2 charge-three
operators behave exactly like in the free theory. In the
channel with total spin 1/2, we have, e.g., two spin-up and
one spin-down particles, and the Bethe-Peierls boundary
condition can no longer be neglected.

Let us denote the coordinates of the particles as X;, i = 1,
2, 3, and let particles 1 and 3 carry spin pointing upward
and particle 2 carry spin pointing downward. The three-
body wave function ¥(X|,X,, X3) is antisymmetric under
the exchange of two spin-up particles: ¥(X;,X,,X3) =
—W¥(X3,X,,X;). The wave function blows up as inverse
power of the distance when X, approaches either X; or Xs.
The Bethe-Peierls boundary condition does not, however,
directly prescribe the behavior of the wave function when
all the coordinates of all three particles shrink to a point. To
determine that, we need to carefully look at the solutions to
the three-body Schrodinger equation.

In our case, the three-body problem can be completely
solved analytically. For completeness, we present here
Efimov’s solution, following closely the presentation of
Ref. [7]. The Schrodinger equation is given by

1< L. L.
) <Z V,%,)T(xlvxz’)%) = E¥(X,, X5, X3), (53)
i=1

and is supposed to be valid when the none of the three
coordinates coincide. We now introduce the Jacobi coor-
dinates,

- X+ X+ X3
SRR 54
=2 (54a)
?:;2_};17 (54b)
L2 x7+x3)
= (z- S4c

For future reference, the Jacobian of the change of
coordinates is

2 (55)
O(Rm. 7. ) 2

0F. 5. %) _ <ﬁ)3‘

Assuming the wave function is a plane wave in the center-of-
mass coordinate, ¥(R . 7)) = exp(iPoy - Rem w3 (7. ), in
the relative coordinates 7 and g the Schrédinger equation is

—(V2 + V(7. 5) = Py (7.5). (56)

where the energy of the relative motion is denoted as k*. The
total energy is the sum of the energies of the center-of-mass
motion and relative motion: E = ¢ PZ, + k*.

Equation (56) should be supplemented by the Bethe-
Peierls boundary condition at X, — X; and X, — X3. We
defer the detail discussion of this boundary condition
to later.

To solve the Schrodinger equation, we go from 7 and p
(total of six coordinates) to the hyperspherical coordinates,
consisting of the hyperradius,

R \/’"2 +p* \/(551 =)+ (% %) 4+ (% —X))?

2 3 ’
(57)
and five hyperangles Q = (a, 7, p), where
a:arctanf, ?:I, [):B. (58)
r p

Again for future reference, we note the Jacobian of the
coordinate change,

PFdp = 2Rsin? 2adRdad*vd%p. (59)

In the hyperspherical coordinates, the Schrodinger equation
has the form

1/0* 50 V3

o 2 T2 ) 0/(R.Q) = KB (R.Q 60
2(aR2+RaR+R2>"’ (R.Q) =Ky (RQ).  (60)
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where the hyperangular Laplace operator is

0 4 9 V2 2
vz =2 24V > 61
Q7 ga? + tan 2a da + sin a + cos? a (61)

The task of finding the solution to the Schrédinger equation
boils down to finding the spectrum of the hyperangular
Laplace operator V2. Suppose we know the complete
spectrum of this operator. We denote the eigenvalues of
this operator by —s” + 4:

Vo, (Q) = (=5* + 4)@,(Q). (62)
Then the solution to the Schrodinger equation can be
searched in the form

F.(R)
R2

O(R.Q) = ®,(Q), (63)

where F(R) satisfies the hyperradial wave equation

_1 F'(R) + s _ 2k2F(R). (64)

—F”(R) R R2

1. Solving the hyperradial wave equation

We will see that for the problem of spin-1/2 fermions,
s> > 0, so we will consider s real and positive. There are
two independent solutions to the hyperradial wave equa-
tion (64), F(R) ~ J,(v/2kR) and F(R) ~ Y, (/2kR), where
Jy(x) and Y (x) are the Bessel functions of first and second
kind, respectively. The asymptotics of these solutions at
small R are J (v/2kR) ~R* and Y,(v/2kR) ~ R*. The
normalization integral for the wave function contains a
factor [ R°dR|F(R)/R?*|* = [ RdR|F(R)|*>. This factor
never diverges for the J, solution, but diverges for
the Y, solution when s > 1. As we will see, in our case
all eigenvalues of the hyperangular Laplacian has s > 1,
SO0 we set

F(R) = J,(V2kR). (65)

In analogy with the charge-two case, we impose the
vanishing boundary condition for the wave function at a
maximal hyperradius R ,:

3

0=k=—rn(n+= +) nez.  (66)

F( max) 2 4

il
V2R

We now proceed to define charge-three operators. First
we note that a general three-body state will have the
following behavior at short distances,

ZRS ¥, (Rem),  (67)

P (X, Xy, X3)

when the three coordinates X, X,, X3 shrink to the same

point I_écm in an uniform way (i.e., with R — 0 and all
hyperangles fixed). One can then define the charge-three
operators O} so that

(0103 (Rem)|P) = ¢, ¥ (Rerm). (68)

where c, is some constant chosen for convenience. If there
are several eigenstates of the hyperangular Laplacian with
the same eigenvalues (for example in the cases of states
with nonzero angular momentum) then in Eq. (67) one
needs to include in the expansion (67) the complete
orthonormal set of basis eigenvectors @ (Q) with that
value of s and define one charge-three operator for each
eigenmode (which would form a SO(3) rotational multiplet
if the degeneracy is due to rotational symmetry).

For completeness, here we note two other possible

behaviors of the three-body sector.

(i) When s*> < 0, the hyperradial wave equation (64)
corresponds to the situation of “falling to the center.”
The three-body problem is not well-defined without
a UV cutoff. With an UV cutoff, solving Eq. (64)
one finds an infinite number of bound states with
binding energies B, tending to 0 exponentially with
the radial quantum number n: B, ~ e~>*"5. This is
the Efimov effect and is the situation with three
identical bosons with unitarity interaction.

(ii)) When 0 < s < 1, both J, and Y, are normalizable
at small R. In this case, there are two CFTSs, one with
non-fine-tuned three-body interaction and the other
with a fine-tuned three-body resonance. The radial
wave function F(R) behaves as R* and R~ at small
R in these two CFTs. This is the situation with
fermions when the mass difference of the spin-up
and spin-down species is within a certain range.

2. Solving the hyperangular wave equation

Now we find the spectrum of the Laplace operator in
the hyperangular coordinates. The hyperangular Laplace
equation, Egs. (61) and (62) look simple, but we need to
remember that the wave function has to be antisymmetric
under the exchange X; — X; and satisfy the Bethe-Peierls
boundary condition when X, — X; and x, — x3. Since the
hyperradius (57) is invariant under the exchange of any pair
of coordinates, Fermi statistics imposes an antisymmetry
condition on the hyperangular wave function ®,(Q2). The
Bethe-Peierls boundary condition when X, — X is,

limy ™ (7.p) =—A(p)+ O(r).  r=[f. (69)

7—=0

which can be formulated as a differential constraint,

o(ry¥)
or |,

~0. (70)
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and has a simple form in the hyperangular coordinates,

o(a®(a, 7,p)) _0. (71

Ja a=0
but the boundary condition when X, — X3 is quite com-
plicated when written in the language of the hyper-
angular coordinates (58). The problem is that the Jacobi
coordinates (54) treat the two spin-up particles (particles 1
and 3) unequally.

Efimov’s solution makes use of a decomposition of the
wave function into the Faddeev components. We note that
Eq. (72) is valid only when X, # X; and X, # X3; if one
wants to write an equation that is valid for all values of the
coordinates, one would have delta-functional sources,

1< I,
_EZV%[_\P(XI,XQ,X?,)
i=1

. . o - o L X +X
ZE‘P(xhxz»?%)+5(x2—X1)F(X3, ] 2)

2
. L X3+ X
—5(X2—x3)F<x1, 5 )

(72)

where the function F can be in principle related to ¥ so that
Eq. (72) becomes a closed equation for ¥, but we will not
need this relation. We can formally write ¥ into the sum of
two parts,

¥ =¥, - P, (73)

1< L SN NN -
‘P32 = <_§Z v/%{ - E) 5()62 - X3)F<xl,X3 ‘;X2>
= P13LI]12’ (75)

where the operator P, is the operator that exchanges x;
and X3: ‘P32()_C)1,)_C)2,)_C>3) = ‘P12(23,)_C)2,)_C)1). Lplz and LP32 are
called Faddeev components. By construction, they satisfy
the free Schrodinger equation at noncoinciding coordi-
nates, but they satisfy neither Fermi statistics nor the Bethe-
Peierls boundary condition. Efimov’s method is to search
for the general expression for the Faddeev components and
then impose the Bethe-Peierls constraint by hand [Fermi
statistics is built in in the linear combination (73)].

The Faddeev component ¥, can also be searched in
the form

F(R)

lPlZ = ?(DS,IZ(Q)9 (76)

where @, |,(Q) satisfies the equation
Vfgq)s,lz(g) - (—S2 + 4)(1)&12(9), (77)

and F(R) satisfies Eq. (64). As the hyperradius R is
symmetric under permutation [see Eq. (57)], ®;3, =
P3®, 1,. From Eq. (74) one sees that ®;, contains only
the s-wave component in 7, so one can set in the hyper-
angular Laplacian V2 = 0.* Searching for the solution of
the form

_ #@
sin(2a)

@, 12(Q) Yr(p), (78)

where the spherical function is normalized as

(I—m)!

Y;n(e? (ﬂ) = eim(ﬂ (l + m>'P;n(COS(19))7
[ aaivro.or =57 (79)
N TF
we find the equation for ¢! (a):
I(1+1)
n _ 1 — 2l ) 80
2@ - " i) = gl (50)

The Bethe-Pierls boundary condition (70), which should
be imposed on @ 1,(Q) — P3P, (L), and the regularity in
p — 0 limit, in these coordinates, translate to the following
condition on ¢(a):

#1(0) - <—1>l%¢g<n/3> —o0, (81)
#L(2/2) = 0. (82)

In deriving Eq. (81) we have made use of the fact that r — 0
implies @ - 0, Pj3a — %, and Pj3p — —p. We will be
interested in the cases of / = 0 and / = 1. The hyperangular
wave functions satisfying the second boundary condition
(82) are given by

@%@:m%@—@}
¢!~ (a) = —scos {s(%—a)] + tan a sin [s(%—a)}

(83)

“The authors thank Félix Werner for explaining this argument,
due to Yvan Castin, to them.
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TABLE 1. The first four solutions for s for [ =0, 1.
2.16622 1.77272
5.12735 4.35825
7.11448 5.71643
8.83225 8.05319

while the first boundary condition becomes an equation
determining the spectrum of s,

4
[=0: scos <gs> +\/—§sin (%s) =0, (84)

[=1: (s> = 1)sin Gs) —l—%scos <gs)
—4sin <%s> = 0. (85)

(The equation for a general value of / can be found in
Ref. [7].) There is an infinite number of solutions for each
of the equations; the numerical values for the lowest four
solutions for each [ are given in Table 1. (The two spurious
solutions s =2 for / =0 and s = 1 for / = 1 have been
ignored, since the both lead to ®(Q) = 0.) We also note
here the asymptotic behavior of nth solution of each
equation at large n,

=0,

B {2n+1+0(n‘1),
" [=1.

2n+ 0(n7h), (86)

Once the function s has been found, the hyperangular
part of the wave function can be computed through

¢5(a)

sin(2a

y(Q) = (1= Py3) )Y’z"(ﬁ)- (87)

3. Normalizing energy eigenstates

We normalize the three-body wave function by requiring
/d3£1d3.¥2d3£3|‘lj(.¥1,.;2,)_(:)3”2 - 1 (88)
The three-body state is then related to the wave function by
W) = [ PRPHETG ] ()
V2 : 1

x| (B)w} (%3)]0). (89)

The energy eigenstates are written as a function of the
Jacobi coordinates as

m(p = = 2\32 iP. R Js(\/ikR) m
‘Pi‘.,k (Rcm’r,p) e <ﬁ) N}l{elpcm RcmT(Dé' (Q)’

(90)

where N,l( is a normalization constant and the factor
(2/4/3)*/* has been inserted for convenience. Using
Egs. (85) and (59), the normalization integral can be
written as

1:|N§(|2/d3ﬁcm/RdRJ%(\/EkR)/dﬁM)ﬁ(Q)P, (91)

where dQ = 2sin’ 2adad?pd*#. As before, we assume
that R, is confined in a large, but finite box of volume
V and the hyperradius has a large, but finite maximal value
of R,.x Where the wave function vanishes, the normaliza-
tion factor is

12 V2rk
LA — (92)
VRmafo
where we have defined
fi= [ aalel@p. (93)

4. Defining charge-three operators

In analogy with the case of the charge-two operator, we
now define charge-three operators by its matrix element
between the vacuum and the three particle momentum
eigenstate,

(0105 (Rom) )

= limR> / dQ¥C)(R.,. R, Q)®P™(Q).  (94)

For example, for the normalized energy eigenstate given by
the wave function (90)

' m/,s/ - 3
(0105 (R 2 )

em-Lim.s .k

2\ k* iPonR,
= % Nkfsme e fem 5 811 G (95)

We see that there is an infinite number of charge-three
operators, labeled by the eigenmodes of the three-body
hyperangular Laplacian.

The charge-three operators should appear in the operator
product expansion (OPE) of a charge-two and a charge-one
operator. To find the coefficients of this OPE, we compute
the matrix element
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. Lz 4 .
OO (N0 = limfE| Ol (”z)‘” CER TR

ems s, 8.k

2_{)"_)_(? - 2 N -
1 lP s T, T = -

2 \3/2 i oL Js<¢%k|y—XI) -
:\/§<7§> Nf(exp {chm'@y-l—X)} W‘lsé(o)yﬂx_)’)- (96)

Comparing with Eq. (95), one finds®

o NEPO) L 54
0,53 = - (3) T LI v (=i - =0t (2 o descencans. 7)
s,l,m s

Similar charge two case, the three body neutron configuration with low relative velocity can be considered as the operator
that appears in the leading OPE of the charge two and charge one operators.

We now compute the two-point function of the charge-three operator O™ (¢,X). We insert a complete set of states
to get,’

m,s = dm,s ~ s - 3 3 Lom,s ¢
(0105™ (1.%) 05 (0,0)|0) = S~ (0]05™ (1. %)W) | () (1) | |05 (0.0)[0)
Pk

VR
_\/_ m“"/d3Pcm/ dk(0]O5™ (¢, x)|‘lesk>( ,msk|0'””‘(0 0)/0).  (98)

where we have used the fact that in the infinite volume limit the sum over discrete eigenvalues go to the continuum obeying
the following rules

S - (2‘;)3 / PP Y~ Lf“m / " dk, (99)

= 0
Pcm k

the latter is due to the spacing between the quantized values of k in Eq. (66). Using Eq. (95), we find

Flmssm 2 23 21=s ¢l - i > o 22
0[05™(1,%)05"4(0,0)[0) = (=) =g /d3P —— P2t + Py - X / dkk> 1=Kt
< | ( )C) 3 ( )l > <\/§) (2ﬂ)3r(1+s)2 cm EXP 6 cm +1 em "X 0 e
2=s+3 £l 1 3ix2
= S5 - -exp S (100)
(1 + s)m2 (ir)*" 2t
Thus, we get
=5+ £l 1 3ix2
(004" (1 %)04" " (0.0)10) = 2L exp (PN 5,818 (101)
C(1 + s)m2 (ir)* 2 2t

This has the form of a two-point function of a primary operator with mass M = 3 and dimension A = s + %

>For the interested reader, the full equal-time OPEs in the charge-three sector (i.¢., including the descendant contributions) are worked
out in Appendix B.
Note that due to orthogonality of the hyperangular wave functions, only the two-point functions of operators with the same s, /, and
m are Nnonzero.
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IV. SOME THREE-POINT FUNCTIONS IN NRCFT

In this section we evaluate some three point functions that will be needed later for the conformal perturbation theory.

A. (Owlw})
As an warm up exercise, we compute the three point functions of the charge-two operator with two y fields. This
calculation will be used in the test case for conformal perturbation theory in Sec. VA. We will only need the expression of
the three-point function when the two y fields are evaluated at the same time.

We evaluate the three point function (0| 021/111//; + |0) using the same quantum mechanical approach that we followed
for the two-point function. We insert the complete set of two-particle energy eigenstates to get,

Vanax

(2rn)x

These matrix elements have been already evaluated earlier in this paper. From Egs. (32) and (23), we obtain,

(017050 (1. 5w} (1.7)0) = (1) 2% [ @ Pendk010:(0.5)¥ )8 ] (Tl (0500}, (102)

1
0/0,(0,0)|%Y ) = : 103a
(0]0,(0,0)| Pkl = AvR (103a)
- ME=3) [ 45 (P
WO 1 (1 )10) = — COSKIE =) 7R AE] C SR P 103b
< Pcm,k|wl( y)l//T( )| > \/271—V|x y‘ p C 2 4 ( )
The three point function takes the form,
Sooa s O(—1) i x2 4 y?
0|T0,(0,0)y! (t,7)w' (£, %)0) = ——55="—= - : 104
(OO0 00 (17} (0. 710) = = = exp (5 (104)
where we have used integrals in Appendix A. Similarly
. . S o(1) i Xt 4 y?
0| T4 (1, 1,5%)05(0,0)[0) = — A ~ : 105
Oy 1 T 7030.510) = = 20— exp (3 (105)

B. (0;0y})
In this subsection we evaluate the three point functions that are needed for computing the deformation of the charge-three
operator two point function. For brevity we will explicitly derive the result for [ = 0 and will only state the result for general
[. We insert the complete set of three-particle momentum eigenstates to get

(0]70574(0.0)03(s. 5w} (1.%)/0)

— 0= )g;f /d3Pcm/dk O[OS .S w03 S (1.3)[0). (106)

These matrix elements are evaluated as follows

05/ Fhy @ 2\32 275/2ks
(01057 (0.0) ¥y, 1) = (—ﬁ MR (1073)
k|y —xl> ..
2 ( P? - 24X
¥ 0 y S Lem | g2\, .
< 1=l Osk|0 (t y) (t X)|O> 31/4Nk b_;_;' ¢ K (O)CXP |:l< 6 +k >t chm 3 :|a (]07b)
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where we have used Eq. (96). The three point function then
simplifies to

(0]TO54(0.0) 03 (1. )y} (1.9)|0)

|y — X i(x
Nép?@<—f)mexp -z ) (08

where we have used Eq. (93) and the integrals listed in
Appendix A. We have also defined

NZ 0 — l_s_%z_%+l3%¢*é=0(o)
3pt Pr(s + 1)

(109)

Similar manipulations give us,

-

O (1900 (1.5)05' 0,00
3 7ls—1 . 2
= ngren e | (S+y7)]

(-1

Generalization to charge-three operators with arbitrary
spin [ is straightforward and we have,

(0|7 04°(0,0)05 (¢, 5)w} (1. %)[0)

p [—;(%zﬂLyz)]Y?"*(y’—\X)-

(111)

O(-t )L i ex

Nl
(-1

3pt

In our computation of the effective-range correction to
the two-point function of the charge-three operators we will
also need to evaluate the following three point functions
which involve a descendant of O,,

<0|Tz//T(t,5c')(ia,+vT>02(t, $)05™57(0,0)(0),

m.s n . V? - -
O 04(0.0)(=i0,+ 3 ) Ok Iw} (.00 (112

Using the fact that y and " satisfies the free equation of
motion when acting on the vacuum from the left and the
right, respectively,

V2 V2
(0 (id, +7> w=0, (—iat +7)‘> w'+1]0)=0,

we can write,

(113)

2
0Ty (1.5) (za i )02< 704" (0,5)[0)

2 2
— <10 +V +v ><O|T1//¢(t X)0,(1.5)05™57(0,0)|0),

(114a)

- V2
(0]T05™(0,0) <—10 +

)0l e.0p)

2 2
— <—la +v2 +V4 ><O|T0”’”(O 0)0} (1. M} (£.5)[0),

(114b)

and hence these three point functions are reduced to the
ones that have been computed previously.

V. CONFORMAL PERTURBATION THEORY
FOR SCATTERING-LENGTH AND
EFFECTIVE-RANGE CORRECTIONS

We are now in a position to address the main question in
this paper. As stated in the introduction, NRCFT is relevant
for the nuclear reactions involving the emission of a few
(N, where in this paper N = 2 or 3) neutrons and one other
particle near the end point in the energy spectrum of the latter
particle. The cross section for this process is determined by
the imaginary part of the correlator of two unnucleus fields,
i.e., local operators carrying same quantum numbers as N
neutrons in the NRCFT of unitary fermions. This correlator
has a scaling behavior dictated by the scaling dimension of
the unnuclear operator. This scaling behavior is violated
by the deviation of neutron physics from that of a particle
with zero-range, infinite-scattering-length interaction. This
deviation is parametrized by the relevant and irrelevant
deformation terms that appear in the effective Lagrangian
describing the neutron. There is only one relevant deforma-
tion, corresponding to the finite inverse scattering length, and
among the infinite number of irrelevant deformations the one
with the lowest dimension corresponds to the effective range.
From now on by “irrelevant” deformation we will have in
mind the effective-range deformation.

In Sec. lIB we have computed the relevant and
irrelevant deformation to charge-two operator. Recall that
because of particle conservation, at an algebraic level, the
computation involved integrating over three point func-
tions. Our next goal is to evaluate the scattering length and
effective range correction to the O; two point function. As
we see below, this involves integrating over three point
functions in true spirit of conformal perturbation theory:

Goém..x (t, X) Gg[ m.s ( ) 4 Glg} m.s ( )

ir
=5, Comh (1.3),

(115)
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where Ggljr(t, X) is the usual two point function and the relevant and irrelevant deformations are given by Eq. (14) (here we

have simplified the expressions as in the charge-two operator case and used Eq. (39). We also omit the indices in the
operator O3),

t
G3(1.3) = ~16°i0(1) [ at [ @'7(0/03(0.2)0}(¢.7)0:(+.7)0}(0.)0), (116a)
0
! =) =2
irrel (; 7 ) 3o s (S Yyt Vy N
Gge'(1.%) = ~16i2°0(1) [ dr' [ d*F(0|05(1.9)05(1.F) 10y + =) 02(1.7)0}(0.0)[0).  (116b)
0

In analogy with our treatment of the correlation function of the charge-two operator, we insert the complete set of states
between the operators O, and 0;. Due to number conservation, we need to insert only single-particle states, so we have (we
will write the formula for the relevant deformation; the formula for the irrelevant deformation is written completely
analogously)

t
G3)(1.5) = —1620(1) [ dr [ &% [ @005t 20U TR )T A0:(.7)0N0.D). (117)
0

where

7.X,0) =wi(t,7)|0), c="1. (118)

Our deformed correlation functions then takes the form of integrals of the product of product of two three point functions

t
G310 ==16210(1) [ at [ @5 [ @'50/05(1.0)01(r. 7w} (£.7)10) 0y (£.7)0:(¢.7)05 + 000}, (1190)
0

‘ 1 V2
G (1.%) = —167%0(1) A dr / & / 3y {<O|O3(t,7c)0§(t’, y/)w}(z’,)?’)o><0|w(ﬂ,z’)<ia,/+ 4y>

2

o —_ - . v ! KN -, KR -, -, -, KR ol
< 0s(1.3)04(0.0)0) + (010x(1.3) (=10, + 3" L. )} . )0) Ol 1) 04, 7030, 010 |-

(119b)

Thus we see that our deformations can be thought of as ~ We can use this and scale invariance to constrain the two
integrating over two three point functions. We evaluate  point function of primary operators as follows [3]
these integrals systematically in the following subsections.

Before we present the explicit details, we record the - .
expectation from general arguments of boost and scale  ([K;, Oy(1,%)0}3(0,0)]) = 0 = (Oy(t,%)0%(0,0))
invariance. In NRCFT, two point functions of primary .
operators are completely fixed by Galilean-boost and scale = f(t)exp (— 7
invariance. Consider a charge-N, primary operator
Oy(t,X). The action of the generators of Galilean boosts

on a primary operator is given by where the scale dependence is contained within the

. ‘ . function f(f) o ™ (using conformal invariance). The
[Ki, Oy (1. X)] = (=itd; + x;No)On(1.X).  (120)  relevant and irrelevant interactions we are considering,
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t

Ou = [ at [ @20k 7)0:(r.7), (1222)
0
! =d —
o V4V
Oirel = /dt’/d%?OE(t’,)?’)(ia,+L)02(ﬂ,x/),
0
(122b)

commute with the generator of Galilean boosts. For the
relevant deformation, a short calculation shows that,

K, O] = / dr / d®310;(03(7,%)0,(¢, %)) = 0,
(123)
where we have used N o = —Ny,. Thus the two point

function deformed by the relevant deformation still obeys
the differential equation as the unperturbed one,

(K ON(I’??)OrelOMO’G)D =0
1 iN0x2
~ ZA_%exp <— 2 ) . (124)

where the power of ¢ in the preexponent is determined by
dimension. The irrelevant deformation works out similarly
(although a bit more tedious),

= (On(1,%) 0, 03(0,0))

<[KivON(Z’)?)OirrelO}:/(Ovo)D:0’
1 iNo.Xz
Pt GG BNED

= (On(1,%) 0350 0(0,0)) ~

where we have used,

1
Gl (1,%) = —i0(n Y / dr / P0/0 (1. Wi (7.5 Yo (. 5)05 + (0.5)[0).
%

[K;.0,0] = —2i0,;0 — i10;0,0 + Nx,0,0,

Fourier transforming these deformations, we record the
expectation for the imaginary part of the deformed two
point function on grounds of scale and Galilean boost
invariance,

C
ImG,_ (0,0) ~ 0?3 ( 1 + —= Cire .
mGo, (0,0) ~ o 2( +a\/5+"0 o

Note that the result for the deformation corrections in
the correlator of the charge-two operator [Eq. (52)] is
consistent with this general expectation.

(127)

A. Test case: Chemical potential

Before studying the perturbation of the three-body
operator, as a warm up exercise and a nontrivial check
of our formalism, we determine the corrections to the
dimer propagator due to a chemical potential deformation
and obtain agreement with the expectation. The chemical
potential is a relevant deformation given by,

L'= Lepr +p Z Ve,
P

(128)

The first order deformation to the charge-two two point
function is given by,
Go,(1,X) = GGET (1, %) + inGy (1,X),  (129)
where GG (1,%) is the unperturbed two-point function
[which we have evaluated in Eq. (38)] and the chemical
potential deformation is given by Eq. (128) (here we have
simplified the expressions as in the charge-two operator
case),

(130)

Analogously to the charge-two operator case, we insert a complete set of single particle states [see Eq. (118)] to evaluate the

deformed two-point functions.

Gl (1,%) :—i@(t)Z/dt’/dS)?’/d3§’<0|02(t,)? L) WL R . (P, 5)05(0,0)[0)

— 2ie(r / at [ &% [ &50/0:0. 50 (1. F W RN0N O (7. F (1. 7)0:0.0)0). (131
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The three point functions that appear under the integral can be understood as time-ordered correlators. Thanks to our
computation in Eq. (104), we now have all the ingredients to evaluate Eq. (131). We have

= o\ 2
i(xzy) ¥ — )2 l')‘c'_f’+)7’2
inGy (1,%) = /dt/d3*’/d3_" | |x wzexp +l(x ¥) + ( 2 ) . (132)

7 47 (t—1) t—t

In order to evaluate this integral one can make the change @ — w + Nu. This exact result can be obtained diagram-

of coordinates to X, =1 (¥ +)'), X_ =X —¥. One then ~ matically
finds
o , Gexzact(w,ﬁ) — - 1
iuGl (1,%) = —”zﬂg? exp (/;) (133) An :T—W—Zﬂ
- — et 0(). (136)
Putting everything together we get (129) to be, 474 /%2_60 dn(G—w)

Go,(1.X) = i4;r3t2

0(1) A7\ pl(r) X We obtain agreement using two different approaches and
exp | i— | ——=—5-exp . (134) , . :
t 27t this serves as a nontrivial test of our conformal perturbation
theory techniques.
The Fourier transform is given by [using Eq. (37)],

B. Scattering length deformation

Go,(w. p) = — - > . (135) In this section we evaluate the scattering length correc-
tion to the three-body operator two point function for [ = 0
and [ = 1. Let us recall that the relevant deformation is
This result can be easily checked independently. The dimer ~ given by Eq. (119a). The three-point correlators can be read
propagator under chemical potential deformation can be from Eq. (111). Making a change of coordinates to,
computed exactly by noting that the effect of chemical X, =3 (¥ +2y), X_ =¥ —X and using the integrals in

potential is to shift the energy of a charge N operator to  the Appendix A, one obtains
|

Gl (1.7) = -

64i\/§7r9/2|Nl3pt\23“’1“(s+%)®(t)ex 3ix? / g
(6 + 3)(ir) 2 Pl /(- 1)

(137)

o < 2 >627ﬂ5/22%—5|¢§(0)|2r(s +1he(r) oxp (ﬁ)

V3 (21 + DT (s + 1)2(ir)* 2 2t

where we have used the normalization of the spherical harmonics noted in Eq. (79) and the generalization of (109) to any /.
Combining Egs. (101) and (137), the first order relevant deformation gives us the following two-point function

st 512053 (0)T (s + 1 3ix?

z[ ZZS - — i 14:(0)] (2 - 2>2] 0(r) exp(l) (138)
C(1+ s)m2(it) ma(2l+ 1)[(s + 1)*(ir)** 2t

Using the Fourier transform (37) we obtain

S P [ (PP N RGO L p N
Gopr@:P) = 37 e (570) o ieotmia (57°) | 139)

Gogms (t, .x) - -

The imaginary part of the correlator is is given by,

. ' 2 2\ s Cl,s
ImG s (@, p) = —Né"‘@(w - %) <a) - %) l+—]. (140)
‘ a
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where

ls 23_sﬂf{v

327° |5 (0) 2
32 (s+1)° '

21+ 1)f!

b = (141)

We evaluate the inner product f% defined in (93) for [ =0
and [ = 1. We present the numerical values of Né‘“ and C
in the Table II for / = 0 and / = 1, relegating the details to
Appendix C. We also note that for the nth / = 0 operator at
large n, from Eq. (86) we find C'="* =2 + O(n!). The
trend of C'=%% converging to 2 can already be seen in
Table II. |

TABLE II. Numerical values of N§' and C“* [defined in
Eq. (141)] for [ =0, 1 and a few lowest values of s.

s Né:()’s Cl:O.s
2.16622 3.12650 4.14759
5.12735 3.43747 x 1073 1.72021
7.11448 3.83887 x 1077 2.16335
8.83225 7.81789 x 10~ 2.02332
s Nézl"Y Ccl=ls
1.77272 182.046 2.64179
4.35825 0.294377 2.06642
5.71643 1.98465 x 1073 2.24789
8.05319 1.02679 x 1077 1.84982

C. Effective-range correction

We now proceed to evaluate the effective-range correction. The correction to the two-point function of Oy is

(o]

GEel(t,%) = —16ﬂ2i®(t)/dt’/d3)_c"/d3)7"

{0105 05101 7w} (1. 70} Ol %) (10, +

2

Ve,
) ou(r. 700,60

=05, = VI AV > N A=05(0 &
000520 (<0, 3 ) 0L w7 F00) O (7, 7)0:(¢. 705 0.5)0) |+ (142)

We use the three-point functions listed in Eqgs. (114) and perform the integrals to get,

O(t—1)0() st(s—1)

o)  e(—-1)

Giel(1, %) = — 1622|0200 (1) / dr [—

l‘/3/2(t _

The integral is divergent, and the divergent piece can be
interpreted as wave-function renormalization of O;. We are
interested in the finite piece, which can be read out from the
integrals listed in the appendix [see Egs. (A4) and (AS5)].
We conclude that the first order deformation has no
finite piece. This is due to, in particular, the presence of
I'(1 =3 —3) = oo in the denominator. A similar analysis
can be done for / =1 and we find that the conclusion
remains the same.

The absence of the finite piece can be understood as a
feature of integer dimensions. In Appendix D we show
that indeed for noninteger dimensions, we do have a finite
piece along with the wave-function renormalization. It
might be a worthwhile exercise to try and understand
vanishing of the irrelevant deformation in this NRCFT
from the perspective of correlation function behavior of a

Y Rs=1) 7
1 [ =13 2
X 4\/275/23s=1 =521 (s + 2> exp [_ M} )

! Vi—t

(143)

higher dimensional relativistic CFT where momentum
space renormalization schemes have been studied in
detail and explicit counterterms classified [8,9].7 In a
similar manner, in Appendix E we observe the absence,
near the free fixed point, of the first-order correction due
to the scattering length (which is an irrelevant deforma-
tion near that fixed point).

As a possibly relevant anecdote, let us consider the first
order irrelevant deformations of two point functions of
relativistic conformal field theories [10,1 1].8 Consider the
deformation of two point function of primary operators O

7We thank Kostas Skenderis for suggesting this possibility.
*We thank Bruno Balthazar and Yuji Tachikawa for discus-
sions on this.
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by an irrelevant operator O of dimension A. The
Lagrangian of the system is given by

EzECFT+/1/ddx/10. (144)

The first order deformation of the scalar primary operator
two point function is given by [10],

(0(x1)0(0)), ~ F(h)ll_j — h)l"(% (2h-4)y , h= g
x> T(§)T(2h - A)

(145)

For A = d + n, this expression vanishes when n is odd, it is
finite when 7 is a noninteger with no divergent pieces for
either case. It has a finite as well as a divergent piece when
n is an even integer. We seem to be witnessing a similar
phenomenon for NRCFT irrelevant deformations. It would
be interesting to justify these observations from symmetry
reasons for both relativistic as well as nonrelativistic CFTs.

VI. CONCLUSION

In this paper we have studied the notion of local
operators in the NRCFT describing fermions at unitarity.
Because the latter theory is basically nonrelativistic quan-
tum mechanics, these local operators can be defined
explicitly through formulas expressing the matrix elements
of these operators between two arbitrary states with the
wave functions of these states. In principle, this allows one
to compute any correlation function in the NRCFT by
inserting the complete sets of states between the operators;
the “only” requirement is that one needs to know the
general solution of the Schrodinger equation for the
relevant number of particles that appear in the complete
sets. In practice, for unitarity fermion, exact analytic
solutions to the Schodinger equation are known for one,
two, and three particles, which already allows the solution
of a number of nontrivial problems, including the compu-
tation of corrections to the unnuclear scaling law propor-
tional to the inverse scattering length and effective range.

We have found that the first effective range () correction
to the imaginary part of the two-point functions vanishes in
three spatial dimensions. This means that effective-range
corrections appear first at order r3. At this order, however,
the nuclear reaction cross sections receive a contribution

from the two-point correlator of the descendant 603, and it
is not clear if the 3 correction can be cleanly separated from
the contribution from that descendant.

There are several avenues to be explored. It would be
worthwhile to try to sum up the relevant perturbations to
the two-point function of the charge-three operator at the
unitary fixed point to all orders in 1/a and derive an
expression that gives the two-point function along the

renormalization group (RG) trajectory connecting the
interacting fixed point and the free theory. For the
charge-two operator O,, the exact expression is known
and reproduces the Watson-Migdal formula for the emis-
sion of two neutrons [12,13]. The exact three-point
function of Oy along the RG flow will gives the
“unnuclear” behavior of processes with the production
of N neutron from the scale #2/m,rj down to arbitrarily
small energy. Note that although the leading r, correction
vanishes near the unitarity fixed point, it does not have to
vanish along the whole RG flow.

In Appendix D, we have worked out the quantum
numbers of the charge-three operator in general dimensions
(2 < d < 4). It would be satisfying to evaluate and cross-
check our data for the charge-three operator, obtained in
this work, using ¢ expansion perturbation theory for unitary
fermions around d = 2 and d = 4 [3].

In Refs. [14,15], a toy model for holographic con-
struction of Schrodinger invariant quantum field theories
was proposed. Although these are not realistic duals of
unitary fermions, these constructions provide a way to
explore universal features of NRCFTs through dimen-
sional reduction of usual relativistic quantum field
theories. More precisely, in Ref. [16], the authors
showed that light cone reduction of tree level AdS three
point correlators is in agreement with (O,yfy™) three
point correlator upto a normalization constant. It would
be interesting to extend this geometric picture to corre-
lators of the charge-three operators evaluated in this
work. One might even hope that such an exercise sheds
light on the vanishing of the first order irrelevant
perturbation as well.

A natural question is to extend our analysis of defining
local operators and their correlation functions, to higher
charges. A knowledge of the behavior of the two-point
correlator of the charge-four operator may be useful for
interpreting the recent observation of nontrivial correlation
in the four-neutron system [17—-19]. One may expect that the
present method outlined in this paper is not the most
efficient way of going about this since solving the
Schrodinger equation for many-body wave function with
short range interaction is a difficult task. However, recent
years has seen a lot of progress in understanding non-
relativistc quantum field theories in the large charge regime,
where the inverse charge acts as a perturbative parameter for
strongly coupled theories [20-22]. The large charge sector
is described by a Nambu-Goldstone EFT, associated with
the U(1) particle number [23] and properties of large charge
operators have been studied in detail [24-26]. It would be
interesting to compute correlation functions of the charge Q
operators, <OQOTQ> and <0Q+q020;> for Q > ¢ in this
formalism. Using the nonrelativistic state-operator corre-
spondence, one may expect such correlation functions
to be respectively evaluated as inner product or matrix
elements of O, in eigenstates of the harmonic potential,
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which can be evaluated semiclassically using the Nambu-
Goldstone EFT.’

Another direction of exploration is bosonic systems with
unitarity interaction. Such systems which is approximately
realized in nature by the “He atoms, as well as by the
a-particles in nuclear physics. A treatment of the Efimov
effect, as well as of the Coulomb interaction in the case of
the a-particles, would be essential. Neutral charm mesons
also provide a playground for NRCFT [29]. We leave these
threads for future work.
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APPENDIX A: USEFUL INTEGRALS

In this Appendix we list some useful integrals we use in
the main text,

- 3 ) 2
/ B x eFoatiFhly _ <ﬁ> exp <i}’ - %) (Ala)

—ia

T ek cos(pk) 7 (_ ﬁ)
/dk 5 = 2\/__iowexp 10 )" (Alb)

i

4 2
/dkk“lei"’szs(ky) =277 (—ia)=lyS exp (——Z )
a

(Alc)

The relativistic counterpart of this exercise was carried out in
Refs. [27,28].

We outline the method of doing divergent integrals
encountered in Sec. V C in order to extract the finite piece.

A@:/Wﬂtﬁﬂﬁ

(t—1)et? (A2)

—o0

We first evaluate the Fourier transform A(w) via analytic
continuation (Since the Fourier transform is valid only for
a, f < 1) and inverse Fourier transform to get the position-
space answer.

Alw) =T(1 — )l (1 = ) (=iw)*+F2. (A3)
The inverse fourier transform gives us,
A(r) = O()I'(1 —a)I'(1 - p) i anl (A4)

r2—-a-p)

Similarly, we record the following integrals that we use,

J a2 B ] 2 o)

eIl —a)r(1-p)
r(i-a—p)

o,

(AS)

APPENDIX B: OPERATOR PRODUCT
EXPANSION

In this Appendix we present an expression for operator
product expansion of charge-two and charge-one primary
operators at equal times. Schematically the OPE' can
be stated as

. . L L2y +X 2y +x
02(t,y)1//T(t,x):Zf,-<t,x—y, 3 >0i<t’ 3 >

(B1)

where f; is a functional of its arguments and encodes the
contribution of descendants of the primary operator O,, the
label i denotes the different primary operators that appear in
the OPE. We provide a closed form expression for the
functional f; in this Appendix for the particular class of

primaries 05""‘5. We take our three point function (111),

'%See Refs. [30,31] and references therein for some progress in
understanding OPE structure of NRCFTs in general.
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- _ _ | —'l|s 1 P
010" (- 0L T W F)0) = Ny, 5= v (=) exp

BF -T2 -y
2(r—17) 3(r—7)
—s——2——+13 ¢*l( )

(A
Mo = PPr(s+1) (B2)

In the OPE limit, this can be schematically written as

. m,s - T = = = 2y +x m,s = m,s 2y +x
Jim 0105”110 7w} (1. )0 = fums (1.7 = 5. ) (o4 e o (n 25 )

3 3

L= 24X
27 4 7\ CXP [731()6_ 3 )2}
y —‘rx) 2(t—1)

3 (1—1)+

= leptfl,m,s (llv X - 577 (B3)

A 2y +X
-V, 55

) as a differential

33
where Népt = % Comparing Eqgs. (B2) and (B3), we can now express f;,, (¢,

operator. More precisely,
257 + % eXp(W#) S R ) B2 -y
=N}, : exp 4 ~—]. (B4)
3 (t—1)s* P (t—1)H 2(t—1) 3(t—7)

1 o
sztfl,m,x <t/vx -y,

After a bit of algebra, we can write,

NéPl > s=lvyms /> . . |')_C'—|2 a“%Jr .
flms(t )C_,X+) N12m| —|‘ Yl (x—)OFl ps+ 15— 3 6 _lat ’ (BS)
where (F;(;b;z) is a hypergeometric function which has the formal series expansion
(;byz) = i ¢ (B6)
= k!(b);

APPENDIX C: COMPUTING THE OVERLAP f%

We illustrate the numerical integration of (93), performed in the main text. For this purpose let us recall

_ l(a) 2
F= [ dadQ|(1-P 2 9 Y (p Cl
7= [ gl -pip 8D e ()
Let us explicitly see the action of the operator P; on the coordinates a and p.
7| R o . 2 <q X+ )?2>
a = arctan -, , where ¥ = x, — X, =— X3 — . C2
Pl g e Y A ) (€2)
This implies,
. =3 . V3r+p _ [1+2cos?a—+/3sin2af-p
Pi3(F) = ; Pi3(p) = - ; Py3(a) = tan ) P
2 2 2sin2a + 1 4 v/3sin2af - p
) V3F+p (vV/3sina# + cosap)
13(P) = - 3+ 7 ==
V37 + 7| \/2sin2a+1+\/§sin2ai’-[)
where? = (sin 6, sin¢,, sin0, cos ¢,, cos,), p = (siné,sing,,sinf,cos ¢,,cosb,). (C3)
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For [ = 0 therefore the overlap integral is

n b T /2
: . - 2|p(a@)*  P(@)pd (Pi3(@)) + B9 (Pi3(@))$y* ()
fY=4r [ sin6,do, [ sin6,dd, | dp_ | sin*2a { - , (C4)

sin® 2a sin2a sin 2P 3(a)

where we have used ¢_ =1(¢, —,), ¢, =1(¢, + ¢p).11 Similarly for the [ = 1 case,

Y4 T n

fl=4n / sin 6,d0, / sin6,do, / de_
0 0 -
/2
o [2lgi(a)[Pcos’d,  (di(@)gi* (Pi3()) + $i(Pis(@))gi” (@) cos 6,P3(cos b,)
X [ dasin-2a — - - . ) (Co)
sin“2a sin 2a sin 2P 3(a)

0

where we use (C3) and,

V/3sinacosf, + cosacos 0,

\/ 2sina+ 1 ++/3sin2afp

7-p=cosf,cosd,+cos(2¢_)sinb,sind,, Pi3(cosh,)= . YEL(p)=cosh,.  (CT)

We have used cylindrical symmetry to simplify the inner product 7 - p. Integrals (C6) and (C4) are now numerically
evaluated using the Gauss-Kronrod method. We note that the numerical integral has potential convergence issues at
a = r/3 (these are absent when one tries to do them analytically [7]). We isolate an e ~ 10~'° neighborhood around this
region and perform the integral and obtain agreement up to 10~® with the analytic result for / = 0 in Ref. [7].

2 2 2
=0 — —3 sﬂ sin <§) [g sin (g) — Cos (g) - %cos (%)} . (C8)

We present the results of numerical integration of (C1) for [ = 0, 1 for various values of s in Table III.

APPENDIX D: ANALYSIS IN GENERAL point functions and show that it has a finite piece in
DIMENSIONS 2 <d <4 noninteger dimensions.

In this appendix we define the charge-two and charge-

. . . 1. O, in general dimensions
three operators in general dimensions 2 < d < 4. We also 2 g

compute the irrelevant deformation of their respective two In d dimensions, the two particle wave function
‘PEJZ) (X1,X,) obeys the following Bether-Peierls boundary
""The measure changes as condition
2z 2z x 21+ TABLE III.  f% for [ =0, 1.
[T aw [ap, = [Can [T ap..
0 0 - *- s 1=0
Hence we have for functions with cylindrical symmetry, 216622 15.9415
) 5.12735 554.016
b2 n v/4
2/ sin grdgr/ sin gﬂdgp/ dg, 7.11448 443.969
0 0 0 8.83225 457.113
2 z
x/ d(f),,/“dacsin2 209(¢-.0,,0,,a) 1
0 0 s fs
—2(2n) / " sin6,d6, / "sin0,do, 1.77272 345.377
0 0 4.35825 2174.79
P z L, 5.71643 3915.43
x / d(ﬁ‘A dasin”2a g(¢_,6,,0,, a). (C5) 8.05319 11514.6
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1

lim ‘P( ) S —
%) — X472

x,—»xz

(X1, %) ~ (D1)

As a result, the finite charge-two operator is therefore
defined as,

X1+ X 2 e o deoa(2) = =
<0|og(o, 12 2>|‘I‘E,)>:ﬁhng %) — 5290 (3. 5,).

X=X

(D2)

where, as before, the factor |¥; — X,|?~? ensures that the
matrix elements are finite despite the singular boundary
condition. It is easy to see that the charge-two operator in
general dimensions still has A,¢ = 2. In d dimensions, the

Schrodinger wave function for the two particle states with,
zero relative angular momentum, becomes,

2
Pcm

1/1 P
-3 (zv%em +2v3> W) (Rem.r) =E¥. E=="4 A

(D3)

A R .. ? d-10
=12 Vi=—+

o> r or

(D4)

We follow the same algorithm of quantizing this wave
function in a box to get the normalized wave function
solution with quantized eigenvalues.

el an cm %—44

LPEIZ)(Rcmv 7‘) =T ==

(Zn +1

\/%Vl_de 2 kr
7, €.
2R "

k= (D5)

The undeformed two point function takes the form

(0104(1.7)0%(0.6)[0)
2d—5 (d _ 2)”—d—l

csc(%d)r(%l— ])Zexp <lx,2> (D6)

We illustrate that the first order irrelevant deformation of
the charge-two operator two point function remains finite
for d # 3 and the divergences cancel

. v2
Ggf;(t,z) = —16i720(1) /dt’/dd ’{ (0|04(1, )05 (7, */)|0><0|<za,, + >0d(' ¥)0%7(0,0)[0)
0

w2

(D7)

As before, the free-particle Hamiltonian can be separated
into the center-of-mass piece and relative coordinates,

where

|

2N\ B}
+0004(0.5)(=i0, + " )0 (¢ 0} 0l04(r. 704"+ (0.0

. dyqd_ - ;

_ N im 1 ese( zd)r(%—l)exp i

T TGe-gr-4) Pl

|

where

d d 272

NY = —16in? 2d—5<d—2)n—d—1csc<%)r<§— 1> ] .

(D8)

This expression vanishes for d = 3, which is understood as
the fact that it is a delta function in position space, and is
nonzero for noninteger values of 2 < d < 4.

2. O; in general dimensions

In this section we present the solution for the d-dimen-
sional wave function W (X, X,,X3) for the charge-three
operator for 2 < d <4 starting with the free particle
Schodinger equation

1< B S
_E <Z V%i>Td(x1,x2,x3) = E‘I’d(xl,x2,x3). (D9)
i=1

1/1
-5 (5 + 2V 9 )Wl Bon ) = P o 7.,

2
Pem

E=
6

+k2, (D10)

where the coordinates 7 and p have been defined as in the
majn text. We can therefore assume the separation of variables

‘I‘d( emsTaP) = ‘Pd(Rcm)y/d (7,p). The d-dimensional Bethe-
Peierls boundary condition implies the following differential
constraint,

1 6(rd_2y/$))

d-3

=0. D11
r or =0 ( )
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We also require that the solution be well behaved as
p — 0. As before, we introduce the d-dimensional Efimov
coordinates,

r2—|—,02 r .
a=arctan—, r=

R= ,
2 p

. (DI12)

where 7 and p are now the d-dimensional unit vectors.
In these coordinates, we have the hyper radial and hyper
angular wave function ansatz as

0117 5 — FalR)_9isl(@)

= D13
R sin(2q)2 (D13)

Y, (p),

where we also denote the solution to the d-dimensional
Laplace-Beltrami operator by the d-dimensional spherical
harmonics Y, , where i € (1, d — 1). We will be interested in
the s-wave answer so for convenience we set {/;} = 0.
In Efimov coordinates, we obtain the following set of
equations for the hyperradial, hyperangular part,

S2
_FI(R) - %F&(R) + o= WE,R),  (Dl4)
2(d - 3) cos(2a)¢Y  (a)
B sin(2a)
= (d =3¢, (@) + ¢ (@) = =5°¢) (a). (D14b)

The choice of ansatz was motivated by the fact that even in
general dimensions, the hyperradial equation continues to
be a schrodinger equation in a ;—22 potential, where s is the
eigenvalue corresponding to the hyperangular equation. To
ensure correct symmetry property, we supplement this
solution with

o . 2\ d/2 > F, (R
\Pdi‘l,ko(Rcma P r) - (%) Ni’led(RCIﬂ) %
$9,(@)
—py (@ DI5
X ( 13) Sin(za)d—2 ( )

where P,; implements X; <> X5. The Bethe-Peierls boun-
dary condition (D11) and the well behavedness in p — 0
limit (i.e., ¢£1_S(ﬂ/ 2) = 0), in these coordinates, translate to
a recursion relation condition on the eignevalue s.

The hyperradial solution in general dimension therefore
is the same as d = 3, given by (65). The hyperangular
equation in (D14b) has the following solution which is

—Z
regular at a =%

TABLE IV. The first three values of s in two different fractional
dimensions.

d S S S3
2.8 2.36961 5.09858 7.13990
33 1.84220 5.15849 7.05806

2, (a) = cost-2(a), F, (

(D16)

Putting this in the generalized Bethe-Peierls condition in
Eq. (D11), we obtain the following recursion relation for

the ¢y, "

d
4 x 392 csc <%> cos <%s)

1-— 1d1

In d = 3, this reduces to the recursion relation obtained in
Eq. (84). Equation (D19) has a solution s = d — 1 which
has to be excluded because it would lead to a zero wave
function (D15), which can be seen using the formula
JFi(a,b;b;z) = (1 —z)7%. We list the nontrivial s values
for two non integer dimensions in Table IV. We have
checked that the hyperangular solution is nonzero for these
values of s at @ = 0. The normalized wave function takes
the form

=0(R .0 2 %{ iP.. ‘R Js(\/EkR)
R Ry
¢a.(a)

X (1 =Pp)———, D20
( 13) sin 2ad_2 ( )

More generally, the recursion relation for s can be solved for

a system of fermions or bosons (7 = —1, n = 2 respectively)
d
4 x 342 csc (%) cos (%S)
I—-s s+1d1
29,F ——:iz:—)=0. (D17
+ 37] X 241 < 2 ’ 2 ) 2 74> 0 ( )

For the bosons, this is in agreement with similar recursion relation

derived in [32] (see Eq. 411). Our equations match with theirs

upon application of the hypergeometric identity
CJFi(c—a,c—bie;z) = (1 - z)“+b“'2Fl(a, b;c;z), (DI18)

and the identification s = v/A.
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where

/2

27k O (a) |
0 _ 0 _ - (d—1 5.d
Nk.d—w, fx_d—Z/dasm( )(2a)/d£2;,d/d£2?d (1 —1913)m (D21)
' 0
The charge-three operator is similarly defined as
1i=0,5" /3 (3) - pd—1-s' o Wwo B A 2’[,(2(1)
OO Ren) ¥ ) = Hot= [ O Ren R 21 = Pr) %
2z 272k 5 g
= <7§> N(Ig,df.(s),d (m> elPCm Rcm. (D22)
We obtain the three point function needed for the relevant and irrelevant deformations as
= 2r)s—1 (e _ X2\ o =2
1;=0,s ANdT (4 2Ny, dT (4 2 _ 4 ld |y —X| Z3<X_T) l(x _y)
<0|T03,d (t’x)O Z(t’y)l//']* (t’x)|0> _®(t t)N3pl ([_t/)s+%+l p z(t_t/) S(t—t/) ’
P P W PR
N — 2 2 101267 (s),d(()) (D23)
3pt — \/5 ﬂ.d/zr(s + 1) :

We present the finite piece of the first order irrelevant deformation of charge-three operator two point function in general
dimensions d,

2927411351 (d? — 6d — 25> + 10) csc(Z) T + 5 - 2)
(d=2)L3-9r(d-3)

i(mst —3x%)

Gisel (1,%) = 16in2| 5%, 2 exp [— T} . (D24)

We see that the finite piece vanishes in d = 3 because of the I'(d — 3) factor in the denominator.

APPENDIX E: IRRELEVANT DEFORMATION OF THE FREE FIXED POINT

In this Appendix, we compute the first order irrelevant deformation about the free fixed point which is described by,
T v2 T o+
L=> vyl (iat + 7) W, — 4maylylw ;. (E1)

At the free fixed point, the scattering length deformation is an irrelevant deformation. We wish to compute the first-order
deformation of the two point function of the charge-three operator. The free field realization of the charge-three operator
describing free neutrons is given by [5],

O%F°(1,X) = yraw Oy (1, X). (E2)

The two-point function of the charge-three operator can be computed by Wick contraction

; ~ O(1) 3ix?
free (4 7\ ireet _
(TO53*(1,.%)03;"(0,0)) = 772222212 eXp (7) Oijs (E3)
where we have used the free fermion propagator
= 0O(1) ix?
Ty, (t L(0,0)) =——5+~ — ) O E4
(Tt W 0.0) = oo (5 (B4)
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The first order irrelevant deformation is similarly computed using Wick contraction,

< Ofree( )Ofreel 0, 0)

/ ¥ / dr(TOSE(1. %) (Wl w (1. 3)) 051(0.0))

—12xpx; + 1(it' (' = 1)8;; — txjx 4 20 x,x))

t)/d35c" /_Oo dro(t () 20— 1)
exp | 2T L ‘x2(3t—f’)Jr itx?
PImo = T = /(t=1)
36,5Y=Tr? (30 [= 01— 1)0(r)
= @(t)TCXP <—t> /_oo dr W (E3)

where we have used integrals listed in Appendix A and ¢ = (27i)~%/2. The final integral is divergent and has zero finite
piece upon regularization [using Eq. (A4)]. Thus we observe that the first irrelevant correction to the two-point function of

the charge-three operator vanishes at the free fixed point.
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